VALIDITY AND REGULARIZATION OF CLASSICAL HALF-SPACE EQUATIONS

QIN LI, JIANFENG LU, AND WEIRAN SUN

ABSTRACT. Recent result [11] has shown that over the 2D unit disk, the classical half-space equation (CHS)
for the neutron transport does not capture the correct boundary layer behaviour as long believed. In
this paper we develop a regularization technique for CHS to any arbitrary order and use its first-order
regularization to show that in the case of the 2D unit disk, although CHS misrepresents the boundary
layer behaviour, it does give the correct boundary condition for the interior macroscopic (Laplace) equation.
Therefore CHS is still a valid equation to recover the correct boundary condition for the interior Laplace

equation over the 2D unit disk.

1. INTRODUCTION

It is well-known that for kinetic equations with a small Knudsen number imposed on a bounded domain,
a thin layer (coined the Knudsen layer) will form near the boundary of the domain. The kinetic density
distribution function changes sharply within this layer from the given arbitrary kinetic boundary conditions
to more restrictive interior states, such as those near the equilibrium states. To make use of the particular
structure of the interior state and reduce the computational cost of solving the full scaled kinetic equation
over the whole domain, one classical way is to introduce a half-space equation to capture the boundary layer
behaviour. In particular, the end-states of the half-space equation will serve as the boundary conditions for
the interior equation.

In this paper, we consider the scaled steady-state isotropic neutron transport equation

1
w-V,F4+=(F—-(F))=0, (r,w) € D x S,
€

(1.1)

F‘ = h(z,w), w-n<0,
oD

where F' = F(x,w) is the density function and x,w are the spatial and velocity variables respectively. The
spatial domain D is the unit disk with outward normal n. The speed of the particles is constant and is scaled
to one so that w € S*. We also have (F) = 5~ [, F(z,w) dw.

The classical half-space equation associated with can be derived through asymptotic analysis. Since
one of our main objectives is to compare the classical half-space equation to an e-Milne equation constructed
in |11], we adopt similar notations as in [11]. In particular, we use the polar coordinates within the boundary
layer together with the stretched spatial variable such that

x = (rcos¢,rsing), w = (—sin&, —cosf), nzlzr, 0=0¢+E€.
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In these notations, the leading-order classical half-space equation has the form

0
Sineai']:;)%—fo— (fo)=0, (1.2)
fol,—g =ho(0,¢),  sinf >0, (1.3)
fo = fo,00 as 1 — 00, (1.4)

where (fo) = 5= [T fo(n,0,¢)df and ho(6, ¢) = h(z,w) for x € D. Meanwhile, the leading-order interior
solution satisfies

—A,Up(z) =0, zeD, (1.5)

Uo o uo(x), (1.6)
where ug(x) = fo,00(¢) With z = (cos ¢, sin @).
The question of finding the leading-order approximate solution to has been considered as settled
since the work [1], in which it was shown that

HF_(fO_fO7oo+UO) ||L<>0(D><Sl) :O(G) (17)
However, in a series of recent works [6,{L1L]12] the authors constructed counterexamples such that
HF_(fO_fO7oo+UO) ||Loo(D><S1) :O(l)- (18)

This indicates that the classical half-space equation fails to capture the correct boundary layer behaviour.

In [11] where the unit disk is considered, the authors introduced an e-Milne equation which has the form

Ofo.c  cblen)  fo

Sin0 87] 1 _ 677 C089 89 + fO,E - <f0,€> = 07 (1'9)
f076’n:[) = ho(ea ¢) ) Sine > 0) (110)
fO,e — foo,e as 1 — 00, (111)

where 1) is a proper cutoff function. Using this new system as the boundary layer equation, they have proved
that

”F - (fO,e - foo,e + UO,e) ||Loo(D><Sl) = O(E), (112)

where Uy . satisfies the Laplace equation on the disk with the boundary condition given by fo .. Later
this result is generalized to the annulus [12] and the general 2D convex domains with diffusive boundary
conditions [6]. Similar e-Milne equations are used in [6,/12] as the boundary layer equations.

These surprising results show that the e-Milne systems are indeed the correct boundary layer equations.
The seemingly small e-term in plays a major role which makes the equation singular. This then suggests
challenges on numerical computations to find the proper boundary conditions for the interior equation,
since directly solving the e-Milne to obtain the end-states as the correct boundary conditions is probably as
expensive as solving the original full scaled kinetic equation . In this sense, despite its obvious theoretical
importance, the e-Milne equation does not seem to serve the original purpose of reducing computational costs.

In this paper, we address the validity of the classical half-space equation by using the e-Milne system as
an intermediate equation. Our first main result is: although does not hold on the entire disk, it turns
out that the away from the boundary layer, the interior solution Uy generated from the end-state fo o of the
classical half-space equation still gives a correct leading-order approximation. More precisely, there exists a
constant C(«) such that

IF = Uo | pe apxsry < Cla)e®’?, (1.13)
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where aD = {(az, ay)|(z,y) € D} for any 0 < a < 1. Therefore, the O(1)-error of the approximate solution
fo + Uy is restricted to the thin boundary layer and does not propagate inside. Note that €22 may not be
the optimal decay rate.

One of the main tools that we develop to prove is a regularization procedure designed particularly
for the classical half-space equation. It is known ( see for example [2H4}/9L/10] and references therein) that
regardless of the regularity of the given incoming data, the half-space equation — has a generic jump
at 8 = 0 as well as a logarithmic singularity as & — 07. In fact it is exactly this singularity that renders
the failure of the classical error estimate ([1.7). For the purpose of proving , we show a first-order
regularization that makes the modified solution Lipschitz. In the second part of this paper, we generalize
this procedure to obtain regularizations of solutions to the classical half-space equation to any arbitrary
order. The higher-order regularization will be useful for comparing the classical half-space equation with the
e-Milne system over general domains. We leave the general geometry to later work to avoid overburdening
the current paper.

The rest of the paper is laid out as follows. In Section [2] we use the regularization technique and the
e-Milne equation to show . In Section |3] we show numerical evidence of the non-convergence of the
classical approximation in the L>-norm and convergence in the L?-norm. We also numerically compare the
classical half-space equation with the e-Milne equation. In Section [ we show the general regularization of

the half-space equation to arbitrary orders.

2. COMPARISON WITH WU-GUO’S e-MILNE EQUATION

In this section we compare the end-states of the classical half-space equation and the e-Milne equation.
To simplify the notation, we will use f and f, in place of fo and fy  for their solutions. The two equations

are repeated below: the classical half-space equation

., 0f _
31n96—n+f—<f>_0, (2.1)
f|n:0 =ho(0,9), sinf > 0, (2.2)
() as 1 — 0o, (2.3)

and the e-Milne equation

0fe euv(e ofe.
sinﬁa{7 . 1¢_( Z; cos@ajé +fe—{f)=0, (2.4)

felyeo =ho(0.0),  sinf >0, (2.5)
fe = fooe(9) as 1) — 00, (2.6)

where f, foo,e Only depend on ¢ and 1 is a smooth cut-off function such that

1, 0<r<1/2,
P(r) =
0, 3/4<r<1.
Since the angular variable ¢ does not play a role in our analysis, we will suppress it in the notations from
now on unless otherwise specified.

The well-posedness of (2.1)-(2.3)) and (2.4)-(2-6) are thoroughly studied in [5] and [11]. In [11], it is pointed
out that the second term on the left involving € in equation has a non-trivial effect which induces an
order O(1) difference between f and f. measured in the L*-norm over the whole domain. However, it is
not clear from the analysis in [11] whether the end-states foo and fu . will differ by order O(1) as well. In

this section we show that in fact they only differ on a scale which vanishes with e. The main result is
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Theorem 2.1. Let f, fo be the solutions to equations (2.1)-(2.3) and (2.4)-(2.6)) respectively. Then there

exists a constant Cy independent of € such that
|foo - .foo,e| < C1062/3'
Remark 2.1. The convergence rate €2/3 may not be optimal.

Notation. In this paper we use =1 = O(a) to denote the upper bound
1Z1] < Cha,

where C is independent of . This is different from the somewhat conventional notation that Z; = O(«)
means =1 is comparable with « in the way that it is bounded both from above and below by an order of a.

We also use Z3 = o(a) to denote that
£2]

— =0 asa—0.
«

Before proving the main result, we first state a few lemmas. The first one shows an “almost” conservation

law for the e-Milne system (2.4))-([2.6]).
Lemma 2.1. Let f. be the solution to (2.4))-(2.6)). Then we have

f:(0,0)sin” 0 df = fooesin?0dd + O(e) = fooe + O(e) .

—T —T

Proof. Recall that f. satisfies the conservation property [11]:
1 s
(fesin®) = Py fe(n,0)sinfdf =0 for any n > 0.
T™J—n

Multiplying sin € to (2.4)) and integrating in 6 gives

L A _1ew(en>/” o Ofe
an fesin®60dé 31— en sin(26) 20

46 =0. (2.7)

—T

The term ["_sin(26) %J;; df can be re-written as

i sin(20)20< ag — _o ! Fo(n,0) cos(20) d = —2 " Fo(n,0) (1 —2sin®6) do
90

=2/ f.df+4 [ f.sin®6d6.

—T —T

Therefore (2.7) becomes

d ™ 2 s s
= fesiHQGdG—M/ fesin29d9:—m/ f.do. (2.8)
dn — 1767’ -7 17677 —T
Using the notation in [11], we denote
e (en)
€ = ’ € = V. 2.
o) = T Vi) =0 (29)
Then 0 <V, <V, < oo and
Voo = / < (en) dn = / ) dn is bounded and independent of e. (2.10)
0o 1—en o 1—nm
We further introduce the notation
1 ™
H(n)=— fe(n,0)sin? 0 db.

:271'

—T
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Then (2.8)) becomes
d
——H(n) —2(9,Ve) H(n) = (=0,Ve) (fe)
dn
Therefore,
d , _ _
I (7Y H(n)) = eV (=0, V) (fe) -
Integrating from 1 = 0 to n = oo gives
Hy = e?Ve (Ho —/ e Voo, V. (f.) (1) dT) , (2.11)
0
where
H, -1 Ff ‘20d9—1f Hy= - Wf(O&)'QGdG
co — o 00, S1I1 - 2 00,€ 3 0= 2 e\Y, S .

—T —T

By (2.10) the constant V. only depends on the choice of the cutoff function . The integral term can be
reformulated as

/ €—2V€8TV'6 <fe> (T) dr = foo,e/ e_QVEaTV; dr + / 6_2‘/687"/6 <fe - foo,e> (T) dr
0 0 0

= e (1= ) [T 0V ) (),

0
Therefore, the right-hand side of (2.11)) satisfies

e?Vee (Ho — / h e 2V 0, V. (f.) (1) dT)
0

1 1 e
- BZVQO (HO - 2foo,e) + §foo,e - BQVM / 6_2V66T‘/€ <f€ - foo,e> (T) .
0
By (2.11) and Hy, = %foo,e, we then have
1 oo
HO - ifoo,e = / 6_2‘/687"/6 <f€ - foo,e> (T) .
0

Denote
G = / e_zvgar‘/s <f€ - foo,e> (T) .
0
It has been shown in [11] that there exists ko > 0 such that
|fe - foo,e| S 06_5077’
where C' is independent of €. Let dy > 0 be a constant such that
1l—en>dy>0 on supp ¢ (en).
We have
€ [ee]
Gl< Il 5 [ emdn<ce,
do Jo

where C' is independent of €. Thus,

1
‘HO - §foo,e

= |G| < Ce.

This is equivalent to

£:(0,0)sin? 0df = 7 fooc + O(e) = foo.csin?0df 4+ O(e),

—T

which proves the desired “almost” conservation property. |
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Next we show a stability result for both the classical half-space and the e-Milne equation.

Lemma 2.2. Let f, f. be the solutions to equations (2.1)-(2.3) and (2.4)-(2.6) respectively. Then there exists

a constant C independent of € such that
2 s
|foo,5\§;/ | fe(0,8)|sinfdf + Ce, e>0,
0

and for the classical half-space equation it holds that

|foo|§z/ |£(0,0)|sinfd6 .
™ Jo

Proof. Multiply sgn(f.) to equation (2.4) and integrate in 6. Then we have

s s

d% sin9\f€|d9—(&7ve)/ sinf|f.| d0 < 0.

—T —T

a4 (e_VS/ sin 0| f| d9> <0,
dn —

/ sin 0 [£.(0,0)] d9 > 0.

—T

Therefore,
which gives

Thus we have

0 T
og/ |sin0||f€(0,0)|d0§/ sind|f£.(0,0)] do. (2.12)
0

-7
This in particular shows that

U U

‘ fe(o,e)sm%)de‘g/ | £(0,8)] |sin 6 d9§2/ |f-(0,8)|sinfdd.
—m 0

By the “almost” conservation law in Lemma |[2.1] we have
1] (7 1 [7
e = 2| [ s0.0)sioa0) + 000 < L [T110.0)1smoa0 + 0.
- T Jo
For the classical half-space equation, the estimates are similar and we only need to remove the error term

O(e) since the strict conservation holds. O

The main reason that f. has a finite difference from f near the boundary is because f has insufficient
regularity in terms of 1 and 6. Specifically, it has been shown [11] that in general g—f] is not uniformly
bounded. In the following lemma, we show that by slightly changing the incoming data, we can find a
solution f to the classical half-space equation such that f € Whe°(dndf). Without loss of generality, we
assume that the incoming data hg is not a constant function and

0<hy<1l, 6¢e(0,m). (2.13)
Lemma 2.3. Let f be the solution to (2.1)- (2.3). Then for any 0 < a < 7/4,

(a) the classical half-space equation (2.1) has a solution f € Wh(dndf) with a modified incoming data
ho(0) such that

7(0,0) — £(0, 9)‘ sinf| d6 < 2, (2.14)




VALIDITY AND REGULARIZATION OF CLASSICAL HALF-SPACE EQUATIONS 7

(b) There ezist two constants C > 0 and 0 < kg < 1 independent of € such that we have the bounds
em)ng nong

o . (2.15)

<
Lo (dndo)

C
+ ||e —
e

Lo (dndo)

Proof. (a) We will slightly change the incoming data for f near § = 0 to obtain the desired f Note that if
fsolves the classical half-space equation ({2.1)), then % satisfies

. d (oF\ . of Jof\ _
Slnaan<an>+an—<an>—o,

of 1 _ J(0,0) = (/)(©0) .
%n:o—*T, sinf > 0. (216)
%—)0 as 1 — 0o.

The end-state of g—f] is zero because for any 0 # 0, we have

of (-1
on  siné

—0 as 1 — 00.

By the maximum principle for the classical half-space equation, in order to achieve that g—f; € L>(dndd),

we only need to make sure that

£(0,0) — ()(0)

sin 0

€ L*°(0,). (2.17)
To this end, we first construct two auxilliary functions. For any given a, > 0, let

0, for 6 € [0, ae] U [ — ae, 7],
$1(0) = q ho(6), for 0 € [20, 7 — 20, 0<¢ <1,
Lipschitz, for 6 € [0, 7],
and
1, for 0 € [0, ) U [ — ae, 7],
$2(0) = q ho(8), for 6 € 2, ™ — 2a], 0<¢s<1.

Lipschitz, for 6 € [0, 7],

Let f1, fo be the solutions to the half-space equation (2.1)) with incoming data ¢1, ¢2 respectively. Then by

the maximum principle again, we have at n = 0,

£1(0,0%) = (f1(0,-)) = = (f1(0,-)) <0,
f2(0>0+) - <f2(07 )> =1- <f2(0u )> >0.

Therefore, there exists a constant 0 < A\g < 1 such that

Ao (f1(0,07) = (f1(0,))) + (1 = Ao) (f2(0,07) = (f2(0,))) = 0.
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Let J?: Xof1+ (1 —Xg)fz. Then fsatisﬁes

9F ~ o~
sin06—£+f—<f>:0, (2.18)
Fl,o = 2001(0) + (1= X0)$a(0) = ho(0),  sind >0, (2.19)
f= Fe as 17 — 00, (2.20)

where foo is constant in 7, 6. Moreover, fsatisﬁes that

f(0,0) =1—Xo = (f)(0) for 6 € [0, ] U [ — a., 7).

This in particular shows that

of 0,0) — (/)0
aL;TI—OZ_J%)Sin@<f>():0 fOrQE[O,ae}U[w—aeﬂr].

By the half-space equation for fwe also have

£(0,0) — ()0
|f( )Smg<f>( ) < Sin(laé) for 0 € [ae, ™ — a.].
Thus,
£(0,6) = (£)(0) 1 _c
Hsme = sin(a.) = ac’ (220
L (0,m)

where C' is independent of €. Applying the maximum principle to (2.16) then gives
1
~ sin(ae)

‘ of
67’] Lo (dndb)
In order to show that (2.14) holds, we note that by construction,

Xo¢1 + (1 — Xo)p2 — ho(8), for 8 € [0, ] U [1 — a, 7],
£(0,0) — £(0,0) = 0, for 0 € 20, ™ — 20 ],
Lipschitz, for 6 € [0, 7],

where |)\0¢1 + (]. — )\0)¢2 — ho(g)‘ < 1. Thus by ‘ s

/ﬂ 7(0,6) = £(0,0)| |sin 6] d9§2/ﬂ
o 0

20
0

§2/ sinfdf < a?.
0

7(0,0) — f(O,G)‘ sin 0.6

T

f(0,0) - f(an)

7(0,0) — £(0,0)|sin0do

Sin0d9+2/

T—20,

(b) The exponential decay of %5 follows from Remark 3.15 of |11], since 2—5 is a solution to the classical half-

space equation and its incoming data satisfies (2.21]). The constant kg is solely determined by the scattering
operator and is independent of € as well as the incoming data. Similarly, we have the exponential decay of

f (with the same decay constant kg) such that

‘ eron (f— foo) H <c, (2.22)

Lo (dnde)
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where C'is 1ndependent of €. To derive the exponential decay of 2 60, we make use of the integral form of the

f—equatlon —-.
B B e~ smal Eo—foo +fne—ﬁ(”_s) f—foo (s)ds, sinf >0,
[ e s)<f foo>() : sinf < 0.

We will directly differentiate f— foo to show the exponential decay. For each 6 such that sinf < 0, the
derivative is

gJ;__C_OSQ/n ety — ) (F - Foo) (s

sin? 6
Therefore,
of |cos@| [
< sing (1—5) - ‘
26| =lsne ) ¢ (F=Fo) )
< C|COS€\ e~ zews (175) g=ros (g
| sin 6|

oo
< Ce*ﬁo"/ e~ Tema(n—s) L ds < Ce "o,
= ) | sin 6|

where C' is independent of e. Similarly, for each 6 such that sinf > 0, we have

8%0 cos 0

6]7 _ cosf n
90 sin?6 J,

00~ sinZh

ne= w7 (o — foo) +e o eIy — ) (F = Joc ) () ds

We estimate each term in %. First, since kg < 1, we have

a0

cos 6 < gefsﬁ%" + ge*"“’" < gef”“’% (2.23)

Qe O

1
e sin Al

ne”mal (ﬁo - foo)‘ +

sin® 0

Next, by the exponential decay of f— ]?OO in (2.22)), we have

cos@ [7 1 ~ = 1 K 1
w19 ( — < — > ds| < C —55ing (M—$) p— koS d
sin? 0 /0 ¢ (0= 8)(f = foo ) (5) ds| < sin 6 ¢’ € §
— L
Ce zsina" 1 e_(TlneJ,-no)n < Ceflﬁon . (224)
sinf kg + ﬁ -
Combining (2.23)) with (2.24) we obtain the exponential decay of g—g . O

Now we prove Theorem

Proof of Theorem[2.1, Denote f. = f — f.. Then f satisfies

0 o\ _eblen) o 0f ewlen) o OF
Slnea +fe <fe>— 1*6’/] cos 6 89 17677 COSH@v
fel,—o = F(0,6) = £.(0,6), sinf >0, (2.25)
ﬁ%foo_foqe as 1) — OQ.
By Lemma we have
/ il / o302 do) d < o= v / M dn < O,
o lL—en 00 1—en Qe
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Multiply the first equation in (2.25) by sgn(ﬁ) and integrate in 6. Then

i smG f6 dH—M/ sin 0 fe do < M / cos@af de
dn 1—en —e€n 00
This implies
4 (v / sind| 7 do) < ¥ ew(en) / 227 10
dn — 1 —en 8

where V, V,, are defined in (2.9) and (2.10)). Integrating in n from 0 to co then gives

—/ sin 6 ﬁ(ae)) a9<ocs.

Qe

Using the incoming data for ﬁ we have

0
0< / |sin 6|

ﬁ(o,e)‘ <= +/Wsin9‘f(0,0)‘ a9
0

€

gci+/ sin@‘f(o,ﬁ)—f(oﬁ)’ olegc(6 +a§> .
0 Qe

e

0
0< / |sin 6]

Let o, = ¢/3. Then

ﬁ(o,e)‘ a9 < Ce/3,

This gives
/ﬂ 7.(0,6) — fﬁ(o,e)‘ Isin 6| d§ = /ﬂ fe(o,a)‘ Isin 6] d§ < Ce/3. (2.26)
Therefore by Lemma [2.1] for f., we have
| foo = foo,el = ‘ (foo — foo,e) sin 0d9‘ ‘ £(0,0)sin?0do — ’ 1(0,6) sin20d0‘ + O(e)

’/ 7(0,0) (0,9)) sin29d9‘ +

</,

= 0(62/3) ’

—T

/ ' (7(0.6)  £.(0.0)) sin? 9de‘ +0(e)

7(0,6) — £(0,0) ‘|sme\ d9+/ﬁ f(O,H)—fE(O,G‘)‘|Sin9| 9 + O(e)

where the last inequality comes from (2.14]) and ({ - (|

3. NUMERICS

In this section we show numerical evidence of the results asserted in the previous section. Since numerical
scheme is not the focus of the current paper, the details will be omitted. We refer the interested reader
to [8] where an implicit asymptotic preserving method for transport equation was developed. The numerical
scheme for the e-Milne equation is largely borrowed from there.

We briefly discuss the difficulties for numerically solving (2.4)-(2.6)) and our strategies to overcome those:

e Size of the domain: the equation is valid on the entire half-space domain, but it is not realistic
to discretize infinite domain. Fortunately the solution decays exponentially fast, which allows us to
truncate the infinite domain into a very large one: n € [0, R] with R large. Numerically it is observed
that setting R = 6 would suffice.
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e The unknown infinite boundary condition: the well-posedness result simply implies that the solution
is a constant function at n = oo point, but does not suggest the value for the extrapolation length.
To overcome that we borrow the idea of the shooting method but the “shooting” is done on both
sides to match the data. More specifically, we compute e-Milne equation confined in a truncated

large domain n € [0, R] twice:

Sin@% - Ta COSH%+ fi—(f1)=0, Sin@%{;" - cos@%+f2 —(f2) =0,
f1|n=0:h0(97¢)7 Sin9>0, f2|?7=0:0’ Sin9>07 (31)
fl’n:R:()’ sinf < 0. f2|n:R:1’ sinf < 0.

By the linearity of the e-Milne equation, any linear combination of f; and f> is also a solution to the
same equation. There is however only one combination that makes the solution to be approximately
a constant function at 7 = R. We denote it as fy = f1 + Afz. Then

f>\|?7=R =X for sinf <0, and f"|n=R = f1|n=R + )‘f2|n=R for sinf >0. (3.2)
Suppose the domain is big enough with R > 1, f>‘|n:R is roughly constant in 6, meaning:

f1’n:R+)\f2‘n:R:/\- (3.3)

f
1—1f2 |77:
large enough. If A\ varies with # then we re-run the computation on a larger domain.

e Computing (3.1) on a bounded domain is also challenging due to the singularity at (n,6) = (0,0)
which requires fine resolution. To resolve the solution, the mesh size in both directions have to be on

Numerically we set A =

- This also serves as a criterion in determining whether R is indeed

the scale of e: Anp ~ Af ~ e. The shrinking ¢ induces a large linear system that is ill-conditioned.
We borrow the idea from [§], and use a matrix-free scheme by performing GMRES iteration till the

solution converges. The interested reader is referred to [8] for details.

The scheme described above is generic and could also be applied to e = 0 case. Note in the previous work [7],
we have designed a spectral method for the classical half-space (CHS) without the spatial discretization. The
spectral method is more efficient than what is proposed here, but it does not seem to be easily extended to

treat the e-Milne equation.

3.1. Regularization of CHS. As constructed in Lemma [2.3] one can apply slight modification to the
incoming data to make the solution to CHS Lipschitz. Here we show a general problem by relaxing the

requirement of ¢ = ¢9 in (2., ™ — 2cc). Set the two boundary conditions as

0, 0 € (0,7/20) U (m — w/20,m),

T
-5 lv—7/2[, 0¢€(r/20,m —7/20),

1, 0e0,7/4)U(m—n/4,7),

G2 =
cosf, Oe(n/d,m—m/4).

Let f; and f5 be solutions to CHS with incoming data ¢1, ¢2. Their derivatives are not bounded at n = 0

as expected. By setting \g = #%, the convex combination of fi, fa given by F = Aof 4+ (1 — Ag)g is

Lipschitz. This is shown in Figure [T}
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3.2. Computation of the es-Milne problem. We compute the e-Milne problem and the CHS on the
truncated domain with R = 6. In Figure 5| we show the 3D plot of the solution, together with their end
states. Both plots show that the solutions are approximately constant functions at n = 6, meaning the
truncated domain is indeed large enough to approximate the original half space problem.

With the data we immediately get:

e [ discrepancy. This is plotted in Figure 2l With various of € we show the L> error of the solution
to the e-Milne problem and CHS over the entire (n,0) domain. They do not show convergence. We
also plot f. — fy for different ¢ along the ray of n = 6 = ne, with n = 1,2, ---. It can be seen that with
shrinking e, the biggest error of f. — fy does not seem to change. At n = 0 = ¢, they differ by 0.15
for all e. But as n increases, the ray enters into the interior of the domain, the difference gradually
disappears for all € tested. Note that it is along this ray that the authors in [11] constructed the
counterexample to show instead of holds.

e L2 convergence. We also demonstrate the convergence in L?(dndf) and the convergence of the two
end-states, as seen in Figure [2] and Figure

4. REGULARIZATION OF CLASSICAL HALF-SPACE EQUATIONS

In the second part of this paper, we will extend the first-order regularization technique used in the proof
of Lemma to the general case. More precisely, for any given N € N, we use an induction proof to show
how one can slightly modify the incoming data hg near § = 0 so that the modified solution f of the half
space equation satisfies that

e WN+hee(apdp). (4.1)

The higher-order regularization will be useful for general geometry where the boundary of the domain has
non-constant curvature. Again without loss of generality, we assume that the original incoming data hg in
equation (2.2]) satisfies that 0 < hg < 1 and is not a constant. The main result is summarized as

Theorem 4.1. Suppose the incoming data hy in equation (2.2)) is smooth, non-constant, and satisfies that
0 < hg < 1. Then for any given a. small enough and any N € N, there exists ho(8) € CNTY(0,71) satisfying

0<ho(8) <1,  ho(8) =ho(8) onb e (2ae,m—2a.)

such that the solution f to the half-space equation with EO as its incoming data satisfies (4.1). Moreover,

oMk T O(na|'?), M+k=1,
”“”73 MR = (4.2)
" L2(dn de) (’)(cuE<M+k)+1 |1na6|1/2), 2<M+k<N+1
and

8M+kf

ron &L =0 (a;10) 1<M+E<N+1 43
onM ok Qe ) SM+ESNA+T, (4.3)

Lo (dn do)

where kg > 0 is the same decay constant as in Lemma [2.3

Notation. In this section we use the convention that a summation ZZikl is automatically zero if its upper
limit k9 is smaller than its lower limit k.

N
First we show the explicit formula for 27—)]5.

Lemma 4.1. Suppose f is a smooth solution to (2.1)). Then for any N € N,

ﬁ — (_1)Nf B <f> - Z;:;Hl Ck Sinke
onv sin™ 9 ’

N>1. (4.4)
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where

sin 6 sin® 0 o

Cl<f<f>>’ Ck<f—<f>—2':_1lcrsinr9>7 .

Proof. We use an induction proof. First, for N = 1,2, we have

of -

on sin 6

and

o f %ﬁ;_<%ﬁ;> B fs:rf'g) - <fs:n<]0f)> B f—<f>—sin0<fs:n<£>> =N —clsin9.

87772 n sin 0 B sin 6 sin? 0 sin” #

Thus the cases for N = 1,2 are verified. Suppose (4.4]) holds for N > 2. Then

N N — —S V-1 sin® — —S N1 sin®
AT e ) B e e i
onpN+L T sin ¢ T sin 0
N-1 ok
N f _ <f> _ Z,]j:_ll o sink 0 — SiIlN 0 <f_<f>_%i:§f/19 ck sin 9>
= (-1
=1) sinV 1o
N .
— (,1)N+1 F={f) =D ¢k sin* ¢
sinV 19 ’
which proves equation (4.4)) for N + 1 thus for any N € N. |

Construction. Functions that have sin®  as the incoming data near § = 0 will play a major role. Therefore,
we first define some auxiliary functions. Let 0 < o < w/4. For each k > 1, define Ry, Ro, F}; as solutions to
the half-space equation (2.1) with incoming data r1,rs, fi, where

1, 0 €0,aUr — ae,mn], 0, 0 €0, U[r — ae,m],
7‘1 = ’)"2 = (4.5)
ho(0), 0 € [20c,m— 20 ], ho(0), 0 € 20,7 — 20 ],
and
sin®0, 6¢€[0,a]U[r —ac,],
fr = (4.6)
0, 0 € 20, ™ — 2a].
We also assume that
0<r,m<1, 0< fr. <aF, 1,72, fr € C°([0,7]). (4.7)

Before proceeding further with the construction, we show a lemma which estimates the size of (F}) (0) for
each k.

Lemma 4.2. The functions Ry, Ra, Fy, satisfy that

0<(R1)(0),(R2) (0) <1,  ||Fillpe =0 (ag),  (F)(0)=0(as™), k=1

Proof. Note that || F || ~ O(aF) is guaranteed by the maximum principle. Therefore, to obtain the desired
bound for (F}) (0) we only need to check the integration over (—m 4+ «., —a.) of Fj. By the conservation

law, we have

0 T 20 T
/ F}, |sin 6 d@:/ stmadagc/ a’:smode+0/ afsin@dfd = O(r*?),  F,>0.
0 T

—T 0 —2e
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Hence,
— Qe 1 — Qe 1 0
/ F,df < — / Fy, |sin 0| df < — / F. |sinf] d§ = O(aFt1).
rta. sinae J ;1. sinae J_,
This shows (F¢) (0) = O(a¥*1). The estimate 0 < (R;) (0), (Rs) (0) < 1 follows from the stability of the
half-space equation stated in Lemma ([l

Similar argument as for Lemma [£.2] shows

Lemma 4.3. Suppose T is a solution to the half-space equation (2.1) with incoming data ~o € L*°(0, ).
(a) If vo satisfies that

O1), 6€(0,2a¢) U (m — 20, 7),
Yo =
0, 0 € 2ae, ™ — 2a),

then (I') (0) = O(a).

(b) If vo satisfies that

then (T') (0) = O(a¥).

€

Proof. (a) The proof is similar to Lemma First the maximum principle gives I' = O(1). Using the

conservation law, we have

0 T 20, T
/ I |sin 4| d0:/ Psmadegc/ sin9d0+C’/ sinfdf = O(a?).
0

- 0 T—20

Therefore,

— Qe 1 — e 1 0
/ rde < / I|sind| df < / T |sind| df = O(a.) .

o sinae J_qyq. sin o
Similar argument applied to —I" then gives (I") (0) = O(a).
(b) The proof of part (b) follows from part (a) together with the linearity and maximum principle for the

classical half-space equation. O

The following lemma is crucial for the estimates in this section:
Lemma 4.4. Suppose f € L N L?(dndf) satisfies the half-space equation [2.1))-(2.3) with ho € L>(0, 7).
Then for any a. € (0,1), we have

T—Q

. 1/2
|<f><o>|scomin<ae|1nae|”2||hLm+|lnae|l/2(/ Sin9|h0|2d9> ,||ho|Loo), (4.8)

€

and
. 1 [T
) ) < Comin (= + 2= [ sind hol a0, o], ) (19)

where Cy is a generic constant.
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Proof. The bound given by ||hg ||~ is due to the maximum principle. To derive the other bounds, we first
note that | f| satisfies

sin0 %214 17— 1) <o,
because sgn(f) (f) < | {f)| < (|£]). Therefore,
4 |f|sinf0do <0.
dn J_x
We also have the entropy bound
i f2 sinfdf <0.
dn J_x
By / | foo|sin 6 dl = / | foo|? sin @ dO = 0, we have
/ |£(0,0)|sinfddf >0, f2(0,0)sinfdd > 0.
Hence,
0 ™ 0 T
/ |£(0,0)||sin6|do §/ |ho(0)]sinf da, 12(0,0)|sin 6| do §/ h2(0)sin6do.
- 0 -7 0

Separating (—m,0) into two subsets (—7 4+ ., —a.) and (—ae, 0) U (=7, =7 + ), we have
0 — Qe — Qe 0
| wreore= [ ol [ rooass [ s
- —mta. - — Qe

< 20 ho [l + @/ sin 0|ho(0)] 46
ae 0

C T—Qe
< Coacllho |l + 070/ sin 0|ho(0)| d6 .

€ €

0 — Qe 1 1/2 T 1/2
/ |f<o7e>|de<2ae|ho||m+(/ .cw) (/ sin9|ho<9>|2de)
—T — T+ |Sln0| 0

T—CQ

Similarly,

. 1/2
< Coae [Inae|'?||ho || oo + Co |In are|*? </ sin9|h0(6)|2d9> ,
«

€

which proves the desired bounds. O

Now we start constructing the approximate solution f Recall that for each NV € N, we want to construct
f such that f € WN+T1°(dndf). We take the following form for the function f

N
f(n,ﬁ) =AvRi+(1—-Ay)Ra+ Z cp Fy. (4.10)

k=1
where the coefficients ¢y, ...,cny and Ay will be chosen so that fhas the desired regularity. Note that by
construction fsatisﬁes the half-space equation, and its incoming data EO differs from hg only on [0, 2a.) U
(7 = 2ae, 7.
Assume that cy,...,cy are given and satisfy

N

> ek (Fi) (0)

k=1

=o(1), (4.11)
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which we will show a-posteriori in Theorem for any finite N and e small enough. Define

N N

Gi(n,0) = Ri+ Y cxFp,  Ga(n,0)=Ry+ > ciFy.
k=1 k=1

We re-write (4.10) such that
F0,0) = AnG1(1,0) + (1 — An)G2(n, 0).
Then by (4.11)) and the bounds for Ry, Rz in Lemma we have

0 < (G1)(0),(G2) (0) < 1.

Therefore,
G1(0,0%) — (G1) (0) = G1(0,77) — (G1) (0) = 1 — (G1) (0) > 0,
G2(0,07) = (G2) (0) = G2(0,77) — (G2) (0) = — (G2) (0) < 0.
Hence there exists a constant Ay = Ay (c1, -+ ,cen) € (0,1) such that

An (G1(0,0%) = (G1) (0)) + (1 — An) (G2(0,0T) — (G2) (0)) = 0.
The properties of Ay are summarized in the following lemma:

Lemma 4.5. Let Ay be defined in (4.12)). Then

N
AN = <J7>(0) = (AnG1+ (1 = AN) G2) (0) = po +chuk7
k=1

where

o (R2) (0) o — (Fy,) (0)
* 71— (R1) (0) + (R2) (0) T (Ri)(0) + (R2) (0)

Note that by the estimates of (Ry1) (0) and (R) (0) in Lemmal[{.8 all the y;,’s are well-defined.

Proof. By (E12),

kE>1.

)\NGl(O,OJr) + (]. — /\N)G2(0,0+) = <>\NG1 + (1 — )\N) G2> (0) .
where G1(0,07) =1 and G5(0,0") = 0. Hence,
AN = (ANG1 + (1 = An) G2) (0) = Ax ({(G1) (0) — (G2) (0)) + (G2) (0)
= An ((R1) (0) = (R2) (0)) + (G2) (0).

Solving for Ay then gives

_ (Ga) (0) _ (Rs) (0) . (F¥) (0)
N TR )+ () @ 1 () (0) + () (0) 2 T () (0) + (72) (0)

where in the last step the definition of G5 is applied.

Following Lemma and the construction of fin (4.10)), we have

£(0,6) +chs1n 0 for 0 € [0, ae] U [T — ae, 7).

Next we choose the coefficients {cx}2_, such that f e WN+tL>(dpdf), as in the following theorem:

(4.12)

(4.13)

(4.14)
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Theorem 4.2. For any given family of Ry, Ry, Fy,, suppose f is defined by (4.14]) and Ax satisfies (4.13)).
Then the system

irs I M—-1 .
01:< <f>>()» cM:<f_<f>_-Za'Z_§Cksmke><0>, for M=2 N.  (415)

sin 6 sin

has a unique set of {cx}N_, as its solution. These ci’s satisfy the bound

a ' nal, k=1,2,
cr = (4.16)
a7k k>3
and
|ei (Fi) (0)] = o(1), [ciFi(0,) [ e = 0(1),2 > 1. (4.17)

Moreover, f determined by this set of {ex }N_, satisfies that fe WHN+Le(dndh).
Proof. We divide the proof into four steps.

Step 1. First we reformulate system (4.15]). Using Lemma and the definition of fin 4.10)), the ¢1-equation
becomes

o ANR1+ (1= An)Ry + Zivzl crFi — AN _ AN (R1—Re— 1)+ Ro+ chvzl cr Ly
! sin 6 sin 6

N
R Ry,—1)+R (R Ry —1 F
</~Lo( 1—Ra—1)+ 2>+ch<ﬂk 1—Ry—1)+ k>'
—1

sin 6 sin 6
For the ease of notation, we denote
HO:MO(R17R271)+R2, Hk:uk(R1*R2*1)+Fk for k=1,2,---,N. (418)

Then

(0 S ()0 w19

Similarly, the cjs-equation can be reformulated as

ANRy + (1 — )\N)Rg + Zévzl cFy — AN — EQ/[:_ll Ck Sink 0
o= sin™ 6 ©0)

(0). (4.20)

_ Mo (Rl — R2 — 1) + RQ + Zivzl Ci Lk (R1 — R2 - 1) + Zszl Cka — 2242711 Ck Sil’lk 0
sin 9
We will show that for € small enough, the system (4.19)-(4.20) is uniquely solvable. The strategy to solve
for cps’s is by inductive elimination.
Step 2. In this step we solve for ¢; in terms of cM’s using (4.19)). By Lemma which is proved later, the
coefficient for ¢; on the right-hand side of (| which is given by (L) is of order O(a.). Hence, for €
small enough we can solve for ¢; from and get

Y <si}111i9 (0) -
c1=PBo+ Y b, Bri=—0———, 1=0,23,- N, (4.21)
=2 1- sin0> (O)
Denote
H;
Sl,i:.i((xe)y i:O71a2737"'7N' (422)
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Then each coefficient ; ; has the form

Bii= (51.4)

= 2L 20,23, ,N. 4.23

In this notation , we have

N N N
1
c1 = <Sl,0 + Z Cksl,k> = m <Sl,0 + chSl,k> = ,8170 + chﬁl,k . (4.24)

k=1 k=2 k=2

Step 3. In this step, we derive general formulas for cp; for M > 2. The formulas are inductive. We claim

that if we let Sy ;, 81, be defined as in (4.22)—(4.23)), and let

Swm—1,i— By—1,i(1—Snm—1,m-1) (Sni)
Smi = ’ ’ : , =T, 4.25
M sin 0 P, 1—(Smm) ( )
for M=2,--- \N,i=0,M,--- N, then
< N ) N
e = Smo+ Z CkSM,k> = <SM,0 + Z CkSM,k>
k=M 1= {Sh,m) k=M+1
N
=Bumo+ Y, okBumk, M=2-- N-1, (4.26)
k=M1
CN = ﬁN,O . (427)

Note that for to make sense, we need to show that (Sas;) (0) is well-defined and (Sasar) # 1. These
will be proved in Lemma [£.7] and Lemma

We now prove — using an induction argument. First holds for M =1 by the definition
of S1; in . Suppose holds for M. Then we check the equation for ¢p;1, which has the form

s <uo (Ri — Ry — 1)+ Ry + SN e (Ri — Ry — 1) + N e F — XM cksink9> o
=

sin™+*1g

o (R — Ro— 1)+ Ro+ S0y cptr (Ry — Ro — 1) + oy e Fi — Yty e sin® 6 oY
= sinM+1g sin 0

B <SM’0 + ZQLM CkSME — CM > B <SM,0 + Z;@V:Mﬂ Sk +emSum — cm >

sin 6 sin 0

B <SM,0 + ZkN:MH CkSME — m <SM’0 + Z;ICVZMH CkSM,k> (1- SM,M)>

sin 0
(Sm,0) (Sn,k)
_ [ 540~ Ty 1= S\ ZN: o {52 = Sy (1= Saar)
sin 0 W AT sin 0 '

Hence (4.26]) holds for M + 1. Therefore it holds for any M > 1. We can then solve for ¢y, cy—1, -+ ,¢1 in
order, which proves that there exists a unique set of {c,}_, such that ([4.15) and (4.14) hold.

Step 4. By the estimate of 837, in Lemma @ we have
Buk = O(af 27y = o(1), k>M.
Therefore, by (4.26)) and (4.27)), we have
1 1 .
c1=0010)=0(na), c2=0(B20)=0 <a |lna5|> , ¢ =0(pip)=0 < i_1> , 1>3.
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Hence for £k =1,2 and 7 > 3,
ek (F) (0)] = O (a2 Imacl) ,  lei (F3) (0)] = O (a7 #1++1) = 0 (a2)
exFr(0,) I = O(acnael) . [[eiFi(0,) oo = O (o ) = O () |

€

which proves (4.17)). O
Now we prove the lemmas applied in the proof of Theorem

Lemma 4.6. Let Hy, be defined as in (4.18)). Then

H
(a) the integral <smk€> (0) is well-defined for all k > 0.

(b) For any M > 1, we have

H, 0, 0 € (0,a:)U(m— ae,m),
m (0,00) U ) o)
sin™ ¢ O (sin™™8) = O(a7™), 0€ (ae,m—ac).
Moreover, if f is the solution to the half-space equation with incoming data Sifij\%e, Then
O (= mad), M=12,
[(f) (0)] = ‘
0 () M>3.
(c) For any M > 2 and 1 < j < M — 1, we have
H. —sin’ 6 0, 0 € (0,a)U(m—ae,m),
e |  IE@a)ul ) o
sin™ f O (sin ™17 9) = O(a7MH), 0 € (e, m— ).
Moreover, if [ is the solution to the half-space equation with incoming data H;i%ﬂ/iflie; Then
O(af™M*+Y)  M=>3, 1<j<M-3,
(HOI=00(Emal), M=3, j=M-2,
O (lnal) , M>2, j=M-1.
(d) For any M > 1 and k > M, we have
H, O(aF=M) 0 € (0,2a) U (7 — 20, ),
e k—M+1 (4.30)
s O(ay ), 0€ (2ae,m—2a).

sinM 67

Hence by Lemma if f is the solution to the half-space equation with incoming data —%—, Then

(AOI0) =0 My, M>1, k>M.

at
sin sin

7 = 0 is bounded on (—m,7) for any k > 0. By the definitions of Ry, Ry, and F}, each Hy is a solution to

H, H,
Proof. (a) In order to prove that the integral terms < - k9> are well-defined, we show that each — K

the half-space equation. Moreover, by the definition of the u;’s, we have
1

T 1T () (0) 1 (B2) (0) 0-

(Ho) (0)

({(R2) (Ri — Ry — 1) = (R1 — Ry — 1) Ry) |

n=0

and
1

i) O) = TR 0) + (7o) (0)

((Fk>(R1—Rg—l)—(Rl—R2—1>Fk>|n:0:0, E>1.
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Therefore,

H(0.6) _ Hi(0.0)— (H,)(0) __0H, )
sinf sin 0 ==, &0, k=01,N. (4.31)

Hj,

By the maximal principle, since solves the half-space equation, we only need to show that the incoming

H
data for 88 * is bounded for 0 € (0,7) (its bound depends on «.). By the definition of Hy, Ry, Ra, F), we
n
have
—Ry— 0 0
_OHo gy = Ho0.0) _ (olfu—fe ) 00) — T80 — o, 0 (0,00 U(m—ae,m),
T s N —Ry— 0
877 sin 6 {olFy Rzin10)+R2)(0 ) =0 (311119) =0 (o%) ’ AS (045,71' - ae)v

and for each k£ > 1,

- Hy(0,0) - (e (Ri=Ra—1)+F)(0,6) _ Fr(0.0) _ (Sinkq 9) . 0e(0,2a0) U (7 — 20,7,

8Hk ‘ sin 6 sin 0
On In=0 sinf (e (Fa —R2 _ D4 F)(0.0) — (—Cs“i]:;;) =0(aF), 0¢€a,m—2a),

which shows aa—h:]’“ € L>°(dnd@) for any k > 0. Therefore <8£7k > (0) is well-defined.

(b) The bounds in (4.28)) follow directly from the definition of Hy. If M = 1, then by (4.8) in Lemma
we have
+ (|Ina)? </ sin 0
Lo a

Hy
sin 0

Hy
sin 6

1(f) (0)] < Co | ae Ina|"/?

If M > 2, then by (4.9) in Lemma we have

1 T— e
+ — sin 6
Lo aE «

Hy
sin 6

Hy ‘Cw): O(a%\lnaeo, M=2,
sin 9 O(ﬁ), M >3.

() (0)] < Co (ae

€

¢) The bounds in (4.29)) also directly comes from the definition of H;. For the bound of (f)(0) when
J
1<j< M -2, we have
HHjsian O(a£7M+2)a ]SMﬁSa

) T—Qe H. — i j9
iy =0 (ad™ M), /a sing | S Y

L (0,m) N SiHM 0

. ‘dgz
S O (lna) , j=M-2.

Hence by (4.9)) in Lemma we have
O(al™M), M=>3, 1<j<M-2,

£l =
10 O(a%ﬂnas\), M>3, j=M-2.

In the case when j = M — 1, we have

. 1/2
1 T— Qe i) 2
:O() , / sin@‘W’ dé :O(|lna6|1/2) .
Lo (0,7) Qe a sin™ 6

€

sin™ ¢

HHj —sin’ 9

Thus we have [{f)| (0) = O (|lna.|) for j = M — 1.

(d) First we have

sin™ 6

n=0
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If 0 € (e, 20) U (T — 20, ™ — ), then we have

H(0,0) 1 ((Fr)(Ri — Ry —1) —(R1 — Ry — 1) Fy,)
sing 11— (R1) (0) + (R2) (0) sin™ 6

since 0 < Fj, < oF and (F},) = O(af*1) for k > 1. Lastly, for 6 € (2ae, 7 — 20 ), we have

Hy(0,0) _ 1 (Fx) — O(ak—M+1)
sin™ ¢ 1 —(Ry) (0) + (R2) (0) sin™ 0 ¢ ’

where once again we have applied (Fy) = O(af*1). Hence, by Lemma we have
(A10) = O(al™M), kE>1.
O

In the following lemma we show that (S ;) is well-defined for any M =1,--- ,N and i = 0,M,--- | N
and derive its explicit bound.

Lemma 4.7. Let Sy and Sur; be defined in (4.22), (4.23), and (4.25) for each M = 1,--- N and
i=0,M,--- ,N. Then

(a) each Sar; is the restriction of a solution to the half-space equation at n = 0.
(b) There exists 7]1(\34)1 with 1 < j < M — 1 such that

B H, + Z;Vi;l 77;\51); (Hj — sin’ 9)

SM,i M 9 9

i=0,M,--- N, M>1. (4.32)

sin
where the case with M = 1 reduces to 775?2 = 0 or equivalently,
H;

_— 4.
sin 6 (4.33)

S, =
(c) Each (Sn,;) is well-defined.

Proof. (a) The case where M =1 is proved in Lemma In general, we assume that Sjy; is the restriction
of a solution to the half-space equation at 7 = 0 and (Shs,;) is well-defined. Then by (4.25),

Snri — Bari(1 — Sarar) ’ Buri = (Sa,i) (0)
sin 0 =0’ M T = (S (0)

Snry1,i =

Suppose T ,; is the solution to the half-space equation with Sys; = TM*i|n o fori =0,M,---,N. Then

T — Bu,i(1 — Tarar) is also a solution to the half-space equation. Moreover, by the definition of Bz,
(Smyi — Bmi(1 = Sum)) =0, 1=0,M+1,--- ,N.

Therefore,

Smi — Baai(1— Sarr) — (Saas — Baai(1 — Sarar))
sin @ n=0

Shr41,i =

0

= “an (Tass — Baai(1 —Tar, ) o’

0
Therefore Spr41,; is the restriction of the half-space solution o (Tai — Brai(L — Tarar)) to = 0. This
n

finishes the induction proof.
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(b) We prove (4.32)) inductively. First, M = 1 holds by (4.33) and by setting 775?2-) =0for1 <i<N. Assume
that (4.32)) holds for M. Then by (4.25)), we have

Sayi — Bai(1— Sar ) ‘

sin @ n=0
H +Z (J)Z (H s1n]0)+[3M1<HM+Z %)M (H fsm]t?)fsinMﬂ)
inM+1g

Snry1,i =

H + Z] 177M+1 ; (Hj —sin? 0)
M+19 ’

where

() P - _
) B 77MZ+BM177MM7 1 =0,M+41, ,N, j7=1,2, M-1, M>2, L34
MM+, = (4.34)
Bti s i=0,M+1,---,N, M>1.

Therefore by induction (4.32) holds.

(¢c) Now we use (4.32) to show that each Sjs; is bounded. By its definition, we only need to check the
behaviour of Sy,; near = 0, 7. The case M = 1 has already been shown in Lemma In general, first, if
i =0, then

Ho—&-zj 1 77M)o (H; —sin’ 0)

S0 =
sin
Recall the definitions of Hy, H; in (4.18). We have
Swm,o(0) =0, 0 € (0,a)U(m—ae,m).
By (a) and the maximum principle, we have that (Sas,0) (0) is well-defined for each M > 1. Similarly,

H; —l—Z] 1 n]&)l (Hj —sin’ 0)
Mo

S = =0(1), 0e0,a)U(m—aeg,nr), i>M.

sin
Hence (S ;) (0) is well-defined for M > 1 and ¢ = 0,M,--- , N. O

In the following lemma we show more explicit bounds of (Sar,;) and Bar,;-

Lemma 4.8. Let Syr; and B be defined in (4.25)). Let
0 =0, i=0,1,2-- N.

Then
(a) For M > 1,1 > M, and 1 <j < M — 1, we have

(Sarq) = O MY | B =0 My ) =0 (al ) (4.35)
with 775?2 =0 when M = 1.

(b) If i = 0, then we have for M = 1,2,

1 1 .
S =0 (aJWl |In Oée> , Baro =0 (W 1nae|> ; 771(\]4)0 =0 (a7 Ina) , (4.36)
while for M > 3,
1 1 O (a;j"’l |lno¢€\) , j=1,2
SM,O =0 () ’ 5M,0 =0 () ) 77(]) = (437)
a1 a1 M 0 (anity 3<j<M-—1.
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Proof. (a) We use an induction proof to verify (4.35)). The base case M = 1 satisfies

g — Hi J— <silii9>(0) 0) .
L= S 514*m, 771714—0, i=1,---,N.

By Lemma 4.6, we have
(S1.4) = O(af), Bi,; = O(al) i=1,---,N.

Thus the base case is verified. Now suppose (4.35) holds for M > 1 and we consider the case M + 1. First
we estimate the size of 775\31)+1,i~ By (4.34),

77](\/]}/{;.)1,1 = 6M,1‘ =0 (O/:MJFI) s

and
77§\J4)+1,i — 771(\34)1 + ﬂM,mfé),M = O (ai~7F1) 4 O (ai-MHHM=i+1) _ O (gi=i+1) |
fori>M+1and 1 <j < M — 1. Thus the estimate for n](é[)JrM in (4.35) holds.
Using the bounds for U%)Jr1,¢ and (4.32)), we can now bound (Sar4+1,;). Since Sary1,; is the restriction of
the half-space solution Tas41,; to n = 0, we can apply Lemmatogether with the linearity of the half-space
equation to get

M—1
(Sara10l =0 (M) + 32 0 (al ) O (0l ™M) = 0 () = 0 (e MH07)

j=

—

Moreover, since Bar41,; = O(](Sm+1,4)]), we also have

Br+1i =0 (aif(MH)H) .
This shows all the bounds in (4.35)) holds for M + 1, which proves that (4.35)) holds for all M > 1.

(b) Now we check the case where i = 0. Since the bounds in Lemma [4.6(b) are slightly different for
M = 1,2, we first treat these two cases. If M = 1, then

Hy Ho:) (0) 0
S10==— Bro = 1<_5<0H1(0)>’ 775,()) =0,

. ;
1n
sin 0 sin 6

By Lemma |4.6] we have
[(S10)l =0 (nac),  Bro=0((S10)]) =0 (IInee) ,
which proves the case when M = 1. Next we check the case where M = 2. In this case, we have
ni) = Bro = O (Ima) .
Recall that

Hy + 77;1())(]‘[1 —gin )

sin’

Sao =

Then by Lemma [4.6) we have

1 1
[{(S2,0)| = O (a |lna6|> + O (lna])O(lnal) =0 (a |lna€|> .

€

This further gives

1
ﬂg’o = O ( |lna6|> .
Qe
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Now we use induction to prove the case when M > 3. The base case is M = 3, which by (4.34)) satisfies

1 1
@%@po<aumM>,ngn%+5M@2oqm%n+o<umM>omgoUm%p.

€ 6

Recall that

Hy + né}())(Hl —sinf) + ’I’]g?g(Hg — gin? 0)

S3,0 =
sin® 0

)

By Lemma we have

<&m=0<é)+omm$o£im%0+o<m%00wm$=0<%>.

This implies
1
53,0 =0 (2) .
aS

Therefore (4.37) holds for M = 3. Assume that (4.37) holds for M > 3. Then for M + 1 we have

1 _
775\14\/{210 6M’0:O<a]\41) :O(ae M+1) .

For j=1,---, M — 1, it holds that
_ 1 _ _ .
77§VJI)+1 0= 77561)0 +BM70U§VJI)M = O( ]H) +0 (QM—l 'aéw Hl) =0 (CVE JH) ) Jj=3,

1 ] , .
771(\4)+1 0= 775\40 + B 077M)M o (a A In a, |) +0 <M1 'aé\/[_ﬁl) =0 (ae_Hl \lnaeI) , J=12.
o

€

This verifies (4.37)) for n%)+1 o- Now we check the size of Syr41,0. By (4.32), we have

Hy + ZJ 1 77M+1 o (Hj —sin’ 0)

Srs1,0 =

sinM+1 ¢
B H, 2 771(\]4)+1 0 (Hj — sin? 0) M—2 77§\i1)+1 0 (H sin’ 9 (M) HM —sin™ 9)
REERY) + Z LM g + Z Mg + Z Mv+1,0 S+ g
j=1 j=3 j=M—1

2 M-1
:O(a;M)+ZO(a;j+1 Inoe|) O (al” M )+ Z O (a7t O (al” M)+O( MY O (Ina)
j=1 Jj=3

io( fJV[).

This further implies

1
Br+1,0 =0 (aM) .

€

Therefore (4.37)) holds for M + 1. Thus it holds for all M > 1. O

To prove the bound in Theorem we first recall the L?-bound of solutions to the half-space equation.

These are classical results and one can find their proofs in [11].

Lemma 4.9. Let f be the solution to the classical half-space equation with source g, incoming data hgy, and
end-state fo. Then f satisfies the bounds

K 2 " . K 2 K 2
" (f = foo) I12(anae) <€ </o hysin® A6 + [|e""g |72 4, a0y + €79 ||Loo(d,7d9)) )

K 2 2 2
€77 (f = foo) o (anag) < C (Hho 2o 0,m) + 1€%°"9 172 an ag) T 11€7°"9 ||L°°(d77d6)) ;

where kg is the same decay constant as in Lemma[2.3
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Now we can finish the proof of Theorem

Proof of Theorem[].1 We divide the proof in two steps.

M ¥ M ¥
0" f Since each 0" f

oM~ onM
in either L> or L2, we only need to study its incoming data. By Theorem we have a unique family of

Step 1. Bounds of is a solution to the classical half-space equation, to show its bound

cr’s which gives that

N
£(0,0) = <f>(0) + Z cpsin® @ for 0 € (0, ) U (m — e, ), (4.38)
k=1

and the incoming data hg only differs from hg by order O(1) on 6 € (0, o) U (7 — e, 7). By our construction,

we have
Mp (71)Mf— (F) = S0 e sin 0
M In=o sin™ ¢
ZN cp sin® 0 N-M
= (—I)MW—MQ =(-1)M Z Cryarsin® @, 6 € (0,a) U (m— ae,m) (4.39)
sin prs
for M =1,2,--- ,N and
3N+1J’F
onN+1 ‘n:O =0, 0 € (0,ae) U(m— ac,m). (4.40)
Moreover,
oMp (—1)™ f = () = S35 cnsin® 6
M In=o sin™ ¢
ra n M-1
= (1)MJ;HIV</;> — ()M cpsin® Mg 0 € (m— ae,) (4.41)

k=1

for M = 1,2,--- N + 1. Equations (4.39)-(4.41)) together with the bounds of ¢ in (4.16]), show that at

n =0,
In addition,
2

2
/ sin9d9:/ ' sin9d9—|—/
0 0 «

We estimate the three terms on the right-hand side respectively. Estimates for the first two terms are similar
and we only show the details for the first one. By (4.39) and (4.41)),

o
/0

6MJ7

1
:O(M)’ M=12-,N+1. (4.42)

€

Lo (0,m)

2
™

sin9d9—|—/

2

M ¥
071 sin6dé.

onM

oM

onM

oMf
W(Ove)

oMF
onM

€

oM’

N-M .,
ST sinfdf <2 Z / |Ck+Msink9’2sin0d9
n o Y0

N-M
-0 < Z a;Q(k+M71)+2k+2 |1HOLE|> =0 (a;2M+4 ‘lnaeD
k=0
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and
<12 _
T oMl e 1 = o [T L ok—omt
T sinfdf < C WdﬂJrC’ch sin 6de
Qe Qe k=1 Qe
O(mal)+ "M o (a;“’“*”“’HM“ |lno¢€|> — O(lna.) | M=1.
= o (a;2M+2) n 22/1:_11 O (a;2(k71)+2k72M+2 |lnae|) =0 (a6—2M+2) . M>2.
Therefore,
T 9M F O(lna), M=1,
/ 8—]\{(0, 0)| sinfdf = ( ) (4.43)
o |9n O (a7 M+, M>2.
By Lemma [£.9] we obtain that
~ 12 ~ 2
M oM O (lnael) , M=1,
e"“’"% < Chy %(0, 0)| sinfdf = ( ) (4.44)
n L2(dn de) 0 n @ (O[;MJFI) , M>2.
By (4.42) and Lemma again, we have
ron M F Y
e OnﬁnM =0 (a7™), M>1. (4.45)
Lo°(dnd6)

Step 2. Bounds of % and mixed derivatives. Next, we check the regularity of fwith respect to 6 and all
90

the mixed derivatives. These will be based on the regularity in 7 in Step 1. The main strategy is still the
induction proof. First we check the case M = 1. In this case, g—g satisfies the equation

9 (of\  of _of
s1n9—77 ()Jrae cos@an,

aglnmo =h0(®), € (0.m),
of
%%0, as 17 — oo.

The estimates related to the incoming data 716(0) are as follows. First,

(Eg —0(aY). (4.46)

L>(0,m)

Second,

Qe
/0

Similar estimate holds for 6 € (7 — ae, 7). For the part where 6 € (ae, ™ — ), we have

/71'7015
oY

€

r

n0F

- 2 N o o
hi(6)] sinfdf <2 k2 sin?* 10 cos? 0dh = O (o 2k=D+2k 1, al) =0 (a?|lna.). (4.47
0 0 k € €
k=1

ﬁg(e)f sinfdd = O(1). (4.48)

Hence,

Eg(e)f sin0do = O(1). (4.49)

Applying (4.42)) for M = 1, we have

= O(|lna.]'?).

L2(dn de)
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Therefore,

M+kZ
Kom a f

on 6M+kf
oM ok

= O™, BT

L2(dnde) Lo (dn df)
Hence the base case where N = M + k =1 is verified.

For general M > 1, we have shown the bounds of gi\:—ﬂf in both L? and L* norms in Step 1. Suppose ({4.2))
and ([4.3) hold for N — 1 with N > 2. Now we show that f € WN*1.2(dydf) and it satisfies the bounds
in (4.2) and (4.3). We use a further induction on the order of the derivative of 6 for this fixed N. The

base case k = 0 holds due to (4.44) and (4.45). Assume that the bounds (4.2)) and (4.3)) hold for (M, k;)
satisfying that

My+ki=M+k=N, M, <M, M=>1.

N
We then check the case (M — 1,k + 1). The equation for 877]\/[615%“ is
0 oNf Nf
Sme% (677]‘4180’“*1) +8nM*189k+1 = Gt
ONf oFtl [(gM-1f
WL;:O = oot | gt ) - f€Om,
oNf
W -0, as 71 — 00.

where

ok+1 . 8MJ? . 9 61\/]?
Cra-rier = porgr \ S 0gr | =500, Gpriggr | -

where by the induction assumptions Gps—1 k41 is bounded by

||6H077GM—1J€+1 HLQ(dndO) = O(O‘;NJA |1HO¢E|1/2) . HenonGM—l,k+1 HL°°(dnd0) =0 (o‘;N) . (450)

Meanwhile, the incoming data satisfies

i+ <8M1f> _ (1 2 (f— (f) =i Sini9>

ook+1 \ gpM -1 HOk+1 sinM-Tp

Mt r+1 k+1 ‘
(71) - a@k-i-l Zci-'rM—l sin® 0 ) 0 S (Oa Oés) U (7T - 0[6771') .
=0

Therefore,

ok+1 81\/1—1]? 2
Hpk+1 3,7M71

/Ot6
0

Similar estimate holds for the integration on (w — a., 7). For the part where 6 € (a., 7™ — ), we have

o+ (aM1f> _ (g 2 <f— (f) -2 Sini9>

opk+1 \ opM—1 OOk+1 snM-1g

= (—1)M-1 o (f_ <f> > — (=M1 o <Mz2ci sint~M+1 9> ;

aek-‘rl SinM—l 0 89k+1

sinfdf = O (cja?) =0 (a;2N+4 [In a6|2) .

=1
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erefore,
T—ac | gkl aMflf 0d6
) o1 \ g1 Sin
< C/HYE L _wic /Fag L 0=0 (" |na,)
— c ——=—d0 =0 (« nael) .
- o sin?V~1g ! Q. sin?V =3¢ ‘ ‘
is gives

~\ |2
™ 8k+1 8M71f ) B
/0 W W smﬁdGZO(ae 2N+2\lna€|) s

Combining with (4.50]), we have

K oNf 1 1/2 . NFf 1
e oM —19gk+1 =0 ( NoT nacl ) e InM—19gh+1 =0 oN )
L2(dn do) € Le=(0,7) ¢
where M + k = N. This proves the induction for k£ + 1 and for any arbitrary N € N. We thereby finish the
proof of Theorem ([
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FIGURE 1. Left plot shows f;, f2, and their convex combination F'. Right plot shows the
blow-up of 9, f1, Oy f2 and the boundedness of 9, F".
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FIGURE 2. Left plot is for the L? error. Middle plot is for the error between the two
end-states. Right plot is for the L* error.
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FIGURE 4. Left plot is the solution to the classical half-space equation at n = 6. Right plot
is the solution to the e-Milne equation at n = 6. These can be viewed the end-states of the

two equations.

FIGURE 5. Left plot is the solution to the classical half-space equation. Right plot is the

solution to the e-Milne equation.
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