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ABSTRACT. Global optimization of a non-convex objective function often appears in large-scale
machine-learning and artificial intelligence applications. Recently, consensus-based optimization
(in short CBO) methods have been introduced as one of the gradient-free optimization methods.
In this paper, we provide a convergence analysis for the first-order CBO method in [5]. Prior
to the current work, the convergence study was carried out for CBO methods on corresponding
mean-field limit, a Fokker-Planck equation, which does not imply the convergence of the CBO
method per se. Based on the consensus estimate directly on the first-order CBO model, we provide
a convergence analysis of the first-order CBO method [5] without resorting to the corresponding
mean-field model. Our convergence analysis consists of two steps. In the first step, we show that the
CBO model exhibits a global consensus time asymptotically for any initial data, and in the second
step, we provide a sufficient condition on system parameters—which is dimension independent— and
initial data which guarantee that the converged consensus state lies in a small neighborhood of the
global minimum almost surely.

1. INTRODUCTION

Large-scale optimization problems often appear in machine learning and artificial intelligence
(AI) applications, in which objective functions to be optimized are not necessarily convex nor regu-
lar enough, say C! in general. Thus, one might not be able to use the standard stochastic gradient
descent method. Alternatively, several gradient-free optimization methods based on collective dy-
namics are used in application domain, for example swarm intelligence methods [15, 28] such as
particle swarm optimization (in short PSO) [8], simulated annealing method [16, 20], ant-colony
algorithm [27], genetic algorithm [13] etc. A basic idea of these metaheuristic algorithm is to use
collective behaviors of underlying sample points coupled with suitable stochastic components in the
choice of system parameters. Despite of its usefulness, rigorous convergence analysis of such swarm
intelligence algorithms is often missing.

In this paper we provide a convergence analysis for the CBO method proposed in [5]. To be
more specific, let XF = (mf’l, e ,:Ef’d) € R% be the coordinate process of the k-th sample point at
time t. Suppose that one looks for a global minimum X* € R? for a given objective function L:

X* € argminycpa L(X),

where the objective function L may be neither convex nor smooth enough. In this situation,
gradient-based optimization methods such as the stochastic gradient descent method [4] can not be
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used as it is. In a recent work [5], the authors proposed the following variant of the CBO algorithm
introduced in [6, 23, 25]:

dX} = —\(X} dt—i—az —zhdWle, t>0,i=1,---,N,

(1.1) :
e en 3N xpempued

X =(z Ly 5, Ty ) = _ 7

21:16 BL(X})

where A and o denote the drift rate and noise intensity, respectively, and S > 0 is a positive
constant corresponding to the reciprocal of temperature in statistical physics. Here {e;} is the
standard orthonormal basis in R?. The one-dimensional Brownian motions W} are i.i.d. and
satisfy the mean zero and covariance relations:

EW} =0 forl=1,---,d and E[W:rW?]=6,,t, 1<I,l<d.

9

Note that system (1.1) is expected to have a local relaxation dynamics which means that X}
relaxes toward the local weighted average X, and this local weighted average tends to the global
consensus state. This algorithm is an improvement upon those proposed in [6, 23] in that it is more
suitable for higher-dimensional optimization problems, since its convergence conditions on system
parameters are expected to be independent of the dimensionality d due to the use of componentwise
geometric Brownian motion.

We denote by Q the underlying sample space for model (1.1), and assume that the objective
function L is locally Lipschitz continuous. For the optimization algorithm (1.1), we are interested
in the following two questions:

e (Question I): Does the N-state ensemble {X}} exhibit a global consensus? i.e.,
for a.s. w € €, is there a global consensus state X, (w) € R? such that

lim | X} (w) — Xoo(w)| =0, i=1,---,N,
t—o0

where |- | := || - |2 is the standard ¢?-norm in R? ?

e (Question II): If the answer to the first problem is positive, then under what
condition the consensus state is a good approximation of the global minimum
X* of L?

In [5], the authors conducted a convergence analysis via the Fokker-Planck equation, which can
be deduced from (1.1) in the mean-field limit N — oo, and showed that the global consensus
state lies in a O(1/f)-neighborhood of the global minimum under suitable assumptions on system
parameters which are independent of dimension d and initial data for 8 >> 1. Since the Fokker-
Planck equation is not the original model, thus this convergence result, although sheds lights on
the convergence property of the original CBO model, it does not imply the latter. The purpose of
this article is to conduct the convergence analysis of (1.1) directly.

Toward this goal, we first rewrite the relaxation term X; — X; (1.1) in consensus form:

N d

(1.2) dX| = AZ% (XF = X{)dt + UZ wa(xfl — 2, dWle, t>0,
k=1 1=1

where F := *(X,t) is the communication weight function:

1.3 k e D) £>0 k=1 N
() wt '_W7 = Y — L,y .
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Next, we return to the discrete-time dynamics associated with the continuous model (1.2)-(1.3).
We set a time-step h := At and state at discrete time ¢t = nh:

. Yyt il 5 Lo )0 —
X, =X, Ty =X Uy, =Yy, n=0,1,---.

Then, the discrete consensus-based optimization model reads as follows:

N N d
Xi =X, + D) R (XF - X)) +ovVRd Y gkhl —aihzle, n>o,

k=1 k=11=1
(14) e
=_— ':1,...’N’
VoSSV oy

where the random variables {Z} },,; are i.i.d standard normal distributions with Z!, ~ N(0,1).

We summarize the two main results of this paper now. First, we are concerned with the emergence
of global consensus to the continuous and discrete models (1.1) and (1.4), respectively. Since the
analysis for the discrete model (1.4) is almost parallel to the analysis for the continuous one (1.1),
we mainly focus on the continuous model in what follows. To motivate the dynamic properties of
(1.1) or (1.2), we consider the deterministic counterpart:

dxi

N
b= A wi (Xt - X,

k=1

In this case, it is easy to see that the time-dependent convex hull generated by N sample points
X} -, XN in RY is contractive (see Lemma 2.1). Moreover, due to the special structure of the
communication weight 5

N
@) pF >0, 1<k<N, Y ¢f=1 forallt>0,

k=1
(74) Dependence only on the state of source sample point (independent of i in (1.2)),

(1.5)

the difference X} — th satisfies a system of ordinary differential equations:

d, ., . . A
%(Xt _Xg) = —A(X{ _Xt])v t>0,

which has the analytic solution:
(X' — XI)(t) = e M(X} — X)), t>0.

On the other hand, maximal and minimal values of the component state of X} are monotone so
that they converge to the same value. Hence, we can show that the state X} tends to the unique
global consensus state X, independent of i for any initial state (see Theorem 3.1).

Next, we return to the stochastic model with ¢ > 0. In this case, due to the white noise effect, the
convex hull spanned by the state vector X} is not contractive any more. However, fortunately the

[-th components of the relative state difference :z:i’l — x{’l satisfies the geometric Brownian motion:
Azt — 2ty = =A@ — 2Pydt — o (o — Phaw!, t>o0.

Then we use stochastic calculus to get the exact solution:

. , . . 2
abt — gt = (b — 2P exp {— ()\ + %)t + ath}, t>0.



4 HA, JIN, AND KIM

This yields the almost sure convergence of the relative state differences:

lim |20 — 27| =0, as.

t—o0
Similar analysis can be performed for the discrete algorithm (1.4) (see Theorem 3.3). Moreover,
under the condition 2\ > o?~which is independent of the dimensionalizty d, we can show that there
exists a random vector X, which is the almost-sure limit of the X}’s (see Lemma 4.1). Thus we
answered the first posed question affirmatively for the continuous and discrete models.

Second, we deal with Question IT on whether the global consensus state X, is close to the global

minimum of L or not. Under suitable assumptions on system parameters A, ¢ and initial data such
that Xé ~ X™ for some random variable X", we derive

Ee AL(Xe) > sIEe_fBL(Xm), or — ;logEe_fBL(X‘x’) < —élogEe_ﬁL(Xm) — ;logs.

If the global minimizer X* of L is contained in supp(law(X®)), then Laplace’s principle yields the
desired estimate (see Theorem 4.1):

1
g

Collective behaviors of agent-based models have been a hot topic in applied mathematics, control
theory and related areas in recent years, see for example several survey articles [1, 3, 7, 24, 26] and
related literature [9, 10, 11, 12, 17, 18, 19, 21, 22].

ess inf,cq L(X*(w)) < L, + O( ) for weQ, > 1.

The rest of this paper is organized as follows. In Section 2, we provide preliminary materials on
the deterministic analogs of the continuous and discrete algorithms (1.1) and (1.4). In Section 3, we
study the emergence of global consensus states for the continuous and discrete consensus models.
In Section 4, we prove the convergence of the global consensus state toward the global minimum
of L as B — oo only for the continuous algorithm. The corresponding convergence analysis for the
discrete model seems to be very challenging, thus will be left for a future work. In Section 5, we
provide several numerical examples and compare them with our analytical results. Finally, Section
6 is devoted to a brief summary of our main results and discussion on some remaining problems to
be investigated in future study.

Notation. For a random variable Z € R on the probability space (2, F,P), we denote its mean
by EZ or E[Z] interchangeably, and the function space CZ(RY) denotes the collection of all C2(R?)
functions with bounded derivatives up to second-order.

2. PRELIMINARIES
In this section, we provide several preliminaries on the deterministic counterparts to (1.2)-(1.3)

and (1.4) with o = 0, respectively.

Consider the continuous model:

dXi N ,
= A;wf(xt’“ - X{), t>0,

(2.1) =1
1#?20, wa:]-a 22177Na
k=1
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and the discrete model:
N
;L+1:sz+/\hzi/)5(Xrlf_Xﬁz)’ TLZO,]_,"',
(2.2) N
Yp>0, Y ¥h=1, i=1,--- N.
k=1

Next, we study basic properties of the deterministic models (2.1) and (2.2) before moving to the
stochastic ones.

2.1. Deterministic continuous algorithm. Let X; := (X/},---, X}V) € RV be a solution to
(2.1). Fort > 0and [ € {1, ---,d}, we introduce two extreme functions 2!, ' and component-
diameter functional D'(X;):

= min 77, Ty = max (Ay) == Ty — z;.

Note that trajectories of z! and z! are Lipschitz continuous, thus they are differentiable almost
everywhere in t € (0, 00).

Lemma 2.1. Let X; = (X},---,X}N) be a solution to (2.1) with the initial data Xy. Then, the
following assertions hold.

(1) The extreme functions ' and ' are monotonically increasing and decreasing, respectively:
gﬁ > gé and f:i < irls, fort > s.
(2) The component diameter functional D'(X) is non-increasing in t:
Dl(X,) < DY(X), t>0.

Proof. (i) Note that each component of (2.1) satisfies the same form of equations. Thus, it suffices
to check one particular component. Consider the [-th component of system (2.1):

dzy’ al ki il
(2.3) T =AY ur(ay = a).
k=1

Now, we choose extreme indices i; and j; such that

it,l it =
et =2l and 2" =z

e Case A (Increasing property of z!): At a differentiable point ¢ of 2!, it follows from (2.3) that

dat! al kL il
k b Z 9
dif :)\E Y (zp” —x) >0,
k=1

(2.4)

where we used '
AL |}

Then, the Lipschitz continuity of gft and (2.4) imply the non-increasing property of the lower enve-

lope zt.

e Case B (Decreasing property of Z.): Similar to Case A, one has

da’t! N kbl
di :)\Z%(% — ;") <0.
k=1
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Finally, one combines Case A and Case B to see the non-increasing property of D!(X;): for t > s,
D' () = 7y — 2y < 7 — z; = D'(X).
This yields the desired estimate. O

Remark 2.1. Below, we comment two remarks for Lemma 2.1.

1. The result of Lemma 2.1 implies that the convex hull of the set {X}} is non-increasing along the
flow (2.1). More precisely, set

Cy := conver hull{ X}, -, XV}

Then, one has
Cy CCs, fort>s.
2. Using similar arguments, one can also show that the mized norm || X200

o i
[ Xell2,00 = max [ Xille
18 mon-increasing in t:
||Xt||2,oo < HXS 2,009 fOT’t > s.

2.2. Deterministic discrete algorithm. Let X, := (X} --- X) € RN be a state vector to
system (2.2), and for n > 0 and [ € {1,--- ,d}, set

| = il
z, = 12%11]\7 z, and =, : 1@2}}(\[ ).
Then, similar to Lemma 2.1, one has the discrete counterpart for Lemma 2.1.
Lemma 2.2. Let &, = (X},---,XN) be a state to (2.2) with the initial data Xy. Then, the
following assertions hold.

(1) For each k € {1,--- N}, z, and 7, are monotonically increasing and decreasing, respec-
tively:
gﬁl > gﬁn and Eﬁl < ffn, forn > m.
(2) Forle {l1,---,N}, the component diameter functional D'(X,,) is non-increasing in n:
Dl(X,) < D(Ap), n>0.

Proof. Basically, we use the same arguments as in Lemma 2.1.

(i) Let ¢ and j be two indices such that
— il
and T, =zl

Then for such i, by w,’i(xlf;l — :U%l) > 0, one has

N
oo il k¢ Kl i\l il _ 1
k=1
This implies

(2.5) x>l

Hence z!

,, 1s non-decreasing in n. Similarly, one has

N
gl gl § : ki kil il il =l
k=1
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This yields
(2.6) Tpp1 < Ty
(ii) We combine (2.5) and (2.6) to get
DN (Xps1) = Ty — 1 < T, — 2, = DI(Xy).

n —

Remark 2.2. The result of Lemma 2.2 yields

min xlg’l < x;’l < max xlg’l, 1=1,---,N, n>0.
1<k<N 1<k<N

3. EMERGENCE OF GLOBAL CONSENSUS

In this section, we study the emergence of global consensus to systems (2.1) and (2.2) based on
the following two steps:

e Step A: We first derive an explicit formula for the state difference X} — th , and then by
using this formula, we show that the relative state differences tend to zero exponentially
fast.

e Step B: For each component, we show that the maximal and minimal values are monoton-
ically decreasing and increasing respectively over time so that as time tends to infinity, all
extremal states tend to the same value. Then, together with the result of Step A, we can
see that all states converge to the same global consensus state X, independent of particle
number 4.

3.1. Stochastic continuous algorithm. Consider the continuous algorithms for X} and Xg :

N N d
X} =AY Op(XF = XDdt +0 Yy of (@ — ) dWle, t>0,
k=1

(31) k=1 1=1

N N d

0X) =N X - XD+ oYY bl - Wi, 1>
k=1 k=1 1=1

subject to the initial data:

(3.2) X!

-xb, X{|_ =i,

t=0 t=0

First, we use the unit sum condition (1.5) of ¥f’s to get
N ‘ N _ N ' A ' _
(33) vk - X = Y wb(XE - X)) = (Do uk) (xi - XP) = —(x] - X)),
k=1 k=1 k=1

Note that the dependence on i disappears on the R.H.S. of (3.3). Thus, one uses (3.3) to see that
X} — X satisfies

d
(3.4) d(X] - X]) = =MX] = X))t — 0 Y " (a}! — 2l )dW]e,.
=1
Next, we provide the emergence of global consensus to the deterministic model (3.4) with o = 0.
For a given configuration process X, we set

- v
D(X,) = 1;13;{}\7 |X{ — X/
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Theorem 3.1. Let {X'} be a solution to (3.1) - (3.2) with o = 0. Then, the following two
assertions hold.

(1) The diameter D(X) decays to zero exponentially fast:
D(X) < e MD(X), t>0.

(2) There exits a unique global consensus state Xoo = (xk,--- ,2%) € R? such that for all
i=1,---,N,
lim X} = X,..
t—ro0

Proof. (i) It follows from (3.4) that

d, . . , ,
S(Xi- X)) = NXi = X)), >0,
This yields

X} = X]| = eMX5 - X3], t>0.
Again, by taking maximum over all the indices i and j, one gets the desired exponential decay of
D(X).

(ii) Foreach I € {1,--- ,d}, we claim that the extreme functions z and z} converge to the same value
z!_ so that all the other state 2! should converge to the same value z_, because the component
diameter shrinks to zero asymptotically. In the course of proof of (i), we showed that Z} is non-
increasing and bounded by ié. Thus, it should converge to /. Similarly, z! should converge to z’_.

Then, it is easy to see that féo = géo due to the exponential decay of the component diameter. [J

Remark 3.1. Note that the explicit form of 1} does not appear in the decay estimate of the diam-
eter.

On the other hand, it follows from (3.4) that 2! := 22! — 27! satisfies

(3.5)

{daﬁ?’l = —xzldt — oxtawl, >0,
z'j,l’ i
x = Xy — T-
t =0 0 0

Now, we apply Ito’s formula for In xij . using (3.5) to see
QZ‘I — g el e = - (A + (L)dt + odW;.
Ty 2(x,")? 2

Integrating the above relation (3.6) gives

(3.6) din gzt =

. . 2
(3.7) x?’l:xaj’lexp{— ()\+%>t+O’WtZ}, t>0.
Then, the explicit formula (3.7) yields the following result.

Theorem 3.2. Let {X}} be a solution process of (2.1). Then, for i # j = 1,---N and k €
1, .dl,

lim ]wik - xik\ =0, as and lim P(|xik - xikP > 5) =0, foranye>D0.
t—o0 t—o0
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Proof. The proof is essentially the same as in Theorem 3.1 of [2]. However, for reader’s convenience,
we briefly sketch the proof here.

(i) Recall the law of iterated logrithm of the Brownian motion:

Wk
lim sup We

A E——
t—oo /2tloglogt

and note that for ¢ > 1, the linear negative term — <)\+ %2>t in t is certainly dominant compared to

a.s.,

the Brownian term oW} which grows with a rate of at most ¢, Thus, the trajectory \xik — a:{k]

tends to zero almost surely as t — oo.

(ii) Since a.s. convergence implies convergence in probability, the result follows from (i). O

3.2. Stochastic discrete algorithm. Consider the discrete algorithms: for ¢,5 =1,--- , N,

N N d
w1 = Xo AR D (X = Xp) +oVhYy Y (! — 2 Zne,
k=1

(38) k=1 1=1

N N d

Xo1 = X5+ MY Un(Xy = XD +oVhY Y (e - X Ze,
k=1 k=1 1=1

subject to the initial data:

- X7,

(3.9) X =X X

n=0 "

Here the random variables {Z/} are i.i.d. and satisfy Z, ~ N(0,1).

Note that
N . N . . .
D oUn(Xh = X0) = Y (X — X)) = (X5, — X7).
k=1 k=1
Thus, one has
(3.10) x;il — xfil = (1 — b — U\/EZS) (zbk — 27k,

Based on the above explicit recursive relation, we have the following emergent dynamics.

Theorem 3.3. Suppose that parameters satisfy

c=0, A>0 and O<h<§.

Then, for any solution {X'} to (3.8) - (3.9), the following two assertions hold.
(1) The diameter D(X,,) decays to zero exponentially fast:

D(X,) < e "D(Ay), n=0,1,---.
(2) There exits a unique global consensus state Xoo = (xl, - ,24) € R? independent of i such
that for alli=1,--- | N,
lim X! = Xo.

n—o0
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Proof. (i) It follows from (3.10) that
Xir = Xhoy = Xi = X3 = (D wh ) (X3 = X0) = (1= M) (X} - x0).
I=1
This implies
Xi - Xi = (1 - Ah) (Xi— X3).
Thus, we have the desired estimate:
X5 - 2] = (1= a) "1 - X < e - XL m= 0.1,

(ii) We use the same argument in Theorem 3.1 to get the desired convergence. O

Now, we return to the stochastic version with ¢ > 0 in the following theorem.

Theorem 3.4. Let {X!} be a solution to (3.8) - (3.9). Then, we have the following stochastic
CONSeNsus:

(1) (Weak stochastic consensus I): Suppose that h and systems parameters satisfy

c>0, A>0 and O<h<l.

A
Then, fori,j=1,---, N, one has
’E[X}LL — X7 < e E[XE - Xg]].
(2) (Weak stochastic consensus II): Suppose that h and systems parameters satisfy
0>0, 2Xx>0? and 0<h< 2)\;02.
Then, fori,7 =1,---, N, one has the following exponential decay estimate:

EIX) — XJ? < c"EIX) - X)),
where m = m(\, h,o) is defined as follows:
m(\, h,o) =2\ — \2h — .
(3) (Strong stochastic consensus): Suppose that h and system parameters satisfy

2\ — o2

0>0, 2X>0? and 0<h< 3

Then, fori,j=1,--- N, one has
X! — X1 <e ™| X)— XI|, as weQ,
where Y, is a random variable satisfying

h h
lim Y, (w) = L (2A = X2h —0?) >0, a.e. w €.

n—00 2 T 5

Proof. (i) It follows from (3.10) that
Xn1 = X

3.11 . . ) . ) ) ) .
(3.11) = X! — XJ — M(X! — XI) + oVR(X! — X9)Z, = (1 Y a\/ﬁzn) (X1 — X9).
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Iterating the above recursive relation (3.11) gives

(3.12) Xi— XI =17) (1 — (A — oVhZy) ) (Xi — X3).
—_—
=:Ay

Finally, we take expectation and absolute value on both sides of (3.12) using the independence of
Zp and X — X} to get

[ELX, - XJ][ = (1= An)" E[Xj - X3]]-

E[X} — Xg]} < eAnh

(ii) We take the absolute value of (3.12) and square of it to find
(3.13) 1XE - X312 =20 (1 — A% XE — X2
Taking expectation of the above relation and using the independence of Ay and |Xé — Xg |, one gets
(3.14) EIX: — X2 = =0 BI(1 - A2 x B[LX) — X3P
On the other hand, since {Ay} are i.i.d. and for each £ =0,--- ,n — 1, one has
E[(1 - A% = 1 - E[24, — AJ)
(3.15) —1- ]E(Z)\h — 20VhZy — (Ah)? + 20\h2 Z, — a%Zg)
=1-22h+ XNh?+0%h =1 —hm(\ h,0) > 0.
Now, we combine (3.14) and (3.15) to get
E|X;, — X} = (1 — hm)"E|X§ — X]|* < e ™™ E[X§ — X3
So a sufficient condition for the exponential decay of E|X? — X7|? is

2\ — o?
m(A\ h,0) >0 <= h< /\U.

(iii) It follows from (3.16) and the inequality:
(1= A2 =1— (20, — A2) < ¢~ (2A=4D)

that
|XE = X2 = T (1= A0)*1X) — XP P < e CArad | x) — X2
n—1 ) .

= exp [ — Z Ag(2 — Ag)} ‘X(Z) — X(J)’?

(3.16) =0
1 n—1 . .
—exp [~ nx > A2 - Ag]1XG - XY
(=0

On the other hand, using (3.15) one has
E[2A, — AZ] = hm.
Next, we use the strong law of large numbers to see

n—1
Yn = l Z Ag(Z — Ag) — E[Ag(Q — Ag)} =hm asn— oo a.s.
n
/=0
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where Y, is also a random variable since Ay is a random variable. In (3.16), we use the above
convergence to see that

n—1

. , 1 , ,
X5~ Xj| < exp | —nx %ZAM—A@)}X@—X&

and

1 « hm

Remark 3.2. If one uses the result (ii) and the Cauchy-Schwarz inequality, one can obtain

E|X! — X3| < \/E[IX: — XA2] < (1 — him) 24/ E[|X§ — X{|2].

4. CONVERGENCE ANALYSIS FOR CONTINUOUS ALGORITHM

In this section, we provide a convergence analysis for the continuous CBO algorithm using Ito’s
calculus. In previous section, we showed that the continuous algorithm admits a global consensus
for any initial data. Thus, the natural question is whether this global consensus is a global mini-
mum of L or not. If the answer is affirmative, then under what condition such a coincidence will
occur? This is the main concern of this section.

Recall that X} satisfies
(4.1) dX! = —\(X] dt+az Hawle,
and we introduce an ensemble average:
1.
= X =),
=1

Next, we present three elementary lemmas to be crucially used in the proof of convergence analysis.

Lemma 4.1. Let {X{}1<i<n be a solution to (4.1). Then, the following estimates hold almost
surely.

d
() | X} — X4* = Z(wél — 7)) exp [— (2)\ + 02)t + QO'th:| .
=1
(i) | Xy — XF|* < max, | X7 — X2
i 2 =1\2 2 l
(vi1) Z|X - X/ <2Z<1r<nza<u}]<v L zh) >exp [—(2)\—1—0 )t+20Wt} .
Proof. (i) It follows from (4.1) that

d
(4.2) dX; = —NXy — X)dt + 0 > (7 — 27" )dWler.
=1
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We subtract (4.1) from (4.2) to obtain

(4.3) d(X} — X;) = —MX! — X)) dt+az it — Z)dWle,.
=1

The I-th component of (4.3) implies
; 1
xil —z = (1‘6’1 —z}) exp [— ()x + 502)75 + ath} .
This yields
' d
Xi = X2 =3 (! — 2h)? exp [_(zA + 02)75 + zowg} .

=1

(ii) We use the triangle inequality and the Cauchy-Schwarz inequality to get

2 2
X o | D X>‘ <[Eﬁle“ |X - Xf\]
) - )

g e PHX Doy e
N k)| %
< Sopor ¢ PPEDIX, - XFP < max |X; — XF|%
- Zszl e—BL(XF) 1<k<N
(iii) Note that
1 Y 1 Y . .
NZ ~XiP = 5 D0 (1K - KPP 20X - X - (X - XD+ 1K - X7 P)
=1 =1
— Z IXE— X2 4 | X — X2 <2 max_ |X7 — X2
1—1
(4.4) 4
=2 max (Z(m%l —z)%exp [— (2)\ + 02>t + 20th]>
_/L_ _
d .
<2 ; (lrgnizgv(%’l - :E%))Q) exp [— (2)\ + 02)75 + 20th] ,
where we used the inequalities from (i) and (ii). O

Lemma 4.2. Let {X}}1<i<n be a solution to (4.1). Then, the following estimates hold.

N d
1 i 7+ |2 —(2A—02)t i,l l
) NZ;E’XZ ~XiP <2 ;E[@%(wo — zh)?
1= =

(i3) If 2X > 0%, then there exists a random vector X« such that
lim X} = X a.s., 1 <i<N.
t—ro0
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Proof. (i) We take expectation on both sides of (4.4) to get

Bl ZIE|XZ X/ < QZ <E max ( i’ fé)2> E exp [— (2)\ + 02)t+ 20th:|

1<i<N

where we used
exp (20th> ~ Lognormal(0,40%t) = Eexp (20'th> = exp(20°t).

(i) Note that equation (4.1) is equivalent to the following integral relation: for ¢ = 1,--- N and
l= -, d,

t ¢
:rffl = aco - )\/ (zbt — 7 ds —i—a/ (zb! — zhaw! = % — A1 + oTh.
0 0
Next, we show the a.s. convergence Z;; and Z12 separately.

e Case A (Almost sure convergence of Z;1): By (iii), we have

N
oy — 7| < Z X} — X2 < ZNZ (1152?5\7 il x6)2> exp [— (2/\ + 02)t + 2<7th].
i=1

This yields that there exist positive random functions C; = C;(w), i = 1,2 such that

_*l

il
|z, — ot asow e,

where C7 and C5 are positive constants. We set

t t
jll = Ill — / Cle_CQSdS = / (Ié’l — f:’l — 016—028) ds.
0 0 ~

<0

Since the integrand is nonpositive a.s., J11 is non-increasing in t a.s.
On the other hand, note that

ol —Cat 20, 4 ot
=T — 21— >7 - L T e
Jin=1In C( )= In Cy +02( e

—Cas 2Cl Y Cas
=711 — — C e ?%ds = N (:ES’ b4 Cre=©? )ds > ——,
2

Since J11 is monotone decreasmg and bounded below along sample paths, one has
t
J o= lim Ji1(t) = lim (I11 - / C’le’C?sds>, a.s.
t—o00 t—o00 0

This implies

C
hm Tii=a+ é a.s.
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e Case B (Almost sure convergence of Zj2): Note that Z;5 is martingale and its L?(Q2)-norm is
uniformly bounded in t:

t .
IE[/ (q;gl—:z;vl)dwg] —IE/( ds</ ZE|X’ X*[2ds
0
t
22A—02)s 1,1 —1\2
<2N </0 ~(2x=0?) ds) Z <]E 1r;1ia§)§v(:):0 — Zp) >

=1

d
2N T
N 2 (E max (z5' — :1;6)2> :

1<i<N
In the second inequality we used (iv). Hence tlim 719 exists a.s. Now we have shown that for each
—00
1=1,---, N, there exists some random variable X’  such that
lim X} = X., as.
oot oo A5
Since for any 1 < 4,7 < N,
lim | X} — X/| =0, as.
t—o0
Hence, there exists X, such that
X=X =X, as.
O

Lemma 4.3. Let {X}}1<i<n be a solution to (4.1). Then, the quadratic variation of xf and x} is

given as follows.
Atk —zphPat, k=1
dxl - dal = ol | ’
0, k#1.
Proof. Tt follows from (4.1) that the [-th component of X} satisfies
(4.5) oy’ = —Nay' - z7h)dt + o(ay’ — 77" AW
Now, we use the following quadratic variation relations:
dt-dt=0, dt-dWl=0, dW!-dt=0, dW}-dWF =s.dt
and (4.1) to see
deF - da! = o6y (2h ok _ Ty k)(xi’l - i‘:’l)dt.

This certainly implies the desired estimate. O

In what follows, we use a handy notation for partial derivatives:

o o2
@, 8kllzm7 l7k:1,"',d.

Let L = L(x) be a CZ-objective function satisfying the following relations:

0 =

zeR? zeR? =020 peRd

(4.6) Ly, := inf L(x) >0 and Cf :=max { sup | V2L(z) ||z, [nax sup |312L(33)|} < 0,
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where || - |2 denotes the spectral norm. First, note that
O (G*BL(Xf)) = —Be PLXD g, L(X}),
(4.7) A
O (e #1OD) = pe LD [BOL(X]) - ORL(X]) — DR L(X))|.

Now, we apply Ito’s formula to % sz\il e~ PLIXD) using the relations (4.7) to get
(4.8)

1 :
1N s
o3

1 Z;l d —BL(X)) gk, L : 2 (L —BL(X}) g,k g il
:N; [;ak(e t )dxt’ +2kJZ:18kl(e ¢ >da:t’ -dxt’}

N d
= [ e BN Y B () (- At - 2t + oo — )]
k=1

=1 =
+ i i lﬂe—ﬁL(Xf) { i (/33 L(Xi) ) L(XZ) 92 L(X )) 25 ( ik _ o k)(le B f*’l)dt}
N £ 2 o ! t) Ok Ik Kl ¢ ¢ ¢
1< _ i > d _*k
= > B DV LX) - [MX] = X)dt — 0 (o} )W ey]
+ ; |BePECD k; (= O L(X]) + BORL(X]))?) 5o (ay* a7")?a.

We take expectations on both sides of (4.8) to get
1 & -
d (N Z EeﬁL(X§)>

NZE[ﬁe BLEDV LX) - A(X;'—X;‘)}dt

U

1 i %

_— Zm[ﬁe LD S (= O LX) + BOL(X])?) g0 — )2 di
=1 k=1

=: Io1dt + Ioodt.

Below, we estimate the terms Zo;, i = 1,2 as follows.
Lemma 4.4. Let {X}} be a solution to (4.1). Then, the term Ty;, i = 1,2 satisfies

(i) Iy > —ACBe” pLm L ZE|Xt X7 %

(ii) Zog > —502C'Lﬂe pLn 1 ZE|Xt X2
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Proof. Below, we estimate Zo; separately.

e (Estimate of Zy;): First, we use definition of X} to see

N _ N
<Z e—BL(XZ)> Xy = e ond
i=1 i=1
This yields
N .
(4.10) D e PPRIVL(XS) - (XF - X)) =0.
i=1
Then, we use (4.6) and (4.10) to find

IH_BAZE[ —BLXDY L(X1) - (X - )_(*)}dt

(4.11)

N
:%z E[e 7 HXD (VL(X)) = VLX) - (X{ = X;)

> —\CpBe” flm 1 ZIE|Xt X; %

e (Estimate of Zy2): By direct calculation, one has
025 —BL(X?) ik =xky2
12 = _ﬁ Z;E[e ¢ kz:lakkL(Xt)(CCt - )

(4.12) N
1 a1 R
> —§J2C’Lﬁe ﬁLmN ZE\X; — X%

17

O

Now, we are ready to provide the convergence result of the continuous CBO algorithm. Note
that in [5], the L*(Q)-limit of the stochastic process X; was actually equal to some non-random
Z € R?, but it is not the case for our N-particle model. This resulted in the statement of Theorem

4.1 slightly different from the analogous theorem (Theorem 3.1) in [5].
Theorem 4.1. Suppose that A\, and {X}} satisfy
2A > o2, X(i) 24, 4.d,, Xé ~ X™ for some random variable X™,

- eRfemne] 2 BT euse “”ZEL% o = )°)

for some 0 < e < 1. Then, one has

ess infucq L(X®(w)) < ess infucq L(X™(w)) + (’)(;), for B> 1.

Consequently, if the global minimizer X* of L is contained in supp law(X™"), then

ess infyeq L(X™®(w)) < L + (9(;) for B> 1.
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Proof. In (4.9), we use (4.11), (4.12) and Lemma 4.1 (iii) to find
d{1E - 1 1 &
el e o I P “Plm N "EIX] - X}
t(Nil ‘ = 507 ) Cube N £ Xi = &

(4.13) d
1
-2 </\+ 20.2> CLBQ_BLme_(2>\ o? tZE[ max ( _ i’é)Q )
=1

1<z<N

Now integrating (4.13) in ¢ gives
1 & -
> Re—BLEX))
i=1

N
(4.14) > %ZEe"BL(XS) —2 <A + o ) CpBe Plm
=1

1 — e—(2r—o?t @

il -l
o 52 IE[ max (x —xo)]

1<i<N

N
1 i 2\ + o2
_NZ Fe Ry g zCrfe ZE 115%3”0 %)’

Letting t — oo, and we use Lemma 4.2 (i) to find

Fe—BL(Xs0) ZE —BL(XE) _ QAJ:U Cy Be ﬁLmZEh?%\[ xgl_%)z} > cRe L™,

ie.,

——logEe_BL(X ) < ——logEe_BL(X ) — —loge.
g g g

Now Laplace’s principle implies

ess inf,cq L(X®(w)) < ess inf,cq L(X™(w)) + O(;) for B> 1.

5. NUMERICAL SIMULATIONS
In this section, we conduct several numerical tests to verify the results of the convergence analysis.
For a numerical test, we use the Rastrigin function as in [5, 23] as the objective function:
d
Lx) =3 [(azz — B)? — 10cos(2n(z’ — B)) + 10} +C,

i=1
where constants B and C' are given by

B :=argmin L(X), C :=min L(X).

Note that this function has a unique global minimizer, namely X = (B,---,B) € R%. However,
it has many local minimizers as can be seen Figure 1 (see the graph for L is provided in Figure 1
withd=2,B=C =0).

For the initial data and system parameters, we choose N = 100 points uniformly from the square
[—2,2] x [~2,2], which includes a global minimum point, and use parameters:

At=h=001, N=100, B=10, A=1.
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100 ~

FicURE 1. A 3D plot of the Rastrigin function

For the same chosen initial data set as above, we perform simulations for o = 0,1,2 and compare
the results.

5.1. Continuous algorithm. For the simulations of the continuous algorithm, we use the following
two-step numerical scheme:
X = X0+ (X, - Xp)e M
d
= X+ oVRY (@ - wulke,
=1

where wﬁl (l=1,---,d,n =0,1,2,---) are independent and follow the standard normal distri-
bution, and At is the time step. In Section 3, we derived the following explicit formula for the
continuous algorithm:

ri! — ' = (o — ') exp [‘ (r+37%)1+ "th] |
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It is easy to see from the above formula that the particles will reach a global consensus almost
surely if and only if the coupling strength and noise intensity satisfy

A>0 or |of>0.

Note that for larger o, the speed of consensus on average is faster. Note that these facts do not
require the condition 2\ > o2 as can be seen in convergence analysis in Section 4. One can observe
this result numerically. In Figures 2,3 and 4, we plot the positions of the particles for o = 0,1, 2,
respectively. Indeed, the particles seem to converge faster, as o increases. In Figure 5, we plot a
sample path of log |xt11 — J:fl| for 0 = 0,1,2. As expected, the graph for ¢ = 0 is linear, and the

function eventually decays faster for large o.

3 3 3 3
2 o 2 2 2
&8 %0, 8
° )
1 % O @0 1 1 4
g C°0afom
0 N Qo 00 0 0 a 0 o
Sles) o
8 0® @
o o OCDC@
1 B o 5 0% 1 1 1
o~ o 07009 o
0,& ©°0
2 o 2 2 2

o
2 %% % . 8& 2 2 2
o 8,0
1 o O p @O 1 1 1
0° 5080 e
o Qq 15}
0 © 90 0 0% ¢ 0 _ap 0 - 0 °
o
89 502 2%

3 3 3 3
2 o 2 2 2
8% %o &
o
1 %o O p ®O 1 1 1
) 00006530,
o0 s
0 O&O ©o0 © o 0 o 0 - 0 o
85 @ 0® @0
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% O@ o0 08
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FIGURE 4. Temporal evolution of state configuration for ¢t = 0,1,2,10 (o = 2).
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=0

o=1

2l

log |( tl

-20

-25

time (1)

FIGURE 5. Graph of log \a:tll — xfl| foro =0,1,2.

5.2. Discrete algorithm. Recall the discrete algorithm:

N N d
Xy = X0+ MY Un(Xy = X0) +ovhY Y eyt — 2y Ze,
(5.1) k=1 k=1 1=1

N e—BL(XE)

IN

In this subsection, we study the formation of global consensus for the discrete algorithm (5.1)

numerically. In Theorem 3.4, we have shown that if m := A— % — % > 0 then the quantity A/ :=

| X — X,]L\ tends to zero almost surely, as n — oo with a decay rate approximately exp(—%mnh).
Figure 6 indicates that this result is not optimal. To compute E [log ]xi " wf 71| , we simulated 100
sample paths and then took average of those paths. Although 2\ < ¢? for o = 2, AY converges
in this case. Moreover, although the decay rate obtained in Theorem 3.4 decreases, as ¢ increases,
one can see that the decay rate increases as o increases.
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2l

FElog|(X} —

-20

-25

time (1)
FIGURE 6. Graph of E[log |zt — x?,,lq for o =0,1,2.

6. CONCLUSION

In this paper, we have provided a rigorous convergence analysis for the first-order consensus-
based optimization algorithm. In [5], the convergence was understood using the corresponding
mean-field limit, the Fokker-Planck equation. Thus, the convergence of the original CBO algo-
rithm remains unresolved there. The main contribution of this work is to provide the convergence
analysis directly on the CBO algorithm model at the particle level. After rewriting the given con-
tinuous optimization algorithm into a first-order consensus form, we use the detailed structure of
the coupling term to derive an exact formula for the state differences. Our explicit formula shows
that global consensus will emerge for any initial data, whereas in order to prove the convergence
toward a global minimum, we need a sufficient condition—which is dimension independent— for
systems parameters and initial data to show that the global consensus state tends to a global min-
imum, as the reciprocal of temperature tends to infinity using Laplace’s principle. The emergence
of global consensus will emerge for continuous and discrete algorithms. However, we can obtain
the convergence analysis only for the continuous algorithm due to Ito’s stochastic analysis for twice
differentiable and bounded objective functions. In contrast, for discrete algorithm, we do not have
available mathematical tools to derive convergence analysis at present.
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There are several issues which we cannot deal with in this paper. To name a few, it will be
interesting to relax the regularity of the objective function to the less regular objective function, at
least continuous one. Finally, random batch methods were used to reduce the computational cost
of the N-term summation in [5, 14] in which convergence remains as an open question.

Moreover, it will be interesting to see whether our presented analysis can be applied to other
metaheuristic algorithms based on the swarm intelligence. These issues will be discussed in a future
work.

23]
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