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Abstract

In this paper we study the stochastic Galerkin approximation for
the linear transport equation with random inputs and diffusive scal-
ing. We first establish uniform (in the Knudsen number) stability
results in the random space for the transport equation with uncertain
scattering coefficients, and then prove the uniform spectral conver-
gence (and consequently the sharp stochastic Asymptotic-Preserving
property) of the stochastic Galerkin method. A micro-macro decom-
position based fully discrete scheme is adopted for the problem and
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proved to have a uniform stability. Numerical experiments are con-
ducted to demonstrate the stability and asymptotic properties of the
method.
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1 Introduction

We consider the linear transport equation in one dimensional slab geometry:

O f + 0D, f = gﬁf o' f+ S, o(r,2) > O > 0, (1)

Lf(t,z,v,z2)= %/1 ft,x, v, 2)dv — f(t,x,v, 2). (2)

This equation arises in neutron transport, radiative transfer etc. that de-
scribes particles (for example neutrons) transport in a background media
(for example nuclei), in which f(¢,x,t, z) is the density distribution of par-
ticles at time t > 0, position z € (0,1). v = Q- e, = cosf € [—1, 1] where
6 is the angle between the moving direction and z-axis. o(z, z), 0%(z, ) are
total and absorption cross-section respectively. S(x, z) is the source term. &
is the dimensionless Knudsen number, the ratio between particle mean free
path and the characteristic length (such as the length of the domain). The
Dirichlet boundary conditions are given in the incoming direction by

f(0,v,t) = fu(v, 1), for v >0, 3
f(1,v,t) = fr(v,t), for v <0, )

while the initial condition is given by

f|t:0($,1},z) :fO(CC,U,Z). (4>

We are interested in the problem that contains uncertainty in the collision
cross-section, source, initial or boundary data. The uncertainty is character-
ized by the random variable z € R? with probability density function w(z).
Thus in our problem f, o, 0* and S all depend on z.



In recent years, there have been extensive activities to study partial differ-
ential equations or engineering problems with uncertainties. Many numerical
methods have been introduced. In this article, we are interested in the poly-
nomial chaos (originally introduced in Wiener’s work [24]) based stochastic
Galerkin method which has been shown to be competitive in many appli-
cations, see [5, 26, 25]. The stochastic Galerkin method has been used for
linear transport equation with uncertain coefficients [4]. Here we are inter-
ested in the problem that contains both uncertainty and multiscale. The
latter is characterized by the Kundsen number €, which, in the so-called op-
tically thin region (¢ < 1), due to high scattering rate of particles, leads
the linear transport equation to a diffusion equation, known as the diffu-
sion limit [18, 3, 1]. For the past decades, developing asymptotic-preserving
(AP) schemes for (deterministic) linear transport equation with diffusive scal-
ing has seen many activities, see for examples [19, 20, 6, 10, 9, 17, 21, §].
Only recently AP scheme for linear transport equation with both uncertainty
and diffusive scaling was introduced in [15] (in the framework of stochastic
Galerkin method, coined as s-AP method). See more related recent works
along this line in [7, 12, 13]. A scheme is s-AP if the stochastic Galerkin
method for the linear transport equation, as ¢ — 0, becomes a stochastic
Galerkin method for the limiting diffusion equation. It was realized in [15]
that the deterministic AP framework can be easily adopted to study lin-
ear transport equations with uncertain coefficients. Moreover, as shown in
[7, 12], kinetic equations, linear or nonlinear, could preserve the regularity
in random space of the initial data at later time, which naturally leads to
spectral accuracy of the stochastic Galerkin method.

When ¢ < 1, however, the energy estimates and consequently the con-
vergence rates given in [7, 12] depend on the reciprocal of £, which implies
that one needs the degree of the polynomials used in the stochastic Galerkin
method to grow as € decreases. In fact, this is typical of a standard numer-
ical method for problems that contain small or multiple scales. While AP
schemes can be used with numerical parameters independent of €, to prove
this rigorously is not so easy and has been done only in a few occasions [6, 14].
A standard approach to prove a uniform convergence is to use the diffusion
limit, as was done first in [6] in the deterministic case and then in [11] for
the uncertain transport equation. See also the review article [8]. However
such approaches might not give the sharp convergence rate.

In this paper, we provide a sharp error estimate for the stochastic Galerkin
method for problem (1). This requires a sharp (e-independent) energy esti-
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mate on high order derivatives in the random space for f, as well as [f] — f
where [f] is the velocity average of f defined in (5)) which is shown to be
bounded even if e — 0. Then the uniform in € spectral convergence naturally
follows, without using the diffusion limit.

The s-AP scheme in [15] uses the AP framework of [9] that relies on the
even and odd-parity formulation of the transport equation. In this paper,
we use the micro-macro decomposition based approach (see [21]) to develop
a fully discrete s-AP method. The advantage of this approach is that it
allows us to prove a uniform (in ) stability condition, as was done in the
deterministic counterpart in [22]. In fact, we will show that one can easily
adopt the proof of [22] for the s-AP scheme.

The paper is organized as follows. In Section 2 we summarize the diffu-
sion limit of the linear transport equation. The generalized polynomial chaos
based stochastic Galerkin method for the problem is introduced in Section 3
and shown formally to be s-AP. The uniform in € regularity of the stochastic
Galerkin scheme is proven in Section 4, which leads to a uniform spectral con-
vergence proof. The micro-macro decomposition based fully discrete scheme
is given in Section 5 and its uniform stability is established in 6. Numerical
experiments are carried out in Section 7. The paper is concluded in Section 8.

2 The diffusion limit

Denote L
0=3 ] swa, )

as the average of velocity dependent function ¢. For each random realization
z, there exists a positive function ¢(v) > 0, the so-called absolute equilibrium
state that satisfies [¢] = 1, [vo(v)] = 0, (from Perron-Frobenius theorem,

cf. [1]).
Define in the Hilbert space L2((—1, 1); ¢! dv) the inner product and
norm

.g)e= [ S a0 1= (50 ©)
The the linear operator L satisfies the following properties [1]:
e [Lf]=0, for every f € L*([-1,1]);
e The null space of f is N(£) = Span { ¢ | ¢ = [¢] };
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e The range of fis R(L) =N (L)t ={f|[f]=0};

e L is non-positive self-adjoint in L?*((—1,1);¢ 1 dv), i.e. , there is a
positive constant s, such that

(f.Lo < =2sullfl5, YV feNEL) (7)

e L admits a pseudo-inverse, denoted by £~ from R(L) to R(L).

Let p = [f]. For each fixed z, the classical diffusion limit theory of linear
transport equation [18, 3, 1] gives that, as e — 0, p converges to the following
random diffusion equation:

Op = 0x(k(2)0zp) — 0%p + S, (8)

where the diffusion coefficient

1

k(z) = 50(2)’1. 9)

The micro-macro decomposition, a useful tool for the study of the Boltz-
mann equation and its fluid dynamics limit [23], and for the design of asymp-
totic preserving numerical schemes for kinetic equations [16, 2, 21], takes the
form

flx,v,2,t) = p(x, z,t) + eg(z,v, 2, t) (10)

where [g] = 0. Introduce (10) into (1), one gets its micro-macro form:

Oip + Oy [vg] = —0p + 5, (11a)
1 o(z 1
g+ = = [])(v0.g) = —%g — =500 p. (11b)
€ € €
The diffusion limit (8) can be easily seen now. When € — 0, (11b) gives

9= "X

which, when plugged into (11a), gives the diffusion equation (8)-(9).



3 The gPC-stochastic (alerkin approxima-
tion

We assume the complete orthogonal polynomial basis in the Hilbert space
H(R% w(z)dz) corresponding to the weight w(z) is {¢m(2),m = 0,1,---,},
where ¢,,(2) is a polynomial of degree m and satisfies

(65,0, /@ 2 (2)wlz) dz = 5.

Here ¢o(z) = 1, and §;; is the Knocker delta function. The inner product
and norm in this space are, respectively,

:LMWM%MMI%M- (12)

Since the solution f(z,v, z,t) is defined in L*((0,1)x (-1, 1) xR% w(z) dz dv dz),
one has the generalized Polynomial Chaos (gPC) expansion

vat Zfzxvtgbz f:(fz)zlz(fafl)

The mean and variance of f can be obtained from the expansion coefficients
as

fzﬂﬂzAﬂ@NW#@ var (f) = |12,

The idea of the stochastic Galerkin (SG) approximation [5, 26] is to trun-
cate the above infinite series by

M
=0

from which one can extract the mean and variance of f* from the expansion
coefficients as

E(fu)=f, var (fu) = |f']> < var (f).

Furthermore, we define

O35 = <¢ia ‘7¢j>wv X = (UU)MH,MH’
iy = <¢i7 0a¢j>w’ 2t = (Ugj )M+1,M+1’



for 0 <i,j < M. Let Id be the (M + 1) x (M + 1) identity matrix. X, 3¢
are symmetric positive-definite matrices satisfying [25]

by 2 O min 1d .
If one applies the gPC ansatz (13) into the transport equation (1), and
conduct the Galerkin projection, one obtains [4, 15]:

O + 00 f = ~2(1 ~ [)Bf —e5°f - § (14)

where S is defined similarly as (13).
We now use the the micro-macro decomposition

~

flz,v,t) = pla,t) +eg(z,v,1) (15)
where p = [f] and [g] = 0, in (14) to get
0up + 0: [vg] = =5°p+ S, (16a)

1 1

L1 . . .
01§ + g([ —[D(wog) = _5_229 — gvaxp, (16Db)

with initial data
/3(3770) :ﬁ0<I>, g(x,v,O) :go(x,?]),
that satisfy

1 1 2 1
5/ ((2,0) + £5(z, v, 0))2 dv = ﬁ(x,O)Q—i—%/ i(2,0,0)2dv < C.
1 —1

It is easy to see that system (16) formally has the diffusion limit as ¢ — 0:

Op = 0,(Kd,p) — X%+ S, (17)
where ]
K=-y"
3

Thus the gPC approximation is s-AP in the sence of in [15].
One can easily derive the following energy estimate for system (16)

1 2 1ol

/ﬁ(m,t)%lac%——/ / §(x,v,t)* dvda
0 2Jo Ja
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1 22 1ol
§/ p(x,0)*dx + —/ / g(x,v,0))*dvdz.
0 2 Jo Jaa

On the other hand, the direct gPC approximation of the random diffusion
equation (8)—(9) is: R
Op = 0x(Kq0.p) — X%p+ S, (18)

where K,; = (K'ij)a KRij = (i, Mbj)w-

4 The regularity in the random space and
a uniform spectral convergence analysis of

gPC-SG method

In this section, we assume ¢ = S = 0 for clarity. We prove that, under some
suitable assumptions on o(z), the solution to the linear transport equation
with random inputs preserves the regularity in the random space of the initial
data uniformly in €. Then based on the regularity result, we conduct the
spectral convergence analysis and error estimates for the gPC-SG method,
and will also obtain error bounds uniformly in €.

4.1 Notations

We first recall the Hilbert space of the random variable introduced in Sec-
tion 3,

H(R?Y wdz) = {f | R - R, /Rd fA(2)w(z)dz < +o0 }, (19)

equipped with the inner product and norm defined in (12). We also define
the kth order differential operator with respect to z as

DA f(t,x,v,2) = 0L f(t, m,v, 2), (20)
and the Sobolev norm in H as

”f(tv:C?Uv')H?{k I:ZHDaf(t,I,U,')Hi. (21>

a<k



Finally, we introduce norms in space and velocity as follows,
£t )IE = / £t 20,5 dedo,  t>0, (22)
Q

LF (e = /Q It 0, )2 dedo,  £20,  (23)

where @ = [0, 1] x [—1, 1] denotes the domain in the phase space.

4.2 Regularity in the random space

We will study the regularity of f with respect to the random variable z. To
this aim, we first prove the following Lemma.

Lemma 4.1. Assume 0(z) > omin > 0, then for any integer k and g € H
we have
k

(max [[D% |7 ) lgl7n-n - (24)

0<a<k

Omin
—(D*(cg), D*g)., < —THDkgHZ +

2 min

Proof. Since

DHog) = (D)@ earwg) = anty + 3 (D)@ o), @)

a=0 « a=0
we have
k—1 k
—(D*(0g), D*g), = —(oD*g, D*g).. — < (a) (D*%0)(D%g), D’“g>w
— .
< ol Dol (3 ()00 09). 04)
a=0

By Young’s inequality

k—1
(X (5) ot ptg) < Tamiotl2
-0 w

«




and Cauchy-Schwarz inequality

Hz()nka 10| < S(j)2r\Dk-aouim)(:Zéumgui)

k 2
(5 } mas | D% gl
=0

0<a<k

(28)

Combining (26), (27) and (28), one obtains
k

(max [[D%0|[7) llgl7mr - (29)

(D*(0-9), D*g) < === 1Dl + 5, — ( mnax

This completes the proof of Lemma 4.1. O
Now we are ready to prove the following regularity result,
Theorem 4.1 (Uniform regularity). Assume
0(2) > omin > 0.
If for some integer m > 0,
ID*0 (e < Cor [DHfoll < Cor k=0,.m, (30)

then the solution f to the linear transport equation (1)-(2), with o* = S =0,
satisfies,

||Dkf||F(t) <, k=0,---,m, Vit > 0, (31)
where C,, Cy and C' are constants independent of €.

Proof. For 0 = S = 0, the kth (0 < k < m) order formal differentiation of
(1) with respect to z is,

e0,(D" f) + evd, (D" f) = D* (o (2)([f] — [)), (32)

where [] is the average operator defined in (5). Multiplying D*f to both
sides of (32) and integrating on @ = [0,1] x [—1, 1], one gets

%28t||Dkf||%(t) —i—a/@v(Dkf, 0x(D* ), da dv -
- /Q (Do ()] — ), D* o dado.
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Integration by parts yields

5/Qv<Dkf, O(D*f)), dzdv = g/ v0,(D¥ f2wdzdrdv =0. (34)

QxRd
Notice that

/Q (DH(o(2)([f] - ). [D*f])w dadv = 0, (35)

combining with (33) one obtains

SOD g = = [ (Do) - D). DS = Mudeds (30)
Q

Energy estimate: We will establish the following energy estimate by using
Mathematical Induction with respect to k: for any & > 0, there exist k
constants cx; > 0, 7 =0,...,k — 1 such that

k—1 _20'minH /- f”i(t)’ k=0,
52at<||Dkf||12“(t) + chj||Djf||12“(t)> <
~Owminl | DH(S] = Dlry: k21
(37)
When k = 0, (36) becomes

20, f2 = — /Q ()] — ). (1]~ f))wdado

< —20minl|[f] — fHI%(t) ;

(38)

which satisfies (37).
Assume that for any k& < p where p € N, (37) holds. Adding all these
inequalities together we get

1 p ‘ p -1 ‘
200 (11 ey + D2 1D ey + D2 D el Dl ) < =il = Fllfuge
i=1

i=1 j=0
(39)
which is equivalent to
p
; 2
20D 1D Flliy) < —ominlllf) = F[Fngy (40)
§=0

11



where

1 P )
-+ Z G0, J = 07
2 i3
/ p
CP"FLj - 1+Zcij7 1 S] Sp—lv (41)
=1
L J =D

When k = p+ 1, (36) reads
20| D" f Ity = —2/Q<DP+I(U(Z)([JC] =), DS = fwdzdo. (42)

According to Lemma 4.1 with ¢ = DPTY([f] — f) and the assumption
|D*o(2)]|L~ < Cy, the right-hand side satisfies the estimate

RHS < —amm/QHDp“([f] — || dzdv

4p+1
o 2z W07elf) [0 = avae a3
o
S — Omin Dp+1([f] - HF(t) p+1” leg—‘P(t)

where C), | = (p+ 1)4""". Now we have the estimate

OC,(J’
20D Iy < —omin| DS = D2 + 22

|| fH12“p(t)' (44)

Adding this equation (44) with (40) multiplied by C’2C’ 1/ Ohn givVes,

p
; 2
20, (1D F3 + D gD F IR ) < =ominl DU = Dl > (45)
j=0
where
CQC’

1

Umln
This shows that (37) still holds for £k = p + 1. By Mathematical Induction,
(37) holds for all integer k£ € N.
Finally, according to (37), we have

k-1

at(”Dka%(t) + chjHDijlQ“(t)) <0, e >0, keN. (47)
§=0

12



which yields

k1
ID*Flitay < ID*flif ) + chjHD]fH%(t)
=0
k1
< ID* follf o) + ch‘j”Dij”%(o) (48)

J=0

< Cg (1 + ckj> = C?,

where C'is clearly independent of €. This completes the proof of the theorem.
]

Theorem 4.1 shows the derivatives of the solution with respect to z can
be bounded by the derivatives of initial data. In particular, the || D f||r
bound is independent of €! This is crucial for our later proof that our scheme
is s-AP. However, this estimate alon is not sufficient to guarantee the whole
gPC-SG method has a spectral convergence uniform in ¢ (since the projection
error is of O(1/¢?%)), which needs a better estimation of [f] — f. To this aim,
we first provide the following lemma.

Lemma 4.2. Assume for some integer m > 0,

| D*(0: fo)lIr0y < Cu, k=0,...,m, t>0. (49)
Then holds:
k k Omin k 2 C1152
[ <00 (0.1), DA(S] = Do < BRIDHS = Nl + 5 (50)
Proof. First note that 0, f satisfies the same equation as f itself,
£20,(0uf) + ev0, (0, f) = o (2)([0nf] — Ouf). (51)
Thus according to the Theorem 4.1 and our assumption (49),
ID*@:N)lley <C, >0, (52)
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with C' independent of £. Then by Young’s inequality,

/Q C(WDH(D, 1), DH([f] — f)) da du

2
Omin S
< B DH(f] — )y + —— oD@l
. 9
< P50 DH() = Pk + —— D40
Omin C 82
< T2 DR ] = ) +
where C; = C? is a constant. This completes the proof. n

Now we are ready to prove the following theorem.

Theorem 4.2 (Estimate on [f] — f). With all the assumptions in The-
orem 4.1 and Lemma 4.2, for a given time T > 0, the following reqularity
result of [f] — f holds:

ID*([f] = PR
< 2 DA(Ufy] = o) gy + C'(D)e2 (54)
< O(T)e%,

for any t € (0,T] and 0 < k < m,, where C'(T) and C(T') are constants
depending on T

Proof. First notice that [f] satisfies

20, [f] + €0, [vf] =0, (55)
so [f] — f satisfies the following equation
0,([f] = f) +e0u([vf] = vf) = —a(2)([f] = f). (56)

As the proof in Theorem 4.1, differentiating this equation k times with
respect to z, multiplying by D*([f] — f) and integrating on @ one obtains,

0| DU = Doy = =2 | <AD*@ulof) =g, DS = o

=2 [ (DHol2)(5] - ). D) = oo
Q

=1+11.
(57)
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Notice that

Q6<Dk(3x [0f]), D*([f] = f))w dz dv =0, (58)
and using Lemma 4.2, we have
Omin 2C 82
1< TIDHf] = )y + (59)
For the second part by Lemma 4.1,
C24* 2
11 < —O'minHDk([f] Hl‘(t) + O H[f] o prkfl(t)' (6())
So we get the following estimate,
2 Omin 2 2C 52
52atHDk([f] )“F(t) < - |Dk([f]_f)HF(t) 01,
min (61)

C24k
:m Hm - f“12“’°*1(t)'

To prove the Thoerem we use Mathematical Induction. When k£ =0 (61)

turns to
201

at“ [f] - in(t) - 2?; H fHF in (62)
By Gronwall’s inequality,
) /262 2C’1
101 =l < oA = ol + 5067 (g

< Cy(T)e?, for t > 0,

which satisfies the (54).
Assume for any k < p where p € N, (54) holds. This implies

111 = £l < ColT)e. (64)

So when k =p+ 1 by (61),

min 20 2
20| DU = Dl < = Z2D I - Dl + =
020/ min (65)
+ Z_—WCP<T)€27

15



which means
AP 1] = Dl < =2 NP1 = Dllggy + Con(@). (66)
Again, the Gronwall’s inequality yields
|07 = )2 < e 22 [ D74 ([fo] = fo) 2y + Cla (DTS
< Cpyi(T)E?, for t > 0,

(67)

where Cp41(7T) is a constant independent of €. So by Mathematical induction,
we complete the proof of the theorem. n

Remark 4.1. We remark that all the above lemma and theorems are proved
for z € R and o depending only on z. However, our conclusions and tech-
niques are not limited to these cases. For z € RY, it is straightfoward to
prove and for o(z, z) also a function of x, we only need to modify the proof
of Lemma 4.2 by using the same technique as in the proof of Theorem 4.1.

4.3 A spectral convergence uniformly in €

Let f be the solution to the linear transport equation (1)—(2). We define the
Mth order projection operator

M
Puf = Z<f> Pi)wi.
i=0

The error arisen from the gPC-SG can be split into two parts ry and ey,

f—=fu=f=Puf+Puf—fu:=ru+en, (68)

where ry; = f — Paf is the truncation error, and ey, = Py f — far is the
projection error.
For the truncation error r,;, we have the following lemma

Lemma 4.3 (Truncation error). Under all the assumption in Theorem 4.1
and Theorem 4.2, we have for t € (0,T] and any given integer k =0, ..., m,

C
lralle < 575 (69)
Moreover,
C(T)
H [ra] = TMHF(t) < ME & (70)

where C and C(T') are independent of €.
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Proof. By the standard error estimate for orthogonal polynomial approxima-
tions and Theorem 4.1, for 0 <t < T,

_ C
Irnllee < CMTHID* fllea < 1 (71)
with C' independent of M.
In the same way, according to Theorem 4.2,
| [rad] = rarlley = [[(L] = ) = (Parf] = Poar )|
< CMF|DH([f] = Hllre (72)
c(r)
S Mk 6’
which completes the proof O

It remains to estimate ey. To this aim, we first notice fy satisfying

20 far + evdufrr = Pu{o(2)([fu] — fur) }- (73)

On the other hand, by doing the Nth order projection directly on original
linear transport equation we get

e’ 0(Purf) + ev0u(Parf) = Pur{o(2)(If] — £} (74)
(74) subtracted by (73) gives

20en +evdhess = Pu{o({1f] = £ = (ful = fun)} }
= Pu{o({[f] = = (Puf] = Pul)
+(Pac] = Pacf) = (] = )} }
= Pu{o(2)(Irul = rar) b+ Pur{o(2) (fear] = enr) }.
(75)
Now we can give the following estimate of the projection error ey,

Lemma 4.4. Under all the assumption in Theorem 4.1 and Theorem 4.2,
we have fort € (0,T] and any given integer k = 0,...,m,
c(T)
Mk’

where C(T') is a constant independent of .

leallrey < (76)
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Proof. We use basically the same energy estimate as before: multiply (75)
by ej; and integrate on (), notice that

/Q<73M{a(z)( [ran] — TM)}, len])w dadv =0, (77)
/Q<77M{U(z)( len] — eM)}, len])w dxdv =0, (78)

then one gets

526?5”61\4"12“@) = - /Q<PM{0<Z)( lear] — BM)}, lear] — enr)o dz do )
79
- /Q (Pl o(2) (] = rar) }. [enr] — earbo dard

Notice the the projection operator Py, is a self-joint operator

<Pva g>w - <f7 PMQ)w»

and
Puen = e,
thus

e20lemllEey = — [ (o(2)(lem] — enr), [em] — enr)o, dv dv
Q

- / <‘7(2)( [rm] — TM), lenr] — enr)o dz do
Q

Omin

‘ len] — eMHIZ“(t)

< — Owinl| [end] = enrllfe + 5 (50)

Co

2 min

+ | [ra) _TM”%‘(t)

Omin
2
C(T)N2 ,
= ( MF ) °
where for the last two inequalities we have used Young’s inequality and
Lemma 4.3. Then by a integral over ¢ we get

()

IA

H len] — eMH%‘(t) + %

C(T)\?
learl < el + (57) (81)
since €3, = Parfo — fv, = 0 we complete the proof of this lemma. O
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Finally, we are now ready to state the main convergence theorem:

Theorem 4.3 (Uniform convergence in €). Assume
0(2) > omin > 0.
If for some integer m > 0,

||O-(Z)HH’c S CO’; HDkaHF(O) S 007 ||Dk(8$f0)||r(0) S Cmu k= 07 cee, MMy,

(82)
Then the error of the whole gPC-SG method is
c(T)
1f = fulleey < o (83)
where C(T) is a constant independent of e.
Proof. From Lemma 4.3 and Lemma 4.4, one has
c(T)
1f = fullrey < llraelleey + lleallegy < VIR
which completes the proof. O]

Remark 4.2. Theorem 4.3 gives a uniformly in ¢ spectral convergence
rate, thus one can choose M independent of €, a very strong s-AP property.
If anisotropic scattering, namely o depends on v, then one usually obtains a
convergence rate that requires M > ¢ (see for example [12]). In such cases
the proof of s-AP property is much harder, and one usually needs to use the
diffusion limit, see [6] in the case of deterministic case and [11] in the random
case.

5 The Full discretization

As pointed out in [15], by using the gPC-SG formulation, one obtains a vector
version of the original deterministic transport equation. This enables one to
use the deterministic AP scheme. In this paper, we adopt the AP scheme
developed in [21] for the gPC-SG system (16).

We take a uniform grid z; = ih,i = 0,1,--- N, where h = 1/N is the
grid size, and time steps t" = nAt. p! is the approximation of p at the grid
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point (z;,t") while g:‘:f
2
i=0,--N—1.

The fully discrete scheme for the gPC system (11) is

is defined at a staggered grid x;y1/0 = (i + 1/2)h,

~n+1 ~n+1
pntl oo 9.1 — 09, 1
Pi Pi i+3 i—1 w1
=g+ 5 84
g?jél ~ 9 L L) (vt (n . — " —(an . _an 84b
At * aAaj( — 1) (v (g”% B gi*%) T (gz‘+% - gi+%)> (84b)
| 1, —pr
— ——ygntl il
= 82219i+% 821) Aaj .

It has the formal diffusion limit when € — 0 as can be easily checked, which
is
P B Pl = 200 A
At Ax?
where K = $X7'. This is the fully discrete scheme for (17). Thus the scheme
is stochastically AP as defined in [15].

We will also state the following proposition which will be used later.

= S 4 8 (85)

Proposition 5.1. [QZJ =0 for every n.
2

6 The uniform stability

One important property for an AP scheme is to have a stability condition
independent of ¢, so one can take At > O(e) when € becomes small. In this
section we prove such a result. The proof basically follows that of [22] for
the deterministic problem.

For clarity in this section we assume ¢ = S = 0. The main theoretical
result about the stability is the following theorem:

Theorem 6.1. Denote

0ij = (05, 00j)w, X =1(0ij), X > 0min Id .

If At satisfies the following CFL condition
min 2
At < %AmZ + gAx, (86)
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then the sequences p™ and §" defined by scheme (84) satisfy the energy esti-
mate
N-1 9 N-1

1 2 1
B (5 [ ) ) 2o (05 [ ) )

1=

for every n, and hence the scheme (84) is stable.

Remark 6.1. Since the right hand side of (86) has a lower bound when
e — 0 (and the lower bound being that of the stability condition of the
discrete diffusion equation (85)), the scheme is asymptotically stable and At
remains finite even if ¢ — 0.

6.1 Notations and useful lemma

We give some useful notations for norms and inner products that are used in
our analysis. For every grid function p = (u;)Y "' define:

N—-1
Ipl> = Az > pf. (87)
=0

For every velocity dependent grid function v € [—1,1] — ¢(v) = (ng%(v))fV:_ol,

define:

N-1
lolll = e Y™ |62, ] (88)
=0
If ¢ and ¢ are two velocity dependent grid functions, their inner product is
defined as:

N-1
@, 0) = A2 [duaiy] (89)
i=0
Now we give some notations for the finite difference operators that are
used in scheme (84). For every grid function ¢ = (¢;, %)ZEZ, we define the
following one-sided difference operators:

Gip1 — i1 Diys — Giy1
- _ 2 2 + | = 2 2
D™ ¢; 11 = N and D¢ 1 N (90)
We also define the following centered difference operators:
¢z‘+§ - ﬁbz‘—% ¢z‘+§ - @—% _
D¢y = —5x— end D°; = — o (=D7ny). (91
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Finally, for every grid function g = (p;)icz, define the following centered
operator:

(SO,MH_1 == T (92)

2

We first recall some basic facts For every grid functions ¢ = (¢, 1 )f\; oL
b= (,))5" and = (1,)5", one has (see [22]):

(vfD™ +v D) Gipr = 0D 1 — &|U|D7D+¢H%; (93)

> <D+¢i+ ) < —sz 0% (94)
€L

1

(v D +v™ D7), ¢)| < alloll]* + EIHIU\DWHIQ, Yo > 0;(95)

Az Z ;D¢ = —Ax Z(éoui+%)¢i+%; (96)
€L €L

Az 1D ¢ Ar = —Az Y (DY 1) ¢ 1 (97)
1€Z 1€EZ

AzY ¢ 1D1 =0; (98)
€L

I geI2([~1,1]), then [vg)? < % llolg?] - (99)

6.2 Energy estimates

Now we provide the details of the energy estimate. The proof is similar to
that for deterministic problem in [22].

First, multiplying (84a) and (84b) by p"! and £2g™ ™!, respectively. With
the assumption that of = 0, S; = 0, and using the fact that ¥ > o, 1d, one
has

(IR = 1R + 17 = +szp“+100 3+
22
S g = IR + g = 1)
+e(g"t, (vFD” +v DY) g")
N—1

< — owlllg" I + Az Y [0D7 ] B
=0
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Combining the second term on the left hand side and the last term on the
right hand side, one gets

1 n AN ~n n
o (112 = 1712 + 1157 = 7I?)
2
- n+11|2 ~n|||2 ~n+l _ Anj||2
oy (11 = 1Ig™ 112 + g™ = 6711
+e(g", (vPD” +v DY) g")
N-1
< = ownlllg" I[P+ Az Y DG (57 - A,
=0

Using the Cauchy-Schwartz inequality,

N-1 1 At N-1
Az Z [UDO n-‘rl} (pAn p;n—I—l) < 2Athn—H _ﬁnHQ + 7sz [UDOAR—H} )
i=0 =0
This gives
2
n+1(12 A1 (|2 n+1(112 2 An—i—l An 2
o (7711 = 1712) + o (1 = a2 + 113+ — 3711)
+€<gn+1, (UJrD* + v D+) gn>
N-1
At Rt
< — gl + S22 Y (0D
i=0

We take the following decomposition

<gn+17 (U+D* + U*DJr) gn> — <gn+17 (U+D* + U*DJr) gn+1>
+ <gn+1’ (,UJrD* _i_,U*DJr) (gn _gn+1)> — A—|— B,

where
Az +ang1) 2
A= —sz {M (D gi+%> ] :
=0

B=—<( +D+_|_v D™ ) n+1’gn_§n+1>.
Using the Cauchy-Schwartz inequality,

At
An—i—l An 2 = D+ ~n+1]]12
B < 5 lIg™ = g7l + S el D 2
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This leads to
2

(IR = 1271P) + o (NI = 1)
< — inllg" 1 + AQMNZI[UD(’?/"JJ]Q
=0
Since |v] < 1,
At < Aar S bl (2327
=0
S o < oS o (o)

These imply

S ™12 = 18712 + o (™1 = 11 17)
N

< —omllg P+ (3 -e57) A Z{|U|<D+An+l>]

Note

N-1

(3TAt —E%) Z |:‘U| <D+An+1>2:| S <3TAt —6%)+AZBZ |:(D+g?_:—£

7

=0
3At Az 4 "
< (— _ a—) e,

where (@), = max(0, a) denotes the positive part of a. Applying this in (6.2)
then gives

1 £2 .
s (78 = 12712) + 5 (g™ I = 15 IP)

2At

3At Ax 4
< = =" - ~n+41 2.
< (3% -<5) mm o) N
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This means that we have the final energy estimate
A"+ 2™ P < 1717 + €2l g™ 11

if At is such that
3At Az Ty o
4 c 2 Ax? — Tmin-

Since opin > 0, an equivalent condition is (24t —SM)A%:Q < Omin, Which gives

2 2
the sufficient condition

2
AT omin

At <
3

2
—eAzx.
+3€x

This completes the proof of Theorem 6.1.

7 Numerical Examples

In this section, we present several numerical examples to illustrate the effec-
tiveness of our method.
We consider the linear transport equation with random coefficient o(z):

cof oot =T, 0<w<n, (100)
with initial condition:
f<I7U707'Z) - 07

and the boundary conditions are:

f(O,v,t,2) =1, v>0; f(Lv,t,z) =0, v<O0.

7.1 Example 1

First we consider a random coefficient with one dimensional random param-
eter:
o0(z) =2+ 2, z uniformly distributed in (—1,1).

The limiting random diffusion equation for the kinetic equation (100) is

1

- 101
"= 30" (101)
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with initial condition and boundary conditions:
p(0,t,z) =1, p(l,t,2) =0, p(x,t z)=0.

The analytical solution for (101) with the given initial and boundary condi-
tions in the is

3

plx,t, z) = 5 % erf (ﬁ) : (102)

When ¢ is small, we use this as the reference solution, as it is accurate with
an error of O(g?). Hereafter we set ¢ = 107%. In addition, the standard
30-points Gauss-Legendre quadrature set is used for the velocity space to
compute p in the following example.

To examine the accuracy, we use two error norms: the differences in the
mean solutions and in the corresponding standard deviation, with ¢? norm
in

emean(t) = |[E[u"] = Elu]|| 2,

esta(t) = Ha[uh] - U[“]”e? ’

where u”

tively.

In Figure 1, we plot the errors in mean and standard deviation of the
gPC numerical solutions at ¢ = 0.01 with different gPC orders. Three sets of
results are included: solutions with Az = 0.04 (squares), Az = 0.02 (circles),
Az = 0.01 (stars). We always use At = 0.0002/3. One observes that the
errors become smaller with finer mesh. One can see that the solutions decay
rapidly in NV and then saturate where spatial discretization error dominates.
It is then obvious that the errors due to gPC expansion can be neglected
at order N = 4 even for ¢ = 1078. The solution profiles of the mean and
standard deviation are shown on the left and right of Figure 2, respectively.

We also plot the profiles of the mean and standard deviation of the flux
vf in Figure 3. Here we observe good agreement among the gPC-Galerkin
method, stochastic collocation method with 20 Gauss-Legendre quadrature
points, and the analytical solution (102).

In Figure 4, we examine the difference between the solution ¢t = 0.01
obtained by the 4th-order gPC method with Az = 0.01, At = Az?/12 and
the limiting analytical solution (102). As expected, we observe the differences
become smaller as ¢ is smaller in a quadratic fashion, before the numerical
errors become dominant.

,u are the numerical solutions and the reference solutions, respec-
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Figure 1: Example 1. Errors of the mean (solid line) and standard deviation
(dash line) of p with respect to the gPC order at e = 107%: Az = 0.04
(squares), Az = 0.02 (circles), Az = 0.01 (stars).

1.2 T T T T 0.08

0.07}¢ &
1.0p ) @?
: 0.06} *
R re
0.8} &
& oosfr @
06l® 0.04fg @
' N 6‘?}
@ 0.03) A
04 & ' @
® 0.02 @;’
® g
0.2 | '
%%M 0.01}
0.0 0.00
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Example 1. The mean (left) and standard deviation (right) of p at
e = 1078, obtained by the gPC Galerkin at order N = 4 (circles), the stochas-
tic collocation method (crosses), and the limiting analytical solution (102).
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0.035
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0.025f
0.020
0.015f
0.010—8

0.005

0.0 . s . s 0.000
X 0.0

Figure 3: Example 1. The mean (left) and standard deviation (right)
obtained by gPC-Galerkin (circle) and collocation method (cross) at time
t=0.01

Figure 4: Example 1. Differences in the mean (solid line) and standard
deviation (dash line) of p with respect to €%, between the limiting analytical
solution (102) and the 4th-order gPC solution with Az = 0.04 (squares),
Az = 0.02 (circles) and Az = 0.01 (stars).
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7.2 Example 2: mixing regime

In this test, we still set 0 = 24 z. We consider € > 0 depending on the space
variable in a wide range of mixing scales:

1
e(z) =107 + 5[tzmh(6.5 — 11z) + tanh(11z — 4.5)] (103)

which varies smoothly from 107 to O(1) as shown in Figure 5. This tests
the ability of the scheme for problems with mixing regimes, or its uniform
convergence in €.

0.8

0.7¢ B

0.6 i

0.5} 1

0.4} .

0.3 i

0.2 B

0.1} 4

00 I I
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5: (z)

The initial data is

il v,2) = Dlexp (= (“0R) wew (- (L] (0
with 2 in(2 5+2 2
pofa) = ZEICTE) gy B 2Cone) (105)

The reference solution is obtained using collocation method with 30 points.
The parameters are set up as the following: the mesh size is Az = 0.01, and
the corresponding ¢ direction mesh size is At = Ax?/3 = 0.00000033. And
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we use the 5-th order gPC-Galerkin method to evolve the equation to differ-
ent time ¢t = 0.005, ¢ = 0.01, ¢ = 0.05, ¢ = 0.1. For the v integral, we use
Legendre quadrature of 30 points.

Figure 6 shows the ¢? error of the mean and standard deviation with
respect to the gPC order. We also see the fast (spectral) convergence of the
method.

Figure 6: Example 2 with initial data (104)—(105). The [? error of mean and
standard deviation(dash line) respect to gPC order.

7.3 Example 3: random initial data

We then add randomness on the initial data (¢ = 2 + z still random).
f(z,v,0,2) = f(z,v,0) + 0.2z (106)

where f(x,v,0) is the same as in (104). This time we set Az = 0.01 and
At = Ax?/12 and final time T = 0.01. First we test in the fluid limit regime
€ = 1078 as shown in Figure 7. Then we test in € = 1 which is shown in
Figure 8. One can see a good agreement between the gPC-SG solutions and
the solutions by the collocation method.
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Figure 7: Example 3.
obtained by gPC-Galerkin (circle) and collocation method (cross) at time

=0.1,e=10"8
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Figure 8: Example 3.
t=01,e=1
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obtained by gPC-Galerkin (circle) and collocation method (cross) at time



7.4 Example 4: random boundary data
For the next example, we then add randomness on the boundary conditions:
frv,2)=2+2, frv,z) =14z (107)

We also test when € = 107% and € = 10 as shown in Figure 9 and Figure 10,
again, good agreements are observed between the gPC-SG solutions and the
solutions by the collocation

2.5 T T T T 0.6

Figure 9: Example 4. The mean (left) and standard deviation (right)
obtained by gPC-Galerkin (circle) and collocation method (cross) at time
t=01,e=10"%

0.140

0.135

0.130

0.125f

0.120

Figure 10: Example 4. The mean (left) and standard deviation (right)
obtained by gPC-Galerkin (circle) and collocation method (cross) at time
t=0.1, =10
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7.5 Example 5: 2D random space

Finally, model the random input as a random field, in the following form:

o(x,21,22) =1— UW—Z; cos(2mz) — % cos(4mx) (108)
where we set ¢ = 4 and z, 2o are both uniformly distributed in (—1,1).
The mean and standard deviation of the solution p at t = 0.01 obtained by
the 5th-order gPC Galerkin with Az = 0.025, At = 0.0002/3 are shown in
Figure 11. We then use the high-order stochastic collocation method over
40x40 Gauss-Legendre quadrature points to compute the reference mean and
standard deviation of the solutions. In Figure 12, we show the errors of the
mean (solid lines) and standard deviation (dash lines) of p with respect to
the order of gPC expansion. The fast spectral convergence of the errors can
be clearly seen.

1.2 T T T T 0.07

Figure 11: The mean (left) and standard deviation (right) of p at e = 1078,
obtained by 5th-order gPC Galerkin (circles) and the stochastic collocation
method (crosses). The random input has dimension d = 2.

8 Conclusions

In this paper we establish the uniform spectral accuracy in terms of the
Knudsen number, which consequently allows us to justify the stochastic
Asymptotic-Preserving property, of the stochastic Galerkin method for the
linear transport equation with random scattering coefficients. For the micro-
macro decomposition based fully discrete scheme we also prove a uniform
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Figure 12: Errors of the mean (solid line) and standard deviation (dash line)
of p with respect to gPC order, with the d = 2 dimensional random input.

stability result. These are the first uniform accuracy and stability results for
the underlying problem.

It is expected that our uniform stability proof is useful for more general
kinetic or transport equations, which is the subject of our future study.
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