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Abstract

We study the Vlasov-Poisson-Fokker-Planck system with uncertainty and multiple scales.
Here the uncertainy, modeled by random variables, enters the solution through initial data,
while the multiple scales lead the system to its high-field or parabolic regimes. With the help
of proper Lyapunov-type inequalities, under some mild conditions on the initial data, the
regularity of the solution in the random space, as well as exponential decay of the solution
to the global Maxwellian, are established under Sobolev norms, which are uniform in terms
of the scaling parameters. These are the first hypocoercivity results for a nonlinear kinetic
system with random input, which are important for the understanding of the sensitivity of
the system under random perturbations, and for the establishment of spectral convergence
of popular numerical methods for uncertainty quantification based on (spectrally accurate)

polynomial chaos expansions.
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1 Introduction

In this paper we are interested in the Vlasov-Poisson-Fokker-Planck (VPFP) system with
random inputs. The VPFP system describes the Brownian motion of a large system of particles
in a surrounding bath. One of the applications is in electrostatic plasma, in which one considers
the interactions between the electrons and a surrounding bath via the Coulomb force [4]. The

uncertainty in a kinetic equation can arise from the initial and boundary data, the forcing term,
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collisional kernels, etc, due to modeling and measurement errors. In this paper we will mainly
focus on the case in which the initial data contain random inputs, modeled by random variables
with given probability density functions. The goal is to understand the regularity of the solution
in the random space, as well as its long-time behavior. Such a study is important in order
to understand the sensitivity of the system under random perturbations. It is also the basis to
study the convergence of numerical schemes for such problems, for example, the popular methods
for uncertainty quantification, such as polynomial chaos expansion based stochstic Galerkin or
stochastic collocation methods [10, 13, 29, 28], which enjoy a spectral convergence, if the solution
has the desired regularity in the random space.

While there have been many developments in the regularity of the solution to elliptic or
parabolic equations with uncertainties [2, 5, 6], such study has been scarce for hyperbolic type
equations [11, 26, 30, 3, 7] because of the poor regularity of the solution. The uncertainty
quantification, while popular in many types of partial differential equations, has seldomly been
studied for kinetic equations until very recently [31, 14, 21, 20]. Typically kinetic equatons possess
multiple scales, leading to various different asymptotic regimes, demanding carefully designed
numerical methods to handle different asymptotic behavior of the equations. For deterministic
kinetic equations, one efficient multiscale paradigm is the Asymptotic-Preserving schemes, which
mimic the asymptotic transitions from kinetic equations to their diffusion or hydrodynamic limits
in the numerically discrete space [16, 17]. This concept was extended to random kinetic equations
in [21], in the framework of stochastic Asymptotic-Preserving methods. Convergence study of
these methods clearly require the understanding of the regularity of the solution. Moreover, the
correct asymptotic behavior of the numerical methods in various asymptotic regimes also require
the understanding of the long time behavior, as well as its rate of convergence toward the local
or gloabl equilibrium. For linear transport equation with random isotropic scattering in diffusive
regime, such regularity and asymptotic behavior were first studied in [18], in which the regularity
of the solution was established, as well as its exponential decay toward the local equilibrium, all
uniformly in the mean free path (or Knudsen number). Uniform regularity for the semiconductor
Boltzmann equation, in which the scattering is anisotropic and random, was established in [19].
Called hypocoercivity by Villani [27], the property of uniform exponential decay toward the global
equilibrium [8] was further explored in [22] for general linear kinetic equations with uncertainty.
So far there has been no work on hypocoercivity for nonlinear kinetic equations with uncertainty
with uniform (in small scaling parameters) estamite. The purpose of this paper is to conduct
such a study for the nonlinear VPFP system with random initial input.

Depending on different scales, the VPFP system possesses two distinguished asymptotic
limits, the high field limit and the parabolic limit. We will treat these different scalings in a
unified framework. With the help of proper Lyapunov-type inequalities, we first develop two
energy estimates for the microscopic (VPFP) and macroscopic (limiting) systems, which allows
us to obtain the uniform—in terms of the scaling parameters-regularity in the random space of
the perturbative solution of the nonlinear VPFP system near global Maxwellian. Under some
mild conditions on the initial data, we found that the solution will exponentially decay to the
global Maxwellian in a rate independent of the small scaling parameter. Our results also reveal
that the initial random perturbation will die out exponentially in time, uniformly in the scaling
parameter, thus the solution is insensitive to the initial random perturbation, in all asymptotic

regimes.



For the deterministic VPFP system, the regularity and convergence toward the global Maxwellian

or asymptotic limits were conducted in, for examples, [1, 9, 12, 23, 25, 15]. Our energy esti-
mates rely on the hypocoercivity results of [9], and the energy estimates in [15] with suitable
modification to effectively separate the microscopic and macroscopic scales in order to get bet-
ter estimates in the small scaling parameter regimes. When the small scaling parameters are
involved, which was not considered in [15], it is crucial to get rid of the bad dependence on these
parameters in the initial condition and rate of convergence to the global equilibrium. Therefore
we have not only extended the regularity results to the random space, but also improved the
micro-macro energy estimates by separating the microscopic energy from the macroscopic energy
suitably, so when the small scales are involved, we can get the optimal convergence rate towards
the global equilibrium, and a milder initial condition at the same time. As a result, we get an
exponential decay of the perturbative solution—independent of the small parameter— under some
mild initial condition, which leads to a uniform regularity of the solution in random space for
both high field and parabolic limits.

This paper is organized as follows. Section 2 gives an introduction of the VPFP system with
uncertainty and its two different asymptotic regimes. The main results are stated in Section 3.
Then in Sections 4 - 5 we prove the energy estimates from microscopic and macroscopic systems

respectively. The uniform regularity of the perturbative solution is obtained in Section 6.

2 The VPFP System with Uncertainty and Asymptotic

Scalings

2.1 The VPFP System with Uncertainty

In the dimensionless VPFP system with uncertainty, the time evolution of particle density

distribution function f(t,x,v,z) under the action of an electrical potential ¢(t,x,z) satisfies

atf“"%V'VXf_%VXQb'VVf:é}-fa

(2.1)
—Nep=p—1, t>0, x€cQCRN, veRY, zcl,
with periodic boundary condition in x, and, initial data:
f0,x,v,z) = fo'(x,v,2z), xcQ veRY zecl, (2.2)

The distribution function f(¢,x,v,z) depends on time ¢, position x, velocity v and random
variable z € I, C R?. ¢(t,x,2) is a self-consistent electrical potential and p(t,x, z) is the density

function defined as

plt.x,z) = | f(t.x,v,2)dv. (2.3)
RN

In the VPFP system, F is a collision operator, describing the Brownian motion of the parti-

Ff=V- <MV (j(;)) , (2.4)

cles, which reads,



where M is the global equilibrium or global Mazxwellian,

1 _ 2
M = ~e 2. (2.5)
(m)

In the dimensionless system, § is the reciprocal of the scaled thermal velocity, € represents
the scaled thermal mean free path [25]. There are two different regimes for this system. One is
the high field r%gime, where 6 = 1. As € goes to zero, f goes to the local Maxwellian Mgca =

1 _v—Vx9|

o ¥ e 2, and the VPFP system converges to a hyperbolic limit [1, 12, 23]:
) 2

op+ V- (pVxp) =0,

2.6
—Ax¢p=p—1, 20

Another regime is the parabolic regime, where § = . When ¢ goes to zero, f goes to the global
Maxwellian M, and the VPFP system converges to a parabolic limit [24]:

op =V - (Vxp — pVx¢) =0,

2.7

In this paper, we are going to study both regimes together.

In the VPFP system with uncertainty, the random variable z is in a properly defined proba-
bility space (X, A, P), whose event space is ¥ and is equipped with o-algebra .4 and probability
measure P. Define 7(z) : I, — R as the probability density function of the random variable

z(w), w € . So one has a corresponding L? space in the measure of,
dp = du(x,v,z) = 7(z)dxdvdz. (2.8)

With this measure, one has the corresponding Hilbert space with the following inner product

and norms:
o= [ ] sodutev.m. or (o= | [ pjdutea), ithnom £ = (5. 1)
(2.9)

For convenience of the readers, we list some elementary calculation on M which will be used

in later calculationsi:

0, M = —vM, 9,(VM) = —%\/M; (2.10)
/ vV Mdv = /vaM dv =0, for any odd a; (2.11)
R
Mdv=1, / vPMdv =1, / v*Mdv = 3; (2.12)
R R R
5 4 2 3
WP M dv = —— < 2, (81,(v\/M)> dv=". (2.13)
R 2w R 4

2.2 Notations

In this paper, we only focus on one space dimension. Without loss of generality, we assume

e <1,and z € Q = [0,!]. For higher dimension of x, v, z, it is easy to extend.



In order to get the convergence rate of the solution to the global equilibrium, we define,

- M
hzfi, az/thdv, u:/hvadv, (2.14)
vM R R
where h is the fluctuations around the equilibrium, o is the density fluctuation, u is the velocity
fluctuation. Then the microscopic quantity h satisfies,

€6 Oh +evdph —8 8, 00uh +6 2 Oudh +3vV MOy = Lh, (2.15)
~— M~ S 2 —_—— =
T IT II1 ‘7‘//—“ v Vi
02 = —a, (2.16)

where L is the so-called linearized Fokker-Planck operator,

Lh= \/LMI (M +VDIR) = \/Lﬂav (Ma,, (\/}]‘\7» . (2.17)

We give each term a number, in order to make it clear where the term comes from originally
when doing the energy estimates later.
We further introduce projections onto v M and vv M,

Ihh=oVM, Ihh=uwvVM, IIh=IIh+ Ih. (2.18)
These projections have the following properties:
— 050,11 =110,,0,
~ Due to the mutual orthogonality of II;h, IIoh, (1 — II)h in L? space, let 9% = 9%19kz2,
9] = [Ta*A||” + [|T20*A||* + | — ¥
= %ol + lo*u]” + ljo ~ maka|,

(2.19)
which also implies,

1%l

0%ul] ||(1 — oFn| < |0kl (2.20)

Multiplying v M and vv M to (2.15), and integrating the equation over v respectively, then one
has the equations for the macroscopic quantities o and u,

000 + O,u = 0, (2.21)
€0 Oyu +e€ 0o +e/v2v M1 —1)0hdv+6 000+ u 40 Opp = 0. (2.22)
~—~ ~—~ ~—— ~—~
I 111 IIT Vi v
II.2

We call (2.15)-(2.16) the microscopic system, and (2.21)-(2.22) the macroscopic system. Note
(2.21)-(2.22) are not a closed system since it contains the microscopic quantities h.
We also define the following norms and energies,

e Norms:

2
= 0l = Jp h* dv,



2 m 2 2 2 2 2
= W = 20 MOLAN7s W o zy = I+ N0 FI + 110 £1,
2 2 m 2
— IR12 = Jiouyxmur (h)? + (14 )R dp(e, v, 2), [l 5 = S0t (|04
e Energy terms:
m 2 2 m 2 2
= B = 0l + 1020 s s B = 1026l + [|020]| yms5
e Dissipation terms:

m 2 2 m m
= Dy = (0 =)Ao + (1 =) 8ehl -, D = EF,

2 2 2 2
= D = llulligm + 10pullgm— s DG" = llolgm + 1020 rm—1 -

3 Main Results

To get the regularity of the solution in the Hilbert space, one usually uses energy estimates.
In order to balance the nonlinear term 9,¢0, f, and get a regularity independent of the small
parameter € (or depending on € in a good way), one needs the hypocoercivity property from the

collision operator. The hypocoercivity property one uses most commonly is
—(Lh,h) > C'[|(1 =Tl (3.1)

see [8, 27]. However, this is not enough for the non-linear case. We need stronger hypocoercivity
as listed in the following Proposition, see [9] for details.

Proposition 3.1. For L defined in (2.4),

(a) =(Lh,h) = —(L(1 = IDh, (1 = A) + |lu]*;

(b) —(L(1 =TD)h, (1 — k) = 9u(1 = A + 3 [v(1 — IA|* = L [|(1 - TA|*;

(¢) (L0 —T0)h, (1 = T0)hY > (1 — TA|*;

(d) There exists a constant Ao > 0, such that the following hypocoercivity holds,

—(Lh, ) 2o [(1 = TR + ul*, (32)
and the largest \g = % in one dimension.
Proof. Here we only prove (d), see [9] for (a), (b), (¢). Since
—(L(1 =TD)h, (1 —ID)h)
>a ||, (1 - A||* + % lo(L = TDA* - g 11 =AY + (1 = a) ||(1 — I)A||*

. a 3 2
> min {0, % (1 - 2o} 1 - TR, 53)

then the largest \g one can get is when a = %, Ao = % Therefore,

—(Lh, h) >0 [|(1 = TDAI2 + [[ul®. (3.4)



Based on the hypocoercivity (3.2), we have the following two estimates for the microscopic

and macroscopic systems respectively.

Lemma 3.2. The solution to system (2.15) - (2.16) satisfies the following estimates,

5
301 [€B +0E]] + Mo Di' + D!

<ACys (VEf +2,/By) (5D +4Dj?) + AC16 /B D + Ao, [E DY, (3.5)
and
m—1 m 1 €
! [ 0 I 52 - m S pm m
60, [e ; (8 u, L0, ) + eg@amu,azax@ + 5By | + 5 D5 +0Dg
<eD™ 4+ %D}f +2AC,6\/E}’ D + ACy6, [ED DI, (3.6)
where

is a constant only depending on m, [m/2] is the smallest integer larger or equal to %, and C1 is
the Sobolev constant in one dimension defined in (A.40).

If one combines the above two inequalities, the "bad terms” on the right hand side (RHS) can
be controlled by the dissipation terms on the left hand side (LHS) if the coefficients are carefully
balanced. Hence, one can come to the conclusion that the solution exponentially decays to the

global equilibrium.

Remark 3.3. The main difference between the energy estimates in Lemma 3.2 and the one
obtained in [15] is that for both micro and macro systems, we separate the microscopic energy

E}* from the macroscopic energy EZ for D7 and D, which gives us more flexibility to bound

o

the energies, especially when small parameters are involved.

Theorem 3.4. For the high field regime (6 = 1), if

Er(0) + LEm(0) < — 20 (3.8)
h e = (8040, )2 '
then,
m 1 m 3 —A—Ot m 1 m
For the parabolic regime (0 =€), if
1 203
E0)+ -E(0) < 0 3.10
h()+€ ¢()—(80A01)2’ ( )
then,
m 1 m 3 7A—Ot m 1 m
Ept(t) + EE¢ (t) < e 2t [ ERH(0) + EE¢ (0) (3.11)
0

Here A and C7 are the same as in Lemma 3.2.



Remark 3.5. Basically, Theorem 3.4 implies the following,

(a) As long as initially the electric field 0, ¢ is small enough (O(€) or O(\/€)), and the initial
data f is suitably bounded by (3.8) or (5.10), then the solution will converge to the global

equilibrium exponentially, uniformly in €.

(b) The initial data for the distribution only requires f — M = O(1), which is independent of €
for both cases. If one directly applies the conclusion of [15], then for the high field regime,
E;(0) and EF(0) need to be O(e) and O(e?) initially, see Remark 6.1 for details. Our
result allows more general initial data for f while keeping the optimal convergence rate at

the same time, which is because of the new energy estimates we obtained in Lemma 3.2.

Besides all the conclusions above, one can obtain the regularity for the solution to VPFP

system immediately from Theorem 3.4.

Theorem 3.6. Under the same condition given in Theorem 3.4, one has

3
LF @)1 3m < < @0AC))? + 212, (3.12)
Proof.
f? f- 6 o
e I = +rHHm<2Eh o N PP
(3.13)
[ |

Remark 3.7. From Theorem 3.6, one knows the regularity of the initial data in the random

space is preserved in time. Furthermore, the bound is independent of the small parameter €.

3.1 Some Inequalities

In this section, we give some equalities and inequalities that will be frequently used later.
Lemma 3.8. Let 9% = 0%10%2 and similar for 01, 0",
(a) (0%0.6, 0/ MO*h) = 5a,f [9%0.9],
() (0%0:60,(0h), 0'h) — 5 (150,00, ')
< C1[0%0:6] oo,y ([19% 1" + 2 |0%]|” + 2|1 = DR + 3]j0"]* + 2|2 - PY'A]).
(c) (9%0,¢0,(0'h),0"n) — % (v0*0,$0'h, O'h)
< Ol s,y (310" + 2110 = m'a[] + [J90u]%).
(4) ||0%0.0:0* < 3a [|0%ul*.

Proof. See Appendix. |



Remark 3.9. Notice that in the inequalities (b) and (c), the dissipations of u and (1 —I)h are
related to both energies h and 0,¢. However, the dissipation of o is only related to the energy of
0. ¢ through (b), while the dissipation of Oy is only related to the energy of h through (¢). This
is why we can get the separation of the micro and macro energies in Lemma 3.2 for D' and
Dy

4 Energy Estimates on the Microscopic Equations

Now we prove the first part of Lemma 3.2, (3.5).

4.1 Energy estimates for ||€)ihH2

Taking 9. to (2.15), and multiplying by 0.h, then integrating it over u(z,v, z), one has,

gat 040" + 6 (0056, vV/MOLRY — (L1, DL )

\4 VI
l
=53 (0) | (2 0u00,0h, 0Lh) — (D 0,00 h, oLy | (41)
=0 I BT

V and VI are "good terms”, since by Lemma 3.8 (a) and Proposition 3.1 (d),

2 VI = || —mah| + [|0hu]. (4.2)

5
V = 50:]|0:0:9|

However, II] and IV are "bad terms” here, and one wants to control it by the dissapations.
For ¢ < I, by Lemma 3.8 (c),

I = 1V <Cy [02h] g . (3]10%] + 2|0 = aLR| + 9 0u0]") . (43)
For i = I, by Lemma 3.8 (b),
ITT = IV <C 020l 11 o, 1201 + C1 1020l 1 oy (B 1[00l]” + 4] (1 = PR . (4.4)

Here if one treats the case of i = [ the same as the case of i < [, then the largest i = m leads
to |02 h| g1, ) Which cannot be controlled by 0, £}, so we treat ¢ = [ differently from i < [.
Therefore one has the energy estimate,
) 2 2 2 2
50 (0Ln + 6 [|6L0:0]|" ) + 2o |1~ ALA|2 + [[6Lu]

-1
<18 3 0] s 80l + 2 1~ A + 000
1#1,i=0

+C16\/EL [|0ba]|” + C16\/EL(5 [0k + 4| (1 — HLA|2). (4.5)



Summing [ from 0 to m, one gets,

4 2 2 2 2
500 (€ I3+ 8102657, | + Aol (1 =TI, + [l

m -1 m m

i 2 2 —i i 2

<C0 3 S 0|,y (31105l + 210 = ALRIZ) + 18D SO [0 Bl oy 102000
=1 i=0 =1 i=1

+ C18y/E§ lloll3m + C16\/E} (5 [ullfim + 41101 = TR, )
03 (St ) (ol + 20 - )

=0

e (501l ) el
+015\r ol + €18\ EL (5 lullfym + 411 = TR 34, )

<ACy6\/E]" (3 ) + 2|1 — 8ih||H5n> + AC16\/E] 02612 + C16\/EL [0
+C16,/E} (5 [l +4 (1= H)aihuim)
<C18 (AVER +/ES) (5 lullfim + 4]0 = LR, ) + ACISVER 100l 3m + Cr6y/E} o3

(4.6)

where A is given by (3.7).

Remark 4.1. Before we move on to other estimates, let us first summarize what else we need.

The goal of the energy estimates is to get an inequality like
HE+D<VED, (4.7)

so one can use the continuity argument to get the desired estimates. Therefore, one still needs
O N1 0uh3pm s 1] s 110203 on the LHS.

. 2
4.2 Energy estimates for ||8i(91h||
Taking 9.0, to (2.15), and multiplying by 0.0,h, then integrating it over u(z,v, 2),

%at |0L0,n" + 6 <a§a§¢, vmagagg@ — (£ D,h, 00, h)

Vv VI

=5> () <a§-ia§¢ava;‘h + 0.0, ¢0,0,0Lh — gag—iagwgh - %a;—iaiqsa;aggh, 8iawh> .

I11.1 I111.2

V.1 V.2

Similar to (4.2), for V and VI, one has,

V= Salazelt, VIl - matah|f + (oo’ (48)

For the bad terms on the RHS, by Lemma 3.8 (¢),

11 —1v1< ¢ ||ol (3l16L0wul* +2 |0 = oLl + 9 020]) . (4.9)

hHHl(m,z)

10



Remark 4.2. If one treats 111.2 — IV.2 the same as [11.1 — IV.1, then Ha;’athHl(z 2 cannot
be controlled. So one needs to treat it differently.

By Lemma 3.8 (b),

12~ 1V:2 <Cy [[0710:6] g,y (02000 |” + 2|00 + 2| (1~ M0,
+3]|oo,ul|” + 2|1 - maLa.n]) . (4.10)

Combining all the terms gives,

gat (e 0L0un]* + 8 [|0026]”| + Ao [|(1 — m@LoLA] + [[60yul”

l
<C1d (Z@ (G Haifamnm,z))) (3 |0L0,u* +2 (1 ~ aLo.h]2)
=0

l l
+ 018 YD 0] .-y 1957026] " + €28 YD (1057026 g, 102000
=0 =0
+015Z MO 000 1,y 2 020u|” + 2| (1 = TB0,AL). (4.11)

Summing [ from 0 to m — 1 gives,

)
S0 [€10uhll3m—s + 0026 5s | + Ao (L = TG et + 10wl fronms

m—1
<Cid Z (Z : (HathHl(ac,z) + ||8i_lax¢HH1(gr,z)) + Z(;) Hai’_laz(bHHl(m,z)>

=0 =l

m—1 m—1
(3ot + 21 - moahl) + 1o S (Z(b ||aiih||Hl(z,z>) jotezo|

=0 =i

s (Z 00,0 e, 2)) 00,0l

=0 =1
<ACo (VE +2\/By) (310ulfm1 + 211 = TD2A] 3y )
+ ACLONE ||026] 5y s + ACLIE\ BT 1020 G (4.12)

where A is defined as (3.7). Now combining (4.6) and (4.12) completes the energy estimates for
the microscopic system,

)
615 € Em +(S Em + )\OD}T +DZL
————

v
1 v VI

< ACYS (\/W +2, /E;") (5D +4D}") + AC16\/Ep Dy + AC16\JERDI . (4.13)

III+1V

Up to now, one still needs the dissipations D" and Dg' on LHS to balance the bad terms on
RHS. So next we turn to the macroscopic system.

11



5 Energy Estimates on the Macroscopic System
We now prove (3.6) in Lemma 3.2.
5.1 Dissipation terms ||820H2 and H@i@xgb”Z

Taking 9! to (2.22) and multiplying by 0.0,¢, then integrating it over u(z, z), one has,
€0(0,0 u, LD, p) +e (8L0,0,0L0,0) + (9Lu, 8.0, ¢) +6 ||8i81¢||2
———

I 111 VI v
!
= — ¢ (1 = I3L0:h, v>VMO.0:9) —6 Y () (0. 0:00.0,8.0:0) . (5.1)
112 =0 111
First one has,
I = 0,(0\u,dL0,p) — (0lu, 0,0L0,0), (5.2)
then by Lemma 3.8 (d),
(0Lu, 00,0,0) = 6(0L0r0,010,0) = 8[|0 0,010 < % 0%l (5.3)
I1.1 and VI are ”"good terms” here, since
111 = (0Lo, —0L02¢) = ||0Le]|, (5.4)
VI=—(0L0,u,0L¢) = §(0L0,0,0.) = 6(0.0,0,0,0.0,) = fat [EA2 (5:5)
while I1.2 and II1 are "bad terms”,
1.2 =((1 — I8k, v?V MO 020 < Hmﬁal ] + 1 - math)
1
<3 |0Lo | +7 (1 —maa| . (5.6)
For i < I,
< 110 s (10 00 + [[02020] )
i —i 2 2
<7 1O2Al| 11 2y (105 Du]” + [|02006]7)
For i =1,
1
C
< Il1 5,y 102020 (5.7
Combining all terms in (5.1) one has,
50y | e(0bu, 0.0, ) + = ||al 2,0|| } + 5 [lke])” + d]|oane|”
<e|o! (1 - mata|’ + L0 S (1) i 00,¢|” + ||0L0. 0
<ellobul” + S 1 —matul; + == 30 OI0A] g, (05 000]" + [|0020] )
1£0,i=0
1o
Sl oy 2R (55)

12



Summing [ from 0 to m gives,

m

1 €
00, | € (0, 840:0) + 5 100677 | + 5 0l + 81020 71
=0
€
<elullfm + 5 10 =Dl +24C18V/ER 020 71 - (5.9)

5.2 Dissipation terms ||8ic9$0H2 and H@i@gqﬁw

Taking 9! to (2.21) and multiplying by d.0,0, then integrating it over u(z, 2),

€6 (9,0 u, 0L 0,0) +€ H(?i&DUHQ + (0L u, 8L0,0) +6 (0D, ¢, 0L 0,0)

I 111 VI v
l
=— e ((1 = M), 0Lh, v’V M. 0,0) =0 Y () (0L 02000, 0.0,0) . (5.10)
11.2 =0 IIT
Note that,
= 0,0 u,0,0L0) — (9w, 0.0,00) = Dy (Duu, .026) — % 1610, (5.11)
VI = (du, 828$0> = §(0L8,0,0L0) = gat |0Lo” = gat 0L026)” (5.12)
—(0L0%¢,0"0) = ||8" 029", (5.13)
—11.2< < Halawau + - H 1—11)9.9, (5.14)
<& 1102000 1.y (020" + [0 000). (5.15)
Using (5.11) - (5.15) in (5.10) implies,
! I 2 Lo a2 .2 €lal 2 192 2
50, [e(@z(?xu, 0L930) + 5 [|0L0%6 | ] + 5 0L0a0]|” + 6 |02 2 0
€ 2 2 (16 ! . C2 2
< S0 =m0 + e l|otosull” + 12 S 10800y, (00| + 02000
1=0
Summing [ from 0 to m — 1, one has,
m—1
50, [e > (0L0.u,0020) + = ||a2¢||Hm |+ % 1020 |31+ [[026]
=0
<ell9pullfyn-s + 5 (L = DAl + AC1S\JEF (1020 31 + || Fpm-s)-  (5.16)

Combining (6.10) and (5.16), one finishes the energy estimates for the microscopic system,

m—1 m
€ (0hu,0L0,0) + €3 (0L0,u, 0L0%6) + 5 E¢ + gggﬂim Dy
=0 =0

II1.1 Vv

VI
I

<e DI+ D +2AC18+/Ey D + AC16,[Ep DI (5.17)
—~ 2~

I I1.2
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6 Exponential Decay to the Maxwellian

Before we do the analysis for the two energy estimates, we first go through the process in a

more general framework. If one has the energy estimate,
%atE +aD < gVED, (6.1)
and one wants to get an exponential decay for E, then one requires,
REQUIREMENT 1: E~E <D. (6.2)

On the other hand, one needs the dissipations on the LHS to balance the "bad terms” on the

RHS, so one requires,
REQUIREMENT 2: «a > 0. (6.3)

Since (6.1) is equivalent to,

aVE <T (5\7704) (6.4)

therefore, if one assumes the initial data satisfies,

\/% (,8\/5— a) D < —%D, or, /EW0)<O <‘;) , (6.5)

then by standard continuity argument, since \/E is decreasing, so for t > 0,

aVE < %D, (6.6)

and since D > E, (6.6) implies the exponential decay,
E<e CE0) ~ E(t) < e 9E(0). (6.7)

Furthermore, if one wants to get the optimal covergence rate with least restriction on initial

data, then one needs,
REQUIREMENT 3:  /E(0) <O <g> independent of small parameters.

REQUIREMENT 4:  « should be as large as possible. (6.8)

Remark 6.1. Without uncertainty, if one directly uses the energy estimates from [15], then

when the small parameter € and & are put in, the energy estimates become,

1 1
—0¢ |E* + =E7T - (D + D™
t[the ¢}+6(h+ )

<= \/Ep + Ep(D + D + D + D), (6.9)

A= N =

and,

m—1 m
1 1 1
l l l l 52 —m —nm _nDm
LE_O (0,u, 0.0, 9) + E (0,0,u,0,020) + 2€E¢ + 2Da + eDd’

=0

<D + D} + 7,/E;Ln + E7(D + D). (6.10)

14




Let G™ = 7" (0, 0L0,0) + Yoy o(0L0uu, OLO2G) + =B Since —eEj* + LEJ < G™ <
eEy + 46Em, so if one combines the microscopic and macroscopic enerqy estzmates (6.9) + v
(6.10), one needs v < O(%) to satisfy REQUIREMENT 1. Furthermore, if one wants to get
the optimal convergence rate based on this energy estimate, then one needs the dissipation terms
to be as large as possible, that is v as large as possible, which means v = O(%) Therefore one

derives,

1 m 1 m m 1 m 1 m
58tE +E(Dh +Du)+ng +€—2D¢

1 m m 1 m m 1 m
SZ’ [E;* + EJ(Dy' + Dyp') + X JE;*+ EPDY + =1 [E + Ep Dy, (6.11)
where E™ = (E,T + %Eg‘) + G ~ B + S E}. So (6.11) leads to,

1. 2 1 1 1 1 /= 1 /= 1 /=
§atEm + (D' + D) + =D + 5Dy < =V E™(Dy' + D) + 5 VE™D]' + -V E™D.
€ € € € € €
(6.12)

Compare the term D', one notes that V E™ needs to be O(e€) such that the bad term on the

RHS can be controlled by the O(1) dissipation on the LHS. That is one requires
1
E;*(0) + E—ZE;”(O) < O(e) (6.13)
to obtain the exponential decay
El + Lpm < c—o0r E(0) + Tpm). (6.14)
e ¢ e ?

This means the initial data E}* = O(e), E}* = O(e®). These conditions are much stronger than
the one in (3.8) of Theorem 3.4.
However, if the coefficient of the D, only depends on Ej', then (6.11) becomes,

1
9 E™ + = (Dm+Dm)+ D’”+ D¢

\ B+ EZH(D, +Dh)+§‘/:2E¢ D7 +?2‘/Eh Dy

1 /= 1 /= 1 /=
S=-VE™Dy' + D)+ -VE"D] + 5V E™D;". (6.15)
€ €

| — N

@)

o)

Now the bad terms and good terms can be well balanced even if the initial data of Em™ is o(1).

6.1 The high field regime

For the high field regime, where 6 = 1, set

m m m m — - 1 m
F™ =¢E + B, G™= Zalu dLa, Z(@i@xu,a§a§¢>+§E¢,
=0 =0

2
€

where F'™ is the term inside J; in (3.5) and G™ is that in (3.6).

Em=F" 422G, E™=cEl' + EEZ;‘, (6.16)

15



By (2.20) and Young’s Inequality, one can bound G™ by

1 1 1 1
2 Lt m 2 Lt
—€ E;T+(§—1)E¢L§GLSEE}T+(§+1)E¢L’
2 mm 1 m m 2 mm 3 m
—€C B + (B <G™ < EEf + (B (6.17)

Since A\g < i, thus one obtains,

Aoy 1 - 3A 1
(1 — 2)\())6E;7Ln + (6 + ?O)*Egb éEm ( + 2)\0) EEh < + 20> EE:;,

Ao

SET<ET < JE™ (6.18)

l\D\OO

or equivalently,

g\/}i’m < eEr + —Em <2VE (6.19)

= %
So one has the equivalence between the energies E™ and Em,
. 1
E™ ~ E™ <e(Dy + Dy + D) + =Dy (6.20)
€

By (3.5) + %(3.6), one has the energy estimates,

1 [m >\ m m /\0 m )\0 m
58tE +(>\O)D +(1—Xo) D + 2Dc,+ 6D¢

1 1 m m 1 1 m 1 1 i m
(\ﬁw/eE,T +2V/e €E$> (5D +4D}) + /e (1 + 6) 1/EE$DJ + 7 (1 + 6) \/eEh‘D(z,]

<AC

10 2 /= 2 2 /= 2
<—AC, | —VE™ w+ D)+ —AC, | —VE™ | DI
<0 (3 VB 00+ ) Joaen (VER) o pac (V) o
(6.21)
which implies
A A A
7atEm+f°(Dh + D)+ ODm+ OD¢
20AC1 4 C1\/fm 4ACy o
< vV Em(D™ DY) mDT + mp. 6.22
=~ Aove (Dy" + )\0\[ Aoe3/? b (6.22)
Therefore, by standard continuity argument, under the condition of,
N Ao Ao Ao
Em(0) < min{ zoﬁc1 , 414401 ’ 413601 } ’
Xo€el/2  Xgel/2  Xged/?
which holds if,
2.1/2 \ 2
m(O) < >‘O€ ,
80AC,
or equivalently,
1 203
EM™0) + = E7™(0) < —9% | 6.23
PO+ SERO) < s (6.23)
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one then has the estimate,
fatE +—(D +Dy+ D)+ D ) <0.
Then by (6.18) and (6.20), one ends up with the energy estimate,
1, - Ao ~
—OE"™ + —E™ <
28t + : <0

which gives exponential convergence rate for the energy,

or equivalently,

This completes the proof of (3.9) in Theorem 3.4.

6.2 The parabolic regime

For the parabolic regime, where § = ¢, set

m—1

F™ =B’ +eB)', G =¢Y (0Lu,0.0.0) + €Y (0-0,u,0.000) +
=0

1=0
E™ =F™+2)G™, E™=¢E"+E].
Similar to (6.17), the bounds of G™ is,

fEEh + ZE(ZB S 7€Eh + (2 —

and \g < %7 so one obtains,
m /\0 m 7
)\0 §
2

Em<Em§ E™,

or equivalently,
2 /= 2 =
§VEmgeU?¢E§+ l%ng—VEm
0
By (3.5) + Ao(3.6), one has energy estimates,

1 ~ )\0 )\0 1 )\0
~o,.Em 20 A0 m - D™ 20 pm D™
2&5 +<€ 2) h +<6 )\0) w T 5 Do + Ao ®

1

3\
1+2X)eE™ + (e + 222

5 )

(6.24)

(6.25)

(6.26)

(6.27)

5B, (6.28)

(6.29)

(6.31)

(6.32)

<AC, («/Em 12, /Em> (5D + 4Dj) + AC, (14 Xo) \/ET DI + AC) (1 +2)0) \/EF DI

2 2 -
<10AC, ( “VE ) (D" + D)+ 2AC, (\/ Em) D +2AC (

1/2 )\ o

17
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2\/Em> D;n’

€l/2 )

(6.33)



which implies,

1. A A
SOE™ + 2% (eDi* 4 D)) + % (eDT) + XD

2¢2
20A — 4 A ~ 4A ~
<204 S (eDp + D)) + 22 B (o) 24O V. (634)
Ac3/2 o€ Aoe'/?

So if the initial data satisfies the condition

Ao Ao 2o
Em(0) < min { =2 a2 2

20AC: 7 4AC, 7 4ACy
Aoe3/2 o€ Aoel/2

. A\2¢1/2 2
Em < 0
(0) - (801401) ’

or equivalently, FE;*(0) + EEd’ (0) < R0AC)E’ (6.35)
the similar to (6.24) - (6.26), one has the energy decay,
E™(t) <em FLE™(0), (6.36)
or equivalently,
m 1 m 3 7’\—0t m 1 m
This completes the proof of (3.11) in Theorem 3.4.
Appendix: The proof of Lemma 3.8
Proof.  (a) By the definition of u in (2.14), and (2.16), (2.21),
(0,0, 0V MO R) = (90,6, 0%u) = — (%6, 9*0,u) = 5 (96, 6"010)
= — 5 (9%¢,0%020,0) = 6 (90, ¢,0%0,0,0) = gat [0%0,0]”, (A.1)

where the last equality of the first line is because of (2.21), and the first equality of the
second line is because of (2.16).

(b) First break 0%h = 9%ov/ M + (0%h — 0¥/ M), and then use O%h — 0¥ovVM = 0XuvvVM +
(1 — I)0%h, one has,

(00,4 0,(0'h), 0'h)
- <akaw¢ 8, (Hiav/ D), a‘h> + <akaz¢ 8y (8ih — o/ M), 0oV M + (alh - ala\/ﬂ)>
—_ % (040,090, 0'ho/IT ) + (9%0,6.0,(2h), 9'oVAT) — (040,69, (0'o/A), o' v/IT )
+{9%0,0,0, ('uov/M + (1 = 'h) (D'uvy/M + (1 - ') )
<- % (04026, 000"} — (80,0 0'h, 800, (VM) ) + % (050, ¢, D00 v M)

00,0 ooy ([P VD] + 900~ man|* + (VD) + [0~ mah|?)

(,2)

<- % (0%0,6, D odtu) + % (040:6,0'00"u) +0

3 s .
4 00,0y C 0]+ 10— B2 + [l + - ma]), (a2)
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where the last inequality comes from the Sobolev embedding for 1D,
Hf”ckfl(x,z) < Ck Hf”Hk(x,z) , forvfe Hk(xa z), (A.3)

where C}, is a constant only depending on k.

Next,

— % (v9*0,¢ 9'h,0'h)
S % <uakax¢ 9o/ M, a‘h> - % <v8k8x¢ (aih - aia\/ﬂ) 0"/ M + (alh - alam»
=— % (0%0,6,0'00") — % (%0,0,00'h "o VM ) + % (9%0,0,00'0VM 8o /M)
1 . .
= <akam¢, v (aluv\/ﬂ +(1- H)a‘h) (a‘um/M +(1- n)alh)>
<- % (0%0,¢,0'00"u) — % (0%0,¢,0'ud'a) + 0
1 . .
4510506 </ (0|0 uvy/BT)2dp + / ol (1 — T3 R)? dy
—I—/ v] (8w v/ M)2dp + / lv]((1 — H)@lh)zdu)
< - % <8k81.¢>, 6i031u> — % <8k81.¢5, 8iu810>
1 . 1 . 1
+ 50110500 ey (2100”4 5 0= TR 4 2 M+ 5 o = P
(A.4)
Therefore (A.39) + (A.41) gives,
(00,4 0,(9'h),0'h) — % (v9*0,¢ 'h, O'h)
< — (050,60, 8 00"u) + C1 [|0%0:6| ;1 ., (2 0%u||” + 2| (1 = &R + 2]|0"|]” + 2| (1 - P)@‘h”j)
<C1[|050.0]| ..y (18] + 2 0%]” + 2|1 = M'R||} + 3 [|"u* + 2|1 = PYO'A) -
(c) Since

(00,4 0,(0'h), ')
- <akax¢ 0,(9'h), alam> + <akax¢ 9y (9'h), ' — alam>
_— <aka$¢> o'h, 8108U(\/M)> - <akaw¢ 8'h, B, (0" uvV/M + (1 — H)alh)>

IN

(0%0,6, 0'udc) + / 050,61 [0 2, Halu@v(v\/M) +,(1 - H)ath i, 2)

L2(v

) (% 05,0 + Haluay(v\/M)’r + [0, (1 = maa|*)

IA

(0%0,6,0'00%) + |[|0*h]] .

(v)

L>(xz,z

N = N = N =

IN

. . 1 3
(00,6, 0'00%) + O [0h] 1., (& 9000+ 2 ol + 1~ e, (45)
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where the last inequality comes from

< 1|12

2
HHf||L2(v) L (z,z) H'(z,z)

/Ol)><l /devdu—i—/ ( (/f2dv)é>2d,u+/0l)x1 ( (/f%lv) ) .
J fOf dv Jr v
s ], (B ) (Brn ),

2
11122 o) 102 £l L2 o 11122 o) 102 £ 2o
<Ifll+ | e du+/‘ e g,
(0,0)xI. 11l 220 (0,1)xI. 11l L2

=1F e + 10 FI° + 10517 = 1AWz o) - (A.6)

Next, similar to (A.42),
— % (v9*0,¢ 0'h,0'h) = f% (050, ¢, v0'h O'h)
21 <akam¢, vdih alm/M> - % <3k81¢>,v8ih (aluum (- H)61h>>

<_ §<akaw¢, Dodiu) + /|akaz¢| 100 )almﬂfﬂ(l ~math| oy )
St g Hua‘hum iy @ 10001+ [Pt VAD] -+ ota - mon
< = 5(0%0.6,0'000) + L 0] . (G 0¥00] +3]j0%] + [0 — TR
(A7)
Therefore (A.42) + (A.44) gives,
(0%0,¢0,(0'h),0'h) — % (v9*0,¢ O'h, O'h)
<CL 0]y, ([050m0]" + 3 [0 + 2| (1 = DIR). (A.8)
By (2.21) and (2.15) one derives,
0,(0%0,0,6) = — 0,0 — az%aku), (A.9)
which implies,
00,0, (x) — 0%0,0;(0) = %8ku(x) — %3ku(0), (A.10)
/O l (8k8x8t¢(x) dx — éaku(:c)) dx = (8k6m6t¢(0) - éﬁku(())) l. (A.11)

l
Because of the periodic condition for ¢, / %8, ddx = 0, then one obtains,
0

00,01 = %81‘1& + (akaxatqb(o) — ;Oku(0)> faku — 7/ OMu(z)de.  (A.12)
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Hence,

1 2
Haka 8t¢H =5 Hakuu2+5212/ / (/ akudx> du(z, z) — 5 /Iz (/0 akudx> du(z)
St ([ ) < Lo i

References

[1]

Anton Arnold, José A Carrillo, Irene Gamba, and C-W Shu. Low and high field scaling limits
for the vlasov—and wigner—poisson—fokker—planck systems. Transport theory and statistical
physics, 30(2-3):121-153, 2001.

Ivo Babuska, Ratl Tempone, and Georgios E Zouraris. Galerkin finite element approxi-
mations of stochastic elliptic partial differential equations. SIAM Journal on Numerical
Analysis, 42(2):800-825, 2004.

Michal Branicki and Andrew J Majda. Fundamental limitations of polynomial chaos for
uncertainty quantification in systems with intermittent instabilities. Comm. Math. Sci,
11(1):55-103, 2013.

Subrahmanyan Chandrasekhar. Stochastic probems in physics and astronomy. Rev. Modern
Phys., 15:1-89, 19432013.

Albert Cohen, Ronald DeVore, and Christoph Schwab. Convergence rates of best n-term
galerkin approximations for a class of elliptic spdes. Foundations of Computational Mathe-
matics, 10(6):615-646, 2010.

Albert Cohen, Ronald Devore, and Christoph Schwab. Analytic regularity and polyno-
mial approximation of parametric and stochastic elliptic pde’s. Analysis and Applications,
9(01):11-47, 2011.

Bruno Després and Benoit Perthame. Uncertainty propagation; intrusive kinetic formu-
lations of scalar conservation laws. SIAM/ASA Journal on Uncertainty Quantification, 9
(2011), pp. 615-646, 2015.

Jean Dolbeault, Clément Mouhot, and Christian Schmeiser. Hypocoercivity for linear
kinetic equations conserving mass. Transactions of the American Mathematical Society,
367(6):3807-3828, 2015.

Renjun Duan, Massimo Fornasier, and Giuseppe Toscani. A kinetic flocking model with
diffusion. Communications in Mathematical Physics, 300(1):95-145, 2010.

Roger. G. Ghanem and Pol. D. Spanos. Stochastic Finite Elements: A Spectral Approach.
Springer-Verlag, New York, 1991.

21



[11]

[12]

[19]

[20]

[21]

David Gottlieb and Dongbin Xiu. Galerkin method for wave equations with uncertain
coefficients. Commun. Comput. Phys., 3(2):505-518, 2008.

Thierry Goudon, Juanjo Nieto, Frédéric Poupaud, and Juan Soler. Multidimensional high-
field limit of the electrostatic vlasov—poisson—fokker—planck system. Journal of Differential
Equations, 213(2):418-442, 2005.

Max D. Gunzburger, Clayton G. Webster, and Guannan Zhang. Stochastic finite element
methods for partial differential equations with random input data. Acta Numer., 23:521—
650, 2014.

Jingwei Hu and Shi Jin. A stochastic galerkin method for the boltzmann equation with
uncertainty. Journal of Computational Physics, 315:150-168, 2016.

Hyung Ju Hwang and Juhi Jang. On the vlasov-poisson-fokker-planck equation near

maxwellian. Discrete & Continuous Dynamical Systems-Series B, 18(3), 2013.

Shi. Jin. Efficient asymptotic-preserving (AP) schemes for some multiscale kinetic equations.
SIAM J. Sci. Comput., 21:441-454, 1999.

Shi. Jin. Asymptotic preserving (AP) schemes for multiscale kinetic and hyperbolic equa-
tions: a review. Riv. Mat. Univ. Parma, 3:177-216, 2012.

Shi Jin, Jian-Guo Liu, and Zheng Ma. Uniform spectral convergence of the stochastic
galerkin method for the linear transport equations with random inputs in diffusive regime
and a micro-macro decomposition based asymptotic preserving method. Research in Math.
Sci.

Shi Jin and Liu Liu. An asymptotic-preserving stochastic galerkin method for the semi-
conductor boltzmann equation with random inputs and diffusive scalings. J. Comp. Phys.,
15:157-183, 2017.

Shi Jin and Hanqging Lu. An asymptotic-preserving stochastic galerkin method for the
radiative heat transfer equations with random inputs and diffusive scalings. Journal of
Computational Physics, 334:182-206, 2017.

Shi Jin, Dongbin Xiu, and Xueyu Zhu. Asymptotic-preserving methods for hyperbolic and
transport equations with random inputs and diffusive scalings. Journal of Computational
Physics, 289:35-52, 2015.

Qin Li and Li Wang. Uniform regularity for linear kinetic equations with random input

based on hypocoercivity. arXiv preprint arXiv:1612.01219, 2016.

Juan Nieto, Frédéric Poupaud, and Juan Soler. High-field limit for the vlasov-poisson-
fokker-planck system. Archive for Rational Mechanics and Analysis, 158(1):29-59, 2001.

Frédéric. Poupaud and Juan. Soler. Parabolic limit and stability of the Vlasov-Fokker-
Planck system. Math. Models Methods Appl. Sci., 10(7):1027-1045, 2000.

Juan Soler. Asymptotic behaviour for the vlasov-poisson-foker-planck system. Nonlinear
Analysis: Theory, Methods & Applications, 30(8):5217-5228, 1997.

22



[26]

[27]

28]

[29]

[30]

Tao Tang and Tao Zhou. Convergence analysis for stochastic collocation methods to scalar
hyperbolic equations with a random wave speed. Commun. Comput. Phys., 8(1):226-248,
2010.

Cédric Villani. Hypocoercivity. Number 949-951. American Mathematical Soc., 2009.

Dongbin. Xiu. Numerical Methods for Stochastic Computations. Princeton University Press,
New Jersey, 2010.

Dongbin Xiu and George Em Karniadakis. The wiener—askey polynomial chaos for stochastic
differential equations. SIAM Journal on Scientific Computing, 24(2):619-644, 2002.

Tao Zhou and Tao Tang. Convergence analysis for spectral approximation to a scalar
transport equation with a random wave speed. J. Comput. Math., 30(6):643-656, 2012.

Yuhua Zhu and Shi Jin. The vlasov-poisson-fokker-planck system with uncertainty and a

one-dimensional asymptotic preserving method. Preprint, 2016.

23



