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Abstract. Synchronization phenomenon is ubiquitous in strongly correlated oscillatory
systems, and the Kuramoto model serves as a prototype synchronization model for phase-
coupled oscillators. In this paper, we provide local sensitivity analysis for the Kuramoto
model with random inputs in initial data, distributed natural frequencies and coupling
strengths, which exhibits the interplay between random effects and synchronization non-
linearity. Our local sensitivity analysis provides some understanding of the robustness of
emergent dynamics of the random Kuramoto model in a large coupling regime, including
“propagation and vanishment of uncertainties” and “continuous dependence” of phase and
frequency variations in random parameter space with respect to the variations in initial
data.

1. Introduction

Complex oscillatory systems often exhibit collective coherent behaviors, e.g., flashing
of fireflies, chorusing of crickets, synchronous firing of cardiac pacemaker and metabolic
synchrony in yeast cell suspension etc [1, 8, 32, 41]. The rigorous mathematical treatment
of such problems began from the pioneering works [29, 41] by Kuramoto and Winfree about
half century ago. They introduced simple phase models for weakly coupled limit-cycle
oscillators, and showed how collective coherent behavior can emerge from the interplay
between intrinsic randomness in natural frequency and nonlinear attractive phase couplings.
This coherent motion is often called ”synchronziation” which means the adjustment of
rhythms in an ensemble of weakly coupled oscillators. Recently, the synchronization of
oscillators on networks became an emerging research area in different disciplines such as
biology, control theory, statistical physics and sociology. After Kuramoto and Winfree’s
seminal works, several phase models have been used in the phenomenological study of
synchronization. Among them, our main interest in this paper lies on the Kuramoto model.
We first briefly introduce the Kuramoto model (see Section 2 for its basic mathematical
structures).

Let θi = θi(t) be the phase of the i-th limit-cycle oscillator, and we assume that the
Kuramoto oscillators are located on a symmetric network whose interaction(connection)
topology is denoted by the coupling matrix K = (κij). In this setting, the evolution of

Date: March 1, 2018.
1991 Mathematics Subject Classification. 15B48, 92D25.
Key words and phrases. Cucker-Smale model, flocking, local sensitivity analysis, random communication,

uncertainty quantification.
Acknowledgment. The work of S.-Y. Ha was supported by National Research Foundation of

Korea(NRF-2017R1A2B2001864), and the work of S. Jin was supported by NSF grants DMS-1522184 and
DMS-1107291: RNMS KI-Net, and by the Office of the Vice Chancellor for Research and Graduate Educa-
tion at the University of Wisconsin.

1



2 HA, JIN, AND JUNG

phases is governed by the first-order system of ordinary differential equations [28, 29]:

(1.1) θ̇i = νi +
1

N

N∑
j=1

κij sin(θj − θi), t > 0,

where νi is the random natural frequency and κij is the symmetric coupling strength between
j and i-th oscillators. In previous literature in applied mathematics, control theory, say[1,
15, 23] and references therein, system (1.1) has been studied after the randomness in the
natural frequencies is quenched, i.e., νi is treated as a time-independent parameter (see
[4, 5, 6, 7, 9, 13, 14, 15, 16, 17, 21, 22, 23, 24, 35, 38, 39, 40]) for deterministic data and
coupling strengths. However, as one can easily imagine, initial data, natural frequencies
and mutual coupling strengths can be uncertain due to incomplete measurement of data
and ignorance of exact interaction mechanism between oscillators.

In this paper, in order to address this uncertainty, we employ a UQ (uncertainty quantifi-
cation) formalism in [25, 26, 30] (and references therein) in the context of synchronization.
Recently, UQ analysis has been applied in the collective models in the context of flocking in
[2, 10, 18, 20]. In previous studies, most analytical works for (1.1) were restricted to situa-
tion where the randomness in natural frequency νi is quenched and the coupling strengths
are the same constant. Throughout the paper, we consider a more realistic case where the
natural frequencies and mutual coupling strengths contain a kind of random component.
For this, we introduce random parameters z whose probability density function is given by
g = g(z). In this setting, the random phase process θi(t, z) satisfies a random dynamical
system:

(1.2) ∂tθi(t, z) = νi(z) +
1

N

N∑
j=1

κij(z) sin(θj(t, z)− θi(t, z)), 1 ≤ i ≤ N.

Note that if randomness in natural frequency and coupling strengths are quenched, then
system (1.2) reduces to the deterministic Kuramoto model (1.1) on a symmetric network.
Since the R.H.S. of (1.2) is 2π-periodic, the system (1.2) can be regarded as a dynamical
system on N -tori TN . However, if necessary, by lifting the system (1.2) in its covering space
RN , we will regard (1.2) as a dynamical system on RN . For the proposed random dynamical
system (1.2), we are mainly interested in the following questions:

• (Q1): How do the randomness in natural frequencies and coupling strength
affect synchronization process?

• (Q2): Are phase-locked states for (1.1) robust in the presence of ran-
domness?

While the mathematical and computational study for self-organization has received tremen-
dous interests in the last decade (see for examples review articles [31, 36]), as far as the
authors know, the study of uncertainty quantification for such problems has not been fully
addressed in literature until several recent works [2, 10, 18, 20] for the Cucker-Smale model
of flocking. The type of analysis conducted here is similar to the ones done in [18], in which
the flocking conditions, as well as local sensitivity analysis were studied from the viewpoint
of random initial data and communication weights between particles. Such a study not only
helps to understand the impact of uncertainty in the dynamic behavior of system under in-
vestigation, but it also helps to understand the behavior of numerical approximations for
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such random systems, since indeed the sensitivity results imply the regularity of the solu-
tion in the Sobolev norms which is important to understand the convergence of stochastic
algorithms [42]. For notational simplicity, we set

z ∈ Ω ⊂ R, ωi := ∂tθi, Θ := (θ1, · · · , θN ), V := (ω1, · · · , ωN ), V := (ν1, · · · , νN ).

To see the random effect in (1.2), we expand the phase and frequency processes θi(t, z+dz)
and via Taylor’s expnasion:

θi(t, z + dz) = θi(t, z) + ∂zθi(t, z)dz +
1

2
∂2
zθi(t, z)(dz)

2 + · · · ,

ωi(t, z + dz) = ωi(t, z) + ∂zωi(t, z)dz +
1

2
∂2
zωi(t, z)(dz)

2 + · · ·
(1.3)

Thus, the local sensitivity estimates [33, 34] deal with the dynamic behaviors of the sensi-
tivity vectors ∂rzΘ and ∂rzV consisting of coefficients in the R.H.S. of (1.3).

The main results of this papers are two-fold: First, we provide a sufficient framework
(F) leading to the uniform bound estimate for the diameter and `1-stability property of
∂rzΘ. Under the framework (F) formulated in terms of initial data, natural frequencies
and coupling strengths which are computable from given data and parameters, our results
provide the following local sensitivity estimates for ∂rzΘ:

• (Uniform bound for the diameter of ∂rzΘ): Our first estimate provides the estimate
like

(1.4) D(∂lzΘ(t, z)) ≤ D(∂lzΘ
0(z))e−κm(z) cosD(Θ0(z))t + Cl(z)(1− e−κm(z) cosD(Θ0(z))t),

where the random function Cl(z) depends only on given random data and param-
eters D(∂rzV(z)), ∂rzκij(z) and D(∂rzΘ

0(z)) for r = 0, 1, · · · , l (see Theorem 3.1
and (4.1)). In particular, for the ensemble of identical Kuramoto oscillators, we will
show a more refined estimate than (1.4):

D(∂zΘ(t, z)) ≤ Dl(z)e−
κm(z) cosD(Θ0(z))t

2 , for every t ≥ 0,

where the random function Dl(z) depends only on given random data and parame-
ters ∂rzκij(z) and D(∂rzΘ

0(z)) for r = 0, 1, · · · , l (see Corollary 3.3 for details).

• (`1-stability): For two solutions Θ and Θ̃ to (1.2) with initial data Θ0 and Θ̃0 in
random space, respectively: for every l ∈ N, there exists a nonnegative random
variable El = El(z) independent of t and a non-negative functional Λl := Λl(t, z)
such that

∂

∂t
‖∂lz(Θ− Θ̃)(t, z)‖1 + Λl(t, z) ≤ El(z)

l−1∑
p=0

‖∂pz (Θ− Θ̃)(t, z)‖1,

for every t ≥ 0. In addition, if we further assume that θc(0, z) = θ̃c(0, z)(for the
definition of θc, see (2.1)), we can find the exponential decay of `1−difference between
two solutions as follows: for every l ∈ N, there exists a nonnegative random variable
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Ẽl := Ẽl(z) such that

‖∂lz(Θ− Θ̃)(t, z)‖1 ≤ Ẽl(z)e−κm(z)γ(z)(cosD(Θ0(z)))t
l∑

p=0

‖∂pz (Θ0 − Θ̃0)(z)‖1.

In general, the aforementioned local sensitivity estimates for ∂rzΘ do not hold in a low
coupling regime (see the discussion right after the framework (F) in Section 3). Second, we
provide a synchronizing property of the frequency variations ∂rzV (see Theorem 5.1) under
the same framework (F):

D(∂lzV (t, z)) ≤ Fl(z)e−
κm(z) cosD(Θ0(z))t

2 , for every t ≥ 0,

where the random function Dl(z) depends only on given random data and parameters
∂rzκij(z) and D(∂rzΘ

0(z)) for r = 0, 1, · · · , l.

The rest of this paper is organized as follows. In Section 2, we provide conservation laws,
relative equilibria, gradient flow formulation and pathwise emergent dynamics for the ran-
dom Kuramoto model (1.2). In Section 3, a uniform bound for the diameter for the phase
variation is present, and a uniform `1-stability of ∂rzΘ is given in Section 4. In Section 5, we
present a synchronizing property of ∂rzV . Finally Section 6 is devoted to a brief summary
of our main results and future directions.

Notation: Throughout the paper, we use the following simplified notation: for Z :=
(z1, · · · , zN ) and coupling matrix K = (κij), we set

D(Z) := max
1≤i,j≤N

|zi − zj |, ‖Z‖p :=
( N∑
i=1

|zi|p
) 1
p
, p ∈ [1,∞),

‖Z‖∞ := max
1≤i≤N

|zi|, κm(z) := min
i,j

κij(z), ‖∂rzκ(z)‖∞ := max
i,j
|∂rzκi,j(z)|.

Let π : Ω→ R+ ∪ {0} be a nonnegative p.d.f. function, and let y = y(z) be a scalar-valued
random function defined on Ω. Then, we define the expected value as

E[ϕ] :=

∫
Ω
ϕ(z)π(z)dz,

2. Preliminaries

In this section, we study conservation laws and pathwise asymptotic dynamics for the
random Kuramoto model (1.2). These estimates are crucial in the local sensitivity analysis
in the following three sections.

2.1. Conservation laws. First, we consider conservation laws associated with random
dynamical system (1.2). In general, for a given dynamical system, it is important to look
for conserved quantities which govern overall dynamics of a system. For example, if a
Hamiltonian system has enough conserved quantities, then it can be integrable. So far, it is
known that the Kuramoto model (1.1) admits two conservation laws, namely the number
of oscillators and total sum of phases. Thus, once the complete synchronization happens,
where all oscillators rotate with the common frequency, then that constant is given by the
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average natural frequencies. For given Θ and V, consider a time-dependent random function
C(Θ,V, t):

C(Θ,V, t) :=
N∑
i=1

θi − t
N∑
i=1

νi.

Next, we show that the quantity C(Θ,V, t) is conserved along (1.2).

Lemma 2.1. Let Θ = Θ(t, z) be a random phase vector whose dynamics is governed by the
random Kuramoto model (1.2). Then, the quantity C(Θ,V, t) is constant along the path of
(1.2): for z ∈ Ω, t > 0,

∂tC(Θ(t, z),V(z), t) = 0.

Proof. We use the symmetry of κij = κji and (1.2) to obtain

∂tC(Θ(t, z),V(z), t) = ∂t

( N∑
i=1

θi(t, z)− t
N∑
i=1

νi(z)
)

=

N∑
i=1

∂tθi(t, z)−
N∑
i=1

νi(z) = 0,

which yields the desired estimate. �

Remark 2.1. Note that Lemma 2.1 implies

N∑
i=1

θi(t, z) = t

N∑
i=1

νi +

N∑
i=1

θ0
i (z), t ≥ 0, z ∈ Ω.

Hence, unless
∑N

i=1 νi is zero, the total phase
∑N

i=1 θi itself is not a conserved quantity.

Due to the translation invariant property of (1.2), the dynamics for averages and fluctu-
ations around them are completely decoupled in the sense that if one sets

θc :=
1

N

N∑
i=1

θi, νc :=
1

N

N∑
i=1

νi,

θ̃i := θi − θc, ν̃i := νi − νc, i = 1, · · · , N,

(2.1)

then θc and θ̃i satisfy

∂tθc(t, z) = νc(z),

∂tθ̃i(t, z) = ν̃i(z) +
1

N

N∑
j=1

κij(z) sin(θ̃j(t, z)− θ̃i(t, z)).
(2.2)

Note that the fluctuations satisfy the same equation (1.2). Thus, without loss of generality,
we will assume zero sum conditions:

N∑
i=1

νi = 0,

N∑
i=1

θi = 0

instead of the system (2.2)2.
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2.2. Relative equilibria. Note that the equilibrium solution Θ = (θ1, · · · , θN ) to (1.2) is
a solution to the following random system: for each z ∈ Ω,

(2.3) νi(z) +
1

N

N∑
j=1

κij(z) sin(θj(t, z)− θi(t, z)) = 0, 1 ≤ i ≤ N.

Due to Remark 2.1, if
∑N

i=1 νi 6= 0, then system (2.3) does not have a solution. This forces
us to consider relaxed equilibria.

Definition 2.1. [1, 15, 22] Let Θ(t, z) = (θ1(t, z), · · · , θN (t, z)) be a time-dependent random
phase vector.

(1) Θ is a random phase-locked state if all relative phase differences are constant over
time along the sample path: for z ∈ Ω,

θi(t, z)− θj(t, z) = θi(0, z)− θj(0, z), t ≥ 0, 1 ≤ i, j ≤ N.
(2) Θ exhibits asymptotic phase-locking (complete synchronization) if the relative fre-

quencies tend to zero asymptotically: for z ∈ Ω,

lim
t→∞
|∂tθi(t, z)− ∂tθj(t, z)| = 0, 1 ≤ i, j ≤ N.

Note that the random Kuramoto model (1.2) can also be recast as a gradient flow along
the sample path. We define a random potential in [22, 24, 37]: for a given random phase
vector Θ(t, z) = (θ1(t, z), · · · , θN (t, z)),

(2.4) V (Θ(t, z)) := −
N∑
k=1

νk(z)θk(t, z) +
1

2

N∑
k,l=1

κik(z)
(
1− cos(θk(t, z)− θl(t, z))

)
.

Then, it is easy to see that the random Kuramoto model (1.2) can be rewritten as a gradient
flow: for each z ∈ Ω,

(2.5) ∂tΘ = −∇ΘV (Θ), t > 0.

For the deterministic case, the gradient flow formulation (2.4) and (2.5) is useful to derive
the complete synchronization estimates for generic initial phase configuration in [22] without
decay rate. Since the following analysis requires a detailed exponential decay, we will not
employ the gradient flow and instead, we will use the framework in [12] where the explicit
relaxation rate toward the phase-locked states and uniform `1-stability have been studied.

2.3. Pathwise emergent dynamics. In this subsection, we provide pathwise emergent
dynamics of (1.2) which are useful in the following two sections.

Proposition 2.1. Let Θ = Θ(t, z) be a phase vector whose dynamics is governed by the
random Kuramoto model (1.2). Then, for a given z ∈ Ω, the following assertions hold.

(1) (Identical oscillators) Suppose that the coupling strength, natural frequencies and
initial phases satisfy

D(V(z)) = 0, κm(z) > 0, 0 < D(Θ0(z)) < π.

Then, there exists κm > 0 such that

D(Θ0(z))e−κm(z)t ≤ D(Θ(t, z)) ≤ D(Θ0(z))e−κm(z)γt, t ≥ 0,

where γ(z) := sinD(Θ0(z))
D(Θ0(z))

∈ (0, 1).



LOCAL SENSITIVITY ANALYSIS FOR THE KURAMOTO MODELS WITH RANDOM INPUTS 7

(2) (Nonidentical oscillators) Suppose that the coupling strength, natural frequencies
and initial phases satisfy

κm(z) >
D(V(z))

sinD(Θ0(z))
> 0, 0 < D(Θ0(z)) <

π

2
.

Then, we have

D(Θ(t, z)) ≤ D(Θ0(z)), D(V (t, z)) ≤ D(V 0(z))e−κm(z) cosD(Θ0(z))t.

Proof. The proof is almost the same as in [19] with a slight modification. Thus, we refer to
[19] for details.

�

Remark 2.2. Note that the uniform boundedness of D(V (t, z)) can be derived directly from
(1.2): for i = 1, · · · , N ,

|ωi(t, z)| =
∣∣∣νi(z) +

1

N

N∑
j=1

κij(t, z) sin(θ0
j (z)− θ0

i (t, z))
∣∣∣ ≤ ‖ν(z)‖∞ + ‖κ(z)‖∞,

where ‖ν(z)‖∞ := maxi |νi(z)|, ||κ(z)||∞ := maxi,j |κij(z)|. Thus, we have a uniform

boundedness for D(V ). Similarly, we can also deduce the boundedness of D(V l) from (3.7).

As a direct application of Proposition 2.1, we obtain statistical estimate for expectation
of random phase and frequency configurations.

Corollary 2.1. Suppose that initial data, natural frequencies and coupling strength satisfy

0 < sup
z∈Ω

D(Θ0(z)) ≤ π

2
− ε, for some ε > 0,

N∑
i=1

θ0
i = 0,

N∑
i=1

νi = 0,

sup
z∈Ω

D(V(z)) <∞, κm(z) >
D(V(z))

sinD(Θ0(z))
and inf

z∈Ω
κm(z) ≥ η > 0,

and let Θ = Θ(t, z) be a solution to system (1.2). Then, we have

E[D(Θ(t))] ≤ E[D(Θ0)] and E[D(V (t))] ≤ E[D(V 0)]e−η sin(ε)t.

Proof. The estimates directly follow from Proposition 2.1. �

2.4. Elementary key tools. In this subsection, we study two elementary facts to be
crucially used in the later sections. First, for reader’s convenience, we quote the formula for
the chain rules for higher derivatives of a composition function from [27]. It proof can be
made using the mathematical induction. We first introduce an index set: for given positive
integer n,

Λ(n) := {(k1, · · · , kn) ∈ (Z+ ∪ {0})n : k1 + 2k2 + · · ·+ nkn = n}.
Note that (0, · · · , 0, 1) is an element of Λ(n). Then, n-th derivative of f(g(x)) is given by
the following formula:

dn

dxn
f(g(x))

=
∑

(k1,··· ,kn)∈Λ(n)

n!

k1! · · · kn!
f (k)(g(x))

(g′(x)

1!

)k1
(g′′(x)

2!

)k2

· · ·
(g(n)(x)

n!

)kn
,

(2.6)
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where k := k1 + · · ·+ kn.

Next, we state a Gronwall type lemma without a proof.

Lemma 2.2. Let y : R+ ∪ {0} → R+ ∪ {0} be a differentiable function satisfying

(2.7) y′ ≤ −αy + Ce−βt, t > 0, y(0) = y0,

where α > β and C are non-negative constants. Then y satisfies

y(t) ≤ y0e
−αt +

C

α− β
(e−βt − e−αt)

Proof. Multiplying (2.7) by eαt and integrating it over (0, t] gives

y(t)eαt ≤ y0 +
C

α− β
(e(α−β)t − 1).

Dividing the above equation by eαt yields the desired result.
�

3. A uniform diameter bound for phase process

In this section, we present a uniform bound for sensitivity vectors ∂lzΘ with l ≥ 1.
Note that the diameter D(∂lzΘ)) is given by the relation:

D(∂lzΘ)) = max
i
∂lzθi −min

i
∂lzθi.

For l = 0, we have already studied the decay and uniform bound estimates of D(Θ) in
Proposition 2.1. For l ≥ 1, we will use mathematical induction together with modified
Gronwall’s lemma to derive the bound and decay estimates of D(∂lzΘ).

Consider the equation for ∂lzθi by differentiating (1.2) with respect to z:

(3.1) ∂t

(
∂lzθi(t, z)

)
= ∂lz(νi(z)) +

1

N

∑
1≤j≤N
0≤r≤l

(
l

r

)
∂l−rz

(
κij(z)

)
∂rz

(
sin(θj(t, z)− θi(t, z))

)
.

Note that for each z ∈ Ω and l ∈ N∪{0}, we have a real-analytic solution ∂lzθi(·, z) to (3.1).

3.0.1. Nonidentical oscillators. Now, we state a sufficient framework (F) for the local sen-
sitivity analysis for phase process:

• (F1): Initial phase processes are confined in a quarter arc and have zero mean:

0 < D(Θ0(z)) <
π

2
, sup

0≤r≤l
D(∂rzΘ

0(z)) <∞,
∑
i

θ0
i (z) = 0.

• (F2): Natural frequencies satisfy uniform bound and have zero mean:

sup
0≤r≤l

D(∂rzV(z)) <∞,
∑
i

νi(z) = 0.

• (F3): Mutual coupling strengths are sufficiently large such that

κm(z) >
D(V(z))

sinD(Θ0(z))
, max

0≤r≤l
‖∂rzκ(z)‖∞ ≤ κ∞ <∞.
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Note that the large coupling condition (F3) is necessary for the uniform boundedness of
diameters. For example, in a low coupling regime which is close to zero, the uniform bound
for diameter does not hold. Consider the random Kuramoto model (1.2) κij = 0:

∂tθi(t, z) = νi(z), 1 ≤ i ≤ N.

Thus, θi is completely integrable:

θi(t, z) = θ0
i (z) + tνi(z), t ≥ 0.

For a pair of oscillators with νi 6= νj ,

|θi(t, z)− θj(t, z)| ≥ t|νi(z)− νj(z)| − |θ0
i (z)− θ0

j (z)| → ∞, as t→∞,

which means the unboundedness of D(Θ). The same argument can be applied for ∂rzΘ to
derive unboundedness for κij = 0. By the structural stability of (1.2), this unboundedness
of diameter also works for low coupling regime κij � 1.

We now return to the uniform bound estimate for D(∂lzΘ). As the first step of the
induction, we study the estimate for D(∂1

zΘ) in the following lemma.

Lemma 3.1. (Uniform bound for D(∂zΘ)) Suppose that the framework (F) with l = 1
holds, and let Θ = Θ(t, z) be a solution to system (1.2). Then, for z ∈ Ω, we have

D(∂zΘ(t, z)) ≤ D(∂zΘ
0(z))e−κm(z) cosD(Θ0(z))t + C1(z)(1− e−κm(z) cosD(Θ0(z))t) ∀ t ≥ 0,

where the random variable C1(z) is given by the following relation:

(3.2) C1(z) :=
D(∂zV(z)) + 2‖∂zκ(z)‖∞ sinD(Θ0(z))

κm(z) cosD(Θ0(z))
.

Proof. Let Θ = Θ(t, z) be a solution to system (1.2) with zero sum conditions in (F1) and
(F2). Then, it follows from (3.1) that for any l ∈ N,∑

i

∂zθi(t, z) = 0, t ≥ 0, z ∈ Ω,

and ∂zθi(t, z) satisfies

∂t∂zθi = ∂zνi(z) +
1

N

∑
1≤j≤N

[
(∂zκij(z)) sin(θj − θi) + κij(z) cos(θj − θi)(∂zθj − ∂zθi)

]
.

(3.3)

We choose extremal indices M1 = M1(t, z),m1 = m1(t, z) such that

∂zθM1(t, z) := max
i
∂zθi(t, z), ∂zθm1(t, z) := min

i
∂zθi(t, z).

Note that for every z ∈ Ω, ∂zθM1(·, z) and ∂zθm1(·, z) are piecewise differentiable and
Lipschitz with respect to t. Then, we have

(3.4) D(∂zΘ(t, z)) := ∂zθM1(t, z)− ∂zθm1(t, z), t ≥ 0, z ∈ Ω.

For the estimate of D(∂zΘ), we estimate time-evolution of ∂zθM1 and ∂zθm1 as follows.
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• (Upper bound estimate of ∂zθM1): For a.e. t > 0, we have

∂t∂zθM1 ≤ ∂zνM1(z) + ‖∂zκ(z)‖∞ sinD(Θ) +
1

N

N∑
j=1

κM1,j(z) cos(θj − θM1)(∂zθj − ∂zθM1)

≤ ∂zνM1(z) + ‖∂zκ(z)‖∞ sinD(Θ) +
1

N

N∑
j=1

κm(z) cosD(Θ0(z))(∂zθj − ∂zθM1)

= ∂zνM1(z) + ‖∂zκ(z)‖∞ sinD(Θ)− κm(z) cosD(Θ0(z))∂zθM1 ,

(3.5)

where we used D(Θ(t, z)) ≤ D(Θ0(z)) from Proposition 2.1.

• (Lower bound estimate of ∂zθm1): Similarly for a.e. t > 0, we have

∂t∂zθm1 ≥ ∂zνm1(z)− ‖∂zκ(z)‖∞ sinD(Θ) +
1

N

N∑
j=1

κm1,j(z) cos(θj − θm1)(∂zθj − ∂zθm1)

≥ ∂zνm1(z)− ‖∂zκ(z)‖∞ sinD(Θ) +
1

N

N∑
j=1

κm(z) cosD(Θ0(z))(∂zθj − ∂zθm1)

= ∂zνm1(z)− ‖∂zκ(z)‖∞ sinD(Θ)− κm(z) cosD(Θ0(z))∂zθm1 , for a.e. t > 0.

(3.6)

We use the relations (3.4), (3.5) and (3.6) to yield the following Gronwall type inequality:
for a.e. t > 0,

∂tD(∂zΘ) ≤ −κm(z) cosD(Θ0)D(∂zΘ) +D(∂zV(z)) + 2‖∂zκ(z)‖∞ sinD(Θ)

≤ −κm(z) cosD(Θ0(z))D(∂zΘ) +D(∂zV) + 2‖∂zκ(z)‖∞ sinD(Θ0(z)).
(3.7)

where we used (2) of Proposition 2.1. Then, Grönwall’s lemma in Lemma 2.2 and continuity
of D(∂zΘ(·, z)) with respect to t, can be used to obtain the following desired estimate: for
z ∈ Ω,

D(∂zΘ(t, z)) ≤ D(∂zΘ
0(z))e−κm(z) cosD(Θ0(z))t

+
D(∂zV(z)) + 2‖∂zκ(z)‖∞ sinD(Θ0(z))

κm(z) cosD(Θ0(z))

(
1− e−κm(z) cosD(Θ0(z))t

)
.

�

Next, we use induction and provide a local sensitivity analysis for the diameter of higher-
order z-derivatives of phases.

Theorem 3.1. Suppose that the framework (F) holds, and let Θ = Θ(t, z) be a solution to
the system (1.2). Then, for z ∈ Ω, we have
(3.8)

D(∂lzΘ(t, z)) ≤ D(∂lzΘ
0(z))e−κm(z) cosD(Θ0(z))t+Cl(z)(1−e−κm(z) cosD(Θ0(z))t) for all t ≥ 0,

where the random variable Cl(z) (l ≥ 2) is inductively given by the following relation:

Cl(z) :=
2

κm(z) cosD(Θ0(z))
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×

{
D(∂lzV(z))

2
+ ‖∂lzκ(z)‖∞D(Θ0(z))

+ ‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
C̃p(z)

p!

)kp

+
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
r!

k1! · · · kr!
‖∂l−rz κ(z)‖∞

r∏
p=1

(
C̃p(z)

p!

)kp }
,

where C̃p(z) := max{D(∂pzΘ0(z)), Cp(z)} and Λ(r) follows from Section 2.4.

Proof. We use the mathematical induction together with initial step in Lemma 3.1.

• (Initial step): For l = 1, the estimate (3.8) is already established in Lemma 3.1.

• (Inductive step): For l ≥ 2, assume that the estimate (3.8) for D(∂kzΘ(t, z)) with k ≤
l − 1 hold, and we will show that the estimate (3.8) holds for D(∂lzΘ(t, z)) below. For
(k1, · · · , kr) ∈ (N ∪ {0})r, 1 ≤ i, j ≤ N and r ∈ N, we set M(r, k1, · · · , kr,Θ, i, j) as
follows:

M(r, k1, · · · , kr,Θ, i, j) := sin(k)(θj − θi)
r∏
p=1

(
∂pzθj − ∂pzθi

p!

)kp
,

where sin(k)(θj − θi) := dk

dxk
(sin(x))

∣∣
x=θj−θi

and k = k1 + · · · kr.
We use the chain rule for higher order derivatives at the end of Section 2, and deduce

that (3.1) becomes as follows:

∂t(∂
l
zθi)(t, z)

= ∂lzνi(z) +
1

N

N∑
j=1

κij(z) cos(θj − θi)(∂lzθj − ∂lzθi)

+
1

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κij(z)
l!

k1! · · · kl−1!
M(l − 1, k1, · · · , kl−1,Θ, i, j)

+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
∂l−rz κij(z)

r!

k1! · · · kr!
M(r, k1, · · · , kr,Θ, i, j)

+
1

N

∑
1≤j≤N

∂lzκij(z) sin(θj − θi).

For the l-th phase variations {∂lzθi(t, z)}, we choose extremal indices Ml = Ml(t, z), ml =
ml(t, z) such that

∂zθMl
(t, z) := max

i
∂lzθi(t, z), ∂zθml(t, z) := min

i
∂lzθi(t, z),

D(∂lzΘ(t, z)) := ∂lzθMl
(t, z)− ∂lzθml(t, z), t ≥ 0, z ∈ Ω.
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We note that for z ∈ Ω, ∂lzθMl
(·, z) and ∂lzθml(·, z) are piecewise differentiable and Lipschitz

with respect to t. Now, we estimate ∂lzθMl
and ∂lzθml separately as follows.

• Case A (Estimate for ∂t∂
l
zθMl

): For a.e. t ≥ 0, we have

∂t(∂
l
zθMl

)(t, z)

≤

∂lzνMl
(z) +

1

N

N∑
j=1

κMl,j(z) cos(θj − θMl
)(∂lzθj − ∂lzθMl

)


+

1

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κMl,j(z)
l!

k1! · · · kl−1!
M(l − 1, k1, · · · , kl−1,Θ,Ml, j)

+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
∂l−rz κMl,j(z)

r!

k1! · · · kr!
M(r, k1, · · · , kr,Θ,Ml, j)

+
1

N

∑
1≤j≤N

∂lzκMl,j(z) sin(θj − θMl
)

=:
4∑

k=1

I1k.

(3.9)

� Case A.1 (Estimate of I11): By direct estimate, we have

I11 = ∂lzνMl
+

1

N

N∑
j=1

κMl,j cos(θj − θMl
)(∂lzθj − ∂lzθMl

)

≤ ∂lzνMl
− κm cosD(Θ0)∂lzθMl

.

� Case A.2 (Estimate of I12 and I13): for r ≤ l − 1, use the induction hypothesis to get

D(∂rzΘ(t, z)) ≤ D(∂rzΘ
0(z))e−κm cosD(Θ0)t + Cr(z)(1− e−κm cosD(Θ0)t), for each z ∈ Ω,

which can be changed to

D(∂rzΘ(t, z)) ≤ max
{
D(∂rzΘ

0(z)), Cr(z)
}

=: C̃r(z), for each z ∈ Ω,

Hence we obtain

|M(r, k1, · · · , kr,Θ,Ml, j)| ≤
r∏
p=1

(
D(∂pzΘ(t, z))

p!

)kp
≤

r∏
p=1

(
C̃p(z)

p!

)kp
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for r = 1, · · · , l − 1. Thus,

I12 ≤ ‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
C̃p(z)

p!

)kp
,

I13 ≤
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
r!

k1! · · · kr!
‖∂l−rz κ(z)‖∞

r∏
p=1

(
C̃p(z)

p!

)kp

� Case A.3 (Estimate of I14): We deduce from Proposition 2.1 that

I14 ≤
‖∂lzκ(z)‖∞

N

∑
1≤j≤N

D(Θ(t, z)) ≤ ‖∂lzκ(z)‖∞D(Θ0(z)).

In (3.9), we combine all results in Case A.1 - Case A.3 to get the following: for a.e. t ≥ 0,

∂t∂
l
zθMl

(t, z) ≤ ∂lzνMl
− κm cosD(Θ0)∂lzθMl

+ ‖∂lzκ(z)‖∞D(Θ0(z))

+ ‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
C̃p(z)

p!

)kp

+
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
r!

k1! · · · kr!
‖∂l−rz κ(z)‖∞

r∏
p=1

(
C̃p(z)

p!

)kp
.

(3.10)

• Case B (Estimate for ∂t∂
l
z θ̂ml): Next, we estimate ∂t∂

l
zθml as follows: for a.e. t ≥ 0,

∂t(∂
l
zθml)(t, z)

≥

∂lzνml(z) +
1

N

N∑
j=1

κml,j(z) cos(θj − θml)(∂
l
zθj − ∂lzθml)


− 1

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κml,j(z)
l!

k1! · · · kl−1!
|M(l − 1, k1, · · · , kl−1,Θ, kl, j)|

− 1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
r!

k1! · · · kr!
|∂l−rz κml,j(z)M(r, k1, · · · , kr,Θ,ml, j)|

− 1

N

∑
1≤j≤N

|∂lzκml,j(z) sin(θj − θml)|

=:

4∑
k=1

I2k.

(3.11)
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� Case B.1 (Estimate of I21): In this case, we have

I21 ≥ ∂lzνml − κm cosD(Θ0)∂lzθml .

� Case B.2 (Estimate of I22 and I23): As in Case A.2, we have

I22 ≥ −‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
C̃p(z)

p!

)kp
,

I23 ≥ −
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
r!

k1! · · · kr!
‖∂l−rz κ(z)‖∞

r∏
p=1

(
C̃p(z)

p!

)kp
.

� Case B.3 (Estimate of I24): By direct estimate, we have

I24 ≥ −
‖∂lzκ(z)‖∞

N

∑
1≤j≤N

D(Θ(t, z)) ≥ −‖∂lzκ(z)‖∞D(Θ0(z)).

In (3.11), we combine all results in Case B.1 - Case B.3 to get the following: for a.e. t ≥ 0,

∂t∂
l
zθml(t, z) ≥ ∂

l
zνml − κm cosD(Θ0)∂lzθml − ‖∂

l
zκ(z)‖∞D(Θ0(z))

− ‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
C̃p(z)

p!

)kp

−
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
r!

k1! · · · kr!
‖∂l−rz κ(z)‖∞

r∏
p=1

(
C̃p(z)

p!

)kp
.

(3.12)

Next, we combine (3.10) and (3.12) to obtain

∂tD(∂lzΘ(t, z)) ≤ −κm(z) cosD(Θ0(z))
(
D(∂lzΘ(t, z))− Cl(z)

)
,

and we set

y := D(∂lzΘ), α = κm cosD(Θ0), β = 0, C = κm cosD(Θ0)Cl(z).

Finally, we use Lemma 2.2 to derive the desired estimate. �

As a direct application of Theorem 3.1, we have the local sensitivity estimate for the
phase diameter of ∂lzθi.

Corollary 3.1. Suppose that the framework (F) holds, and let Θ = Θ(t, z) be a solution to
system (1.2). Then, for z ∈ Ω, we have

(3.13) E[D(∂lzΘ(t, ·))] ≤ Emax{D(∂lzΘ
0), Cl(z)} t ≥ 0.

Proof. The result of Theorem 3.1 implies

D(∂lzΘ(t, z)) ≤ max{D(∂lzΘ
0(z)), Cl(z)}.

Note that the R.H.S. depend only on given data and parameters, i.e., Θ0,V, κij(z). �
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3.1. Identical oscillators. In this subsection, we consider an ensemble of identical oscil-
lators, and provide more refined local sensitivity estimates than those in Theorem 3.1. For
this, we improve estimates in Lemma 3.1 and Theorem 3.1.

Corollary 3.2. (First-order estimate) Suppose that the framework (F) with l = 1 and

νi = 0, i = 1, · · · , N
hold, and let Θ = Θ(t, z) be a solution to system (1.2). Then, for z ∈ Ω,

(3.14) D(∂zΘ(t, z)) ≤ D1(z)e−
κm(z) cosD(Θ0(z))t

2 .

where the random variable D1(z) is given by

D1(z) :=
4‖∂zκ(z)‖∞D(Θ0(z))

κm(z) cosD(Θ0(z))
+D(∂zΘ

0(z)).

Proof. We use (3.7) with D(∂zV) = 0 and Proposition 2.1 that for every t ≥ 0 and z ∈ Ω,

∂tD(∂zΘ(t, z))

≤ −κm(z) cosD(Θ0(z))D(∂zΘ(t, z)) + 2‖∂zκ(z)‖∞D(Θ(t, z))

≤ −κm(z) cosD(Θ0(z))D(∂zΘ(t, z)) + 2‖∂zκ(z)‖∞D(Θ0(z))e−
κm(z) cosD(Θ0(z))t

2 .

(3.15)

We set

y = D(∂zΘ), α = κm cosD(Θ0), β =
α

2
and C = 2‖∂zκ‖∞D(Θ0),

and apply Lemma 2.2 in (3.15) to derive the exponential decay estimate:

D(∂zΘ(t, z)) ≤ 4‖∂zκ(z)‖∞D(Θ0(z))

κm(z) cosD(Θ0(z))
e−

κm(z) cosD(Θ0(z))t
2 +D(∂zΘ

0(z))e−κm(z) cosD(Θ0(z))t.

This implies our desired result. �

Remark 3.1. For the constant couplings and initial data that are strictly confined in a
quarter arc, there exists a small positive constant ε ∈ (0, π2 ) such that

κm = constant, ∂zκij = 0, θ0
i (z) <

π

2
− ε,

the estimate in (3.14) implies

D(∂zΘ(t, z)) ≤ D(∂zΘ
0(z))e−

κm cos(π2−ε)t
2 .

Hence, we have

ED(∂zΘ(t, ·)) ≤ ED(∂zΘ
0(·))e−

κm cos(π2−ε)t
2 .

Next, we provide local sensitivity analysis for the identical case with higher order z-
derivatives.

Corollary 3.3. (Higher-order estimates) Suppose that the framework (F) with

νi = 0, i = 1, · · · , N
hold, and let Θ = Θ(t, z) be a solution to system (1.2). Then, for z ∈ Ω,

D(∂lzΘ(t, z)) ≤ Dl(z)e−
κm(z) cosD(Θ0(z))t

2 ,
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where the random variable Dl(z) (l ≥ 2) is inductively defined by

Dl(z) := D(∂lzΘ
0(z))

+
4

κm(z) cosD(Θ0(z))

×

{
D(Θ0(z))‖∂lzκ(z)‖∞ + ‖κ(z)‖∞

∑
(k1, ··· , kl)∈Λ(l)

kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
Dp(z)
p!

)kp

+
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!

(
Dp(z)
p!

)kp }
.

Proof. We will proceed by induction. Note that we have already proved l = 1 case in
Corollary 3.2. Then for the induction step, we estimate ∂t∂

l
zθM1 and ∂t∂

l
zθm1 as we did in

Theorem 3.1.

• Case C (Estimate for ∂t∂
l
zθMl

): For ∂t∂
l
zθMl

,

∂t(∂
l
zθMl

)(t, z)

≤ 1

N

N∑
j=1

κMl,j(z) cos(θj − θMl
)(∂lzθj − ∂lzθMl

)

+
1

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κMl,j(z)
l!

k1! · · · kl−1!
M(l − 1, k1, · · · , kl−1,Θ,Ml, j)

+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
∂l−rz κMl,j(z)

r!

k1! · · · kr!
M(r, k1, · · · , kr,Θ,Ml, j)

+
1

N

∑
1≤j≤N

∂lzκMl,j(z) sin(θj − θMl
)

=:

4∑
k=1

I3k.

(3.16)

� Case C.1 (Estimate of I31): for I31,

I31 =
1

N

N∑
j=1

κMl,j cos(θj − θMl
)(∂lzθj − ∂lzθMl

) ≤ −κm cosD(Θ0)∂lzθMl
.

� Case C.2 (Estimate of I32 and I33): By induction hypothesis, for each z ∈ Ω,

D(∂rzΘ(t, z)) ≤ Dr(z)e−
κm cosD(Θ0(z))t

2 .
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Thus,
(3.17)

M(r, k1, · · · , kr,Θ,Ml, j) ≤
r∏
p=1

(
D(∂pzΘ(t, z))

p!

)kp
≤ e−

κm cosD(Θ0(z))t
2

r∏
p=1

(
Dp(z)
p!

)kp
,

where we used k1 + · · ·+ kr ≥ 1. Thus, (3.17) yields

I32 ≤

‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2 ,

I33 ≤


∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2 .

� Case C.3 (Estimate of I34): In this case,

I34 ≤
‖∂lzκ‖∞
N

∑
1≤j≤N

D(Θ(t, z)) ≤ D(Θ0(z))‖∂lzκ(z)‖∞e−κm cosD(Θ0(z))t.

In (3.16), we combine all estimates in Case C.1 - Case C.3 to get

∂t∂
l
zθMl

(t, z)

≤ −κm cosD(Θ0)∂lzθMl
+D(Θ0(z))‖∂lzκ(z)‖∞e−κm cosD(Θ0(z))t

+

‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2

+


∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2

(3.18)
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• Case D (Estimate for ∂t∂
l
zθml): Now we evaluate ∂t∂

l
zθml as follows.

∂t(∂
l
zθml)(t, z)

≥ 1

N

N∑
j=1

κml,j cos(θj − θml)(∂
l
zθj − ∂lzθml)

− 1

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κml,j
l!

k1! · · · kl−1!
|M(l − 1, k1, · · · , kl−1,Θ, kl, j)|

− 1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
r!

k1! · · · kr!
|∂l−rz κml,j | |M(r, k1, · · · , kr,Θ,ml, j)|

− 1

N

∑
1≤j≤N

|∂lzκml,j sin(θj − θml)|

=:

4∑
k=1

I4k.

(3.19)

� Case D.1 (Estimate of I41): In this case,

I41 ≥ −κm cosD(Θ0)∂lzθml .

� Case D.2 (Estimate of I42 and I43): Similar to estimates I32 and I33,

I42 ≥ −

‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2 ,

I43 ≥ −


∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2 .

� Case D.3 (Estimate of I44): We have

I44 ≥ −
‖∂lzκ‖∞
N

∑
1≤j≤N

D(Θ(t, z)) ≥ −D(Θ0(z))‖∂lzκ(z)‖∞e−κm cosD(Θ0(z))t.
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In (3.19), we combine all esitmates in Case D.1 - Case D.3 to get

∂t∂
l
zθml(t, z)

≥ −κm cosD(Θ0)∂lzθml −D(Θ0(z))‖∂lzκ(z)‖∞e−κm cosD(Θ0(z))t

−

‖κ(z)‖∞
∑

(k1, ··· , kl)∈Λ(l)
kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2

−


∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!

(
Dp(z)
p!

)kp e−
κm cosD(Θ0(z))t

2

(3.20)

Finally, we combine (3.18) and (3.20) to obtain

(3.21) ∂tD(∂lzΘ(t, z)) ≤ −κm cosD(Θ0)D(∂lzΘ(t, z)) + E(z)e−
κm cosD(Θ0(z))t

2 .

where the random variable E(z) is given by

E(z) :=2

{
D(Θ0(z))‖∂lzκ(z)‖∞ + ‖κ(z)‖∞

∑
(k1, ··· , kl)∈Λ(l)

kl=0

l!

k1! · · · kl−1!

l−1∏
p=1

(
Dp(z)
p!

)kp

+
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!

(
Dp(z)
p!

)kp }
,

Then, we apply Grönwall’s lemma in Lemma 2.2 to (3.21), to yield

D(∂lzΘ(t, z)) ≤ D(∂lzΘ
0(z))e−κm cosD(Θ0)t +

2

κm cosD(Θ0)
E(z)e−

κm cosD(Θ0)t
2 ,

which implies the desired result. �

4. Uniform `1-stability estimate for the phase process

In this subsection, we provide `1-stability estimates for phase variations ∂lzΘ with respect

to initial phase variations in random space. Let Θ and Θ̃ be solutions to (1.2) with suffi-

ciently regular initial data Θ0 and Θ̃0 in random space, respectively. In the sequel, we will
derive an estimate like

∂

∂t
‖∂lz(Θ− Θ̃)(t, z)‖1 + Λl(t, z) ≤ El(z)

l−1∑
p=0

‖∂pz (Θ− Θ̃)(t, z)‖1,

where l ∈ N, the positive random variable El(z) is independent of t and Λl(t, z) is a non-
negative functional.
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Let Θ and Θ̃ be two random Kuramoto flows whose dynamics are governed by (1.2).
Then, for r ∈ N ∪ {0} and z ∈ Ω, we set

I0
r (t, z) := {1 ≤ i ≤ N | ∂rzθi(t, z)− ∂rz θ̃i(t, z) = 0},

I+
r (t, z) := {1 ≤ i ≤ N | ∂rzθi(t, z)− ∂rz θ̃i(t, z) > 0},

I−r (t, z) := {1 ≤ i ≤ N | ∂rzθi(t, z)− ∂rz θ̃i(t, z) < 0},
I0(t, z) := I0

0 (t, z), I+(t, z) := I+
0 (t, z), I−(t, z) := I−0 (t, z).

(4.22)

First, we provide pathwise `1- stability for (1.2) following the arguments line by line in [12]

Proposition 4.1. (Pathwise `1-stability) Suppose that the framework (F) with l = 0 hold,

and let Θ = Θ(t, z) and Θ̃ = Θ̃(t, z) be two solutions to system (1.2) with initial data Θ0

and Θ̃0, respectively. Then, for z ∈ Ω, the following assertions hold:

(1) If θc(0) 6= θ̃c(0), then

∂

∂t
‖(Θ− Θ̃)(t, z)‖1 + Λ(t, z) ≤ 0,

for all t ≥ 0 and each z ∈ Ω, where the non-negative functional Λ(s, z) is defined
by

Λ(t, z) :=
κm(z) sinD(Θ0(z))

ND(Θ0(z))
cosD(Θ0(z))

×
[ (
|I0(t)|+ 2|I−(t)|

) ∑
i∈I+(t)

|(θi − θ̃i)(t)|+
(
|I0(t)|+ 2|I+(t)|

) ∑
i∈I−(t)

|(θi − θ̃i)(t)|
]
.

(2) If θc(0, z) = θ̃c(0, z) for every z ∈ Ω, then

‖(Θ0 − Θ̃0)(z)‖1e−‖κ(z)‖∞t ≤ ‖(Θ− Θ̃)(t, z)‖1 ≤ ‖(Θ0 − Θ̃0)(z)‖1e−κm(z) cosD(Θ0(z))γ(z)t,

for all t ≥ 0 and each z ∈ Ω, where γ(z) := sinD(Θ0(z))
D(Θ0(z))

.

Proof. The proof is almost the same as in the deterministic case in [12]. So we omit the
proof. �

For A(t, z) = {α(t, z)}Ni=1 ∈ RN , and define J0, J± and ∆ij as in (4.22): for t ≥ 0, z ∈ Ω,

J0(t, z) := {1 ≤ i ≤ N | αi(t, z) = 0},
J+(t, z) := {1 ≤ i ≤ N | αi(t, z) > 0},
J−(t, z) := {1 ≤ i ≤ N | αi(t, z) < 0},
∆ij(t, z) := (sgn(αi(t, z))− sgn(αj(t, z)))(αj(t, z)− αi(t, z)).

Lemma 4.1. The following assertions hold.

(1) We have

N∑
i,j=1

∆ij = −2

(|J0|+ 2|J−|
) ∑
i∈J+

|αi|+
(
|J0|+ 2|J+|

) ∑
i∈J−

|αi|

 .
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(2) Moreover, if
N∑
i=1

αi = 0, then

N∑
i,j=1

∆ij = −2N

N∑
i=1

|αi|.

Proof. (i) Note that if αiαj > 0, then ∆ij = 0. So we consider the other cases for evaluating
∆ij as follows:

αi > 0, αj = 0 =⇒ ∆ij = −|αi|; αi < 0, αj = 0 =⇒ ∆ij = −|αi|,
αi = 0, αj > 0 =⇒ ∆ij = −|αj |; αi = 0, αj < 0 =⇒ ∆ij = −|αj |,
αi > 0, αj < 0 =⇒ ∆ij = −2(|αi|+ |αj |),
αi < 0, αj > 0 =⇒ ∆ij = −2(|αi|+ |αj |).

These imply ∑
(i,j)∈J+×J0

∆ij = −|J0|
∑
i∈J+

|αi|,
∑

(i,j)∈J−×J0

∆ij = −|J0|
∑
i∈J−

|αi|,

∑
(i,j)∈J0×J+

∆ij = −|J0|
∑
i∈J+

|αi|,
∑

(i,j)∈J0×J−
∆ij = −|J0|

∑
i∈J−

|αi|,

∑
(i,j)∈J+×J−

∆ij = −2|J−|
∑
i∈J+

|αi| − 2|J+|
∑
i∈J−

|αi|,

∑
(i,j)∈J+×J0

∆ij = −2|J−|
∑
i∈J+

|αi| − 2|J+|
∑
i∈J−

|αi|.

(4.23)

We combine all estimates in (4.23) to derive the estimate (i).

(ii) Now, assume that
∑N

i=1 αi = 0. Then∑
i∈J−

|αi| = −
∑
i∈J−

αi =
∑
i∈J+

αi =
∑
i∈J+

|αi|.

Thus,

∑
i∈J−

|αi| =
∑
i∈J+

|αi| =
1

2

N∑
i=1

|αi|.

This yields

N∑
i,j=1

∆ij = −2

(|J0|+ 2|J−|
) ∑
i∈J+

|αi|+
(
|J0|+ 2|J+|

) ∑
i∈J−

|αi|


= −2

{(
|J0|+ |J−|+ |J+|

) N∑
i=1

|αi|

}
= −2N

N∑
i=1

|αi|.

�

Now we ready to prove the `1-stability result. First we provide l = 1 case.
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Proposition 4.2. Suppose that the framework (F) with l = 1 for initial data Θ0 and Θ̃0

hold, and let Θ := Θ(t, z) and Θ̃ := Θ̃(t, z) be two solutions (1.2) with initial data Θ0 and

Θ̃0, respectively satisfying

D(∂rzΘ̃
0(z)) ≤ D(∂rzΘ

0(z)), for r = 0, 1, and each z ∈ Ω.

Then for all t ≥ 0 and each z ∈ Ω,

∂

∂t
‖∂z(Θ− Θ̃)(t, z)‖1 + Λ1(t, z) ≤ E1(z)‖(Θ− Θ̃)(t, z)‖1,

where the non-negative functional Λ1(s, z) is defined by

Λ1(s, z) :=
κm(z) cosD(Θ0(z))

N

[ (
|I0

1 (s)|+ 2|I−1 (s)|
) ∑
i∈I+

1 (s)

|(∂zθi − ∂z θ̃i)(s)|

+
(
|I0

1 (s)|+ 2|I+
1 (s)|

) ∑
i∈I−1 (s)

|(∂zθi − ∂z θ̃i)(s)|
]
,

and the random variable E1(z) is given by

E1(z) := 2‖∂zκ(z)‖∞ cosD(Θ0(z)) + 2‖κ(z)‖∞ sinD(Θ0(z))C̃1(z).

Proof. For each z ∈ Ω, it follows from (3.11) that

∂

∂t

N∑
i=1

|(∂zθi − ∂z θ̃i)(t)|

=
1

N

N∑
i,j=1

sgn(∂zθi − ∂z θ̃i)∂zκij(z)(sin(θj − θi)− sin(θ̃j − θ̃i))

+
1

N

N∑
i,j=1

sgn(∂zθi − ∂z θ̃i)κij(z)(cos(θj − θi)− cos(θ̃j − θ̃i))(∂zθj − ∂zθi)

+
1

N

N∑
i,j=1

sgn(∂zθi − ∂z θ̃i)κij(z) cos(θ̃j − θ̃i)(∂zθj − ∂zθi − ∂z θ̃j + ∂z θ̃i)

=:

3∑
k=1

I5k.

Now we estimate I5k (k =1, 2, 3) separately.

• Case E.1 (Estimate for I51) : In this case,

I51 =
2

N

N∑
i,j=1

sgn(∂zθi − ∂z θ̃i)∂zκij cos

(
θj − θi

2
+
θ̃j − θ̃i

2

)
sin

(
θj − θi

2
− θ̃j − θ̃i

2

)

≤ 2

N

N∑
i,j=1

|∂zκij | cosD(Θ0)

(∣∣∣∣∣θj − θ̃j2

∣∣∣∣∣+

∣∣∣∣∣θi − θ̃i2

∣∣∣∣∣
)

≤ 2‖∂zκ‖∞ cosD(Θ0)‖(Θ− Θ̃)(t, z)‖1.
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• Case E.2 (Estimate for I52): Similarly, we have

I52 ≤
2

N

N∑
i,j=1

κij sin

∣∣∣∣∣θj − θi2
+
θ̃j − θ̃i

2

∣∣∣∣∣ sin
∣∣∣∣∣θj − θi2

− θ̃j − θ̃i
2

∣∣∣∣∣ |∂zθj − ∂zθi|
≤ 2‖κ‖∞ sinD(Θ0)D(∂zΘ(t, z))

N

N∑
i,j=1

sin

∣∣∣∣∣θj − θ̃j2
− θi − θ̃i

2

∣∣∣∣∣
≤ 2‖κ‖∞ sinD(Θ0)D(∂zΘ(t, z))

N

N∑
i,j=1

(∣∣∣∣∣θj − θ̃j2

∣∣∣∣∣+

∣∣∣∣∣θi − θ̃i2

∣∣∣∣∣
)

≤ 2‖κ‖∞ sinD(Θ0)C̃1(z)‖(Θ− Θ̃)(t, z)‖1.

• Case E.3 (Estimate for I53) : We get

I53 =
1

N

N∑
i,j=1

sgn(∂zθi − ∂z θ̃i)κij cos(θ̃j − θ̃i)(∂zθj − ∂zθi − ∂z θ̃j + ∂z θ̃i)

=
1

2N

N∑
i,j=1

(sgn(∂zθi − ∂z θ̃i)− sgn(∂zθj − ∂z θ̃j))κij cos(θ̃j − θ̃i)(∂zθj − ∂zθi − ∂z θ̃j + ∂z θ̃i)

≤ κm cosD(Θ0)

2N

N∑
i,j=1

(sgn(∂zθi − ∂z θ̃i)− sgn(∂zθj − ∂z θ̃j))(∂zθj − ∂zθi − ∂z θ̃j + ∂z θ̃i),

where we used

(4.24) (sgn(α)− sgn(β))(β − α) ≤ 0, α, β ∈ R.

Now we let αi = ∂zθi− ∂z θ̃i. Then applying Lemma 4.1 completes the proof. Note that J0,
J+ and J− become I0

1 , I+
1 and I−1 respectively. �

For the case θc(0, z) = θ̃c(0, z), we have the exponential decay estimate.

Corollary 4.1. Suppose that the framework (F) with l = 1 for initial data Θ0 and Θ̃0

hold, and further assume that θc(0, z) := θ̃c(0, z). Let Θ := Θ(t, z) and Θ̃ := Θ̃(t, z) be two

solutions (1.2) with initial data Θ0 and Θ̃0, respectively satisfying

D(∂rzΘ̃
0(z)) ≤ D(∂rzΘ

0(z)), for r = 0, 1, and each z ∈ Ω.

Then for all t ≥ 0 and each z ∈ Ω,

‖∂z(Θ− Θ̃)(t, z)‖1 ≤ Ẽ1(z)(z)e−κm(z) cosD(Θ0(z))γ(z)t
(
‖(Θ0− Θ̃0)(z)‖1 +‖∂z(Θ0− Θ̃0)(z)‖1

)
,

where γ(z) := sinD(Θ0(z))
D(Θ0(z))

∈ (0, 1) and the random variable Ẽ1(z) is given by

Ẽ1(z) := max

{
1,

E1(z)

κm(z) cosD(Θ0(z))(1− γ(z))

}
.

Proof. We set

αi = ∂zθi − ∂z θ̃i.
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Since θc(0, z) = θ̃c(0, z),
N∑
i=1

αi = 0.

On the other hand, in the course of proof of Proposition 4.1,

I53 ≤ −κm cosD(Θ0)‖∂z(Θ− Θ̃)(t, z)‖1.

Hence

∂

∂t
‖∂z(Θ− Θ̃)(t, z)‖1

≤ −κm cosD(Θ0)‖∂z(Θ− Θ̃)(t, z)‖1 + E1(z)‖(Θ− Θ̃)(t, z)‖1
≤ −κm cosD(Θ0)‖∂z(Θ− Θ̃)(t, z)‖1 + E1(z)|(Θ0 − Θ̃0)(z)‖1e−κmγ cosD(Θ0)t,

(4.25)

where we used the estimate (ii) of Proposition 4.1:

‖(Θ− Θ̃)(t, z)‖1 ≤ ‖(Θ0 − Θ̃0)(z)‖1e−κmγ cosD(Θ0)t.

We now apply Grönwall’s lemma in Lemma 2.2 to (4.25) to obtain

‖∂z(Θ− Θ̃)(t, z)‖1 ≤ ‖∂z(Θ0 − Θ̃0)(z)‖1e−κm cosD(Θ0)t

+
E1(z)e−κm cosD(Θ0)γt

κm cosD(Θ0)(1− γ)
‖(Θ0 − Θ̃0)(z)‖1(1− e−κm cosD(Θ0)(1−γ)t),

which yields our desired result. �

Finally, we provide the stability result for higher-order derivatives.

Theorem 4.1. (Higher-order estimates) Suppose that the framework (F) for initial data

Θ0 and Θ̃0 hold, and let Θ := Θ(t, z) and Θ̃ := Θ̃(t, z) be two solutions (1.2) with initial

data Θ0 and Θ̃0, respectively satisfying

D(∂rzΘ̃
0(z)) ≤ D(∂rzΘ

0(z)), for any r = 0, 1, · · · , l and each z ∈ Ω.

Then for all t ≥ 0 and each z ∈ Ω,

∂

∂t
‖∂lz(Θ− Θ̃)(t, z)‖1 + Λl(t, z) ≤ El(z)

l−1∑
p=0

‖∂pz (Θ− Θ̃)(t, z)‖1,

where the non-negative functional Λl(s, z) is defined by

Λl(s, z) :=
κm(z) cosD(Θ0(z))

N

×
[ (
|I0
l (s)|+ 2|I−l (s)|

) ∑
i∈I+

l (s)

|(∂lzθi − ∂lz θ̃i)(s)|

+
(
|I0
l (s)|+ 2|I+

l (s)|
) ∑
i∈I−l (s)

|(∂lzθi − ∂lz θ̃i)(s)|
]
,

and the random variable El(z) is given by

El(z) := 2‖κ(z)‖∞ sinD(Θ0(z))C̃l(z)
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+ 2‖κ‖∞

 ∑
(k1, ··· , kl)∈Λ(l)

kl=0

l!

k1! · · · kl−1!
P (l − 1, k1, · · · , kl−1)



+

2(l − 1)
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!
P (r, k1, · · · , kr, z)


+ 2‖∂lzκ(z)‖∞ cosD(Θ0(z)),

where the random variable P (r, k1, · · · , kr, z) is given by

P (r, k1, · · · , kr, z) :=

r∏
p=1

∣∣∣∣∣ C̃p(z)p!

∣∣∣∣∣
kp

+

[ ∑
1≤p≤r
kp 6=0

kp

(
C̃p(z)

)kp−1
{ ∏

0≤µ≤r+1
µ 6=p

(
C̃µ(z)

µ!

)kµ }]
.

Proof. It follows from (2.6) that

∂t(∂
l
zθi)(t, z)

= ∂lzνi(z) +
1

N

N∑
j=1

κij(z) cos(θj − θi)(∂lzθj − ∂lzθi)

+
1

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κij(z)
l!

k1! · · · kl−1!
M(l − 1, k1, · · · , kl−1,Θ, i, j)

+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
∂l−rz κij(z)

r!

k1! · · · kr!
M(r, k1, · · · , kr,Θ, i, j)

+
1

N

∑
1≤j≤N

∂lzκij(z) sin(θj − θi),

where M(r, k1, · · · , kr,Θ, i, j) is defined in the proof of Theorem 3.1. Recall that the func-
tional M(r, k1, · · · , kr,Θ, i, j) has the following form:

M(r, k1, · · · , kr,Θ, i, j) := sin(k)(θj − θi)
r∏
p=1

(
∂pzθj − ∂pzθi

p!

)kp
,

where (k1, · · · , kr) ∈ (N ∪ {0})r, 1 ≤ i, j ≤ N , r ∈ N and k = k1 + · · ·+ kr. And also for
more simplicity, we let

Mr :=M(r, k1, · · · , kr,Θ, i, j), M̃r :=M(r, k1, · · · , kr, Θ̃, i, j).
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Now we proceed by induction on l. By using above notations, we can get the following
relation:

∂

∂t
‖∂lz(Θ− Θ̃)(t, z)‖1

=
1

N

N∑
i,j=1

sgn(∂lzθi − ∂lz θ̃i)κij(z)(cos(θj − θi)− cos(θ̃j − θ̃i))(∂lzθj − ∂lzθi)

+
1

N

N∑
i,j=1

sgn(∂lzθi − ∂lz θ̃i)κij(z) cos(θ̃j − θ̃i)(∂lzθj − ∂lzθi − ∂lz θ̃j + ∂lz θ̃i)

+
1

N

∑
1≤i,j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

sgn(∂lzθi − ∂lz θ̃i)κij(z)
l!

k1! · · · kl−1!
(Ml−1 − M̃l−1)

+
1

N

∑
1≤i,j≤N
1≤r≤l−1

(k1, ··· , kr)∈Λ(r)

sgn(∂lzθi − ∂lz θ̃i)
(
l

r

)
∂l−rz κij(z)

r!

k1! · · · kr!
(Mr − M̃r)

+
1

N

N∑
i,j=1

sgn(∂lzθi − ∂lz θ̃i)∂lzκij(z)(sin(θj − θi)− sin(θ̃j − θ̃i))

=:

5∑
k=1

I6k.

(4.26)

As we did in Proposition 4.2, we estimate each I6k (k =1, 2, 3, 4, 5) separately:

• Case F.1 (Estimate for I61):

I61 ≤
2

N

N∑
i,j=1

κij sin

∣∣∣∣∣θj − θi2
+
θ̃j − θ̃i

2

∣∣∣∣∣ sin
∣∣∣∣∣θj − θi2

− θ̃j − θ̃i
2

∣∣∣∣∣ |∂lzθj − ∂lzθi|
≤ 2‖κ‖∞ sinD(Θ0)D(∂lzΘ(t, z))

N

N∑
i,j=1

sin

∣∣∣∣∣θj − θ̃j2
− θi − θ̃i

2

∣∣∣∣∣
≤ 2‖κ‖∞ sinD(Θ0)D(∂lzΘ(t, z))

N

N∑
i,j=1

(∣∣∣∣∣θj − θ̃j2

∣∣∣∣∣+

∣∣∣∣∣θi − θ̃i2

∣∣∣∣∣
)

≤ 2‖κ‖∞ sinD(Θ0)C̃l(z)‖(Θ− Θ̃)(t, z)‖1.
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• Case F.2 (Estimate for I62) :

I62 =
1

N

N∑
i,j=1

sgn(∂lzθi − ∂lz θ̃i)κij cos(θ̃j − θ̃i)(∂lzθj − ∂lzθi − ∂lz θ̃j + ∂lz θ̃i)

=
1

2N

N∑
i,j=1

(sgn(∂lzθi − ∂lz θ̃i)− sgn(∂lzθj − ∂lz θ̃j))κij cos(θ̃j − θ̃i)(∂lzθj − ∂lzθi − ∂lz θ̃j + ∂lz θ̃i)

≤ κm cosD(Θ0)

2N

N∑
i,j=1

(sgn(∂lzθi − ∂lz θ̃i)− sgn(∂lzθj − ∂lz θ̃j))(∂lzθj − ∂lzθi − ∂lz θ̃j + ∂lz θ̃i),

where we used (4.24). Now we set αi := ∂lzθi − ∂lz θ̃i, and apply Lemma 4.1 to get

I82 ≤ −Λl(t, z),

and note that J0, J+ and J− become I0
l , I+

l and I−l respectively.

• Case F.3 (Estimates for I63 and I64) : Here, it suffices to estimate Mr − M̃r:

Mr − M̃r

=
(

sin(k)(θj − θi)− sin(k)(θ̃j − θ̃i)
) r∏
p=1

(
∂pzθj − ∂pzθi

p!

)kp

+
(

sin(k)(θ̃j − θ̃i)
) r∑
p=1

[{
p−1∏
µ1=0

(
∂µ1
z θ̃j − ∂µ1

z θ̃i
µ1!

)kµ1
}{

r+1∏
µ2=p+1

(
∂µ2
z θj − ∂µ2

z θi
µ2!

)kµ2

}

×

{(
∂pzθj − ∂pzθi

p!

)kp
−

(
∂pz θ̃j − ∂pz θ̃i

p!

)kp }]
=: K1 +K2,

where we set k0 = kr+1 = 0. For K1, note that∣∣∣sin(k)(θj − θi)− sin(k)(θ̃j − θ̃i)
∣∣∣ ≤ 2 sin

∣∣∣∣∣θj − θi2
− θ̃j − θ̃i

2

∣∣∣∣∣ .
Hence, for K1,

K1 ≤ 2 sin

∣∣∣∣∣θj − θi2
− θ̃j − θ̃i

2

∣∣∣∣∣
r∏
p=1

∣∣∣∣∂pzθj − ∂pzθip!

∣∣∣∣kp

≤ 2

(∣∣∣∣∣θj − θ̃j2

∣∣∣∣∣+

∣∣∣∣∣θi − θ̃i2

∣∣∣∣∣
)

r∏
p=1

∣∣∣∣D(∂pzΘ)

p!

∣∣∣∣kp ≤ (∣∣∣θj − θ̃j∣∣∣+
∣∣∣θi − θ̃i∣∣∣) r∏

p=1

∣∣∣∣∣ C̃p(z)p!

∣∣∣∣∣
kp

.

For the term K2,∣∣∣∣∣∣
(
∂pzθj − ∂pzθi

p!

)kp
−

(
∂pz θ̃j − ∂pz θ̃i

p!

)kp∣∣∣∣∣∣
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≤

{
0 if kp = 0,

kp

(
C̃p(z)

)kp−1
|∂pzθj − ∂pzθi − ∂pz θ̃j + ∂pz θ̃i| if kp > 0,

where we used the relation: for n ∈ N and 0 ≤ p ≤ l

an − bn = (a− b)
n−1∑
k=0

akbn−1−k, D(∂pzΘ(t, z)), D(∂pz Θ̃(t, z)) ≤ C̃p(z).

Note that the second relation follows from the assumption D(∂rzΘ̃
0) ≤ D(∂rzΘ

0) for r =
0, 1, · · · , l. Now this yields

K2 ≤
r∑
p=1

[{ ∏
0≤µ≤r+1
µ6=p

(
C̃µ(z)

µ!

)kµ }{(
∂pzθj − ∂pzθi

p!

)kp
−

(
∂pz θ̃j − ∂pz θ̃i

p!

)kp }]

≤
∑

1≤p≤r
kp 6=0

[{ ∏
0≤µ≤r+1
µ6=p

(
C̃µ(z)

µ!

)kµ }
kp

(
C̃p(z)

)kp−1 (
|∂pzθj − ∂pz θ̃j |+ |∂pzθi − ∂pz θ̃i|

)]

≤

[ ∑
1≤p≤r
kp 6=0

kp

(
C̃p(z)

)kp−1
{ ∏

0≤µ≤r+1
µ 6=p

(
C̃µ(z)

µ!

)kµ }]

×
r∑
p=1

(
|∂pzθj − ∂pz θ̃j |+ |∂pzθi − ∂pz θ̃i|

)
.

We combine estimates for K1 and K2 to get

|Mr − M̃r| ≤ P (r, k1, · · · , kr, z)
r∑
p=0

(
|∂pzθj − ∂pz θ̃j |+ |∂pzθi − ∂pz θ̃i|

)
,

Now, the terms I83 and I84 can be estimated as follows.

I63 ≤
1

N

∑
1≤i,j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κij
l!

k1! · · · kl−1!
|Ml−1 − M̃l−1|

≤ ‖κ‖∞
N

 ∑
(k1, ··· , kl)∈Λ(l)

kl=0

l!

k1! · · · kl−1!
P (l − 1, k1, · · · , kl−1, z)


×

∑
1≤i,j≤N
0≤p≤l−1

(
|∂pzθj − ∂pz θ̃j |+ |∂pzθi − ∂pz θ̃i|

)

≤ 2‖κ‖∞

 ∑
(k1, ··· , kl)∈Λ(l)

kl=0

l!

k1! · · · kl−1!
P (l − 1, k1, · · · , kl−1, z)

 ∑
0≤p≤l−1

‖∂pzΘ− ∂pz Θ̃‖1
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and

I64 ≤
1

N

∑
1≤i,j≤N
1≤r≤l−1

(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ‖∞

r!

k1! · · · kr!
|Mr − M̃r|

≤ 1

N

∑
1≤r≤l−1

(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ‖∞

r!

k1! · · · kr!
P (r, k1, · · · , kr, z)

×
N∑

i,j=1

l−1∑
r=1

r∑
p=0

(
|∂pzθj − ∂pz θ̃j |+ |∂pzθi − ∂pz θ̃i|

)

≤

2(l − 1)
∑

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ‖∞

r!

k1! · · · kr!
P (r, k1, · · · , kr, z)


×

l−1∑
p=0

‖∂pz (Θ− Θ̃)(t, z)‖1.

• Case F.4 (Estimate for I65) : Finally, we can estimate

I65 =
2

N

N∑
i,j=1

sgn(∂lzθi − ∂lz θ̃i)∂lzκij cos

(
θj − θi

2
+
θ̃j − θ̃i

2

)
sin

(
θj − θi

2
− θ̃j − θ̃i

2

)

≤ 2

N

N∑
i,j=1

|∂lzκij | cosD(Θ0)

(∣∣∣∣∣θj − θ̃j2

∣∣∣∣∣+

∣∣∣∣∣θi − θ̃i2

∣∣∣∣∣
)

≤ 2‖∂lzκ‖∞ cosD(Θ0)‖(Θ− Θ̃)(t, z)‖1.

In (4.26), we combine all estimates for I6k to obtain

∂

∂t
‖∂lz(Θ− Θ̃)(t, z)‖1 ≤ −Λl(t, z) + El(z)

l−1∑
p=0

‖∂pz (Θ− Θ̃)(t, z)‖1.

Then, Gronwall’s lemma yields the desired estimate. �

Corollary 4.2. Suppose that the framework (F) with r = l ∈ N for initial data Θ0 and

Θ̃0 hold, and further assume θc(0, z) = θ̃c(0, z) for every z ∈ Ω. Let Θ := Θ(t, z) and

Θ̃ := Θ̃(t, z) be two solutions (1.2) with initial data Θ0 and Θ̃0, respectively satisfying

D(∂rzΘ̃
0(z)) ≤ D(∂rzΘ

0(z)), for any r = 0, 1, · · · , l and each z ∈ Ω.

Then for all t ≥ 0 and each z ∈ Ω,

‖∂lz(Θ− Θ̃)(t, z)‖1 ≤ Ẽl(z)e−κm(z)γ(cosD(Θ0(z)))t
l∑

p=0

‖∂pz (Θ0 − Θ̃0)(z)‖1,
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where the random variable Ẽl(z) (l ≥ 2) is inductively given by

Ẽl(z) := max

1,

(
lEl(z)

∑l−1
p=0 Ẽp(z)

)
κm cosD(Θ0)(1− γ)

 .

Proof. The proof will be done inductively on l.

• (Initial step): In this case, we have already proved this case in Corollary 4.1.

• (Inductive step): Set

αi = ∂lzθi − ∂lz θ̃i.

Then, we have
∑N

i=1 αi = 0, since we assumed θc(0, z) = θ̃c(0, z). Thus, it follows from
Proposition 4.2 that

Λl(t, z) = −κm cosD(Θ0)‖∂lz(Θ− Θ̃)(t, z)‖1.

On the other hand, it follows from Theorem 4.1 that

∂

∂t
‖∂lz(Θ− Θ̃)(t, z)‖1

≤ −κm cosD(Θ0)‖∂lz(Θ− Θ̃)(t, z)‖1 + El(z)
l−1∑
p=0

‖∂pz (Θ− Θ̃)(t, z)‖1.
(4.27)

Note that from (ii) of Proposition 4.2 and induction hypothesis,

‖∂pz (Θ− Θ̃)(t, z)‖1 ≤ Ẽp(z)e−κm cosD(Θ0)γt
p∑
s=0

‖∂sz(Θ0 − Θ̃0)(z)‖1

for each p ∈ N ∪ {0}. We apply this to (4.27) and for every l ≥ 1, to get

∂

∂t
‖∂lz(Θ− Θ̃)(t, z)‖1

≤ −κm cosD(Θ0)‖∂lz(Θ− Θ̃)(t, z)‖1

+ El(z)e−κm cosD(Θ0)γt
l−1∑
p=0

Ẽp(z)
p∑
s=0

‖∂sz(Θ0 − Θ̃0)(z)‖1

≤ −κm cosD(Θ0)‖∂lz(Θ− Θ̃)(t, z)‖1

+

lEl(z) l−1∑
p=0

Ẽp(z)

 l−1∑
p=0

‖∂pz (Θ0 − Θ̃0)(z)‖1e−κm cosD(Θ0)γt.

(4.28)
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For (4.28), we use Grönwall’s inquality in Lemma 2.2 to yield

‖∂lz(Θ− Θ̃)(t, z)‖1
≤ ‖∂lz(Θ0 − Θ̃0)(z)‖1e−κm cosD(Θ0)t

+

(
lEl(z)

∑l−1
p=0 Ẽp(z)

)
e−κm cosD(Θ0)γt

κm cosD(Θ0)(1− γ)

l−1∑
p=0

‖∂pz (Θ0 − Θ̃0)(z)‖1(1− e−κm cosD(Θ0)t),

≤ Ẽl(z)e−κm(z)γ cosD(Θ0)t
l∑

p=0

‖∂pz (Θ0 − Θ̃0)(z)‖1.

This yields our desired result. �

5. Local sensitivity analysis for frequency process

In this section, we present a synchronizing property of frequency variations in a random
space in a large coupling regime. As noticed in Proposition 2.1, under some conditions on
natural frequencies, coupling strengths and initial data, we can find a positively invariant set
and ”vanishing of uncertainty” for frequency processes which are consistent with emergent
dynamics of the deterministic Kuramoto model. Below, we will show that the variations
∂lzV = (∂lzω1, · · · , ∂lzωN ) will also enjoy a synchronizing property in a large coupling regime,
which clearly exhibits vanishing of uncertainty.

Lemma 5.1. Suppose that the framework (F) in Section 3 with l = 1 hold, and let Θ =
Θ(t, z) be a solution to system (1.2). Then, for z ∈ Ω,

D(∂zV (t, z)) ≤ F1(z)e−
κm(z)(cosD(Θ0))t

2 ,

where C(z) is a nonnegative random variable given by

F1(z) := D(∂zV
0(z)) +

4
(
‖∂zκ(z)‖∞D(V 0(z)) + ‖κ(z)‖∞C̃1(z)D(V 0(z))

)
κm(z) cosD(Θ0(z))

.

Proof. First, we differentiate (1.2) with respect to t to obtain

(5.1) ∂tωi(t, z) =
1

N

N∑
j=1

κij(z) cos(θj(t, z)− θi(t, z))(ωj(t, z)− ωi(t, z)).

We again differentiate the above relation with respect to z to get

∂t∂zωi(t, z)

=
1

N

N∑
j=1

∂zκij(z) cos(θj(t, z)− θi(t, z))(ωj(t, z)− ωi(t, z))

− 1

N

N∑
j=1

κij(z) sin(θj(t, z)− θi(t, z))(∂zθj(t, z)− ∂zθi(t, z))(ωj(t, z)− ωi(t, z))

+
1

N

N∑
j=1

κij(z) cos(θj(t, z)− θi(t, z))(∂zωj(t, z)− ∂zωi(t, z)).

(5.2)
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We choose indices M ′1 and m′1 such that for t > 0 and z ∈ Ω,

∂zωM ′1(t, z) := max
i
∂zωi(t, z), ∂zωm′1(t, z) := min

i
∂zωi(t, z).

Note that for every z ∈ Ω, ∂zωM ′1
(·, z) and ∂zωm′1

(·, z) are piecewise differentiable and Lip-

schitz continuous with respect to t.

• Case F (Estimate for ∂zωM ′1
): We use (5.2) to obtain, for a.e. t ≥ 0,

∂t∂zωM ′1
(t)

=
1

N

N∑
j=1

∂zκM ′1,j
(z) cos(θj(t)− θM ′1(t))(ωj(t)− ωM ′1(t))

− 1

N

N∑
j=1

κ
M
′
1,j

(z) sin(θj(t)− θM ′1(t))(∂zθj(t)− ∂zθM ′1(t))(ωj(t)− ωM ′1(t))

+
1

N

N∑
j=1

κ
M
′
1,j

(z) cos(θj(t)− θM ′1(t))(∂zωj(t)− ∂zωM ′1(t))

=:

3∑
k=1

I7k.

(5.3)

We use the result and same arguments in Proposition 2.1 and Lemma 3.1 to obtain

I71 ≤ ‖∂zκ‖∞D(V (t, z)) ≤ ‖∂zκ‖∞D(V 0(z))e−κm cosD(Θ0)t,

I72 ≤
‖κ‖∞
N

N∑
j=1

|∂zθj(t, z)− ∂zθM ′1(t, z)||ωj(t, z)− ωM ′1(t, z)|

≤ ‖κ‖∞D(∂zΘ(t, z))D(V (t, z))

≤ ‖κ‖∞C̃1(z)D(V 0(z))e−κm cosD(Θ0)t,

I73 ≤
1

N

N∑
j=1

κm cosD(Θ0)(∂zωj(t, z)− ∂zωM ′1(t, z))

≤ −κm cosD(Θ0)∂zωM ′1
(t, z).

(5.4)

In (5.3), we combine all estimates in (5.4) to obtain

∂t∂zωM ′1
(t, z) ≤ −κm cosD(Θ0)∂zωM ′1

+
(
‖∂zκ‖∞D(V 0(z)) + ‖κ‖∞C̃1(z)D(V 0(z))

)
e−κm cosD(Θ0)t.

(5.5)

Similarly,

∂t∂zωm′1
(t, z) ≥ −κm cosD(Θ0)∂zωm′1

−
(
‖∂zκ‖∞D(V 0(z)) + ‖κ‖∞C̃1(z)D(V 0(z))

)
e−κm cosD(Θ0)t.

(5.6)

Now, we combine (5.5) and (5.6) to get

∂tD(∂zV (t, z)) ≤ −κm cosD(Θ0(z))D(∂zV (t, z))
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+ 2
(
‖∂zκ‖∞D(V 0(z)) + ‖κ‖∞C̃1(z)D(V 0(z))

)
e−κm cosD(Θ0(z))t.

Then, set

y := D(∂zV (t, z)), α := κm cosD(Θ0(z)) β :=
α

2
and

C := 2
(
‖∂zκ‖∞D(V 0(z)) + ‖κ‖∞C̃1(z)D(V 0(z))

)
,

and apply Lemma 2.2, one gets the desired estimate. �

Next, we provide synchronizing property of ∂lzV as follows.

Theorem 5.1. Suppose that the framework (F) in Section 3 hold, and let Θ = Θ(t, z) be a
solution to system (1.2). Then, for all t ≥ 0 and each z ∈ Ω,

D(∂lzV (t, z)) ≤ Fl(z)e−
κm cosD(Θ0)t

2 ,

where the random variable Fl(z) is inductively given by

Fl(z) := D(∂lzV
0(z)) +

4

κm cosD(Θ0(z))

×

[
‖κ(z)‖∞C̃l(z)D(V 0(z)) + ‖∂lzκ(z)‖∞D(V 0(z))

+
l

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

‖κ(z)‖∞
(l − 1)!

k1! · · · kl−1!
Q(l − 1, k1, · · · , kl−1, z)

+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ(z)‖∞

r!

k1! · · · kr!
Q(r, k1, · · · , kr, z)

]
,

where the random variable Q(r, k1, · · · , kr, z) is given by

Q(r, k1, · · · , kr, z) := D(V 0(z))
r∏
p=1

(
C̃p(z)

p!

)kp
+
∑

1≤p≤r
kp 6=0

kp

∏
s 6=p

(
C̃s(z)

s!

)ksFp(z)
(
C̃p(z)

p!

)kp−1

.

Proof. We apply ∂lz to (5.1) to obtain

∂t(∂
l
zωi)(t, z)

=
1

N

N∑
j=1

κij(z) cos(θj − θi)(∂lzωj − ∂lzωi)

− 1

N

N∑
j=1

κij(z) sin(θj − θi)(∂lzθj − ∂lzθi)(ωj − ωi)

+
l

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κij(z)
(l − 1)!

k1! · · · kl−1!

∂

∂t
M(l − 1, k1, · · · , kl−1,Θ, i, j)
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+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
∂l−rz κij(z)

r!

k1! · · · kr!
∂

∂t
M(r, k1, · · · , kr,Θ, i, j)

+
1

N

∑
1≤j≤N

∂lzκij(z) cos(θj − θi)(ωj − ωi).

As in the proof of Theorem 3.1, we will proceed by induction. First we choose indices M ′l
and m′l such that for t > 0 and z ∈ Ω,

∂lzωM ′l (t, z) := max
i
∂lzωi(t, z), ∂lzωm′l(t, z) := min

i
∂lzωi(t, z).

Note that for every z ∈ Ω, ∂lzωM ′l
(·, z) and ∂lzωm′l

(·, z) are piecewise differentiable and

Lipschitz continuous with respect to t. Now we consider the estimate ∂lzωM ′l
as follows: for

a.e. t ≥ 0,

∂t(∂
l
zωM ′l

)(t, z)

=
1

N

N∑
j=1

κ
M
′
l ,j

(z) cos(θj − θM ′l )(∂
l
zωj − ∂lzωM ′l )

− 1

N

N∑
j=1

κ
M
′
l ,j

(z) sin(θj − θM ′l )(∂
l
zθj − ∂lzθM ′l )(ωj − ωM ′l )

+
l

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

κ
M
′
l ,j

(z)
(l − 1)!

k1! · · · kl−1!

∂

∂t
M(l − 1, k1, · · · , kl−1,Θ,M

′
l , j)

+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
∂l−rz κ

M
′
l ,j

(z)
r!

k1! · · · kr!
∂

∂t
M(r, k1, · · · , kr,Θ,M

′
l , j)

+
1

N

∑
1≤j≤N

∂lzκM ′l j
(z) cos(θj − θM ′l )(ωj − ωM ′l )

=:

5∑
k=1

I8k.

Next, we estimate the terms I8k as follows.

• Case G.1 (Estimate of I81 and I82): In this case,

I81 ≤ −κm cosD(Θ0)∂lzωM ′l
,

I82 ≤ ‖κ‖∞D(∂lzΘ(t, z))D(V (t, z)) ≤ ‖κ‖∞C̃l(z)D(V 0(z))e−κm cosD(Θ0)t.

• Case G.2 (Estimate of I83 and I84): We first estimate ∂
∂t

(
M(r, k1, · · · , kr,Θ,M

′
l , j)

)
as

follows:
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∂

∂t

(
M(r, k1, · · · , kr,Θ,M

′
l , j)

)
=

∂

∂t

(
sin(k)(θj − θM ′l )

) r∏
p=1

(
∂pzθj − ∂pzθM ′l

p!

)kp

+
∑

1≤p≤r
kp 6=0

kp

∏
s 6=p

(
∂szθj − ∂szθM ′l

s!

)ks (∂pzωj − ∂pzωM ′l )

(
∂pzθj − ∂pzθM ′l

p!

)kp−1

≤ D(V (t, z))
r∏
p=1

(
C̃p(z)

p!

)kp

+
∑

1≤p≤r
kp 6=0

kp

∏
s 6=p

(
C̃s(z)

s!

)ksD(∂pzV (t, z))

(
C̃p(z)

p!

)kp−1

≤ D(V 0(z))

r∏
p=1

(
C̃p(z)

p!

)kp
e−κm cosD(Θ0)t

+

 ∑
1≤p≤r
kp 6=0

kp

∏
s 6=p

(
C̃s(z)

s!

)ksFp(z)
(
C̃p(z)

p!

)kp−1

 e−κm cosD(Θ0)t
2

≤ Q(r, k1, · · · , kr)e−
κm cosD(Θ0)t

2 .

This yields

I83 ≤


l

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

‖κ‖∞
(l − 1)!

k1! · · · kl−1!
Q(l − 1, k1, · · · , kl−1)

 e−
κm cosD(Θ0)t

2 ,

I84 ≤


1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ‖∞

r!

k1! · · · kr!
Q(r, k1, · · · , kr)

 e−
κm cosD(Θ0)t

2 .

• Case G.3 (Estimate of I85): In this case,

I85 ≤ ‖∂lzκ‖∞D(V (t, z)) ≤ ‖∂lzκ‖∞D(V 0(z))e−κm cosD(Θ0)t.

Now we combine all results in Case G.1 - Case G.3 to obtain

(5.7) ∂t(∂
l
zωM ′l

)(t, z) ≤ −κm cosD(Θ0)∂lzωM ′l
(t, z) +G(z)e−

κm cosD(Θ0)t
2 ,
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where the random variable G(z) is given by

G(z) := ‖κ‖∞C̃l(z)D(V 0(z)) + ‖∂lzκ‖∞D(V 0(z))

+
l

N

∑
1≤j≤N

(k1, ··· , kl)∈Λ(l)
kl=0

‖κ‖∞
(l − 1)!

k1! · · · kl−1!
Q(l − 1, k1, · · · , kl−1)

+
1

N

∑
1≤j≤N

1≤r≤l−1
(k1, ··· , kr)∈Λ(r)

(
l

r

)
‖∂l−rz κ‖∞

r!

k1! · · · kr!
Q(r, k1, · · · , kr).

Similarly, we have

(5.8) ∂t(∂
l
zωm′l

)(t, z) ≥ −κm cosD(Θ0)∂lzωm′l
(t, z)−G(z)e−

κm cosD(Θ0)t
2 .

Finally, it follows from (5.7) and (5.8) that we have

∂tD(∂lzV (t, z)) ≤ −κm cosD(Θ0)D(∂lzV (t, z)) + 2G(z)e−
κm cosD(Θ0)t

2 .

Then, Grönwall’s lemma yields the desired result. �

6. Conclusion

In this paper, we studied local sensitivity analysis for the random Kuramoto model with
pairwise symmetric coupling strengths. More precisely, we provided a sufficient framework
leading to the uniform bound for diameter and uniform stability estimate for phase vari-
ations and synchronization property of frequency variations. Our framework is explicitly
expressed in terms of initial data, distributed natural frequencies and coupling strengths.
Our results reveal the stochastic robustness of synchronizing property of the Kuramoto
ensemble in a large coupling regime. Of course, there are several unresolved problems to
be explored. For example, in a small coupling regime and intermediate coupling regime,
the dynamics of the Kuramoto model in a deterministic setting is itself not clearly under-
stood at present, not to mention of uncertainty quantification. More precisely, the phase
transition like phenomena from the disordered state to ordered state occurs at a critical
coupling strength in a mean-field setting. Thus, how does the uncertainty affects in this
phase-transition like process? Another interesting project is to understand the interplay
between the mean-field limit and uncertainty, which will be be pursued in the near future.
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