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Abstract

We study the limit of many small mutations for a model of population dynamics.
The population is structured by phenological traits and is spatially inhomogeneous.
The various sub-populations compete for the same nutrient which diffuses through
the spatial environment.

1 Introduction

This article solves a conjecture introduced in [24] concerning the limit of many small
mutations for some integro-differential model of population dynamics with spatial inho-
mogeneity.

More precisely, we investigate the behavior as € — 0 of the following model introduced
in [22] and first studied under this scaling in [24]

58{05 = (CET(‘T) - d(I) (1 + QE))nE +82 a:r:a:ns(xaya t)’ t Z 07 HANS Ry ) € Qa (11)
0:(y,t) = /Rns(:v,y,t) dz, (1.2)

- Ayca(tvy) + [Q&‘ + )\} Ca(t7y) = )\CBa t 2 07 Yy € Qa CE‘@Q = O? (13)

where Q is a smooth, open and bounded domain of R¢.

In this system n.(z,y,t) represents the density of population with a given trait x,
at position y in space. The evolution of the population is purely local: Individuals do
not move in space but reproduce or die locally. This is modeled in Eq. (1.1) by a scaled
mutation term &2 d,,n. and a reproduction term c.7(x) — d(z) (1 + o). The coefficient
d(z) is a death factor, depending on the trait x and combined with the logistic trait 1+ o.
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where p.(y,t) is the local total population at the point y. This part imposes that the
local population cannot grow past a certain limit which is connected to the term c. ().
r(z) is a coefficient giving the reproduction rate in terms of the trait again. c.(y,t) is an
external resource (nutrient, oxygen) which the population requires to grow.

The dynamics of each local sub-populations are connected only through this external
resource c¢(y,t). This nutrient diffuses through space but at a time scales which are
assumed to be much faster than the rate of reproduction of the population. Hence
the nutrient is assumed to reach its stationary distribution and Eq. (1.3) is stationary
itself. The nutrient is produced by the environment with a certain flux Acp, is used by
the population with the absorption term p. c. and is also naturally degraded with the
additional absorption A c..

This model was derived in [22] to represent the emergence of resistance to drug in
cancer therapy, as spatial heterogeneity have been observed and seem important in that
context (we refer for example to [1]. However the model is also one of the simplest
example of coupled dynamics with spatial interaction and selection-mutation. As such
it is a good simple framework where to test and illustrate the main properties of such
models.

There are several approaches to study the phenotypical evolution driven by small
mutations in replication, the main objective being to describe the dynamics of the fittest
(or dominant) trait in the population (we refer to [28] for a general presentation of the
biological framework and to [4] for an early mathematical modeling).

One of the best known method is probably the so-called adaptive dynamics theory,
see [13] for an introduction. Adaptive dynamics considers evolution as a succession of
invasions by a small mutant population of the population of the dominant trait which is
assumed to be at the ecological equilibrium.

This ansatz can actually be fully justified in some scalings by taking the appropriate
limits of stochastic or individually-centered models, see [15, 6, 7, 9]. Those models are
popular in particular since they naturally take fluctuations in the population into account
(due to random births, deaths...). Stochastic models can become cumbersome when the
total population is too large.

In that case, it is also possible to derive integro-differential models like the one pre-
sented here. This is a slightly different scaling from adaptive dynamics since one does not
assume that the population has completely reached the ecological equilibrium in between
mutations. Those models naturally take the distribution of traits around the dominant
one into account (or can represent multi-modal distributions as in [16]).

The corresponding deterministic method was introduced in [14] and in [12] without
mutations (see also the presentation in [17]). This was done in a spatially homogeneous
context which already left some open questions.

In several cases and in particular whenever the competition term is of logistic type



as here, then the limiting distribution is concentrated around one trait

ne — o(y,t) 0(x — z(y,1)).

Contrary to the adaptive dynamics scaling, the dominant trait z(y,t) does not solve
a closed equation but instead has to calculated from a Hamilton-Jacobi equation with
constraint. In the spatially homogeneous case (no spatial dependence on y anywhere),
then the rigorous derivation together with the uniqueness at the limit can be found for
instance in [2, 3, 27].

Still in the spatially homogeneous case, when competition is manifested with more
complex interactions (see [26] for examples of derivation of competitive interactions),
then the equilibrium (often called an ESS or evolutionarily stable strategy) may be more
complicated. The study of the stability of this ESS can then become an issue of its own.
In general the ESS is locally stable, see [29, 30], and can be globally stable and unique
as in [10, 20] if the competition is strong enough. In this last case, it is possible to still
derive the limiting system with the constraint in the Hamilton-Jacobi equation replaced
by an implicit formulation, see [8].

Note that the numerical aspects can be interesting and non trivial, see for instance
[25] or [5, 21].

As first mentioned above, it has become more and more obvious that spatial hetero-
geneities are critical for many applications, see [18] for an early example of such of study.
And it is natural to try to extend this deterministic theory in those settings, as it is our
main goal here.

The major difficulty in a case such as (1.1)-(1.3) is that the spatial inhomogeneities
could lead to strong oscillations in time. This was the big obstacle in [24]. Of course
such oscillations can only develop because the equation on ¢, (1.3), is stationary in time
(elliptic in y). If instead it was parabolic in ¢ and y then the difficulty would be mostly
avoided thanks to usual regularization in time of parabolic equations (see again [24] or
23)).

Let us now state our main result. Following [14], we introduce

us = ¢ logne, orn. = ele/e. (1.4)
From Eq. (1.1), we see that u. satisfies
e = cor(z) — d(x) (1 + 02) + € Opaie + |Opuc|®. (1.5)

Assumptions 1.1 Assume that r, d € W>°(R) and are bounded from below and from

above. Define
supr infr cgA

infd 7 2  swpdrto
and assume that cg > 0 is large enough so that 0 < o < 0. Assume moreover that r is
concave and that d is convex.
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We can prove

Theorem 1.1 Assume (1.1), that u? is uniformly Lipschitz in x and is uniformly strictly
concave in x namely

1
sup sup |9,ul (z,y)| < oo, %0 < Oppul(z,y) < —K° <0,
€ Y,T
for some constant K > 0 independent of €. Assume that n? — 0°(y)d(x — 2°(y)) for
some x°(y). Define g°, & as the unique solution (see section 3) to

A+ (A +2%) = Aep,
& r(x°(y)) — (2° + 1) d(z°(y)) = 0.
There exists A s.t. if
/ |0° = 0°*dy < A,
Q

then up to an extracted subsequence, for any T > 0, c. converges to ¢ in LQ([(), T] x Q),
Jq 0= o dy converges to [, 0 dy in C([0, T)); ue converges weak-* in L>=([0, T] x Q2 xR)
to u which is a viscosity solution to

Opu = c(y,t)r(z) — d(x) (1 + o(y, 1)) + [0pul?, ¢>0, z€R, yeQ,
with the constraint max, u(.,y,t) = 0 and coupled to

Aye(y,t) + [o(y,t) + N e(y,t) =Aep, t>0, yeQ, clog =0.

Remark 1.2 We stated the limiting equation as a Hamilton-Jacobi equation with the
constraint maxu = 0. However we could also have formulated in terms of the meta-
stable states defined in section 3. In particular the system 3.1 would let us calculate
directly o and c in terms of the maximum point of u. Those meta-stable states and the
corresponding two-time scales analysis are at the heart of the proof and were inspired by
the approach in [8, 19].

Remark 1.3 The reason for the assumption [, 10° — 0|2 dy < A is the analysis of the
stability of the meta-stable states. Unfortunately, we are only able to prove their local
stability and this s what imposes this smallness assumption.

Remark 1.4 The same type of ideas as presented here can be applied to several variants
of the system (1.1)-(1.3). The mutations for instance can be replaced by an integral kernel
without substantial modifications in the proof.



2 A Priori Estimates

The first step is to find bounds on ¢, and g.. Those mostly follow the a priori estimates
developed in [24]. We first draw some basic estimates that show these are non-negative
and bounded, which we then use to form more precise estimates.

We start with some straightforward time uniform bounds

Proposition 2.1 Under the assumptions 1.1, one has the following bounds on the solu-
tion to System (1.1)-(1.3),

CB/\
<c.<cp.

< <o
0> 0 >0, Ato— =

Moreover c. is uniformly Lipschitz and in I/Vlif for any p, i.e. for any p < co and any
compact set §)

sup ([IVycellge + 1956l 500 ) < oo.
67

Proof Since cg > 0, by the maximum principle on Eq. (1.3), one has immediately that
ce > 0.
Now integrate over x (the space of traits) Eq. (1.1), using the bounds on r and d

e0yo: > infrec. o —supdoz(0e + 1). (2.1)

This implies that o > 0.
Coming back to Eq. (1.3), one may use the maximum principle again to find that

suploe + Al cc < Aep,

and together with the non-negativity of o., c. < cp.
Integrating again Eq. (1.1) in x and using now this upper bound on c.,

€010 < suprcp . — infd. (1 + oc) 0.

Observe that the right-hand side becomes negative if g. > g. Thus p. < 2.
This in turn enables to obtain a more precise lower bound on c¢.. Using the maximum
principle again on (1.3)
Aeg < [o+ A] inf ¢,

leading to ¢ > Acp/(A + p). Introducing this bound in Eq. (2.1),

i Acp
edpos > infr o supd o-(0- + 1),



and the right-hand side is positive if p. > ¢ which finishes the proof. Note that it would
be possible to improve the upper bound on ¢. by using this improved lower bound on g
giving

CBA

< .
cg_A+

>

Finally introducing those bounds in Eq. (1.3) shows that A c. is bounded which con-
cludes by standard elliptic estimates. O

We now turn to a second set of a priori estimates on u. defined through and which
are non uniform in time.

Proposition 2.2 Assume (1.1), that u® is uniformly Lipschitz in x and is uniformly
strictly concave in x namely

1
sup sup |0, ul(z,y)| < oo, %0 < Oppul(z,y) < —K° <0,
e Yy

for some constant K > 0 independent of €. Then this is preserved for any finite time
and ue is Lipschitz in time:

sup sup(|8xu5(x,y,t)| + |8tu£($,y,t)|) < 00, T T S 8$xu€($’y) S _K(t) < 07
te(o, T) &Y,z K(t)

for any T > 0 and for some K(t) < 0 for any t and independent of €. Moreover one has
the following estimate on the maximum in x of u.

oVK

V2m

0

\/2K7r'

€ €
—3 log e + ¢log < maxue(.,y,t) < ) loge + elog
xX

Proof First, let us differentiate once in z Eq. (1.5)
040pue = cov' — d' (0e + 1) + 204 ue Opptic + €020 .
By the maximum principle, one has that

Oy sup |Opue| < sup(ce || + |d'| (0= + 1).
I?y m7y

Using now the bounds from Prop. 2.1 and the Lipschitz bounds on r and d

Ogsup |Opue| < C(cp+0+1),
x’y
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for some C' > 0 which gives the uniform Lipschitz bound in zx.
Differentiate now twice Eq. (1.5) to find

04 O0prtte = cer” — d" (0 +1) + 2|8mu5|2 + 204U 0y Ozt + €035 0pzle.

By assumption (1.1) (more precisely the concavity of r and the convexity of d) and since
ce > 0 and o, > 0, this leads to
01 Opztte < 2’&1%“6’2 + 20,U:04, 024 Ue + €030z Ue.

The inequality contains a Riccati-like term, |0,,u.|?, and may in general lead to blow-up.
However we have assumed that d,,u < 0 which precisely guarantees that blow-up do
not occur. In fact one immediately has that Oyzuc(z,y,t) < 0 for every ¢t > 0, and z, y.
But by the maximum principle, one has the more precise

2
O SUp Opptte < 2| Sup Ogpue|”,
x?y w7y

and thus sup, sup, , dzzue < —K (t) for some function K'(t) which may converge to 0 as
t — oo but remains strictly positive in the meantime.

The lower bound on 0,,u. is even easier to obtain, just by using that »” and d” are
bounded, again from assumption (1.1).

Then from the bounds on J,ue, Oypue, Eq. (1.5) directly provides a uniform bound
on .

It only remains to obtain the bounds on the maximum of u.. Observe that from the
uniform bound on O,;u., for any ¢ and y, u. necessarily has a unique maximum in x.
Denote

ze(y,t) = argmax uc(.,y,t).

ue (z,y,t)
gaz/naz/e < dx.
R R

But by Taylor—Lagrange, us(xv Y, t) = u5($5(y, t)v Y, t) - %a:mtus(za Y, t) (x - :EE)Q' Thus

One has that

K
(.73‘ - 1:8)2 S Ug(I‘,y,t) S uf(‘ré(yvt)aya t) Y (SC - I8)2)

ug(xg(y, t)7y7t) - 9

2K

and

us(zg,y,t)fﬁ(zfzg)g ug(zg,y,t)fg(zsz)Q
e < dr < p. < e B dz.
R R

Therefore

JRUCESS ue (.,y,t) /e m <p. < eMaxs ue(.,y,t) /e V2erm
— — K b



which concludes the proof by using ¢ < o. <o from Prop. 2.1. O

Prop. 2.1 and Prop. 2.2 provide strong bounds but no compactness in time on o,
or c.. As explained in the introduction, this is the key problem as it prevents us from
passing to the limit in the product c. g in Eq. (1.3) for instance.

3 The meta-stable state

One solution to the question of time oscillations is to introduce the right meta-stable
states to the system and compare them to the solution. This is what we are doing in
this section.

3.1 Time regularity of the maximum point of wu.

We recall that z.(y, t) is defined as the unique point where wu.(., y, t) attains its maximum.
From the regularity of u. provided by Prop. 2.2, it is possible to deduce the following
time regularity of x.

Lemma 3.1 Assume (1.1) and all the assumptions of Prop. 2.2, then for any T > 0,
there exists a constant Cr > 0 uniform in € s.t.

|2(t,y) — 2e(s,9)| < Cr (Ve + VIt —s]), Vt, s €0, T].

Proof Observe that by Prop. 2.2, for some constant C%, depending only on K(t) on
[0, T] and hence independent of €

|U£($€(ya t)7 Y, t) - ua(xf(yv 5)7 Y, S)‘ < Cil“ &,
for any ¢, s in [0, T]. On the other hand by the Lipschitz in ¢ bound
|u€(x€(yat)ay>t) - u€($€(y7t)7y7 8)‘ < C% ‘t - 8|7

and from the upper bound on 9, u.

e (9:5).9.5) — el 8),0,5) = U [ (y,5) — 1)
Therefore
KD faey,5) ~ 22 < Che - Gt s,
finishing the proof. g



3.2 Definition and basic properties of the meta-stable states

We define the meta-stable states (o:(y,t), ¢-(y,t)) through the following system

- Ayés + <)\ + @a) Ce = Acp,
eer(ze(y,t)) — (0= + 1) d(z:(y,t)) = 0.

Note that the two equations are in fact stationary in time. The time dependence in o.
and ¢ is only due to the fact that the functions r and d in (3.1) is taken at the point
ze(y,t).

From the second equation in (3.1), it is possible to reduce the system to a non-linear
elliptic equation. Observe indeed that defining

(3.1)

r(z:(y,t))
7t = T
F00 = 4w )
one has obviously
@6:55f6_1>07 (3'2)

from assumption (1.1).
Plugging this into the equation on ¢, yields

—Ayé: + (A +é fe —1)é = Aeg. (3.3)
It is straightforward to obtain

Lemma 3.2 There exists a unique solution to the System (3.1) with c. € L>®(Ry, L>®(Q)N
HY(Q)) and p- € L>®(Ry x Q). In addition those solutions satisfy

CB)\<
A+

QS@ES?) Ce < ¢B.

S|

Note that time is only a parameter in Eq. (3.3) and thus the proof of Lemma 3.2 is
a straightforward application of standard non-linear elliptic techniques. The specific
bounds on ¢. and o, follow exactly the lines of the proof of Prop. 2.1. For this reason we
skip the proof and instead present a variant of the uniqueness argument which provides
regularity in time.

Proposition 3.3 Assume (1.1) and all the assumptions of Prop. 2.2, then for any
T > 0, there exists a constant Cp > 0 uniform in € s.t. for any t, s € [0, T

(1) = e 8)lpge < Cr (Ve + V[t — s),
102 (1) = 0c (-, 8) e < Cr (Ve + V]t = s)).



Proof Assuggested above the proof revolves around uniqueness estimates for Eq. (3.3).
Denote

0. = ce(y,t) — ce(y, s).
Then from Eq. (3.3)
_Ayéés + ()‘ + (Es(yat) + EE(Z/? 3)) fs(y7t) - 1) 555 = 52(1/: 3) (fs(% 5) - fa(y7t))'

On the other hand since r and d are Lipschitz, one has by Lemma 3.1

|fe(yss) = fe(y, )] < O (Ve + /It = s]), (3.4)

and hence

|_Ay665 + ()‘ + (EE(yvt) + Ea(y’ S)) fs(yat) - 1) 56€| < CQB CT (\E+ \% |t - S|)

The coefficient A + (¢:(y,t) + ¢-(y, s)) fe(y,t) — 1) is bounded from below thanks to the
a priori estimates in Lemma 3.2

A (Ce(y, ) +ec(y,s) fe(y, 1) =1 > A+ 1+ 2p.

Standard elliptic estimates thus imply that

02 lly2s < Crp (VE+ VIt =3,

for any p < oo and for some constant Crj, > 0. This concludes the bound on é¢.. The
bound on g.(y,t) — 0 (y, s) follows directly from formula (3.2) and the regularity property
(3.4) for f.. O

4 Comparison with the meta-stable states

4.1 An approximate equation on p,

Now we will compare p. and ¢. with o. and c.. Ideally one would have a closed system
of equations on g, and ¢, but this is of course not possible in general. Nevertheless it is
possible to use the concentration in n. to derive an approximate closed system.

Let us begin with this concentration property

Lemma 4.1 Assume (1.1) and the assumptions of Prop. 2.2. Then for any T, there
exists C > 0 s.t. for any o € WH®(R) and any t € [0, T], y €

/RsO(w) ne(z,y,t) dv — p(2=(y,1)) 0=(y,1)| < Cr Ve pllwre -

10



Proof Of course
(@) — p(a=(y. )] < lellwioe |z — z=(y, 1),
and
/ |z — x| ne(z,y,t) de = / |z — x| et @Vi/E gy
R R

_ _ 2
< el w)/e / o — a| e~ KO lo=wel?/22 g
R

by the concavity of u. from Prop. 2.2. Therefore using the estimate on the maximum of
ue also from Prop. 2.2

/|x—msns<m,y,t>dxs9¢5/|z|e—2'2 dz,
R 2K R

which proves the lemma. O

It is now straightforward to derive the equation on g

Proposition 4.2 Assume (1.1) and the assumptions of Prop. 2.2. Then there exists
R.(y,t,s) and Cp > 0 independent of £ with

[Re(yt,9)] < Cr(Ve+ VIt —s]), VyeQ, Wt selo, Tl

and such that

e00e(t,y) = (r(ze(y, s)) ce(t, y) — d(we(y, 5)) (1 + 0c)) 0= + Re(y, 1, 5). (4.1)

Proof Start by integrating Eq. (1.1) in z

200:(t,9) = [Ir(@) celtey) = d(a) (14 02 e da
Simply by using Lemma 4.1 and the Lipschitz bound on r and d we have that

€010 (t,y) = (r(z=(y,1)) ce(t,y) — d(z(y, 1)) (1 + 0c)) 0c + R.1(y,t),

with
|Re1(y,t)] < Cr /e

11



It now only remains to change r(z-(y,t)) in r(z-(y, s)) and similarly for d to derive Eq.
(4.1). This is again due to the Lipschitz bound on r and d and the time regularity on x.
provided by Lemma 3.1. O

Observe that in Eq. (4.1) we have delocalized in time the coefficients in r and d.
This is actually a critical step as it will allow to use a simple stability estimate for the
corresponding dynamical system.

4.2 Stability of Egs. (4.1)-(1.3)

The above derivation naturally leads to the study in large time of the given system

Oro(t,y) = (r(z:(y,s)) c(t,y) — d(ze(y,8)) (1 +0)) 0

(4.2)
— Aye(t,y) + [0+ M c(t,y) = Xe,

for a fixed s. As one can see from their definition (3.1), the meta-stable states g., ¢. are
fixed point of this system. The key in our analysis is that they are in fact stable fixed
points, at least linearly (i.e. close to equilibrium). This can be seen very simply through
a Lyapunov functional

Lemma 4.3 Assume (1.1) and the assumptions of Prop. 2.2. There exists a constant
C > 0 s.t any solution o, c to System (4.2) with o0 < o <0 satisfies

Ea(,% ) /
) Y, <-C , d
dw/lgy s)|? 5o 5) (35,5 lo(y,t) ,8)|* dy
/IV c(y,t) — c=(y,9))|* dy — C/ c(y,t) — c=(y,))* dy

[0 = 30 et) — o) S0

Remark that this is a Lyapunov functional only when p, ¢ is close to g., ¢. as then
the only term which can be positive in the right-hand side, [(¢0 — 0:)% (¢ — ¢:) g,—z dy is
negligible in front of the others. We will of course heavily use this property later on.

Proof It is a straightforward calculation from th equations (4.2). In the following to
avoid writing all the variables at each step, z., 0. and ¢. are taken at the point (y, s)
while p and ¢ are always taken at the point (y,t¢). Using the first equation

dt2/’g oI 65 ) /[QE_Q&‘] [r(xe) e — d(xe) (1 + 0)] 0c

d
0: T 0O T(xe)

12



Recall that
r(xe) Ce — d(x:)(1+ p:) =0,

so that

Ce

G5 [le= Pty = [lo. = @) (= o) = dle) (o~ o)) 2

— [le-aPENELy [0y e-a) L

) Q¢

Write simply

/(@—e‘e)(c—c‘s)w

e Q¢

Use the second equations of (4.2) and (3.1) to find
—A(c—e) +A(e—¢)+oc—0:0- =0
Derive the energy estimate by multiplying by ¢ — ¢. and integrating in y
[IVe-@Pdy [e-afay+ [(e-alee- o) =0
Of course
Je-aec-aarty= [ac-@) -+ [ ol -y
Therefore
Je-are-cjedy= 19—l dy+ [t o)y

Introducing in the first estimate yields

C; x
G [le- e~ — [le-aPENE - 9= a)ay
E

—/<A+g><c—ca> dy+/<g—gg> (=) dy.

To conclude the proof, it is enough to use the upper and lower bounds on g, 0, Ce.

13

d
O¢ T(xs)

dyz/(g—9‘5)(c—c‘s)éeder/(Q—Q‘s)Q(c—c‘s)ngy-

0



4.3 The final estimate between (g., c.) and (g., c.)

We are now ready to estimate the difference between (o., ¢.) and (g., ¢.) as per

Proposition 4.4 Assume (1.1) and the assumptions of Prop. 2.2. There exists A s.t.
ifatt=0

/Q|gg<y,t:o>—@€<y,t:o>\2dy<A,

then for any T > 0, there exists ep s.t. for any € < e the same is true for all times
t € [0, T] and moreover for some Cp > 0 independent of € and for any t € [/, T]

/\@e vt) — 0 D) dy+/ lex (9 8) — (s 8) 2 ds < Cr VE.

Remark that £'/2 is chosen just for convenience, any e with k& < 1 would work. Remark
as well that the last estimates holds only for ¢t > £!/2; it is indeed due to dissipation
properties of the system which need a minimal time to be effective.

Proof We define
Ce(y, s)
0:(y, 8) r(ze(y, 8))

We start by using Lemma 4.3 but of course on g.. Given that o. solves Eq. (4.1) instead
of the first equation of (4.2), one has that

M, =

ey [ e = P Melss)dy < ~C [ locnt) = ety o) dy

- / Vel ) — ey, )P dy — C / (coly,t) — ey, ) dy

C\y, s =
[0t = 209 (eelnt) = b)) T8 dy o+ Refes),
with
R.(t,s) :/Q(Qs(%t)_ga(yv s)) Re(y,t,s) dy.
By Lemma 4.2,
Re < Or (Ve Vi sl e = ellig < Or e+l o)+ 5 [ loctunt) = 2w, 9) dy.

14



Let us now handle the term of order 3. By Holder estimate for any p >> 1

9 (_jg cRB 9 1/p 9 171/p
/(95_02) (Ca_@)gdyg ? </(198_Q6) ’Ca_ca|pdy> (/’Qa_Qe’ dy)

<P @0/ Ples -~y ( [l aPay)

4
Choose now p > 2 s.t. by Sobolev embedding
ez = & llzg < Calle: — el

Consequently for some constant C' depending only on the dimension, cg, ¢ and 0

9 68 C _ 9 272/p
/(Qa — 0:)" (ce — &) L W=5 llee = eellmy +C (/ |0c — 02| dy) :
13
Thus combining all the terms,

<77 2
o5 [ 1o — a0 P Aoy dy < /|QE 1) = 0y, dy

_/’v Ce y? _C€(y7 |2dy_/c€ y7 Y, )) dy

B 2—2/p ~
+C (/|Qs_§5|2dy> +Cr (e +1t—s|).
Note that 2 — 2/p > 1 since p > 2 and hence we define A s.t.
C X272 < %X, whenever X < A°.

This implies that if [|o:(y,t) — 0=(y, s)|* dy < A° then one has the simple estimate

dt2/|@s y,t) — 0=(y, 8)|* M.(s, y)dy<—/|@s y,t) — 0=y, 8)[* dy

—/|Vng, —aly,s) |2dy—/cgy, (v, ) dy
+Cr (e + |t — s|).

Remark that M is bounded from above and from below, depending only on the uniform
constants of Prop. 2.1. As such

e 3 [letw) — a0 P Ao ) dy < c/\gg 1) 0:(y,5)° M (s, ) dy

—/\V ce(y,t) — ce(y, 9) \Qdy—/ca y,t) y,s))*dy

+ Cr (e + |t — s)).
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Now use Gronwall’s lemma, starting from s: If [ |o-(y,v) — 0:(y,s)|*dy < A° on all
v € [s, t] then

3 [100:0 - eGP sy + 2 [ et - el

e*C’(t s) A
< —5— /Igs(y,t)—Q‘s(y,S)!2Ms(s,y)dy+CTe CU=9/e (e 4 |t — s)).

We can simplify this relation, first by removing M, as it is again bounded from below
and from above. Using Prop. 3.3,

/|Qa y, t) — 0:(y, t)|? dy</|95 y,t) — 0:(y, s)> dy
+210=(.,8) — 0c(, )| 22 lloe(y, t) — 0=(y, 1) | L2
sz/r&(y,t)—@a<y,s>|2dy+4é% (e + [t — s]).

The symmetric calculation yields

/Iea(y,t)—gs(y,S)IQdy§2/I@a(yyt)—@a(y,t)QderzLC% (e+lt—s),  (43)

and a similar one can be performed for ¢, — ¢. so that finally for some Cr > 0

5 [letn ) - 0P dy+ 5 /Hca 0) = ()l
(4.4)

fCt s)
/|95 y.s )Py + Cr (e + [t — 5.

The inequality (4.4) still holds provided that [ |o-(y,v) — 0:(y,s)|?dy < A® on all v €
[s, t]. We can simplify this condition as well still using Prop. 3.3 and in particular
estimate (4.3): There exists dp and ep s.t. for any € < ep and any ¢, s € [0, T]
with [t — s| < o, if [|oc(y,v) — 0:(y,t)|*dy < A°/2 then automatically [ |o:(y,t) —
0:(y, s)* dy < A°.

As a consequence the inequality (4.4) is satisfied provided ¢ < ep, t, s € [0, T] with
[t —s| < dr and [o:(y,v) — 0:(y,v)[*dy < A°/2 for any v € [s, t].

We are now ready to finish the proof. Fix any 7" > 0 and assume that € < ep. Define
A = A%/4. By decreasing 7 if needed, we may also assume that Cr é7 < A/2. Assume
finally that

/Igg(y,t =0) — o:(y,t = 0)|*dy < A.
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Note that for a fixed e, g is continuous in time (not uniformly in ¢ of course). For
instance Prop. 4.2 shows that ||0;0c||z~ < Cr/e. Similarly z.(y,t) is continuous in time
and thus so is g-.

Therefore [ |o:(y,t) — 0:(y,t)|* dy is continuous in time and we can consider the
maximal time interval [0, t.] s.t. []o:(y,t) — 0=(y,t)[*dy < 2A = AY/2.

We can show that t. > dp. Indeed otherwise if {. < 7 then by the definition of t.
we can apply the inequality (4.4) for s = 0 and t = ¢, to find

/|Qs(y7t€) *ga(yats)de §A+CT (5+ts) < A+CT(5+5T) < 21\,

independently of the possible value of t. (provided again that € is small enough). This
is a contradiction since necessarily if ¢, < T then one has

/‘Qs(ya ts) - Q_s(yats)|2dy = 2A,

t. being the maximal time.
This shows that t. > d7 and moreover applying now (4.4) at t = ép and s =0

/‘Qe(ya 5T) - Q_E(ya 5T)’2 dl/ S e_ééT/EA + CT (5 + 5T) < A7

for instance. Therefore we may repeat the same argument starting from s = d7 now and
this proves that t. > 2 dr and by induction that t. > T.

This implies that (4.4) now holds for all ¢, s € [0, T with ¢t — s < d7. Define now
th = kel/2. By (4.4) for s = t*=1 and t = t* for any k > 1.

/Qa(y’tf) — oy, )Py < e AL Op (e + V) <200

One last application of (4.4) between any ¢ and any tlg with & > 1 gives the conclusion.
O

5 Proof of Theorem 1.1: Passing to the limit in Egs. (1.5)-
(1.3)

We are now able to finish the proof. Fix any interval [0, T]. Based on Prop. 2.1, we
may extract subsequences (still denoted by ¢) s.t.

Qe — 0,

17



in the weak-* topology of L>([0, T] x ), and
e — ¢,

in the weak-* topology of L>([0, T] x Q) and L*°([0, T], H(£)). But it is now possible
to do better: Prop. 4.4 proves that c. — & converges to 0 strongly in L([0, T] x Q)
while Prop. 3.3 shows that ¢. is compact in time and the first equation of (3.1) proves
the compactness in space of ¢.. Consequently ¢ — ¢ also in the strong topology of
L3([0, T] x Q).

A similar argument using the same Prop. 4.4 and Prop. 3.3 shows that g, converges
to o in C([0, T], w— L?*(Q)), i.e. for any ¢ € L(Q)

sup
te(0, T

/(Qg—g)gody‘—>0, ase — 0.
Q

By the relation (3.2), we can also obtain the same convergence on ¢, (in addition of the
strong L?).
This lets us easily pass to the limit in Eq. (1.3), in particular in the non linear term
0- ¢ so that we have
—Ayc+ (o+AN)c=Acp.

Moreover ¢ € L>®([0, T], H}(2)) which automatically implies the boundary condition
¢ =0 on 99.

It only remains to pass to the limit in Eq. (1.5). This cannot simply be done in
the sense of distributions because of the non-linear term |0 u.|?>. With our estimates
it would actually be simple to obtain compactness of d,u. in time and trait x but the
compactness in y would remain delicate. Instead the best strategy is to use the theory
of viscosity solutions. This has already been implemented several times, including in the
present context. For this reason we skip this part and refer to [3, 14].
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