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Abstract

In this paper, we develop an Asymptotic-Preserving (AP) stochastic Galerkin
scheme for the radiative heat transfer equations with random inputs and dif-
fusive scalings. In this problem the random inputs arise due to uncertainties
in cross section, initial data or boundary data. We use the generalized poly-
nomial chaos based stochastic Galerkin (gPC-SG) method, which is combined
with the micro-macro decomposition based deterministic AP framework in or-
der to handle efficiently the diffusive regime. For linearized problem we prove
the regularity of the solution in the random space and consequently the spectral
accuracy of the gPC-SG method. We also prove the uniform (in the mean free
path) linear stability for the space-time discretizations. Several numerical tests
are presented to show the efficiency and accuracy of proposed scheme, especially
in the diffusive regime.
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1 Introduction

The radiative heat transfer equations model the energy transfer in the form of
electromagnetic radiation and its interaction with background material temper-
ature. They have applications in a wide variety of subjects, including optics,
astrophysics, inertial confinement fusion, and high temperature flow systems.
Their mathematical models are well described in many references, see for ex-
amples [1, 2, 17, 18].

The behavior of radiation transfer is greatly influenced by the properties of
the background material. As a result, intensive interaction between the radi-
ation and material with a small photon mean free path will lead to diffusive
radiative behavior. To numerically simulate the system in the diffusive regime,
numerical parameters—mesh sizes and time steps in particular—need to be fine
enough—compared with the mean free time or path, which is often prohibitively
expensive in real applications. In the last two decades, asymptotic-preserving
(AP) methods [5] have been shown to be a competitive way to handle small or
multiple scales in kinetic equations, see the review [6]. AP schemes were first
developed for linear transport equations in diffusive regimes, see for stationary
transport equations [14, 13] and time-dependent transport equations [10, 12, 15].
AP schemes have also been developed for radiative heat transfer equations, see
[11, 20]. AP schemes preserve the asymptotic limits from the microscopic models
to the macroscopic ones. They automatically become good macroscopic solvers
when the small scales (mean free path here) are not numerically resolved.

In practical applications, the radiative heat transfer problems almost always
involve uncertainties due to modeling and experimental errors. For example
the black body intensity is often modeled empirically thus may contain uncer-
tainty. Uncertainties could also arise from initial or boundary data, and other
coefficients in the equations. The goal of this paper is to develop an efficient
numerical method that allows one to conduct uncertainity quantification. Here
one has to handle the difficulties due to uncertainties as well as possibly small or
multiple scale characterized by the Knudesen number—the dimensionless mean
free path.

Only in recent years there started to have works addressing these issues of un-
certainty quantification for kinetic equations, in the framework of the stochastic
asymptotic-preseriving (SAP) schemes. The notion of SAP was first introdueced
Jin, Xiu and Zhu in [10] for hyperbolic and kinetic equations with random coef-
ficients and diffusive scalings. It requires a scheme (say the stochastic Galerkin
scheme) for the kinetic equations, when the small parameter goes to zero while
other numerical parameters are held fixed, becomes a good scheme (say again
the stochastic Galerkin) for the limiting equation. See an extension of sAP
scheme to the semiconductor Boltzmann equation [8], and a gPC-SG scheme
for the Boltzmann equation with uncertainties [3]. The goal of this paper is to
develop a sAP scheme for the radiative heat transfer equations with random in-
puts. Here the complication comes from the nonlinear coupling with a diffusion
equation.

We use the generalized polynomial chaos expansion based stochastic Galerkin



(gPC-SG) method [21] for the underlying equation. This yields a deterministic
system for the coefficients of the gPC expansion, which turns out to be a vector
version of the deterministic radiative heat transfer equations. This allows us to
use the deterministic solver—we use the micro-macro decomposition based AP
scheme introduced by Klar and Schmeiser [11]-which can be easily shown to be
sAP, thus the number of the gPC modes, or the degree of orthogonal polynomi-
als used in the gPC approximation—does not have to depend on the mean free
path. To efficiently handle the nonlinearity, we use a linearization procedure so
the main part of the implicit time stepping has only the cost and complexity
of solving a linear diffusion equation implicitly. Furthermore, for the linearized
system we give a regularity result which leads to the proof of spectral conver-
gence of the gPC-SG scheme in the random space. We also establish a linear
stability— uniform in the mean free path— for the time and space discretizations.
Several numerical tests with different random inputs in cross-section, initial
and boundary data will be conducted to verify the accuracy and asymptotic
properties of the proposed scheme.

The rest of the paper is organized as follows. In Section 2 we introduce the
radiative heat transfer equations with random input and their formal asymptotic
limit in the diffusive regime. In Section 3, we derive our SAP scheme, present the
fully discrete scheme and analyze its AP property. In Section 4, a uniform linear
stability proof for the sSAP method is presented. Section 5 focuses on the proof
of regularity and spectral convergence in the random space for the linearized
problem. Finally, we present several numerical examples with randomness in
cross-section, initial and boundary data and compare the resulting quantities
with the stochastic collocation method in Section 6.

2 The Radiative Heat Transfer Equations with
Random Input and Diffusion Limit

Let 2 € D C R? be the space variable, Q € S? be the direction variable, S? the
unit sphere of R, z € R%(d > 1) be the random variable and ¢ € RT the time.

We denote by I = I(xz,€,z2,t) the radiative intensity and by 6(z, z,t) the
material temperature. Introducing the Knudsen number ¢, the radiative heat
transfer equations in nondimensional form are

MO +eQ -V, I=DB(0) — I (1a)
20,0 = e?A.0 — (B(0) — (I)) (1b)
with the total intensity
1
() 20t) = / (2,9, 2, 1)d9, )
1S Js2

and the black body intensity



where M is the Mach number (= 1 for this paper) and o = o(x,2) > 0 is the
cross-section depending on the space variable and the random variable.

The initial conditions and reflection transmission boundary conditions are
prescribed as following:

I(:L’,Q,Z,O) = I](l’,Q,Z),
L.c. {H(x,z,O) =0;(x, 2)
1(2,9,2,t) = a(n(z) - QI(Z,, 2,t) + [1 — a(n(z) - Q)|Ip(Z,Q, 2,t),
B.C. for n(z) -2 <0
0(&,z,t) =0p(Z, 2,t)
(4)

where & € 9D with outward unit normal n(z) and Q' = Q — 2n(2)(n(z) - Q) is
the reflection of Q on the tangent plane to dD. The reﬂectlvity a, 0 <a <,
depends on the incidence angle.

The random dimensionality d is determined by the number of random vari-
able z used in the input a(z, z) (which may come from cross section, initial or
boundary data and etc.), which is typically modeled by a series involving linear

combinations of z, i.e.,
d
z) ~ Zdi(x)zi (5)
i=1

The most widely used such kind of approximation is the Karhunen-Loeve ex-
pansion. (See [21])

To approximate the solution, we use the gPC expansion via an orthogonal
polynomials series. That is, for random variable z € R?, one seeks

K
O(x,z,t) =~ On(x,z2,t) = Z (x,t)Pr(2

g(@, p, 2, t) = gy (@, p, 2, t) = (z, 1, 1) Pr(2), (6)

Mx

k=1

K
h(z,z,t) = hy(z,z,t) :Z (z,t)Pr(z
k=1

where  ®i(2), 1<k <K, K = d ZN) are from P%, the d-variate orthog-

onal polynomials of degree up to N > 1, and orthonormal
/@i(z)‘l)j(z)p(z)dz — by, 1<ij < K = dim(PL), (7)

Here p(z) is the probability density function of z and ¢;; the Kronecker delta
function.



In the diffusion limit € — 07, for each z, system (1) can be formally approx-
imated by a nonlinear diffusion equation with random input by the following
asymptotic procedure: write

I=Iy+el + L+
0 =0y + 0, + &2y + - -

Substituting this ansatz into system (1) and collecting the terms of the same
order in €:

O(1) : Io = (Io) = B(6o) (8a)
O(E) R VQJIQ = —11, <11> =0 (Sb)

By taking () on (la) and combining with (1b), one obtains the energy conser-
vation equation

Q1)

£

o,(6 + <I>)+vm~( ma) =0, (9)

which, using (8a) gives the leading order
(9t(90 + <Io>) + V- (<QIl> — Vweo) =0.
Using (8b) then yields

81&(00 + B(GO)) =V~ (Vxeo + Dva(GO))a (10)
with D = (Q ® Q) = 11, (where I; denotes the 3 by 3 identity matrix), or
(1+ B'(09))0:00 = V- [(B'(6)/3 + 1)V.bp]. (11)

When (1 —p)(Ip — B(fp)) = 0 almost everywhere on 0D x S—, 8; € W2>(D)
and It = B(0r) — Q- V,B(0), there will be no boundary layer. Then, when
z is viewed as a parameter, for each realization of z, for every At > 0, the
solution (I,0) of system (1) with initial and boundary conditions (4) converges
as € — 07 to (B(6p),0p). The limiting temperature 6 is the unique solution of
(11) with initial and boundary conditions:

0o(z, 2,0) = 0;(x, 2), 0o(&, z,t) = 0p(&, 2,t), for &€ dD (12)
See [11] for a proof.

3 A Stochastic AP Scheme

For small values of ¢, problem (1) is numerically stiff. We develop a stochastic
Galerkin method based on the deterministic AP scheme proposed by Klar and
Schmeiser (See [11]).

For simplicity, we consider the one-dimensional case x € [0,1] and define
w=cos(Q-x),u € [—1,1]. Thus, the angular averaging is defined as:

1
=3 [



3.1 A Micro-macro Decomposition

As in [11], we rewrite the radiative intensity in the form

with (g) = 0. This is a micro-macro decomposition of I into its mean value
(I) = B(#) + £2h and the remainder eg.

The equations (1la), (1b) are now rewritten as a system for g, h and 6 by
using (13), taking the angular average of (1a), and subtracting it from (1a):

e20;h + B'(0)(0000 + h) + 0. (ug) = —h, (14a)
20,9 + p0y B(0) + €05 (g — (pg)) + €20 (uh) = —g, (14b)
00 = 9,.0 + h, (14c)

with initial conditions

o1 2,0) = 2 [T1( 1, 2) = (1) 2,2 (152)
h(zx,z,0) = E%[(I;)(z,z) — B(0/(x, 2))], (15Db)
0(z,z,0) = 0;1(z, 2). (15¢)

Using the boundary conditions (4) with the condition (g) = 0, evaluated at the
boundary & = 0 and & = 1, we obtain the equation

/0(1+Oé)gdu+/01(1—a) <IB_B(%3)—5h>du—0, at £ =0, (16a)

1 e

/ol(l+a)gdu+/0 (1-a) (IB_B(QB)_Eh) e

-1 g
As long as the boundary is not purely reflective, i.e.,
0<axl

the value of h(Z, z,t) can be computed from (16) in terms of the outflow data
9(Z, p, 2, t) as following:

]. 01+a 1 1

Tz dpu+ = | Iz — B(0p))du, at & = 1

" 5\/,1 1—0{9 NJ+€2/O ( B (B)) M, at T 0, (7&)
1 f1+a 1 /0

h=-=- d — Ig — B(0g))du, at & = 1. 17b
5/0 1—a9“+52/_1(3 (0B))du, at & (17b)

Then, boundary conditions for g and 6 are given by

Ip — B(0p)

—5h>, >0, at & =0, (18a)
€

g(p) = ag(—p) + (1 - a) <



Is—B
36(93)_Eh>’ p<0 ati=1  (18h)

0(z, z,t) = 0p(%, 2,1). (19)

When «a = 1, the purely reflecting case, the reflecting boundary conditions are

9(&, ) = g(&, —p), (20a)
0(z,z,t) =0p(%,2,1t), (20b)
h(z) solved from (14a). (20c)

3.2 The gPC-SG Method for the Micro-Macro System
and the Limiting Diffusion Equation

We now derive a stochastic AP scheme for the micro-macro system (14). One
inserts the approximation 6y, gx and hy in (6) into the governing equations
and enforces the residue to be orthogonal to the polynomial space spanned

by {®1, -+ ,Px}. Thus, we obtain a set of deterministic equations for the
expansion coefficients {0y}, {gr} and {hy}.
Denote
é—(éla"' éK)Ta g:(gh'"?gK)T? l:l:(ilh 7}ALK)Ta
( ) C” x t))O<z_]<K with (21)

cij(z,t) /GNU z,2)P;(2)P;(2)p(2)dz.

Then
e20ih + 4C(,1)(0200 + h) + 0, (ng) = —h, (22a)
2008 + AuC(x,1)0,0 + 0, (g — (ug)) + €20, (ph) = —g, (22b)
8,0 = 0,0 + h. (22¢)

Correspondingly, the initial and boundary data can be projected by the
gPC-SG method,

01 = (01, ,01.)7, where 05, (z) = / 0r(z, 2)Bp()p(2)dz  (23)

and similarly for il, 93 and iB.
Thus, (15), (17), (18), (19) or (20) give the initial and boundary conditions
for (22) as following:

(s 10,0) = ~[ir (o, ) — (1)) (242)
h(z,0) = S [{r) () - BO:(@)], (24)
0(z,0) = 6;(x). (24c¢)



For0<a<1,

.1 1 .
h=-[ “%gdu+—~ | dp-B
/ o5z Iz

1+
. 1 14+a.
hzgélf
g(u) = ag(—p
g(u) = ag(—p
(i, t) = 0p(z,t),

Fora=1atz=0,1,

1

0

1 O
2/ IB— HB)du,atx—l
€ 1
I B
a(B 5h),u>0,
€
I B
(B 5 —»3h>,u<07

=0,

g(inu) = g(x, _M)7
0(&,t) = Op(x, 1),

h(z) solved from (22a).

(éB))dﬂﬂ at £ =0,

at £ =0,

atz =1

)

(25a)

(25b)

(25¢)

(25d)

(25¢€)

Similarly as in section 3.2, we can obtain a set of deterministic equations by
using K term truncated gPC-SG for 6 for the limiting diffusion equation (11):

a+ux%m@é=@[0+§cm@>@ﬂ

where C(z,t), T and 8 are the same as in (21).

3.3 The Time Discretization

Introduce a time step At > 0 and discrete time t" = nAt. We now employ
the semi-implicit time discretization in [11] to the gPC-SG system (22), where
backward differences are used for the zeroth order terms (for e < 1) and forward
differences for higher order terms:

2 A~ ~ A ~
%t(hn+1 o hn) +4(371(8ng hn+1) +a < An+1> hn+1’
an—+1 AN
g —8g na antl . “ -
B B 00" ¢ 0, (ug — (ug) + 0, (k") =
~n+1 AM
-6 = AR R

n+1

(27)

(28a)

~n—+1
)

(28b)

(28¢)

From the equations (28a), (28b), h™t1 and g"*! can be expressed in terms of

n+1
0" Using the result in (28c), setting

2

14
=l A

(29)



and letting I be the K x K identity matrix, give

~n+1 AN

(kI + 40">Tt_0 — 9, [(KI + ;4cn)azé"+l} +eq”, (30a)

gl = —%mc"azé"“ +epn, (30b)

with p" = [ 8"~ 0,(ug" — (ug")) — epd,h"] (30¢)
K t

h™t! = [« + 4C") ! [iaz (gc"azé"“> —4C"0,,0" " sqn} . (30d)

with §" = Aitﬁ" — By (up™). (30¢)

C . . ~n+1 N ~
Thus, an elliptic equation for 8 needs to be first solved, and g"+! and hn+!
can be obtained subsequently.

3.4 Positivity of the Diffusion Coefficient Matrices

One problem with the gPC truncation (6) is the loss of positivity for 6. Then
one may be concerned with the positivity of the diffusion coeflicient matrices
in (27) and (30a). Below we prove, under suitably mild assumptions, these
matrices are poitive definite.

Lemma 3.1. Assume
0<om<o(z,z) <o, Vo, 2. (31)

Suppose 03;(x,t,z) > —c, ¢ > 0 for all x,t,z such that %CO’M < 1, then the
matriz I+ $C(x,t) in (27) is positive definite.

Proof. Let b = (by,--- ,bx)T be an arbitrary non-zero real vector, and b(z) =
Zle Bj<1>j(z) be a random variable constructed by the b vector. By using
the definition of ¢; ;(z,t) in (21) and the assumption (31), we have for any
x e D,t>0,

b’ (I + ;10(3:,15)) b=>" ib (51']' + ;LCij(x,t)) b;



Now if 9%, > —c, with %coM <1,

K
b(I+ gC(x,t))b > ;53 - %coM/b(z)Qp(z)dz
Ky K K
:Zb?— gCUM/ ZZ()Z i Pi(2)P;(2) | p(z)dz
i=1 i=1 j=1
Ky K K
:Zb? — 3com ZZbibj (/ <I>i(z)<1>](z)p(z)dz>
i=1 i=1 j=1
Ky K K K
=> b - gcoMZZbibﬁ” =(1—ccom) D> b7 >0
i=1 =1 i=1 i=1

To conclude, (I+ 3C(z,t)) is positive definite, so is the matrix I+ 5-4C"
in (30a). O

Remark 3.1. Although we may not know the positivity of 0y, due to the
spectral accuracy, |0x| is small when 6y is negative. Thus ¢ is a small number

and consequently the condition %caM < 1 is a very reasonable assumption.

3.5 The Fully Discrete Scheme
We discretize space using staggered grids with Az = 1/imax :
xX; :’LA.’E, Z:(), ,imaxv

and
xi—1/2 = (’L* 1/2)ASC, ’L:O7 almax+1

The variable 6 and h are defined at the grid points z;, and g is defined at the
n -

points x;_; /2. The approximations at time " are denoted by 6, ,h? and g?_l/Q

respectively. Let

1
it1/2 = §(C?+1 + C})
the space-discretized version of system (30) reads

~n+1 ~n+1

1 n+1 ~n 1 4 0, -0,
I+4C™) (9" —0.)= —[(kI+ —C" i S S
(H + Cz)At(ez 07,) AIE[(K +3I€ z+1/2> Az
~n+1 ~n+1
4 . 0, -0, ~n
_ (/iI + %CZ?l/Q)T] + €q; ,
i=1, " imax — 1, (32a)
An+1 ~n—+1
sntl __Lyon 0 =0 . =1 32b)
Bi—1/2 = Tt im2k Ax EPi—1/2) ¥ = 400t tmax, (
oy 1. e, no . N
with piil/g = E[Eg?q/z - E(%ZL - &)

10



H EH rp nn : :
<A7(gz 7gz 1)> A.’E(hz 7hi—1)]a = 17 y “max (32C)

n+1 ~n+1 ~n+1

't = (kI 44CH) 71— 0, —20;, +6,))+eqr

(A )

~n—+1 ~n—+1 ~n+1 ~n+1

4 0i+1 B 01 n 07, B 07, 1
+ 3I€AI(C?+1/2 Ax - Ci71/2 Az )}7
i=1, i — 1, (32d)
n ‘LL AT AT o y
with q}' = Kthz <A:z: (pi_H/2 - pi_1/2)>, i=1," ,imax — 1. (32e)

The free streaming operator in (32¢) is discretized in an upwinding fashion:

i 8i_1/2 for p>0,
’ 8l1/p for p<O.

A K(imax + 1) x K(imax + 1) block diagonal system resulting from the
implicit discretization of the parabolic equation (32a) (the same as in the diffu-
sion equation) needs to be solved there. There are many fast algorithms for the
inversion (See [4]).

It remains to discretize the boundary conditions. g'j /2 for pu >0 (g f:;i +1/2
for p < 0) is determined from the boundary conditions (25) and (26) in the
following way:

In (25a) and (25b), the outflow data for g are approximated by g]‘/gl, <0
(gzntifl/g,u > 0). Then hg“ and hzlti are determined by (if the respective
boundary point is not purely reflective, i.e. 0 < a < 1):

N 1 1+a,, n P +1
w“zf/ %1—wf/1+1 ), (33)
eJ_ 1 1-a
with I+ = 15(0),
1 M1+ 10
| TPV = B § oy - (" d 33b
v =t [ e e [ - B (@30

with I = Tp(1).

This value is then used in the right hand side of (25¢) and (25d), where the
outflow data on the right hand side are again approximated like above and the

left hand side is replaced by (g”J{/l2 g?/*;)/z ((AZ:;(_UQ gz}:iﬂ/g)/z);

an+1 an+1
g_l 2( ) gl 2 ( ) ~m 1—« n ~n+1
P =g )+ ——— (@ ()~ B©) )
— (1 —a)eh? ™t 4> 0, (34a)
~n+1 ~n+1
8 —1 2( ) + 8 et+1 2(:“) . n An+1
P PR gt () b (A ) - B@L)
—(1—a)eh*! p<o. (34b)

11



The boundary for 0 is given by (25e):

~n+1 ~ ~n+1

6, =050,t"), 6, =0p(1,t"). (35)
For a =1,
&) = & ) > 0 & () = L (), <0, (36a)
o =0p0,mY), 0 — 6, ( tn+1), (36b)
An+1 an+1 ~n—+1
- 70 + 40 — 560 + 260
n+1 __ ny—1 n 3 2 1 0
APt = —(kI+4CD) ! |4CE (Am)2
L @ - 87 - B (36c)
Ax 1/2 —-1/2 At
~n+1 ~n—+1 ~n+1
-0, 49 — 56, + 20,
hn+1 — I 4Cn 4Cn imax— 3 imax—2 imax—1 imax
imax (H + 1max) imax (AJE)

M ~n ) n
+<A7x(gimax+l/2 - gimax—1/2)> At hlmax:| . (36d)

The values of g™ 1/2,u > 0, and g i +1/2,,u < 0, computed from these
equation (34) or (36), are needed in the next time step.

3.6 The AP property
When € — 0, one gets k = 1. Thus, (32a) becomes

n A”JF_”}_i i+1 — Yy
én+ én+1 (37)
i V-1
-(I+ Cz I/Q)T )

which is a fully discretized scheme for (27), using implicit time discretization
and center difference space discretization. Thus the fully discrete scheme is
stochastic-AP, in the sense defined in [10].

3.7 The Velocity Discretization

For velocity discretization, we employ the discrete-ordinate method. The dis-
crete velocity points are chosen to be the Legendre-Gauss quadrature points.
Then the integral in (32c) and (32e) can be computed by using Gauss quadrature
rule. This kind of discretization maintains the AP property, see [9].

12



4 A Uniform Stability Analysis

4.1 Some notations and useful identities

For every grid function u = (u;) we define:

lul|? = Z ul Az
i

(38)

For every velocity dependent grid function p € [~1,1] = @(u) = (P;11/2(1)),

we define:

” |(r/)||| = Z<¢Z+1/2¢¢+1/2>AZC.

7

Now we give some notations for the finite difference operators:

Div1/2 — Pi1)2

D™ 1) = Az J
D*gysi1) = <¢%‘+3/2A—z¢¢+1/27
Dediryn = ¢i+3/22;ji—1/27
D%, = W(: D™ i11/2),
50ui+1/2 = 711”;; Uia

20, .
A, — Pit (Aﬁl)j Pi1

We recall some useful formulas derived in [16]:
+p- 4 ,- Dt c Az -+
(D™ 4+ p" D)1 0 = uD P10 — 7W|D D711/,

4
Z(D+¢i+1/2)T(D+¢¢+1/2)A9€ < (Aa)? Z(¢’¢+1/2)T¢’i+1/2A$,

(39)

(40a)
(40D)
(40c)
(40d)
(40¢)

(40f)

(41a)

(41b)

. 1
D (DT + 5 D7) (Wi4172) b j2) Az < all|@l|? + 2kl D 4],

Z(ui)TDO@AUU =- Z(éoui+1/2)T¢i+1/2A$a

Z(¢i+1/2)TD7¢i+1/2Ax == Z(D+¢i+1/2)T¢i+1/2Axa

Z(¢i+1/2)TDC¢7;+1/2Ax =0,

%

()" (1) < 1 (ul6"9), ¢ € L(-1,1)).

13

(41c)
(41d)

(41e)

(41f)

(41g)



4.2 The Stability Analysis for the gPC-SG for the Limit-
ing Diffusion Equation

First we prove that the gPC-SG scheme (37) for the nonlinear diffusion equation
(27) is unconditionally stable.

Denote (}5?:11/2 (I+3C
and sum over ¢ € Z:

n+1 ~n+1 ~n+1 ~ rL+1
RHS = Z(e )T D%, 72 (80} )" brsr

1+1/2)509?:11/2, multiply (9:”_1 on both sides of (37)

n+1 ~n+1
= - Z (6°0;1/2)" (T + Cz+1/2)6001+1/2 <0.

The second equality used in (41d) and the last inequality follows from that

I+ CZ 't1)/2 is symmetric, positive and definite.

~n+1 AN

LHS :Z(Q?H)T(I + %(C):{Fl/Q)é(ei -0, )
ok | SO (14 500 ) 0 - @ (14 5(C0a) 8
+ Z 0 _ o (1 + g‘(C)M/Q) @ - éf)]
ST (14 500 81 - 60T (T4 5O a) 07

>_—
T2At

Therefore,
An—i-l 4 n ~n+1 AN 4 n N
SO (T4 5(00 0 ) 0 <3O0 (14 5(O) 0 ) 6]

which implies
~n+1 ||2

16

Thus, scheme (37) is unconditionally stable.

n
<>

4.3 Linear Stability Uniformly in ¢

For B(0) = o(z,2)0, where o(x,z) > 0, we prove the linear stability of the
scheme. (30) now becomes

2
S B 4 C(0,0" " 4 B 40, (g = R (422)
2gn+1 _ gn an+1 R . 5 R ) |

22— 2 1 CO0  +e0,(ug" — (ug”)) + 20, (ph™) = —g" T (42b)

At
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~n+1 AT
’ At_ ° = 8mén+1 + fln—H» (42C)

where

(C(2))i; = /0(I72)¢i(2)¢j(2)0(2)d2~ (43)

Since o(x,z) > 0, C(z) is a symmetric, positive and definite matrix as proved
in [22).

Theorem 4.1. Denote

Ao = max Xik, Aik > 0 are the eigenvalues of C;

)

Let C; = (LZ-)TLZ» be the Cholesky decomposition with L; a lower triangular
matriz with positive diagonal entries. If At satisfies the following CFL condition

At <

<3 ((Az)? + 2eAx), (44)

then the sequences é",g" and h" defined by (21) satisfy the energy estimate

An41 N R ~n+1
ICO" " +*n™FH* + [[leg™ P + 1L |2

o 21.n |2 2 0’2 (45)
<[[CO +e"h"[|" + |[leg™[||” + [|ILO" ||

for every n, and hence the scheme (42) is stable.

The proof follows the deterministic analogy in [7] with the addition of the
temperature equation here. It is given in the Appendix.

Remark 4.1. Although the CFL condition (44) still depends on ¢, it has a
lower bound:

At <
3+ X

as € — 0. In this sense it is a uniform in ¢ stability.

(Az)?,

5 Regularity in the Random Space and Spectral
Accuracy Analysis for Linear Problems

In this section, for simplicity we assume z € I, is a one-dimensional random
variable, where I, has finite support (e.g. uniform and Beta distributions).
We prove that for linear collision operator B(0) = o(x,2)0, the solutions to
the radiative transfer equations with random inputs preserve the regularity in
the random space of the initial data. Then based on the regularity, we con-
duct spectral accuracy analysis and error estimates for the stochastic Galerkin
method.

15



5.1 Regularity in the Random Space

The [-th order formal differentiation of the radiative transfer equations with
respect to z is

£20,(0LT) + epd, (0L 1) = 0' (o (x, 2)0) — 01, (46a)
20,(020) = £20,,(8.0) — (9. (0(x, 2)0) — (9L1)). (46b)

(L1, “(t’w,u,z>2>p<z>dzdx>l/2 = 17,
(L1, 9<t’"’”’z)zp<2>dzdw)l/2 = 61l

Theorem 5.1. Assume o(x,z) depends on z linearly, and

Define norm

0<om<o<opy < +oo, max |0.0] <1, m3x|(“)ma| < 7s.
If for integer m > 0,
NOLL 7 + [VoLor |7 < B, for all 1=0,--- ,m.
Then
OLI(E, -, )2+ V0L, -, )| < CyaBlle?, 1=0,- m,

where 7y is a constant depending on y1, v2 and ¢y, Cyy = C,1—1+1 is a constant
depending on v and [.

Proof. Multiplying 9.1 to both sides of (46a), taking (-) and integrating over
D x I, one gets

_ 2 l 11 l l
s - [ /Iz«aznat(aznwe /| /Iz<u<azf>az<azf>>

=So [ [ [ [ won=Sa [ [ e

rus = [ [ @inalen - [ [ (@l
’ ot (47)

Multiplying ¢0.6 to both sides of (46b) and integrating over D x I, one gets

2
LHS :52/ / (aaia)at(age):%at/ / o (9L)?,
DJI, DJI,

RHS =<2 / / (00L0)0,,0'0 — / / c0L0d (o0) + / / c0L0(0L 1)
DJI, DJI, DJI,

16



=—¢? / / 02(08.0)0,0'0 — / / 0000 (00) + / / 00 0(0L 1)

:—a// (0,040) —5// =0,00,(0.0) //aaleal of)
+/ / 00 0(dL 1)

——5// (0,0L0) // =020 (0L0) //aaleal (c0)
+ /D /1 00 0(0'1). (48)

Adding equation (47) and (48) gives

2
9
LHS ==-0,([10:T[[[} + Vo o2 0lIF),

RHS——E// (9,0.0) // =0420(0L0)
// OL1)0.(a0) // (0L1) //o—aleal ob) //aal 0(0L1)
——5// (0,0'0) // ~ 000 (0L0) // (0L 1) oL1)?
// (0L 1)L (0h) // (dL1) //aaleal (o6) + //aal (9L1)

<Sulotol ~ [ [ ot - dtomain - solo
2
—Ssletolp — [ [ (@in) - a0ko - 10.00L 0)((0L0) - 00L0)
D z

2
—Seletolp - [ [ @in) oo+t [ [ o000l
DJI. DJI,
—1 / / 0,007 1000'0

<= malenp / / 0201 101101 + 10201 - (912

+ 000|050 + 01020 - [020]?

<o+ oL 4 olalg? 4 NG IE
<=2l0.0(F + (0.1)" + ol0.0|" + (o +1)]0, 0|
2 2 DJI, 2 DJI,

g2 "l
<5 2l000F + - (IIO[7 + 1o dolIf)
W// 7L (a1 112) + o101 6p?)

17



g;;nwﬁ829||%+721l(”3i[|||%+||\/gaia||%)
I WAL el
2 om JpJo
<2 LTI + IVaatlR) + (o T + Vol alR) . (49
Thus

!
o (IO [[[7 + 1V 0011 7) Szj [(HOLINIIE + [Vodloll?)
+(NOTH IR + Vool olIR)] -

Now we use mathematical induction to prove the theorem. It clearly holds for
[ = 0. Assume that

(50)

20-1),
)

O I + Vo0 67 < Cruma B —1)le™ =
using Gronwall’s inequality,
~l
OLIIIIE + Vo ool <e==" (102111 + Voo |})
S I _ _
+ 0 [ eI T+ 1VE0l Bl

t

Al I Al ~(1=1)

geZQtﬁ+12632t/ e ZZSC’%l,lﬁ(l—l)!e =2 °ds
€ 0

il l ol t ol
g4 Gede, s -1t [ e s
€ 0

ol by _ 1
=T B+ O 1 BlleiTH (1 — e~ )

<C, Bllei!
for C%l = C%lfl + 1. O

5.2 A Spectral Accuracy Analysis

Let I and 6 be the solution to the radiation transfer equation (1). We define
the operator

K K

Pkl =Y <I,&4>,®, Pgl=>» <0,0 >,
k=1 k=1

The error can be split into the projection error R, R% and SG error e, e%,

I—1Ix=1—Pygl+ Pxl—Ix =R +el, (52a)
0 — 0k =0 — PO + P — i := RY + e, (52b)

18



where

RL =T1—PglI, RY =60— Py, (53a)
ek = Pl — I, €Y = P — k. (53b)

The SG error can be rewritten explicitly as following

K
e =Pl —Ix =Y (<1, 8>, —I;)dp =& - @,
k=1
K
e = Pr— 0 = (<0, >, —0) P = &g - D,
k=1
where
é[:(<I,(I>1 >p—j1,"',<l,(1);( >p—fK), (54&)
&g = (< 0,0, >, 01, ,< 0,8 >, —0x), (54b)
D= (P, ,Dx). (54c)

By standard error estimate for orthogonal polynomial approximations, and
Theorem 5.1, for 0 <t < T,

RN + Vo R |F < CLE 2™ [[|07 |||} + Co K =™ || /o 06|

~m 55
< C’%mK_szm!eT?T. (55)
It remains to estimate eﬁ(, e(;(. Define the operators
OI,0) =06 — I, Q(I,0) =(Q(I,0)), (56a)
L1(1,0) = 20,0 + epd, I — Q(I,6), (56b)
Lo(1,0) = 2040 — 20,0 + (Q(1,0)). (56¢)

Define inner product and norm

<uv >,J=/I w(2)(2)p(2)dz, |Jull, = (/ u(z)2p(z)dz>1/2.

2 I,
We first prove two elementary properties on operators £1, Lo and Q.
Lemma 5.1.

< Li(RL, RY), @ >,= — < Q(RL RY), @), >,, k=1,--- K, (57a)
< Lo(RL, RY), @, >,=< O(RL,RY), @) >,, k=1,--- K. (57b)

19



Proof. Since RL. = I—-PgI = I—Zszl <1, >,,and @) € span{Pry1,Px 1o,
due to the orthogonal property of {®;}, < RL, &, >=0fork=1,---, K, thus
<ORL, @) >=0fork=1,--- K.

The second term in < £y(RL, R%),®; >, and the first two terms in <

Lo(RL, RS.), @y, >, are zero following similar argument. Therefore, we have,
fork=1,--- K,

< ‘Cl(Ré(ﬂ R?()v Py >p=—< Q(Rﬁ(a Rg{)a b, >ps
< La(Ric, RE), &1, >,=< OQ(Ri, R), &1, >, -

Lemma 5.2. Under the assumption of Theorem 5.1,
I1Q(R, RIONE < (14 020)Cry K 2™ fimle

Proof.
I Q(Rl, REII} :/D/I (o Rl — BRIV p(2)ded
:/D/I ((RE)? = 20RL R + 0*(R%)?)p(2)dzdx

< [ [ (B + 0B + o (R + o (R )ple)dzda
pJr,
<(1+ aan) (IRK IR + IVERIR) < (14 020)Cl K27 Bimle 1.
O

Since [:1([,9) = 0,[:2(],9) =0 and PKLZl(IK,OK) = O,PKEQ(IK79K) = 0,
from (52) and Lemma 5.1, for k=1,--- | K,

< Ly(eke,el), ®p >,= — < L1(RE, RY), ®p >,=< Q(RL, RY), ®p >,,

(58a)
< Lo(eke, ef%), ®p >,= — < La(Rk, RY), @) >,= — < Q(RL, RY%), & >, .
(58b)
Now taking the scalar product of é; in (54a) with
(< £1(6§(, 6?{), (o} >p, < 51(6%7 6%), (o2 >py, < £1(6§<7 6%)7 [OF% >p)

and taking (-) and integrating on D, with (56b) and (58a), give
220, ek |12 - /D (< Qek. e, el >p) = /D (< Q(RL . RY). ek 0. (59)

Then taking the scalar product of Céy in (54b) for C defined in (43) with

(< ‘[':2(6%(76(;()7‘1)1 >pa < ;CQ(@%(,@?(),(I)Q >pa e, < 52(6%762()7‘1)1( >p)
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and integrating on D, with (56¢) and (58b), give

20, ||V cele |3 — &2 /D < Dya€ls, ceYe >, +/D < Q(ek., e, cele >,
(60)
= [ < Ol Ri) ek >,
D
Adding equation (59) and (60) yields
20 (||lek IIF + VeekI7)
- /D (< Qe ), ek ) + /D (< Q(R. R ). ek >,)
+€2/D < 5me§(,ae?( >, f/D < Q(eﬁ(,e%),ae% >,
- [ < QB R0k >,
D
- /D (< Qe e, ek — el >, + /D (< O(Rl, R%), el — o€l >,)
—52/ < Opel,0p(0el) >,
D
- /D (< Olel, e, ek — el >, + /D (< O(Rl, R%), el — oel, >,)
= < 0,(e%)%, 0,0 >, —* | o|0wel |
2 IS z\*K /) »Vx P D K llp

< / (< Qek, e, ek —oely >p) + /D (< Q(RL, Rl el — ol >,)

—I——/ mo>p

g? 72
< — |llek — oek I +/ (IQ(Rk, Rit)llollek — oekll,) + llefe I

1 e? V2
0
< — ek — oef I + 5 |||Q(RK’R IR+ = ||@K oelll + —— 5 eI

1 e 2
<5 QR RilIF + 5~ ||f€K||r
1 —om am 2
<51+ om)CymE? ﬂm!GEQt+?(||\€§<||12~+||ﬁ6§(||12")7

where the second inequality is by the definition of Q@ and Cauchy-Schwartz
inequality and the last inequality uses Lemma 5.2 and the assumption of The-
orem 5.1.

Thus applying Gronwall’s Lemma,
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lefclIE + [IVoek I
2 0
<emm'(llex I + IVaeg |17)
1 tam
+ 272(1 + JM)Cv,mK_Qmﬁm!e%t/ e E )% s (61)
€ 0

2

20m (1 4+ opr)
0 M
<ezw!([[legIf + IVoeg ) + —"——3

y,m
Tmym — Y22

K‘Qmﬁm!e%ﬂt

Now we are ready to prove the main spectral convergence theorem:

Theorem 5.2. Assume ¢ depends on z linearly, and

0<om<o<oy<-+oo, max|d.0 <~v1, max|Ozo| <y
z xT

Assume € < \/20m7/v2. If for integer m > 0,
NI} + Vodtorlf < B, forall 1=0,---,m
Then

20m(1+ o)

I—TIkl|)? 0—0r)|7 < (1
17Tl + V500 < (14 2202200

) CymK2™Bmle=> " (62)

where v is a constant depending on 1 and v2, C,; is a constant depending on
v and l as in Theorem 5.1.

Proof. From (52a) and (52b), one has
=1k E+IVa(0-0x)IE < (1R IR + Vo RiOIE) +(llek 7 + Ivaei)l7)
Note that
el = PgI — Ixclimo =0, €5 = Pgb — Ox|i—o = 0.
Then combining (55) with (61) gives (62). O

Remark 5.1. The error in (62) shows that, for € — 0, one needs K >> e/,
This justifies the need to the notion of AP such that practically, one can take
K (and other numerial parameters) independent of .

6 Numerical Tests

We consider the one-dimensional slab geometry introduced in the previous sec-
tion. Furthermore, we assume a nonreflecting boundary, i.e., a = 0. For the
velocity discretization, 16 Gauss quadrature points are used. The spatial grid
spacing is h = 0.01. We assume the same CFL condition as the deterministic
case (See [19]) and thus take At = 0.001. We use the 4th order gPC-SG method
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and compare it with stochastic collocation method with 20 points sampling z,
both for the transfer equation and its limiting diffusion equation. In stochastic
collocation, one applies the deterministic AP solver to a set of selected sample
points and then approximates the solution via an interpolation procedure. (See
[21] for an overview of stochastic collocation methods.) The numerical results
are examined by two quantities, the mean value and the standard deviation of
9. Given the gPC coefficients ), of 6, the mean value and standard deviation
are calculated as

E0) ~ 6,, Sdf] ~

6.1 Test 1: 1D Randomness in Cross-Section

We first consider the randomness in the cross-section with the following initial
and boundary conditions:

Ir(z,pu,2,0) =0, 07(x,2,0)=0, x€]0,1]
93(0327t) = 1; 03(1,Z,t) = 0,
Ig(0,p,2,t) =1405z, p >0, Ig(l,p,2,t) =0, p<O0,

and random coefficient
o(z) =140.5z, z~U[-1,1].

The random space is just one dimension and z has a uniform distribution.

We first set ¢ = 0.1 to be a relatively large number. Compared with the
reference solution obtained by stochastic collocation method, one can see a
good agreement on both mean and standard deviation in Figure 1.

Then we consider the case of a very small e = 0.001. The efficiency of AP
method is notable as the same mesh is used with much smaller . And again one
can observe good agreement between gPC solutions and stochastic collocations.
Furthermore, we plot the “semi-exact” solutions which are obtained by solv-
ing the limiting nonlinear diffusion equation (9) by the gPC-SG method and
stochastic collocation respectively. Good agreements can be observed among
these four in Figure 2.

Figure 3 shows the errors at time ¢t = 0.1 with respect to increasing gPC
order at different mesh Az = 0.001 (circles) and Az = 0.05 (squares). We
employ the 20-point stochastic collocation method as reference solution. The
time step is At = 0.1Az. One can observe fast exponential convergence with
respect to the gPC order no matter one uses a coarse mesh (Ax is much larger
than €) or an intermediate mesh (Az is of order ).

In Figure 4, we show the differences of the mean and standard deviation be-
tween the solution to the limiting diffusion equation and the 4th-order gPC-SG
solution with respect to various values of € up to time ¢ = 0.1. The differ-
ences obviously decrease as € gets smaller, thus showing the scheme captures
the diffusion limit very well. When ¢ is small enough, the difference saturates
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as the numerical errors from the spatial and temporal discretizations become
dominating. The solution to the limiting diffusion equation is obtained by the
20-point stochastic collocation method as reference.

ozs T T T T T T T T T
G tmnsiergPC

T T
G tmnsiergPC
x__ tmnster coasation

x__ tmnster coasation

oo |

Figure 1: Test 1. The mean (left) and standard deviation (right) of 6 at time
t = 0.1, obtained by the 4th-order gPC-SG (circles) and the 20-point stochastic
collocation (crosses) with e = 0.1.

&
— - — - Bimiting dfusion codocason | |

Figure 2: Test 1. The mean (left) and standard deviation (right) of # at time
t = 0.1, obtained by the 4th-order gPC-SG (circles) and the 20-point stochas-
tic collocation (crosses), along with the solutions of the random diffusion limit
obtained by the 4th-order gPC-SG (solid line) and the 20-point stochastic col-
location (dashed line) with ¢ = 0.001.
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Figure 3: Test 1. Error in mean (solid lines) and standard deviation (dashed
lines), with respect to the gPC order for £ = 0.001. (Circles: Az = 0.001 and
squares: Az = 0.05.)

Figure 4: Testl. Differences in the mean (solid lines) and standard deviation
(dashed line) between the 4th-order gPC-SG solution and the limiting diffusion
solution with respect to different values of . (Squares: Az = 0.05 and circles:
Az = 0.025.)

25



6.2 Test 2: 1D Randomness in Initial Data for ¢ = 0.001

We now consider the randomness in the initial data:
0;(x,2,0) = 0.5+ 0.5z, Ir(x,pu,2,0) =0(0.5+0.52)* 2~ U(-1,1),
with a constant cross-section term and the same boundary data,

oc=1
05(0,2,t) =1, 05(1,2,t) = 0;
Ig(0,pu,2,t) =1, u>0, Ig(l,p,z1t) =0, u<O.
We only examine the case of a very small € = 0.001 and observe good agreements

of the two quantities obtained by the gPC-SG method, the stochastic collocation
and the “semi-exact” solutions, as can be seen from Figure 5.

sd (epsilon=0.001, t=0.1)

Figure 5: Test 2. The mean (left) and standard deviation (right) of 6 at time
t = 0.1, e = 0.001 obtained by the 4th-order gPC-SG (circles) and the 20-point
stochastic collocation (crosses), along with the solutions of the random diffusion
limit obtained by the 4th-order gPC-SG (solid line) and the 20-point stochastic
collocation (dashed line).
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6.3 Test 3: 1D Randomness in Boundary for ¢ = 0.001
We now consider the randomness in the boundary data:

0p(0,2,t) =14 0.5z, 2z ~U(—1,1), 0p(1,2,t) =0;

Ig(0,p,2,t) = o(1+0.52)*, u>0, Ig(l,pu,z21t) =0, u<D0,

with the same constant cross-section term and the initial data

o=1, 0;(x,2,0) =I(z,u,20)=0.

The mean and standard deviation obtained by the gPC-SG method, the
stochastic collocation and the “semi-exact” solution match well, as shown in
Figure 6.

08 ﬁ%‘g
%%% ” %‘%
o %%% hY
=08 %, e ﬁ%"%
o: K 01 K@-
N

Figure 6: Test 3. The mean (left) and standard deviation (right) of 6 at time
t = 0.1, e = 0.001 obtained by the 4th-order gPC-SG (circles) and the 20-point
stochastic collocation (crosses), along with the solutions of the random diffusion
limit obtained by the 4th-order gPC-SG (solid line) and the 20-point stochastic
collocation (dashed line).

27



6.4 Test 4: 2D Randomness in Cross-Section for £ = 0.001

We then model the random input in cross-section but as a random field of two
dimension.

3 1 1 1
o(x,21,29) = i + I cos(2mx) + 3 cos(4mx)zy + - cos(6mx)za,

z1 ~U(=1,1), 29 ~U(—1,1), 21,22 are independent from each other.

This resembles the form of the well known Karhunen-Loeve expansion, which is
widely used for modeling random fields.[21]
The initial and boundary data are the same as test 1:

Ir(z,p,2,0) =0, 0;(x,2,0)=0, xe€]l0,1],
QB(O,Z,t) == 1, 93(1,z,t) = 0;
IB(Oauazat) = 0'(117,21,22), w> 03 IB(]-aljJaZat) =0, n < 0.

The mean and standard deviation of the solution are shown in Figure 7,
where a good agreement can be observed between the gPC-SG method of order
9 and the stochastic collocation over 202 Legendre-Gauss quadrature points.
The computing efficiency of the gPC-SG method in high dimensional space
becomes notable even in this 2D case. The number of sample points needed
grows exponentially with dimension but the order of gPC-SG does not. And
similar to previous cases, with small € = 0.001, the results match well with the
“semi-exact” solution.

mean (epsilon=0.001, t=0.1) sd (epsilon=0.001, t=0.1)

anstar of
Iranster colocation
" usian QPG

itng dfusian Caikozation| |

Figure 7: Test 4. The mean (left) and standard deviation (right) of # at time
t = 0.1, e = 0.001 obtained by the 9th-order gPC-SG (circles) and the 20-point
stochastic collocation (crosses), along with the solution of the random diffusion
limit obtained by the 9th-order gPC-SG (solid line) and the 20-point stochastic
collocation (dashed line).
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Appendix: Proof of Theorem 4.1:

Proof. Plug (42¢) into (42a):

s R A .
S O o) = (64a)
Zgn+1 _gn p) A1 K ~n ~A\T 28 fln _ ~n+1
iy TG0 e (g — (ug)") + €0, (uh™) = —g""". (64b)

Then with space discretization introduced in section 3.5

A1 ~ ~n ~

C10 2hf‘+1 — CZO th

( i +e i A)t ( i +e z) +D0< An+1> hn+1 (65&)
gnJrl _ gn 1

i+1/2 i+1/2 B B .
/T/ + g([d — <>)(,U+D + 1 D+)gi+1/2
1 N ~n+1 A
= _?gzlj_ll/Q 2/“660(Ci+1/20i+1/2 + €2hi+1/2)' (65b)
Step 1

Multiply (65a) by (Cié:H_l +e2h™*H 7 sum over i € Z,

2At(||09 + 2 - [[CO" 4 2|2 4+ CO™T 4 PhH - " - c2hn )
+3°(CO T + 2R DO (ugr ) Ar = = 30(C0 T + 2R TRI A,
’ (66)
Multiply (65b) by (A?jllﬂ)T and take (-), sum over i
2At(|||g”+1H|2 g™ I + g™+t — &™)
+ = Z Azl_:_ll/z T - <'>)(M+D7 + H7D+)g?+1/2]>AI (67)
= &I — o S ) (Cor o + By ) A
DAL 2 L H8it1)2 i+1/20i 112 it1/2 .
Use <Af++11/2> = 0 for every i,
Z((gffll/g)T[(fd — (NW"D™ +p~ D)L o)) A
(68)

—Z Zjll/g T +D— +N_D+)g?+1/2)>A$~
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Then (66) + €2 x (67) gives

2At(||ca 422 — (|Cm9” 4 e2h 2 + €T + 2Rt — € — e2hn|?)

2
~n+1 tn ~m n ~ T, An
+Z(CO +e?h" )T DO (g +1>Ax+ Az N8P = g™ I + g™+ — &™)

+eZ (&) (( *D*w*D*)g?H/z»Aw:—Z(cé"“ Ry A

)

n An e N
— 1&g 11> - Z<Mg1++11/2>T50(Ci+1/29i+1/2 +€2hi+1/2)Am

i
Use discrete integration by parts:

. ~n+1 - . Ant1 .
Z<Ug?_:—11/2>T50(Ci+1/29i+1/2+52hi+1/2)Ax == Z<MDOg?+1>T(Ci0¢ +eh}!) Az

Step 2
Rewrite (69) as following:

1 ~n+1 " n Am i n AT
sap(1C0° + " h™ 2 + [lleg™ [ — |[CO” + h"|1* — [||=&"|I”
an+1 N ~n N R N
+[CO" 4+ 2h™ —CO —*h" P + [||leg™ ! — g™
+5Z ?:_11/2 ) ((n*D~ +U*D+)g?+1/2)>Afc

—— Z(cie)?* + 2R TR Ae — (8712 + S (D% T (C6) T - Ci6))Ax

7

+ Z(uD()g?J“l)T(—CiéZH —2h"! 4+ C;0; + e2h!)Ax.

Use Young’s inequality:

Z(,uD%?“F(—Cﬁ?H —2h" 4+ C,0; + 2h!) Az

. . . X 1
<af - co" T _ 2pntt " 4R 4 - Z(NDOWH> (WD) A
a
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Thus, let a = we have

1
2At?

QAt(IICB + 20 4 [|leg™ P~ €O+ *h )P — [lleg” I

+lleg™ ! —g"|II?) +€Z g5 (W D™ + u™ DY)l )0)) An

<= 3(C0] PR TRI AT — [|lg |

04n+I\T (v 7Tt H" At 045n+1 04n+1
+Z¢:<MD g ) (Cib; _Cioi)Ax_F?zi:OlD g )T (uD gt A
(71)
Multiply (42¢) by (Cié?H)T, sum over i € Z,

1 ~n-+1 ~n+1 AT n+l p ¢ ~
N Z(c 0, IO, —0,)Az= Z(cie )AL R Az (72)
Since C; is symmetric, positive and definite, one can use the Cholesky de-
composition
Ci=Li(L;)",

where L; is a lower triangular matrix with positive diagonal entries. Then (72)
becomes

S (128" 2128”226 10" 1?) = S (i T (a0 i A
Z (73)
Adding equation (71) and (73),
S (108" R 2 gt 2 4 28" — co” 4 <7 P
— &I — 18”17 + [lleg™ — &I + 116" — 6" |?)
+5Z A:ff/g )7 +D’+ﬂ*D+)g?+1/2)>AI -

n n “n ~n+1 Am
— [Ig" M P = [leh™ P + > (uD°g )T (Ciby T — Cif;) A

At 0gn+1 04 n+1 "+1 T Acpyntl
+7Z<w VI (uD g Aa:+z TAD" " Ax.

K2
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éw,+1 _en+1

Denote ¢;f11/2 = Dm0 then A9, = D¢, and

Z(c é"“)TACé?“Aa;
_ Z n+l TD0¢;L+1A.’IJ (75)

== ($IT)TCigi T Ar = | Le"* <0,

Using Young’s Inequality,
S (D' (C0; T — Cb AT = S (L DgP )T (L6 — Li6))Ax

7 7

<az WL DO YT (WL DOy Aw + —||26™ ! — 18",
4o

(76)
Let o = £, then (76) becomes

[N ~n Al o rn ~n
2At(HCO D R e P 1202 — €O+ SR |lleg 2
— O™ + [lleg™ " — g™ 1) + EZ (&) (W D™+~ DN)gL o)) A

n At &1 U
= llg™ e+ < Z(uL D& )T (WL Dg; ) A

At 0an+1 OAn+1
+ 5 2D g (uD g Aa

(77)
Denote \; > 0 the largest eigenvalue of C;. Then

S (L DO T (WL D Aw < SN (D )T (uD g ) Aw

1

< 2o S (WD g T (uDgI ) Ac.

%

Thus
[N ~n Al o rn ~n
2At(HC0 + 2T 4 g |2+ ([LO7 | — (ICO” + e*h||” — [|leg™||* —
+ [lleg™t — g (I1?) +EZ (&) (W D™+~ D), o)) A

AT A ’\71 /\n
<-ll& +1|||2+7<Ao+1>2<w° T (uDg ) A,

(78)
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Step 3

Now we separate the last term on the left hand side of (78) into two parts:
Z((é?ff/g)T(( DT+ pmDY)gl ) A

—Z (&) (D™ + p~ DHgr ) A

+Z AZL:11/2 (W"D™ +p~D* )(Q?H/z A?:11/2)>A$
:A+B

where

n can Az AT AT
A= Z +1 TD +1 >Al’ Z«‘ | +1 )TD D+ +1 >A£L’

z+1/2 8it1/2 8itr1/2 &it1/2
Afﬂ ~n+1 T ~n+1
= 7 <|:L"|(D+ 1.:_1/2) D* 1.:_1/2>Ax
(80)
B=- Z([( DY+ uw- D~ )g1+1/2] (g?+1/2 - g;zrll/2)>Ax’ (81)
and 1
B < of|g""" —&"[I” + @HHMDJFQTLHH\Q- (82)

If a =55, || |g" ! — g"|||? can be cancelled out and one gets

Ao n ~n+1 AN S ~n
2At(HC@ B R [ [ e e e e

Ax n n At n

e S0 (DY) D ) A — ol Dt
~n+112 At 0an+1 0A71+1

<~ Ig" P + 5 Qo+ 1) Y (uD g )T (uD g ) A

%

(83)
Step 4
The last term on the left hand side of (83) is
At n At n n
SR I = S8 S (D g, Dl ) A
< At : +gntl \T ptgnl (84
= 2 Z<|/L‘(D 1+1/2) D 1+1/2>Ax

i

for |p| < 1.
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Then the last term on the right hand side of (83)

At
2

K2

(Ao +1) ) (uD°g )T (uD 8! ) Ax

<500+ 1) Y l(D &) DY g A

Step 5

K3

Using the results of (84) and (85) with (83), one gets

1 ~n+1 N “n ~n+1 ND S n NG
ongllce + 2 h TP 4 g2+ [L67 | — [|CO + & |* — [[leg"[|* L6 [?)
n [ At Az . .
<~ g™ P+ | G o +3) —e 50| D (ul(D g DY A
n [ At Azt . .
<~ g IR+ [ Qo +3) —e ST S (DrerT) D g A
o [At Azt o4
< — g™+ T(AOJF?))*E? @\Hg P

This means that we have the final energy estimate

~n+1 ~n “n ~n+1
ICO™ +h" 2 + [[leg" I[P + (L6717
<[CO" +*n|” + [[leg™ 11> + 126 |,

if At is such that

At Az 4

- == <

1 ()\04-3) 5 5 (Aaj)Q <1
This implies

At < ((Az)? + 2eAx).

34+ o

(6.4) clearly implies that 1", given by (13), is bounded by the intial data. [
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