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We introduce the rigorous limit process connecting
finite dimensional sparse optimal control problems
with ODE constraints, modelling parsimonious
interventions on the dynamics of a moving
population divided into leaders and followers, to
an infinite dimensional optimal control problem
with a constraint given by a system of ODE for the
leaders coupled with a PDE of Vlasov-type, governing
the dynamics of the probability distribution of the
followers. In the classical mean-field theory, one
studies the behaviour of a large number of small
individuals freely interacting with each other, by
simplifying the effect of all the other individuals on
any given individual by a single averaged effect. In
this paper, we address instead the situation where
the leaders are actually influenced also by an external
policy maker, and we propagate its effect for the
number N of followers going to infinity. The technical
derivation of the sparse mean-field optimal control
is realized by the simultaneous development of
the mean-field limit of the equations governing the
followers dynamics together with the I'-limit of the
finite dimensional sparse optimal control problems.

1. Introduction

In several individual-based models for multi-agent
motion the finite-dimensional dynamics in 24 x N
variables, where N is the number of individuals and d
is the dimension of the space in which the motion of such
individuals evolves, is given by

X;=v;

and v, =Hwxun(x;,v;), i=1,...N, te[0,T],

1.1)
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Figure 1. Model function (r) = o,/r* — 0,/r**, 0, >0, 0, > 0, of small range repulsion and medium-long range
attraction. (Online version in colour.)

where H:R* — R? is a locally Lipschitz interaction kernel with sublinear growth whose action
on the group is modelled by convolution, where the atomic measure

N
un(t) = % Z 8xi(h),vi(h) (1.2)
i=1
differently represents the group of agents. As a relevant example of this setting, we mention the
interaction kernel H(x, v) :=a(|x|)v, for a bounded non-increasing function a:R; — R, which
gives the well-known alignment model of Cucker & Smale [1,2], see also the generalizations in
[3], as well as interaction kernels of the type H(x, v) := f(|x|)x, where the function f : R; — R can
encode small range repulsion and medium-long range attraction, as considered in [4] (figure 1).
As discussed in details in the aforementioned papers, such systems can exhibit convergence
to certain interesting attractors, representing a higher level of global organization, although such
spontaneous coordination may be conditional, depending on the initial configuration. In recent
works [5,6], the external control of such systems has been considered in order to promote the
collective organization of the group of agents also in those situations where the initial conditions
are out of the basin of attraction of the interesting configurations. The emphasis given in this
context was on sparse controls, meaning that we consider systems
e (1.3)
and vi=H*un(;,v)+u;, i=1,...N, te[0,T],

where 1; : [0, T] = R? are measurable control functions which we wish being vanishing for most
of the i=1,...,N and possibly for most of the t [0, T]. This choice of controls models the
parsimonious and moderate external intervention of a government of the group, for instance the
role of a mediator in an assembly, where the group needs to reach unanimous consensus on a
common conduct, as it is the case for the voting system in the Council of the European Union,
where unanimous decision are usually targeted.

When the number of the involved agents N is very large, the solution of an optimal control
problem for a system of the type (1.3) unfortunately becomes an impossible task because of the
curse of dimensionality. Already dealing with systems of a few hundreds agents is computationally
extremely demanding and often numerically inaccurate. Therefore, we may wonder whether we
can describe an appropriate limit dynamics and an optimal control problem for the limit case
N — 400, which can be re-conducted to computationally manageable dimensionalities. When
no control is involved, this procedure is well known as in the classical mean-field theory one
studies the evolution of a large number of small individuals freely interacting with each other, by
simplifying the effect of all the other individuals on any given individual by a single averaged
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effect. This results in considering the evolution of the particle density distribution in the state
variables, leading to so-called mean-field partial differential equations of Vlasov- or Boltzmann-
type [7]. In particular, for our system (1.1), the corresponding mean-field equations are

O+ v - Ve =Vy - [(H* pw)ul.

We refer to [8] and the references therein for a recent survey on some of the most relevant
mathematical aspects on this approach to swarm models. Nevertheless, the proper definition of a
limit dynamics when an external control is added to the system, and it is supposed to have some
sparsity surprisingly remains a difficult task. In fact, the most immediate and perhaps natural
approach would be to assign as well to the finite-dimensional control # an atomic vector-valued

time-dependent measure
N

() = 3 Hide ), u00)
i=1
and consider a proper limit v for N — 400, leading to the controlled PDE
O+ v - Ve =Vy - [(H* ) + v, (1.4)

where now v represents an external source field. Unfortunately, despite the fact that vy are
supposed to be the minimizers of certain cost functionals which may allow for the necessary
compactness to derive the limit vy — v, it seems eventually hard to design a cost functional
with a proper meaning in the finite-dimensional model and at the same time promoting a good
behaviour of the measure v. In fact, for the optimal control problems considered for instance
in [6, section 5], such a limit procedure does not prevent v being singular with respect to pu.
This means that in the weak formulation of the equation (1.4) the role of v is essentially mute,
it does not interact at all with u, hence it loses completely its steering purpose. Imaginatively, it
is like trying to steer a river by means of toothpicks! Even if we considered in (1.4) the absolutely
continuous part p, =fp of v only with respect to p, if there was any, we would end up with an
equation of the type

o+ v - Ve =Vy - [(Hxp+ful, (1.5)

where now f is a force field which is just an L!'-function with respect to the measure p.
Unfortunately, existence and stability of solutions for equations of the type (1.5) is established
only for fields f with at least some regularity [9]. At this point, it seems that our quest for
a proper definition of a mean-field optimal control reaches to a dead end, unless we allow for
some modelling compromise. The first successful approach actually starts from equation (1.5),
by assuming the vector-valued function f(f, x, v) being in a proper compact set of a function space
of Carathéodory functions in ¢ and locally Lipschitz continuous functions in (x, v), and proceeding
back to reformulate the finite-dimensional modelling, leading to systems of the type
X;=v;

(1.6)
and v =H * un(xj,v) + f(t,x,v), i=1,...N, t€[0,T],
where now f is a feedback control. This approach has been recently explored in [10], where a
proof of a simultaneous I"-limit and mean-field limit of the finite-dimensional optimal controls
for (1.6) to a corresponding infinite dimensional optimal control for (1.5) has been established. We
also mention the related work Bensoussan et al. [11], where first-order conditions are derived for
optimal control problems of equations of the type (1.5) for Lipschitz feedback controls f(t, x, v) in
a stochastic setting. Such conditions result in a coupled system of a forward Vlasov-type equation
and a backward Hamilton-Jacobi equation, similar to situations encountered in the context of
mean-field games [12] or the Nash certainty equivalence [13]. Certainly, this calls for a renewed
enthusiasm and hope, until one realizes that actually the problem of characterizing the optimal
controls f(t, x, v) with the purpose of an efficient and manageable numerical computation may not
have simplified significantly, as it is not a trivial task to obtain a rigorous derivation and the well-
posedness of the corresponding first-order conditions as in [11] in a fully deterministic setting.
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This introduces us to the main scope of this paper. Inspired by the successful construction of the
coupled I'— and mean-field limits in [10] and the multiscale approach in [14,15], to describe a
mixed granular-diffuse dynamics of a crowd, we modify here our modelling: not starting from
(1.5), but actually from the initial system (1.1).

The idea is to add to (1.1), or, better, to elect m particular individuals, which interact freely
with the N individuals given above. We denote by (y, w) the space-velocity variables of these new
individuals. We can consider these m individuals as ‘leaders’ of the crowd, whereas the other
N individuals may be called ‘followers’. However, the interpretation given in this paper to the
leaders is considering them as few ‘discrete representatives’ of the entire crowd. In particular,
we shall assume that we have a small amount m of leaders/representatives who have a great
influence on the population, and a large amount N of followers who have a small influence on
the population.

Then, the dynamics, we shall study, is

yk = Wk,

W =H» un(k, we) + H * (v, we) k=1,...m, t€[0,T], an

X = '
and Ui =H * un(x;,vi) + H* wm(x;,v;) i=1,...N, t€[0,T],
where we considered the additional atomic measure

1 m
i (t) = " Z Syt wi()r (1.8)
k=1

supported on the trajectories ¢ — (y(t), wi(f)), k=1,...,m. (One can generalize this model to the
one where different kernels for the interaction between a leader and a follower, two leaders, etc.,
are considered. All the results of this paper easily generalize to this setting.) From now on, the
notations un and pu,; for the atomic measures representing followers and leaders, respectively,
are considered fixed and we shall use them extensively in the rest of the paper. Up to now, the
dynamics of the system is similar to a standard multi-agent dynamics for N + m individuals, with
the only difference that the actions of leaders and followers have different weights on a single
individual, 1/m and 1/N, respectively. Let us now add controls on the m leaders. We obtain the
system

Yk = Wk,
wr =H * un(Wk, wi) + H > (g, wi) +ux k=1,...m, te[0,T], 19
X =

and v =H * un(x, v;) + H* o (xi, v;) i=1,...N, tel0,T],

where u;:[0,T] — RY are measurable controls for k=1,...,m, and we define the control map
u:[0,T] — R™ by u(t) = (u1(t), . . ., um(t)) for t € [0, T]. The main difficulty arising in this context
is that one usually deals with control functions u(-) that are discontinuous in time. In fact, one
needs to consider solutions of the finite-dimensional problem (1.9) in the Carathéodory sense, i.e.
functions t — (y(t), w(t), x(t), v(t)) that are absolutely continuous with respect to time and satisfy
the integral formulation of (1.9). For the sake of completeness and readability of our results, we
report some well-known facts on such solutions in appendix A. In this setting, it makes sense to
choose u € L1([0, T],U), where U is a fixed non-empty compact subset of R and U c B(0, U)
for U > 0. Finite-dimensional control problems in this setting are of interest, and we focus on a
specific class of control problems, namely optimal control problems in a finite-time horizon with
fixed final time. We design a sparse control u to drive the whole population of m + N individuals
to a given configuration. We model this situation by solving the following optimization problem

T m
min | {L(y(t),W(t),MN(t))Jr;ZIuk(f)l d, (1.10)

uel1([0,T1.U) Jo k=1

otz o vt s Sosusnsinsoiores [
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where L(-) is a suitable continuous map in its arguments. (For example, one can use L to
model the distance between the state variables and the basin of attraction to the interesting
configurations. Then, the optimization leads the system to goal-driven dynamics.) The use of
(scalar) ¢!-norms to penalize controls as in (1.10) dates back to the 1960s with the models
of linear fuel consumption [16]. More recent work in dynamical systems [17] resumes again
¢1-minimization emphasizing its sparsifying power, i.e. the optimal control u(t) = (u1(t), . . ., uu(t))
has mostly vanishing components, in contrast with more classical ¢2-norm penalization terms,
corresponding to controls with simultaneously many active components. Also in optimal control
with partial differential equation constraints, it became rather popular to use L!-minimization to
enforce sparsity of controls [18-24], for instance in the modelling of optimal placing of actuators
Or Sensors.

In order to give precise meaning to the limit of the optimal control problems (1.9)—(1.10) for
the number N of followers tending to infinity, we need to address a few technical challenges.
As already observed above, owing to the presence of the control u(-), the classical results
for the mean-field limit of (1.9) cannot be directly applied, because here the right-hand side
is discontinuous in time, see for instance [25-28], where continuity of the right-hand side is
assumed. Moreover, only a part of the m + N variables increases in number, whereas the number
m of leaders is kept constant. Finally, even a description of the whole population of leaders and
followers by a unique measure would not catch the possibility of acting on the leaders only.

As one of our main results, we shall show in theorem 3.3 that, given a control strategy
ueL1([0,1],U), it is possible to formally define a mean-field limit of (1.9) when N — oo in the
following sense: the population is represented by the vector of positions—velocities (i, w) of the
leaders coupled with the compactly supported probability measure p € P (R*?) of the followers
in the position-velocity space. Here, P (R") denotes the set consisting of all probability measures
on R" of finite first moment. Then, the mean-field limit will result in a coupled system of an ODE
with control for (y,w) and a PDE without control for u. More precisely, the limit dynamics is
described by

ke = wy,
W =H * (+ pwm)yk, wg) +ug, k=1,...m, te[0,T] (1.11)
and o+ v - Ve =Vy - [(H* (1 + pm))iel,

where the weak solutions of the equations have to be interpreted in the Carathéodory sense.

Let us emphasize that in this paper we shall interpret 1, as a discrete measure ‘immersed’ in
the diffused one p (i.e. the support of u;; shall be contained in the support of u), for instance
we shall choose wy,(t=0) to be at the time t=0 an empirical m dimensional realization of
wu(t =0). The atoms (v, w) constituting the support of 11, are interpreted as representatives of the
entire distribution , which we are indirectly controlling, by acting directly on its representatives.
See figure 2 from [15] for an example of a dynamics similar to the one of (1.11) for a multiscale
pedestrian crowd mixing a granular discrete part and a diffuse part, where a first-order model
was considered.

Besides the mean-field limit of (1.9) to (1.11) for N — +o00, we shall simultaneously prove
in theorem 5.3 a ['-convergence result, implying that the optimal controls u}; of the finite-
dimensional optimal control problems (1.9)—(1.10) converge weakly in LY([0, T],U) for N — +o0
to optimal controls u*, which are minimal solutions of

T m
min J {L(y(t), w(t), u(t)) + 1 > ()l | dt. (1.12)
ueLll([0,T1) Jo m e~
This is actually an existence result of solutions for the infinite-dimensional optimal control
problem (1.11)—(1.12). Different from the one proposed in [10] though, this model retains the
controls only on a finite and small group of agents, despite the fact that the entire population
can be very large (here modelled by the limit N — +00). Hence, by the stratagem of dividing the
populations in two groups and allowing only one of them to have growing size, we do not need

Wit 2 . St
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Figure 2. A mixed granular-diffuse crowd leaving a room through a door. This figure was kindly provided by Cristiani et al.
[15]. Copyright © 2011 Society for Industrial and Applied Mathematics. Reprinted with permission. Al rights reserved. (Online
version in colour.)

anymore to be necessarily exposed to the curse of dimensionality when it comes to numerically
solving the corresponding optimal control problem. We shall address the concrete analysis of
the first-order optimality conditions for (1.9)-(1.10) and their relationship to (1.11)-(1.12) in a
follow-up paper. This will be the basis for the numerical implementations.

The paper is organized as follows. In §2, we apply basic results recalled from appendix A to
ensure the well-posedness of the finite-dimensional system (1.9). Section 3 is devoted to the mean-
field limit of (1.9) to the coupled system (1.11) and the well-posedness of the latter. For the sake of
self-containedness, we sketch in §4 known existence results for the finite dimensional problems
(1.9)-(1.10). In §5, we develop our main result of I"-convergence of the finite-dimensional optimal
control problems (1.9)—(1.10) to the corresponding infinite-dimensional ones (1.11)—(1.12). The
appendix A recalls classical well-posedness results of Carathéodory differential equations and
certain stability results of transport flows specifically formulated for the systems of equations
(1.9) and (1.11).

2. The finite-dimensional dynamics

We state the following assumptions

(H) Let H:R* — R? be a locally Lipschitz function such that, for a constant C > 0

|H(E)| <C(1 + [g]), forall & e R (2.1)

We consider now the system (1.9) with N followers and the control 1. We shall prove results
of existence and uniqueness of the solution of (1.9), where time-dependent support estimates will
be given independently of the number N of followers. With this goal, we endow each space of
configurations R240m+N) with the following norm and the corresponding distance

1 1Y
1w, )= — >yl + leoel) + 5 3 (il + i), (22)
k=1 i=1

where the norm | - | on R? is the Euclidean. The choice of this norm (2.2) is eventually related to
the use of the 1-Wasserstein distance on the space P;(R??) of probability measures of bounded
first moment. For the sake of compact writing, we shall denote the trajectories of (1.9) by
¢(t) = (y(t), w(t), x(t), v(t)) and trajectories of leaders or followers by &, i.e. £(t) = (y(t), w(t)) or
&(t) = (x(t), v(t)) depending on the context. We can write (1.9) in the following compact form

LB =gt c(t), (2.3)
where the right-hand side is

g(t, &) = (w, [H » (N + mm) Wi, wi) + uielfy, v, [H % (e + s (i, ) 1) (2.4)

Wit 2 . St
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Lemma 2.1. Given H satisfying condition (H) and py,=(1/n)Y4_1 8¢ for & €R* for all
t=1,...,n,an arbitrary atomic measure, we have

1 n
|H*l/«n(5)|fc<1+|5|+nZ|§n|)- (2.5)
(=1

Proof. By sublinear growth of H, we have immediately the estimate

1¢ 1¢
[Hox pn(®)] = = > IHE = &) sc(l + 1€+~ Z|sn|>.

=1 (=1

Proposition 2.2. Let H be a map satisfying (H). Then, given a control u € LY([0, T1,U) and an initial
datum ¢9 = (yo, w0, 29, 00), there exists a unique Carathéodory solution ¢ (t) = (y(t), w(t), x(t), v(t)) of (1.9)
such that

Izl < (1¢°0 + CT)eCT, 2.6)

for all t € [0, T], where C > 0 is a constant depending on C > 0, U > 0 but not depending on N. Moreover,
the trajectory is Lipschitz continuous in time, i.e.

g(t1) — ¢(t)Il < LIty — t2l,  forall t1,t2 €[0,T], 27)
for the Lipschitz constant £ =C(1 + (||¢°|| + CT)eCT).

Proof. Given the explicit form of (2.4) and, thanks to condition (H) and lemma 2.1, the right-
hand side g(t, ¢) of the system (2.3) fulfills the linear growth condition

lg(s, O <CA+ [il), forall ¢ e R,

allowing us to apply theorem A.2 in appendix A, which ensures the well-posedness of (1.9).
Moreover,

lg(t) — ¢RIl =

t o
L 305, ¢(5)) ds sL L+ 1)) ds

<C(1 + (I12°) + CT)eET ty — to.

3. The coupled ODE and PDE system

In the following, we consider the space P;(R"), consisting of all probability measures on
R™ of finite first moment. On this set, we shall consider the following distance, called the
Monge—Kantorovich-Rubinstein distance,

Wi (u,v) =sup {'JR" (x)d(n — v)(x)| : ¢ € Lip(R"), Lip(p) <1¢, (3.1)

where Lip(R") is the space of Lipschitz continuous functions on R” and Lip(y) is the Lipschitz
constant of a function ¢. Such a distance can also be represented in terms of optimal transport
plans by Kantorovich duality in the following manner: if we denote by IT(u,v), the set of
transference plans between the probability measures ;1 and v, i.e. the set of probability measures
on R" x R" with first and second marginals equal to ;« and v, respectively, then we have

Wi(p,v)= inf ” lx —y| dn(x,y)} . (3.2)
well(uy) LJR" xR"

itz o s g Sosusnsinsoorss [
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In the form (3.2), the distance W is also known as the 1-Wasserstein distance. We refer to
[29,30] for more details. Note that if ju,, = (1/m) Y_jL; 85 and u), = (1/m) >_jL, 8¢, are two atomic
measures, then (3.1) immediately yields

o1y
WA, 1) < — 3 I = &l (3.3)
k=1
This is the reason for having fixed the norm notation || - || as in (2.2).

We formally define now a proper concept of solutions for the system (1.11).

Definition 3.1. Let u € L1([0, T],U) be given. We say that a map (y, w, u) : [0, T] — X := R?*>*7" x
P1(R*) is a solution of the controlled system with interaction kernel H

Yk =Wy,
We=H* (4 wm)yk, wx) +u, k=1,...m, te[0,T] (3.4)
and Ot 4 v - Vypu = Vy - [(H * (10 + ) e,

with control 1, where py, is the time-dependent atomic measure as in (1.8), if

(i) the measure p is equi-compactly supported in time, i.e. there exists R > 0 such that
supp(u(f)) € B(O,R) for all t € [0, TT;
(ii) the solution is continuous in time with respect to the following metric in X’

/ 1 - / / /
||(]/,w/ /-L) - (]/ /w// M/)”X = % Z(“/k - ykl + |wk - wkl) + Wl(/’l“/l’l' )/ (35)
k=1

where Wi (i, ') is the 1-Wasserstein distance in P; (R,
(iv) the (y, w) coordinates define a Carathéodory solution of the following controlled problem
with interaction kernel H, control u(-), and the external field H * u:

Yk = wy 36)
and = H x (10 + wm) (e, ) + 1, k=1,...m, t[0,T] '
(v) the u component satisfies
d
S e nduomn = | Vom0 ot duomn )
de ]de

for every ¢ € C?O(Rd X Rd), in the sense of distributions, where a)H,M,y,w(t, x,v):[0,T] x
RY x R — R? x R? is the time-varying vector field defined as follows

a)H,M,y,w(t, x,v):= (v, H* u(t)(x,v) + H* i (t)(x, v)). (3.8)

Let, moreover, (yo, w?, 1% e X be given, with weP (]RZd) of compact support. We say that
(y,w, 1) : [0, T] — X is a solution of (3.4) with initial data (yo, w?, %) and control u if it is a solution
of (3.4) with control 1 and it satisfies (y(0), w(0), 1(0)) = (yO, w0, ).

Let us emphasize that the PDE appearing in (3.4) is simply the strong formulation of (3.7),
which allows us to write it in a more compact form.

Following the well-known arguments in [29, section 8.1], once 1, (t) is a fixed time-dependent
atomic measure of the type (1.8), a measure u(t) is a weak equi-compactly supported solution of

e+ v - Ve =Vy - [(Hx (1 + wm))i] 3.9)

Wit 2 . St
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in the sense of (v) in the above definition if and only if it satisfies (i) and the measure-theoretical
fixed point equation

ity = (7", (3.10)

with 10 := u(0) and 7" is the flow function defined by (A 11) in appendix A. Here, (7;"");
denotes the push-forward of 11 through 7,/".

Before actually proving the existence of solutions of (3.4) as in definition 3.1, it will be
convenient to address the stability of the system (3.4) first.

Proposition 3.2. Let u LY([0, T1,U) be a given fixed control for (3.4) and two solutions (yl, w!, 1)
and (yz, w?, u?) of (3.4) relative to the control u and given respective initial data (yo'i, w, 1) e X, with

uO compactly supported, i =1,2. Then, there exists a constant C > 0 such that

I (), w' (1), 1 (1) — P, w?(B), w2 (Bl x
< Crl @, w®, 1Oy — %%, %%, 1O, forallte0,T] (3.11)

Proof. We show the stability estimate by chaining the stability of (3.6) with the one of (3.9). Let
us first address the stability of (3.6) given wl, . By integration, we have

t
Wi — 2O <y — v2 1 + JO lwh(s) — wi(s)] s, 3.12)

and, by lemma A.7, there exists a constant Ag > 0, such that

t
() — W) < [ — wd?| + JO(I(H* 1 (YL (s), Wi (s)) — (H * 12 (2 (), wi(s))|

+ (H * pl (7 5), wE(s)) — (H % u2) (2 (5), wi(s))| ds),
t m
<lw! —wy? |+ AR L [(; D IWkE) = VE6)] + wk(s) - w£<s)|>
k=1
W), ;B(s))] ds (3.13)

Now, we consider the stability of (3.9) given ul, u2. In view of the representation (3.10) of
solutions by means of mass transportation, there exist constants £ >0, Ag >0, and p > 0 such
that

WAL (B, 12(0) = WA (T )0, (T745),102)
< Wl((ﬂjul’”}")uuo’l, (Zul,u}n)wo,z) i W1((Tt“1’“’l")uuo’2, (Ttuz,u?n)wo,z)
< LW, 102+ W ()0, ()02
< LW (O, 10%) + IIZMI'M}” - 7}”2'“&’ I B(0,R))
< W (!, 1) + J; ECD(H # ' (5) — H % 14%(5))

+ (H % 3, (8) — H % p3,(5)) | L2(B(0,p)) s

t 1
< LM (", 1) + Ag L ef60 [(m D W®) = Y]+ lewg(s) - w%(s)|>
k=1

+ Wi (s), u2(5))] ds, (3.14)
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where we first applied the triangle inequality, in the second inequality, we used the Lipschitz

continuity of the flow map ’Tt“]’” " given by (A 14) for u! = pup and p}, = 12, and lemma A.6 also
for the third inequality, the fourth inequality is again a consequence of (A 14), and the last one
again owing to an application of lemma A.7. By combining (3.12), (3.13) and (3.14), and recalling
the definition of the norm || - || x, we easily recognize and conclude the estimate

I (), w' (1), 1 (1) — P, W), > (Ol x

t
gm@w&w&MH—w%w%me+Lmﬂ@w@wmn

—M@w%mﬂmuw)

for a suitable constant Cy > 0 depending on L, Ag, T. An application of Gronwall’s inequality
concludes the stability estimate. |

This latter result also implies that, once a control 1 € LY([0, T], i) is fixed, the solution of (3.4),
if it exists, is uniquely determined by the initial conditions. We shall derive now the existence of
solutions of (3.4) in the sense of definition 3.1 by a limit process for N — oo, where we allow for a
variable control uyn depending on N.

Theorem 3.3. Let (1°, w®, u%) € X be given, with u° of bounded support in B(0, R), for R > 0. Define a
sequernce (M?\])NeN of atomic probability measures equi-compactly supported in B(0, R) such that each u?\,
is given by ,uzo\] = Zfil 80 0 and limy_, oo W1 (;,LON, 1) = 0. Fix now a weakly convergent sequence
(un)Nen € LY([0, T1,U) of control functions, i.e. un — iy in LY([0, T1,U). For each initial datum 5191 =
(°, w0, Y, vY) depending on N, denote with &() = (yn (1), wn (1), in (8) = (yn(8), n (1), xn (B), o (1),
the unique solution of the finite-dimensional control problem (1.9) with control uy. (Here, we apply the
identification of the trajectories (x(t), v(t)) and the measure un(t) by means of (1.2).) Then, the sequence
(YN, WN, UN) converges in CY([0, T], X) to some (Y, W, pus), which is a solution of (3.4) with initial data
@°, w0, u0) and control u,, in the sense of definition 3.1.

Proof. Because the initial data ;‘I(\), are equi-compactly supported, the trajectories

IN() = (N (), wn (), un (D)

are equibounded and equi-Lipschitz continuous in C([0, T], &), because of (3.3), combined with
(2.6) and (2.7). By an application of the Ascoli-Arzela theorem for functions on [0, T] and
values in the complete metric space X, there exists a subsequence, again denoted by ¢n(-) =
(wN(), wN(), un(-)) converging uniformly to a limit ¢ = (y«(-), w«(:), u«(-)), which is also equi-
compactly supported in a ball B(0, Rr) for a suitable Rt > 0. Owing to equi-Lipschitz continuity
in time of the trajectories and the continuity of the Wasserstein distance, we also obtain

124(t2) — Sx(t1)ll x= 111{111”{1\1(152) — Nt < Atltr — 1],

for all t1,t, € [0, T], where A > 0 is a uniform Lipschitz constant. Hence, the limit trajectory .
belongs as well to C([o, T, X).

We need now to show that ¢, is a solution of (3.4) in the sense of definition 3.1. We first verify
that (y/«, w) is a solution of the ODEs part of (3.4) for u = p«. (The symbol ‘=’ used below actually
means uniform convergence.) To this end, we observe that the limit {5 — ¢ in particular specifies
into

EN =&y, in [0/ T]

. ' (3.15)
and En =&, inLY(0,T],R¥),
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where &N /(f) = (yn(f), wn(t)) and &, = (v, wx) and

Hm Wi (un (8), 14+(5) =0, (3.16)

uniformly with respect to t € [0, T]. In particular, the limits (3.15) imply i .. (t) = wy ,(t) in [0, T] for
allk=1,...,m. We shall now show that (y.(t), w.(t)) is actually the Carathéodory solution of (3.6)
by verifying also its second equation.

Let us denote now

1 ¢ 1 ¢
M NE = — 3 Sy AN O = — D Sy 0100
k=1 k=1

As a consequence of (3.3), lemma A.7 in appendix A, and the uniform convergence of the
trajectories, we have that

Wi (N (), tm,(£) — O (3.17)
as N — +oo, uniformly in t € [0, T]. By (3.16) and (3.17), and the linear growth of H, we deduce
H % (N + 1m,N) Vi N, VeN) = H ox (s + son,s) Wi s ki), in [0, T, for N — oo, (3.18)

again by applying lemma A.7 in appendix A.
To prove that (1. (t), w«(f)) is actually the Carathéodory solution of (3.6), we have only to show
that forallk=1,...,m one has

wk,* = (H * sy + Mm,*)(}/k,*, wk,*) + U - (319)
This is clearly equivalent to the following: for every n € R and every t € [0, T], it holds
i

1
n- Jo Wy () dt =1 - JO[(H * e (£) + s () Y (£), Wi () + g1 (B)] AE, (3.20)

which follows from the weak L! convergence of Wy to Wy, and of uy to uy for N — +o0, and
from (3.18).

We are now left with verifying that 1, is a solution of (3.9) for j; =« in the sense of
definition 3.1 (v). For all fe[0,T]and forall ¢ € Cg (R%), we infer that

i
@ = v O = [ []. | 900500 w1t 0) i 5,0

which is verified by considering the differentiation

d d &
3 (@ () = %a ;‘ P (xi(b), vi(t))

N N
- % [Z Vi (xi(t), vi(t) - 1i(8) + 3 Va (xi(h), (1) - oi(w} ,

i=1 i=1

and directly applying the substitutions as in (1.9) for the followers variables (x, v). Moreover,

Jim (g, N — un(0)) = (@, s (B) — 1), (3.21)

for all ¢ € C1(R?%). By possibly extracting an additional subsequence, by weak-* convergence, and

the dominated convergence theorem, we obtain the limit

1 i
tim | | (gt o) diy O dt=| | G ndebeod, 62
R2 0 Jr2

k—o0 J0

for all ¢ € C! (R24), By lemma A.7 in appendix A, we also have that for every p > 0

kli)rg) I1H * (ng (8) + N () — H % (s () + pem, ()1l L= B(0,0)) = 0,
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and, as ¢ € C1(R??) has compact support, it follows that

928 - (H ¢ (e 8+ b, (0) = H % (a(8) + st () 10 =0,

Denote with L',lL[O jj the Lebesgue measure on the time interval [0, #]. Because the product
measures ElL[O,Z] x(1 /2),U,Nk(t) converge in P1([0, ] x R2) to LlL[Olﬂ x(1/D s (t), we finally have

t
i | [ (9000500 Hor G, 0 s () i, (03,0

k—00 J0
¥
= [ ]S H e+ s ) s 0,0 . (3.23)
The statement now follows by combining (3.21)—(3.23). |

Remark 3.4. In the proof of the previous theorem, we consider a converging subsequence of
¢{N after application of the Ascoli-Arzela theorem. Let us stress that in view of the uniqueness
of the solution of (3.4), we do not need to restrict ourselves to a subsequence, but we can infer
the convergence of the entire sequence ¢y to the solution of (3.4). This observation will play
an important role below, when we shall prove the I'-convergence of finite-dimensional optimal
control problems constrained by the ODE system (1.9) to the infinite-dimensional optimal control
problem constrained by the ODE-PDE system (3.4).

4. The finite-dimensional optimal control problem
We state the following assumptions:

(L) Let L: X — R4 be a continuous function with respect to the distance induced on & by the
norm | - [[x;

Given N € Nand an initial datum (y1(0), . . ., ¥ (0), w1(0), . . ., w(0), x1(0), . . ., xn(0), v1(0), ..., vn(0)) €

RAY™ x (R x (RN x (RY)N, we consider the following optimal control problem:

T 1 m
min L(y(t), w(t), )+ — ur(f)| ¢ dt, 4.1
o min | { (0 0O + 13 @)
where
1& 1Y
wm(t)(x, v) = p” Z Sy, v) and  un(B)(x,v) = N Z 8 (D), vi(t)) (X, V) (4.2)
k=1 im1

are the time-dependent atomic measures supported on the phase space trajectories (y(t), wi(t)) €
R for k=1,...m and (x;(t), vi()) e R¥, for i=1,...N, respectively, constrained by being the
solution of the system

Yk = wy,
Wi =H * uNWk, wi) + H* wm(yx, wy) +ux k=1,...m, t€[0,T], 43)
X =

and Vi = H » un(x, vi) + H * o (xi, v;) i=1,...N, te[0,T],

for a given datum {O = (_1/0, w0, vo) € R20m+N) and control u € Ll([O, T, U).
Let us recall that the existence of Carathéodory solutions of (4.3) for any given u = (uy, ..., ux) €
LY([0, T],U) is ensured by proposition 2.2.

Theorem 4.1. The finite horizon optimal control problem (4.1)-(4.3) with initial datum
0=, w’,x0,v0) € R* has solutions.

ot 22 S
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Proof. For the sake of self-containedness and broad readability, we just sketch briefly the proof
of this statement, which follows from very classical results in optimal control [31, theorem 5.2.1].
Let (u"),cn be a minimizing sequence realizing at its limit the minimum of the cost functional
in (4.1). As this sequence is necessarily bounded in LY([0, T], 1), it admits a subsequence, which
we simply rename as UMhen, weakly converging to a u* e L1([0, T],U). At the same time, the
corresponding solutions = (yh(t), wh(t), ¥ (1), v"(1)) of (4.3) given the control uin L1([0, T, U)
are equi-bounded and equi-Lipschitz continuous in time, thanks to an argument identical to the
one given at the beginning of the proof of proposition 3.3. We similarly conclude that ¢" has a
subsequence, again not relabelled, converging uniformly to a trajectory ¢* which is actually the
solution of (4.3) given the control u* in LY([0, T], ). The uniform convergence of the trajectories
and their compact support also allow us to conclude by the use of condition (L) that

T T
lim J L(yha),wh(t),ué@(t))dt:J LGy (), w* (), 1y (1) dt,
—+00 Jo 0

and the weak convergence of (")pen to w* € LY([0, T],U) implies the lower-semicontinuity of the
norm

lim inf — B dt > £(1)] dit.
lmh_l)r}roomjogluk()l _mL;Iuk()l

We conclude by these two limits that u* is an optimal control for (4.1)—(4.3). |

5. The I"-limit to the infinite-dimensional optimal control problem

We shall now recall the concept of I"-limit, which, together with the mean-field limit established
by theorem 3.3 will allow us to prove that solutions of the optimal control problems (4.1)—(4.3)
converges to optimal controls for the system (3.4).

Definition 5.1 (I"-convergence) [32, definition 4.1, proposition 8.1]. Let X be a metrizable
separable space and Fy : X — (—00,00], N € N be a sequence of functionals. Then, we say that

Fn I'-converges to F, written as Fy LI F,foran F: X — (—o0, 00], if

(i) liminf-condition: for every u € X and every sequence uy — 1,
F(u) < liminf Fy(un);
N—oo

(ii) lim sup-condition: for every u € X, there exists a sequence uyn — u, called recovery sequence,
such that

F(u) = lim sup Fy(un).
N—oo

Furthermore, we call the sequence (Fy)n equi-coercive if for every c € R, there is a compact
set KC X such that {u:Fy(u) <c} CK for all NeN. As a direct consequence, assuming uy; €
argmin Fy # #, for all N € N, there is a subsequence (u}"\,k)k and u* € X such that

* * :
Uy, > u" € argminF.

In the following, we assume that H is a function satisfying (H) so that (1.9) and (3.4) are
well-posed, for a given control u and suitable initial conditions. In view of the definition of
I'-convergence, let us fix as our domain X =LY[0,T],u) which, endowed with the weak
L!-topology, is actually a metrizable space.

Fix now an initial datum (y°,w°, u°) € X, with u® compactly supported, supp(u®) C B(0,R),
R >0, and choose a sequence of equi-compactly supported atomic measures [LR], supp(/LON) C
B(0,R), M?\] =(1/N) Zf\il S(X?,U‘p) such that Wl(p,?\], w9y — 0 for N — +oo0.
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We define the following functional on X

T

F(u) :J

0

{L(y(t» W), () + - 3 k) it 1)
k=1

where the triplet (y, w, 1) defines the unique solution of (3.4) with initial datum 0, @, 10 and
control u, i.e.

Yk = Wy,
Wy =H* (1 + )y, wi) +ug, k=1,...m, te[0,T] (5.2)
and A+ v - Ve =Vy - [(H* (1 + )il

in the sense of definition 3.1. Similarly, we define the functionals on X given by
T 1
Fn(u) = L {L(yN(t), wn (), un(®) + > lug(®) ¢ dt, (5.3)
k=1

where un(t) = (1/N) Zfil Sin(t)uin(h) 18 the time-dependent atomic measure supported on the
trajectories defining the Carathéodory solution of the system

Yk = w,
Wi =H * uNWk, wi) + H > wm(yg, wy) +ux k=1,...m, t€[0,T], 5.4
Xi=v;
and Ui =H» un(x;,v;)) + H* m(x;,v;) i=1,...N, te[0,T],

with initial datum (yo, wd, x?\,, vg,) and control u.

Remark 5.2. Observe that the choice of the functionals Fy depends on the choice of the
sequence M?\; approximating ub.

The rest of this section is devoted to the proof of the I'-convergence of the sequence of
functionals (FN)nen on X to the target functional F. Let us mention that I"-convergence in optimal
control problems has been already considered, see for instance [33], but, to the best of our
knowledge, it has been only recently specified in connection to mean-field limits in [10].

Theorem 5.3. Let H and L be maps satisfying conditions (H) and (L) respectively. Given an initial
datum (y°,w°, u®) € X and an approximating sequence 1S, with 1%, u%; equi-compactly supported,
ie. supp(u®) U supp(ug)\,) C B(0,R), R>0, for all N € N, then the sequence of functionals (FN)NeN 01
X =LY([0,T],U) defined in (5.3) I"-converges to the functional F defined in (5.1).

Proof. Let us start by showing the I' —liminf condition. Let us fix a weakly convergent
sequence of controls uy — uy in LY([0, T],i). As done in the proof of theorem 3.3, we can
associate with each of these controls a sequence of solutions ¢n(t) = (yn(t), wn(t), un(t)) ==
(yn(t), wn(t), xn(t), un(t)) of (5.4) uniformly convergent to a solution . (t) = (y«(f), W« (t), p«(t)) of
(5.2) in the sense of definition 3.1 with control u, and initial datum (yo, w0, 19). In view of the
fact that solutions ¢n(t) and ¢.(f) will have supports uniformly bounded with respect to N and
t € [0, T] and by the uniform convergence of trajectories (yn/(t), wn(t)) = (y«(t), w«(t)) as well as the
uniform convergence Wiy (un(t), i«(t)) — 0 for t € [0, T], it follows from condition (L) that

T T

Jim JO Lyn(8), wn(®), in () = JO Ly (8), w5 (1), () I (5.5)
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Note that, thanks to remark 3.4, here we are allowed to consider the convergence of the entire
sequence ({N)Nen and we do not need to restrict to a subsequence (and this is a crucial issue in
order to properly derive the I — lim inf condition!). By the assumed weak convergence of (1n)NeN
to u* € L1([0, T],U), we obtain the lower-semicontinuity of the norm

T m

1 (T 1
li inf — Hdt> — )| dt. 5.6
im inf_ | D i J 2 ) 6

By combining (5.5) and (5.6), we immediately obtain the I" — lim inf condition
liminf Fx(un) > F(uy).
N—o00

We need now to address the I' —limsup condition. Let us fix u, and we consider the
trivial recovery sequence uy =u, for all N eN. Similarly as above for the argument of the
I' —liminf condition, we can associate with each of these controls a sequence of solutions
IN(D) = (N (), wn (), un(t) == (N (), wn(t), xn(t), un (1)) of (5.4) uniformly convergent to a solution
Cx(t) = (Y« (1), ws(t), (1)) of (5.2) in the sense of definition 3.1 with control u, and initial datum
(yo, w9, 1) and we can similarly conclude the limit (5.5). Additionally, being the sequence (1x)NeN
trivially a constant sequence, we have

T m

1 (T& 1
li — Hdt= t)| dt. 5.7
Jim ] 3 a0t = J 3 ) 67)

Hence, combining (5.5) and (5.7) we can easily infer

limsup Fy(un) = lim Fn(us) = F(u).
N—o0 N—o0

|
Corollary 5.4. Let H and L be maps satisfying conditions (H) and (L) respectively. Given an initial

datum (yo,wo,uo) e X, with u° compactly supported, supp(uo) C B(0,R), R >0, the optimal control
problem

T m
min J {L(y(t»w(t),u(t)n;Duk(m dt, (5.8)
k=1

uel([0,T1U) Jo

has solutions, where the triplet (y,w, k) defines the unique solution of (3.4) with initial datum (y°,w", u0)
and control u of

Yk = Wy,
W =H * (1 + wm) e, wp) +ux, k=1,...m, te[0,T] (5.9)
and Ot 4 v - Ve =Vy - [(H > (0 + pam)) 1],

in the sense of definition 3.1, and

n

1
wm(t) = p” Z S(yu(H)wi(t))- (5.10)
k=1

Moreover, solutions to (5.8) can be constructed as weak limits u* of sequences of optimal controls uy; of the
finite-dimensional problems

T 1 m
min J Lyn(t), wn (), un(®) + = Y ()l ¢ dt, (5.11)
uell([0,T1,U) Jo m =1
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where un(t) = (1/N) Zf\i 18Can @) Ad N () = 1/m) Y1, (i (), n () AT€ the time-dependent
atomic measures supported on the trajectories defining the solution of the system

Yk = wy,
wr =H * unWk, wr) + H * oy, w) + 1w k=1,...m, t€l0,T], 512)
X =

and Vi =H * uN(xi,vi) + H * o m(xi, v7) i=1,...N, te[0,T],

with initial datum (yO, w, xR,, vg]), control u, and MON =(1/N) Zfil 820 10) is such that Wl(u?\], ud—0
for N — +o0.

Proof. Note that the optimal controls uy; of the finite-dimensional optimal control problems
(5.11)~(5.12) belongs to X = L1([0, T], 1), which is a compact set with respect to the weak topology
of L1. Hence, (ux)Nen admits a subsequence, which we do not relabel, weakly convergent to
some u* € L1([0, T], ). Moreover, as done in the proof of theorem 3.3, we can associate with each
of these controls a sequence of solutions ¢n(t) = (yn(t), wn(t), un (1)) == (Yn(t), wn(t), xn(t), un(t))
of (5.4) uniformly convergent to a solution & (t) = (y«(t), wx(t), n«(t)) of (5.2) in the sense of
definition 3.1 with control u*. In order to conclude that u* is an optimal control for (5.4), we
need to show that it is actually a minimizer of F. For that, we use the fact that F is the I"-limit of
the sequence (FN)Nen as proved in theorem 5.3. Let 1 € X be an arbitrary control and let (un)nen
be a recovery sequence given by the I — lim sup condition, so that

F(u) > lim sup Fy(un). (5.13)
N—oo0
By using now the optimality of (u3;)Nen
lim sup Fy(uy) > lim sup Fx (i) = liminf Fa(uy;). (5.14)
N—o0 N— oo N—o0

Applying the I — lim inf condition yields
lgrl)ioréfFN(u;‘\,) > F(u™). (5.15)
By chaining the inequalities (5.13)-(5.15), we eventually obtain that
F(u)>Fw*), forallueX,
or that u* is an optimal control. [ |

Remark 5.5. Observe that the previous result does not state uniqueness of the optimal control
for the infinite-dimensional problem. Moreover, in general, we do not ensure that such optimal
controls are always limits of sequences of optimal controls of (5.11)—(5.12).
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Appendix A

For the reader’s convenience, we start by briefly recalling some well-known results about
solutions to Carathéodory differential equations. We fix an interval [0, T] on the real line, and
let n>1. Given a domain £2 C R", a Carathéodory function g:[0,T] x 2 - R",and 0 <t <T, a
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function y: [0, ] — 2 is called a solution of the Carathéodory differential equation

y(t) = g(t, y(t) (A1)

on [0, 7] if and only if y is absolutely continuous and (A 1) is satisfied a.e. in [0, r]. The following
existence and uniqueness result holds.

Theorem A.1. Consider an interval [0, T] on the real line, a domain 2 C R", n > 1, and a Carathéodory
function g : [0, T] x 2 — R™. Assume that there exists a constant C > 0 such that

I8t yl=C
for a.e. t €[0,T] and every y € 2. Then, given yq € £2, there exists 0 < v < T and a solution y(t) of (A1)

on [0, t] satisfying y(0) = yo.
If, in addition, there exists another constant A > 0 such that

lg(t, y1) — 8(t, y2)| < Aly1 — 2l (A2)

fora.e. t €[0,T] and every y1, y2 € §2, the solution is uniquely determined on [0, t] by the initial condition
Yo-

Proof. See, for instance, [34, ch. 1, theorems 1 and 2]. [ |

In addition, the global existence theorem and a Gronwall estimate on the solutions can be
easily generalized to this setting.

Theorem A.2. Consider an interval [0, T] on the real line and a Carathéodory function g:[0,T] x
R" — R". Assume that there exists a constant C > 0 such that

Ig(t, )l < C(1 + lyl) (A3)

fora.e. t €[0,T] and every y € R". Then, given yo € R", there exists a solution y(t) of (A 1) defined on the
whole interval [0, T] which satisfies y(0) = yo. Any solution satisfies

() < (1ol + Ct)e” (A4)

forevery t € [0, T].
If, in addition, for every relatively compact open subset of R", (A 2) holds, the solution is uniquely
determined on [0, T] by the initial condition y.

Proof. Let Co := (lyol + CT)eCT. Take a ball 22 C R? centred at 0 with radius strictly greater than
Co. Existence of a local solution defined on an interval [0, ] and taking values in £2 follows now
easily from (A 3) and theorem A.1. Using (A 3), any solution of (A 1) with initial datum yy satisfies

t
()] <lyol + Ct + JO Cly(s)] ds

for every t € [0, 7], therefore (A 4) follows from Gronwall’s lemma. In particular, the graph of a
solution y(f) cannot reach the boundary of [0, T] x §2 unless v =T, therefore existence of a global
solution follows for instance from [34, ch. 1, theorem 4]. If (A 2) holds, uniqueness of the global
solution follows from theorem A.1. ]

The usual results on continuous dependence on the data also hold in this setting: in particular,
we will use this lemma, following from (A 4) and the Gronwall inequality.
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Lemma A.3. Let g1 and g2 :[0, T] x R" — R" be Carathéodory functions both satisfying (A 3) for a
constant C > 0. Let v > 0 and define
Prm,T = (1 + CT)eCT~

Assume, in addition, that there exists a constant A = A(pyp,1) > 0

181t y1) — g1t y2)| < Aly1 — ya

for every t € [0, T] and every y1, yo such that |y;| < p, 1,1 =1,2. (Note that here we refer exclusively to
g1 and that the constant A actually depends on py,, 1.) Set

Q(t) = ||81 (tr ) - gz(tr ) ||Lx(B(0,py,m,T))'
Then, if y1(t) = g(t, y1(t)), y2(t) = g2(t, y2(t)), [y1(0)| < r and |y2(0)| <1, one has

t t
10 = 120 =11 0) = 120) + | &P Hige) ds (A5)
forevery t € [0, T].

We mention again that 71 (R") denotes the space of probability measures on R” with finite first
moment. This is a metric space when endowed with the Wasserstein distance 1V;. We recall below
several useful results from [10,26] concerning Lipschitz continuity estimates for transport flows
induced by the dynamics (1.9), which may be found in slightly different form and generality in
several other papers [25,27,28]. Lemma A.9 is recalled from [10, lemma 6.4].

Lemma A.4. Let H:R" — RP, n>p > 1 be a locally Lipschitz function such that
IHw)I < C(L+1yl), forally eR", (A6)

and p 1[0, T] — P1(R™) be a continuous map with respect to Wy. Then, there exists a constant C' such
that

IH» () < C'(1+IyD), (A7)
for every t € [0, T] and every y € R". Furthermore, if
supp u(t) C B(O,R), (A8)
for every t € [0, T1, then for every compact subset K of R", there exists a constant AR x such that

IH* n(t)(y1) — H* n(B)(y2)l < Arkly1 — val, (A9)
for every t € [0, T] and every y1, y2 € K.

Let us consider y : [0, T] — P1(R?*) a continuous map with respect to W such that supp u(t) C
B(0,R) for all t € [0, T], and pm(t)(y, w) = (1/m) YL, Sy(h,wi(p)) @ time-dependent atomic measure
supported on the absolutely continuous trajectories t+— (y(t), wi(t)), k=1,...,m. We now
consider the system of ODEs on R

X(t) = V()

. (A 10)
and V(t) = H * u(t)(X(t), V(1)) + H > wu()(X(H), V(1))

on an interval [0, T]. Here, X, V are both mappings from [0, T] to RYand H:R¥ > RYisa locally
Lipschitz function satisfying |[H(£)| < C(1 + |£]) for all £ € R and for a constant C > 0. It follows
then from these assumptions and lemma A.4 that all the hypothesis of theorem A.2 are satisfied.
Therefore, however given Py := (X, Vp) in R there exists a unique solution P(t) := (X(t), V(t)) to
(A 10) with initial datum Py defined on the whole interval [0, T]. We can therefore consider the
family of flow maps 7;"*" : R% — R?? indexed by t € [0, T] and defined by

7" (Po) := P(t), (A11)

where P(t) is the value of the unique solution to (A 10) starting from Py at time ¢ = 0. The notation
aims also at stressing the dependence of these flow maps on the given mappings wu(t), wm(t). We
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can easily recover, as consequence of (A 5), similar estimates as in [26, lemmas 3.7 and 3.8]: we
report the statement and a sketch of the proof of this result to allow the reader to keep track of the
dependence of these constants on the data of the problem.

Lemma A.5. Let H:R* — R be a locally Lipschitz function satisfying
H(E) <CA+ [€]),  forall § <R,

for a constant C > 0, and let w0, T] - Pl(RZd) and p2:[0,T]— P1 (RZd) be continuous maps with
respect to Wi both satisfying

supp u(t) C B(O,R) and supp v(t) C B(0,R) (A12)

forevery t € [0, T], and i}, u2, two time-dependent atomic measures supported on the respective absolutely

continuous trajectories t > (yi(t),wi(t)), i=1,2 and k=1,...,m. Consider the flow maps 7;” it

i=1,2, associated with the systems

X(t) = V(b)
. . , (A13)
and V(t) =H % ' ())(X(t), V(1) + H a3, ()(X(B), V(t))

for i=1,2 respectively, on [0, T]. Fix r > 0: then there exist a constant p and a constant A > 0, both
depending only on r, C, R, and T such that

1,1 2,2
1T (P = T (Po) < e |Py — Py
t
+ JO A N(H x 1 (5) = Hox 12(9)) + (H 5 1y () = H v 15, (5)) | (80,0)) s (A14)

whenever |P1| <rand |Py| <r, for every t € [0, T].

Proof. Let g1 and g7:[0,T] x R? — R?* be the right-hand sides of (A 10), and (A13),
respectively. As in (A 7), we can find a constant C" which depends only on C and R such that

IH » 1/ ())(P)| + H » iy OP)} <C(L+IP) i=1,2, (A15)

for every t € [0, T] and every P € R, Setting now C =1+ C, it follows that g1 and g, both satisfy
(A 3) with C replaced by C. Therefore, for every P; and P; € R such that |Pj|<r, i=1,2 and
every t € [0,T], (A 4) gives

TP <+ DT, i=1,2,
Set p:=(r+ éT)eCT. Now, obviously
Ig1(t, ) = g2(t, Mo (30,00) = I (H » 1 (5) — H » 4*(5))
+ (H x iy (8) = H % i ()12 (800,0))
for every t € [0, T].
Furthermore, by (A 9) and the definition of p, the Lipschitz constant of g1 (¢, -) on B(0, p) can be

estimated by a constant A > 0 only depending on R, C, r and T. With this, the conclusion follows
at once from (A 5). |

We additionally recall the following lemmata (see, e.g. [26, lemma 3.11, lemma 3,13, lemma
3.15, and lemma 4.7] for their proofs).
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Lemma A.6. Let Eq and Ep : R" — R" be two bounded Borel measurable functions. Then, for every
wu € P1(R"), one has
Wi ((E1)gie, (E2)z 1) < IE1 — Ealle(supp p)-

If, in addition, Eq is locally Lipschitz continuous, and v, v € P1(R") are both compactly supported on a
ball B, of R", then
Wi((Ev)z, (E1)gv) = ArWVi(i, v), (A16)

where A, > 0 is the Lipschitz constant of Eq on By.

Lemma A.7. Let H:R?*! — R? be a locally Lipschitz function satisfying (2.1), let v : [0, T] — P1(R?)
and v : [0, T] — P1(R*) be continuous maps with respect to W both satisfying

supp u(t) C B(O,R) and suppv(t) C B(0,R)
for every t € [0, T]. Then, for every p > 0, there exists a constant A, R such that

1 H * u(t) — H % v()ll 1 (B(0,0) < Ao, RWV1(1(t), V(1))
for every t € [0, T].

References

1. Cucker F, Smale S. 2007 Emergent behavior in flocks. IEEE Trans. Automat. Control 52, 852—-862.
(doi:10.1109/TAC.2007.895842)

2. Cucker F, Smale S. 2007 On the mathematics of emergence. Jpn |. Math. 2, 197-227.
(d0i:10.1007 /s11537-007-0647-x)

3.Ha S-Y, Ha T, Kim J-H. 2010 Emergent behavior of a Cucker-Smale type particle
model with nonlinear velocity couplings. IEEE Trans. Automat. Control 55, 1679-1683.
(doi:10.1109/TAC.2010.2046113)

4. Cucker F, Dong J-G. 2014 A conditional, collision-avoiding, model for swarming. Discrete
Contin. Dyn. Syst. 34, 1009-1020. (d0i:10.3934 / dcds.2014.34.1009)

5. Bongini M, Fornasier M. 2014 Sparse stabilization of dynamical systems driven by attraction
and avoidance forces. Netw. Heterogeneous Media 9, 1-3. (doi:10.3934/nhm.2014.9.1)

6. Caponigro M, Fornasier M, Piccoli B, Trélat E. 2013 Sparse stabilization and control of the
Cucker-Smale model. Math. Control Related Fields 3, 447-466. (d0i:10.3934 /mcrf.2013.3.447)

7. Perthame B. 2004 Mathematical tools for kinetic equations. Bull. Am. Math. Soc. New Ser. 41,
205-244.

8. Carrillo JA, Choi Y-P, Hauray M. 2014 The derivation of swarming models: mean-field
limit and Wasserstein distances. CISM Int. Centre for Mech. Sci. 553, 1-46. (d0i:10.1007/
978-3-7091-1785-9_1)

9. Ambrosio L. 2008 Transport equation and Cauchy problem for non-smooth vector fields. In
Calculus of variations and nonlinear partial differential equations. Lectures given at the C.LM.E.
summer school, Cetraro, Italy, June 27-July 2, 2005. With a historical overview by Elvira
Mascolo, pp. 1-42. Berlin, Germany: Springer.

10. Fornasier M, Solombrino F. In press. Mean-field optimal control. ESAIM: Control, Optim. Calc.
Var. (doi:10.1051/cocv /2014009)

11. Bensoussan A, Frehse ], Yam P. 2013 Mean field games and mean field type control theory.
New York, NY: Springer.

12. Lasry J-M, Lions P-L. 2007 Mean field games. Jpn J. Math. 2, 229-260. (doi:10.1007/s11537-
007-0657-8)

13. Huang M, Caines P, Malhamé R. 2003 Individual and mass behaviour in large population
stochastic wireless power control problems: centralized and Nash equilibrium solutions. In
Proc. 42nd IEEE Conf. on Decision and Control Maui, Hawaii USA, December 2003, pp. 98-103.

14. Cristiani E, Piccoli B, Tosin A. 2010 Modeling self-organization in pedestrians and animal
groups from macroscopic and microscopic viewpoints. In Mathematical modeling of collective
behavior in socio-economic and life sciences (eds G Naldi, L Pareschi, G Toscani, N Bellomo).
Modeling and Simulation in Science, Engineering and Technology. Boston, MA: Birkh&user.

15. Cristiani E, Piccoli B, Tosin A. 2011 Multiscale modelling of granular flows with application
to crowd dynamics. Multiscale Model. Simul. 9, 155-182. (doi:10.1137/100797515)

Wit 2 . St


http://dx.doi.org/doi:10.1109/TAC.2007.895842
http://dx.doi.org/doi:10.1007/s11537-007-0647-x
http://dx.doi.org/doi:10.1109/TAC.2010.2046113
http://dx.doi.org/doi:10.3934/dcds.2014.34.1009
http://dx.doi.org/doi:10.3934/nhm.2014.9.1
http://dx.doi.org/doi:10.3934/mcrf.2013.3.447
http://dx.doi.org/doi:10.1007/978-3-7091-1785-9_1
http://dx.doi.org/doi:10.1007/978-3-7091-1785-9_1
http://dx.doi.org/doi:10.1051/cocv/2014009
http://dx.doi.org/doi:10.1007/s11537-007-0657-8
http://dx.doi.org/doi:10.1007/s11537-007-0657-8
http://dx.doi.org/doi:10.1137/100797515
http://rsta.royalsocietypublishing.org/

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Downloaded from http://rsta.royalsocietypublishing.org/ on March 21, 2015

Craig AJ, Fliigge-Lotz 1. 1965 Investigation of optimal control with a minimum-fuel
consumption criterion for a fourth-order plant with two control inputs; synthesis of an
efficient suboptimal control. ]. Basic Eng. 87, 39-58. (d0i:10.1115/1.3650527)

Vossen G, Maurer H. 2006 L! minimization in optimal control and applications to robotics.
Optim. Control Appl. Methods 27, 301-321. (d0i:10.1002/0ca.781)

Casas E, Clason C, Kunisch K. 2012 Approximation of elliptic control problems in measure
spaces with sparse solutions. SIAM ]. Control Optim. 50, 1735-1752. (d0i:10.1137 /110843216)
Clason C, Kunisch K. 2011 A duality-based approach to elliptic control problems in
non-reflexive Banach spaces. ESAIM Control Optim. Calc. Var. 17, 243-266. (doi:10.1051/
cocv/2010003)

Clason C, Kunisch K. 2012 A measure space approach to optimal source placement. Comput.
Optim. Appl. 53, 155-171. (d0i:10.1007 /s10589-011-9444-9)

Herzog R, Stadler G, Wachsmuth G. 2012 Directional sparsity in optimal control of partial
differential equations. SIAM |. Control Optim. 50, 943-963. (d0i:10.1137/100815037)

Pieper K, Vexler B. 2012 A priori error analysis for discretization of sparse elliptic optimal
control problems in measure space. 51, 2788-2808.(doi:10.1137/120889137)

Stadler G. 2009 Elliptic optimal control problems with L!-control cost and applications for
the placement of control devices. Comput. Optim. Appl. 44, 159-181. (doi:10.1007/s10589-
007-9150-9)

Wachsmuth G, Wachsmuth D. 2011 Convergence and regularization results for optimal
control problems with sparsity functional. ESAIM, Control Optim. Calc. Var. 17, 858-886.
(doi:10.1051/cocv /2010027)

Ambrosio L, Gangbo W. 2008 Hamiltonian odes in the wasserstein space of probability
measures. Commun. Pure Appl. Math. 61, 18-53. (doi:10.1002/cpa.20188)

Canizo JA, Carrillo JA, Rosado J. 2011 A well-posedness theory in measures for some
kinetic models of collective motion. Math. Mod. Methods Appl. Sci. 21, 515-539. (d0i:10.1142/
50218202511005131)

Piccoli B, Rossi F. 2013 On properties of the generalized Wasserstein distance. (http://arxiv.
org/abs/1304.7014)

Piccoli B, Rossi E. 2013 Transport equation with nonlocal velocity in wasserstein
spaces: convergence of numerical schemes. Acta Appl. Math. 124, 73-105. (doi:10.1007/
510440-012-9771-6)

Ambrosio L, Gigli N, Savaré G. 2008 Gradient flows in metric spaces and in the space of probability
measures. Lectures in Mathematics ETH Ziirich, 2nd edn. Basel, Germany: Birkhduser.

Villani C. 2009 Optimal transport. In Grundlehren der Mathematischen Wissenschaften
[Fundamental principles of mathematical sciences], vol. 338. Berlin, Germany: Springer.

Bressan A, Piccoli B. 2007 Introduction to the mathematical theory of control. AIMS Series on
Applied Mathematics, vol. 2. Springfield, MO: American Institute of Mathematical Sciences.
Dal Maso G. 1993 An introduction to I'-convergence. Progress in Nonlinear Differential
Equations and their Applications, no. 8. Boston, MA: Birkhduser Boston Inc.

Buttazzo G, Maso GD. 1982 I'-convergence and optimal control problems. J. Optim. Theory
Appl. 38, 386-407. (doi:10.1007 /BF00935345)

Filippov AF. 1988 Differential equations with discontinuous righthand sides. In Mathematics
and its Applications (Soviet Series), vol. 18. Dordrecht, The Netherlands: Kluwer Academic
Publishers Group. (Translated from the Russian.)

ot 22 S


http://dx.doi.org/doi:10.1115/1.3650527
http://dx.doi.org/doi:10.1002/oca.781
http://dx.doi.org/doi:10.1137/110843216
http://dx.doi.org/doi:10.1051/cocv/2010003
http://dx.doi.org/doi:10.1051/cocv/2010003
http://dx.doi.org/doi:10.1007/s10589-011-9444-9
http://dx.doi.org/doi:10.1137/100815037
http://dx.doi.org/doi:10.1137/120889137
http://dx.doi.org/doi:10.1007/s10589-007-9150-9
http://dx.doi.org/doi:10.1007/s10589-007-9150-9
http://dx.doi.org/doi:10.1051/cocv/2010027
http://dx.doi.org/doi:10.1002/cpa.20188
http://dx.doi.org/doi:10.1142/S0218202511005131
http://dx.doi.org/doi:10.1142/S0218202511005131
http://arxiv.org/abs/1304.7014
http://arxiv.org/abs/1304.7014
http://dx.doi.org/doi:10.1007/s10440-012-9771-6
http://dx.doi.org/doi:10.1007/s10440-012-9771-6
http://dx.doi.org/doi:10.1007/BF00935345
http://rsta.royalsocietypublishing.org/

	Introduction
	The finite-dimensional dynamics
	The coupled ODE and PDE system
	The finite-dimensional optimal control problem
	The -limit to the infinite-dimensional optimal control problem
	References

