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Abstract

We develop a stochastic Asymptotic Preserving (s-AP) scheme for the Vlasov-Poisson-
Fokker-Planck (VPFP) system in the high field regime with uncertainty based on the gen-
eralized Polynomial Chaos Stochastic Galerkin framework (gPC-SG). We first prove that,
for a given electric field with uncertainty, the regularity of initial data in the random space
is preserved by the analytical solution at later time, which allows us to establish the spec-
tral convergence of the gPC-SG method. We follow the framework developed in [15] to
numerically solve the resulting system in one space dimension, and show formally that the
fully discretized scheme is s-AP in the high field regime. Numerical examples are given to

validate the accuracy and s-AP properties of the proposed method.
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1 Introduction

In this paper we are interested in developing a stochastic Asymptotic-preserving scheme
for the Vlasov-Poisson-Fokker-Planck (VPFP) system with random inputs, which arises in the
kinetic modeling of the Brownian motion of a large system of particles in a surrounding bath [2].
One application of such system is in electrostatic plasma, in which one considers the interactions
between the electrons and a surrounding bath via the Coulomb force. The equation takes the
form of a Liouville equation with a Fokker-Planck operator in the velocity space, coupled with a
Poisson equation for the electric field. See Section 2 for details of the equations. The unknown
in the system is f(¢,x,v), the particle density distribution of particles at time ¢ > 0, position
x € RY with velocity v € RY. In addition to the classical difficulty of high dimensionality
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to solve equations in the phase space, the problem under study has two more computational
challenges: Multi-scale and uncertainty.

In this paper the high field regime, in which the strong forcing term balances the Fokker-
Planck diffusion term [1], will be considered. In this problem, numerical stiffness arises due to
the strong field and diffusion term. On the other hand, in this regime one can approximate the
VPFP system by its high field limit, which has the form of a transport-Poisson system for the
density and electric potential [10, 20]. One successful numerical strategy to efficiently compute
into such asymptotic regimes is to develop Asymptotic-Preserving (AP) schemes, which preserves
the continuous asymptotic limit in the discrete space in a numerically uniformly stable way [12].
This strategy has been widely used in kinetic and hyperbolic equations with multiple time and
space scales (see [13] for a general review and [4] for applications in plasma). For its development
for the high-field limit, see [15, 16, 8, 3].

Another difficulty here is to treat the uncertainty. Due to modeling and measurement errors,
uncertainties in kinetic modeling could arise from initial and boundary data, and the forcing
term. In this paper we will consider the cases in which the electric potential and initial data
contain random inputs, modeled by random variables with given probability density functions.
In recent years, the generalized polynomial chaos approximation based stochastic Galerkin (gPC-
SG) methods have found many applications in a wide range of physical and engineering problems,
see [6, 23, 21], although its applications in kinetic problems are scarce, see recent efforts in
[17, 11, 14]. Tt is the goal of this paper to develop a gPC-SG method for the VPFP system
with random inputs that are stochastic Asymptotic-Preserving (s-AP). As defined in [17], for
the s-AP scheme, a stochastic Galerkin method for the VPFP system, in the high field limit,
becomes a stochastic Galerkin method for the limiting transport-Poisson system, when all the
numerical parameters are held fixed. For this scheme, one can use a fixed mesh size, time step,
and the number of gPC modes, in different asymptotic regimes. In particular, one does not need
to numerically resolve the physically small scale and still capture the correct solutions of the
high field limit.

For a given electric potential that contains uncertainty (thus the underlying problem becomes
linear), we first prove, in section 3, that the system preserves the regularity of the initial data
in the random space. In section 4 we introduce the gPC-SG method for the VPFP system, and
the regularity result in section 3 naturally leads to the proof of the spectral accuracy of the
method in section 5. Since the gPC-SG system is a vector version of the deterministic VPFP
system, in section 6, in the one dimensional case, we will use the AP scheme developed for its
deterministic counterpart in [15] for time, spatial and velocity discretizations, and the method is
shown formally to be s-AP, namely, in the high field limit, it gives the gPC-SG method—actually
a kinetic scheme— for the limiting system. Numerical experiments are conducted to demonstrate
asymptotic property, accuracy and other properties of the method in section 7.

In the near future we will also develop multi-dimensional s-AP schemes for the VPFP system.



2 The Background and Model

2.1 The VPFP System with Uncertainty

In the VPFP system with uncertainty, the time evolution equations of particle density dis-
tribution function f(t,x, v, z) under the action of an electrical potential ¢(¢,x, z) is

atf"‘v‘me_%Vmﬁb‘vvf:évv'[vf"‘vvf]v

(2.1)
—Npdp=p—h,t>0, zecRN veRN, zel,
with the following initial condition:
f0,x,v,2) = fO(x,v,2), zcRY veRY, zcl.. (2.2)

Here the distribution function f(¢,x,v, z) depends on time ¢, position @, velocity v and random
variable z € I, C R?. z is in a properly defined probability space (3, A, P), whose event space is
3 and is equipped with o-algebra A and probability measure P. ¢(t, x, z) is the self-consistent
electrical potential, and h(x,z) is a given positive background charge with global neutrality

relation
/ Oz, v, z)dedv = / h(zx, z)dx, (2.3)
RN JRN RN
and the density function p(t, x, z) is defined as
plt.z) = [ flt@,v,2)dv. (2.4)
RN
Besides, we define operators £, Ly as,
1 1
‘C(f7¢) = 8tf +v- Va;f - z Ve (b : va - g Vo [’Uf+ V'uf]7 (25)
Lo(f,¢)=—Lzd—(p—h). (2.6)

2.2 The High Field Limit

Here we will show the formal limit of (2.1) when € — 0.

First, integrate (2.1) over v,

1 1
Oy fdv+ Vg / vfdv — f/ Vo (Vo fdv) = f/ Vo (Uf 4+ Vyuf)dv. (2.7)
RN RN € JRrRN € JrRN
Define the flux
':/ v fdv. (2.8)
RN

After integrating by parts, one has

Op+ Ve j=0. (2.9)

Then multiply v to both sides of (2.1) and integrate over v,

eat/RNUf-i—e/Rva~me:/Rvav~(fvm¢)+vvv.[vf+vvf], (2.10)



Let € — 0 it becomes

— [ 090+ (Va0 0f + vuhldo (2.11)
which implies,
0=/ [Vad+vf+ Vofdv. (2.12)
RN
Therefore, one has,
J==p(Vad). (2.13)

Finally plugging (2.13) into (2.9), one gets the high field limit of system (2.1),

{3tpvm~(pvm¢)0,

2.14
_Aquzp_h' ( )

For each fixed z, the rigorous proof for the high field limit of VPFP system in one dimension
can be found in [10, 20].

3 Regularity of the Solution in the Random Space

In this section, we study the regularity of f(¢,x,v, z) for a given potential function ¢(¢, x, 2).
In this setting, the equation is linear. This regularity will be needed to prove the spectral
convergence of the gPC approximation in Section 5.3. To simplify the notation we also assume
z € I, C R. All the theory can be extended to z € R? easily.

Before we start, let us first define m(z) : I, — R* as the probability density function of the

random variable z(w), w € ¥. So one can define a corresponding L2 space with inner product,

<f,g >7r::/[ fom(z) dz, (3.1)

and weighted norm in x, v, z space

Itk = (| L w(z)dmdvdz)% . (3.2)

3.1 Regularity of Solution in the Random Space

Theorem 3.1. Given ¢(t,x, z), if there exists some integer m > 0, and positive constants C,
Cy, such that ||0LfO]|= < Cy, ||0LVz¢||L= < Cy, for 1=0,---,m, then

Ha,lzf(t)Hﬂ'SDle%a fOTl:O,"' ,m, (33)
where D; = 2a'Cy 1!, a = max{Cy,1}, G, = 3(1+1),

Proof. For notation simplicity, we take N = 1. However, the proof can be easily extended to
multi-dimensional & and v.

First, multiply 2f7(2) to (2.1) and integrate it over x, v and z, after integration by parts,
one gets,

el fl17 = 111z = 2110, fII7- (3-4)



For I =1,---,m, take I-th derivative in z to (2.1), one gets,

-1
0L f + €v0, 0 f — 0:00,0Lf =Y ()05 0:0) (0,0 f) = Dy (vOLf + 0u0-F). (3.5)

=0

Multiplying 27(2)0. f and integrating over x, v and z, then the second and third terms vanish,
so one has, forl=1,---,m

ootz = [ [ [ 32000k 0,0)(0,010)0L fr(z) dadud + oL — 20,04 .
z 1=0
(3.6)

Using Young’s Inequality and the boundedness of |0V 4¢||o0, one gets,
cOi|Lf(t)]17 <C¢2>Z V110u0Lf |7 + (L + 1) [0Lf ()2 — 2110, f11% - (3.7)
Multiplying a constant A" to (3.7) and summing ! from 1 to m, then adding Af*x(3.4) gives,
(Z APOL( ||2>

<C3d N Are) \8a’f||2+21+1A’"\|al HIZ =2 Aro.0L 1|2

=1 i=0 =0 =0
m—1 m m
( C3(L)2A — 2A§”> 10005 f117 = 24710, 0L FI2 + > (L4 1) AP(|0LF(1)]]2.
1=0 l=i+1 =0

(3.8)

Let A" =1 and >, i+ CQ( )2AT —2A™ =0, for i =0,--- ,m — 1, (3.8) becomes

€0y (ZAZ"W ||2> DT+ ALFOII (3.9)
=0

1=0
and one has a linear system for A", i =0,--- ,m — 1:
& O @ e G oy
-z B - (712 AT (1)2
S o =-] | (3.10)
& oo || A (m)?
_cii An g (m_1)?
Lemma 3.2. Solving the linear system (3.10), one has,
0< A" < bmfl(r?—'!)z, where b = max{l,C’i} (3.11)
Proof. See Appendix A.1 |



Therefore, by Lemma 3.2, and apply Gronwall’s Inequality to (3.9), one obtains,
m 2
m l 2 (ntDt 9 m—t [ M
(St ) e S ()
1=0
2 m
<m+1)t m 1 1
Cf( ) b l<0'> + Z bl4(l—1)]

m

Yo ATBLF @) <

I=1
< gbm(m')2 e (3.12)
which implies,
10 £ ()| < (2a™mt)e 5 Oy, (3.13)
where a = max{Cy, 1} |

3.2 Regularity of v, f in the Random Space

Theorem 3.3. Given ¢(t,x, 2), if there exists some integer m > 0, and positive constants Cf,
Cy, such that [|0.Vuf(0)llx < Cp, |0.VafO)llx < Cp, 10Vadllre < Co, [|0LV50IL <
Cy, forl=0,---,m, then,

10.V0f (Dl < Cie ™, forl=0,--,m, (3.14)
where C; = 3a'Cy 1!, a = max{Cy,1}, Ly = (e + Cy + 5+ 21).

Proof. Applying 9.9, and 0.0, to (2.1),1=1,--- ,m, gives
-1
€010L0u f + €00, 000 f + €0L0nf — > (1)0L'0200L0, f — 020,00 f
=0
=0, (0L f + L0, f + 0 92f) ; (3.15)
-1
€000, f + v, 0L0, f — D200,0L f — 0p 0,0, 0L f — > (102010, 0% f
=0
-1 . ‘
= (18,01 $0,0.0, f = 0, (V0L f + 0,00, f) - (3.16)
=0
Multiplying 27(2)0.3, f to (3.15) and 27(2)0.9, f to (3.16), and integrating over x, v and z, one
has respectively,

€dy||0 0, f 12 + / / 2¢ < LD, f, 0 0, f > 72Z< (10L710,00 0% f, L0y f >x dxdv

=0
=3((0.0, fII7 — 2110203 fI7 ; (3.17)

€dy||8L 0, f| |2 — / / 22< (D)D20 DLy f, DLOpf >r daxdy

/ / 22< )0,0L 7100 0,0, f, 0L0,f >r —2 < 0260 0, f, 0L0,f >, drdv
RN JRN

=0

=100 f117 — 2[10%0.0. f1I7 - (3.18)



By Young’s Inequality, one gets,

-1
€0y |0L0, f12 <el|0L0ufII2 + (e + 3+ 1) [[0L0u FI2 + C2 Y (20202 f112 — 2/10L02 f112 5 (3.19)
1=0
-1 )
€Oy |0L0:f112 < (Cyp + 1+ 20) ||0L02F11Z + ColloLaufI1Z + C5 > ()2[10L0u £II2

=0
-1
+ 03 Y (D211010:0: £1[7 ~ 21100,0: 13- (3.20)

Summing the two inequalities yields,

ed; (11010, fI12 + 11010, £12)
-1
<(e+ Cy+3+21) (|10L0ufI12 + 11050: £112) + C3 Y ()2[]0%00 f1I2
1=0

+C3 Y @100 117 — 2010803117 + O3 Y ()21102000: f117 — 21100u0: 1115 - (3:21)

Similarly, for [ = 0, one has,
Oy ([10:fI2 + 1100 f112) < (Cp + 3+ )12 112 + (10 fI[2) = 2110200 f|[2 = 2110u0u f|[5 - (3.22)

Multiplying A™ to (3.20) and Summing it from 1 to m over [, then adding A{’ x(3.22), gives,

ey Y AP (110400 f112 + 1100. f112)

1=0
m m—1 m
<D (e+Co+3+20) AP (|[0L0u] |17 + 11020 1112) + D ( > (O)*AP0:0, f||2)
=0 =0 l=i+1
m—1 m
+> ( > O2Ar - 2A§”) (202 FII% + 11020004 f1I7) - (3.23)
=0 I=i+1
Let A7 =1 and A" solves (3.10), for i = 0,--- ,m — 1, one has,
0 AT (100,112 + 00, A1)
1=0
m m—1 .
<Y (e+Co+3+20) A7 (110L0, FI12 + 110L0: £I2) + D 247[020, f112
1=0 i=0
m
<Y (e+Co+5+20) AP (||0L0, fII2 + 110202 £112) (3.24)
1=0
then by Lemma 3.2 and Gronwall’s Inequality, one obtains,
m m 7 m e+Cy+5+2m
AT (1000 f112 + 1100 fII2) < 30 (m!)?e™ < "2C}. (3.25)
1=0
Therefore, one can get,
€+C¢+5+2m
10720y f||= < 3a™mle™ 2= 'Cy. (3.26)
which completes the proof. |



Remark 3.4. Theorems 3.1 and 3.8 imply that if f and Op f are in H™ = {f | [|0Lf|lx < 00,0 <
I < m} initially, then under suitable assumption on the regqularity of ¢ as given in Theorems 3.1
and 3.3, f and Vo f remain in H™ at later time. Thus the regularity in z of the initial data is

preserved in time.

4 The gPC Method for the VPFP System

4.1 The Method of gPC

Let WX be the orthogonal polynomial space corresponding to the random space (X, A, P),

WK ={g:I, —R:gc span{@;c(z)}kK:O}7 (4.1)
where @5, k=0,---, K is a set of d-variate orthonormal polynomials of degree k satisfying,
< Pp, ) >,= E((I)kcbl) = / (IDk(z)q)l(z)w(z)dz = g1 (42)
I

Here E means the expected value, and dy; is the Kronecker delta function. By the classical
approximation theory, W2° is a Hilbert space with inner product < -,- >,. Thus the solution
flt,x,v,2), o(t,x, z) to (2.1) can be represented as

tazvzzz fu(t,z,v)®Pi(2), ot x,2) ng)ktm@k , in L2 (4.3)
k=0

In the gPC stochastic Galerkin (gPC-SG) method, one seeks an approximation to the exact
solution f and ¢ in the subspace WX i.e. the approximation solution f K (;ASK are in the form

of,

K
Rt x,v, 2) Z felt,z,0)®(2) 2 f5 .5 (1, , 2) Z(ﬁktw@k L pK . K
(4.4)
where ®K = (®g,--- ,®x), and fr =< fK, @ >, dp =< ¢, @, >, which are independent
of z, are the components of vector fX, ¥ satisfying, for 0 < j < K,
< ‘C(fKa (ﬁK)7 (I)] >p= Oa
< E¢(fKaq;K)a¢j >r= 0. (45)
We also approximate the given charge h by
K
WS (x, z) = Z hp®, 2 RY . &K, (4.6)
k=0
where hy(x) =< h, &), >, for k=0, , K.
By the definition of p in (2.4), the numerical approximation of p is,
Kt x, z) Zpk¢ 2 pK (4.7)



where pi(t, ) = [on fret,z,v)dv, for k=0,--- K.
By equation (4.5), we have for each j =0,--- , K,

Oufj +v Vafi — 2 00 Vak - Vo fi(Ej)u = Vo - [0f; + Vo £,

(4.8)
*Amgbj:pj*hja fOI'lgng,

where E}, (0 < j < K), is a (K + 1)-dimensional matrix, and (Ey);; = E®;®;Py.
In order to express the system in a simple form, also for the sake of combining the stiff terms

and forming an AP scheme as in [15], we give the following Lemma.

Lemma 4.1. For matriz E;, 0 <i < K, defined above, one has

K
Z Vadr Vo fi(Ej)k = Vo Z(Eka)j(vm¢k)T] : (4.9)

k=0 k=0
Proof.

K
> Vatk - Vo fi( Bk

k,1=0

K N K N K N
= Z Za:cl(lskavlfl(Ej) = ZZ@Z@Z Ek ]lavqfl Zzawl(bkavl

=1 k=0 1i=0

K
Z Ly ngz]

=0

>
Il
<
<
Il
=
B
Il
<
.
Il
<
-~

K N K
= Z Z 8zb¢k8vi (Eka)j = Z Vo [6x1¢1(Eka)j’ ey 6$N¢]€(Ek'fK)]]

k=0 i=0 k=0
K
=V, Z(Ekf ) m¢k] : (4.10)
k=1
]
Now by Lemma 4.1, (4.8) can be written in a vector form as
1 - 1
OF 4 (Vaf V0 == Vo | Y Buf Vati| = = Vo |07 +vuf"]
A e ‘ (4.11)

— D@ = pf — B,

5 The Spectral Convergence of the gPC-SG Method

In this section, we establish the spectral convergence of the gPC-SG method for a given
potential ¢(t, x, z).

5.1 Stability

We first prove a stability result, estimating the evolution of || 5 (£)||

Theorem 5.1. ForV t >0,

IFE @Ol < ™1 F5(0)]1 (5.1)




Proof. Due to the orthogonality of ¢ (z), one has ||[fX || = ||£%]|.2, with || - ||z> defined as,

= ([, [ 118 o) (5.2

where || - ||2 is the regular Euclidean norm for vectors. Therefore one only needs to prove the
theorem for || £ (t)]| 2.
Multiplying fj to (4.8) and integrating over x and v,

1, 1, 1 & N
Lo Lo 1o (58) + 092 (572) =1 2 onufn i | dado

k.l,i=0
1 1 £2 N £2112 1 £ 112
— 2 [ [oewa(552) dedot ZNAE - LTl (5.9

After integration by parts the second term on the LHS vanishes, and the first term of the RHS
becomes ¥ L1 [on %ff dxdv. Sum j from 1 to K, one gets,

1 1 i N N
ol =2 [ [ S odoudEudeds < (34 1) IFKIE. 5a)
€ JrRN JRN — 2¢ €
k,l,i,7=0
Note the second term on the LHS also vanishes, since

K
1 ~ ~
2/ / Z O, Ok f 00, fi(Ej) i dedv
RN JRN

k,l,i,5=0

1 K K 1 K K o
ZE/RN /RN D0 0wtk (By)rs0, <2fj2> + 3D 0u, 0k 500 fi(Er)ji | dado,

kim0 j—=0 kyim0 j£l
1 K K 1. K K =

:7/ / Z Za$i¢k(Ej)kjavi (2fj2> + Z Zaa:id)k(Ek)jlaui(fjfl) dxdv. (5.5)
€ JRN JRN 70 520 k,i=0 j>1

By the symmetric of Ej, where the last inequality uses the symmetry of Ej. Both terms in (5.5)
vanish after integration by parts, so (5.4) implies,

1 . N N A

sONFAIs < (5 + 7 ) IF¥ I (5:6)

By Gronwall’s Inequality,

3Nt

IF5 Oz < e

IFE Oz, (5.7)

which completes the proof. |

5.2 The Spectral Convergence

Before we start to prove the convergence of the numerical approximation f , for the sake of
convenience, we assume z € R, and all the proof can be easily extended to multi-dimensional z.
We define operators Ly, K as,

Ly =€+ eV -Vgp—v - Vy—N—-24,, K:=Vgd-V,, then L=L;—-K. (5.8)

10



Let the projection of the exact solution f(t,x,v,2) to the subspace WX be Pk f,

K K
Pl =Y < [0 >x Op(2) = Y fult, 2, 0)@p(2) := £ @K, (5.9)
k=0 k=0
where f = (fo, -+, fx)". As defined in (4.4), the numerical approximation fK = fK . K,

then the error can be split into two parts,

f= = =P5H)+ (PRf— %) =R + 4, (5.10)
Where
RE = i fr(t, x,v)Pp(2), (5.11)
k=K+1

is the projection error. Define vector
/J'K:(NO’?MK) with MZ:ﬁ_flv 7’:077K (512)
So pf = uX - &K is the error of the gPC-SG approximation.

Theorem 5.2. Given ¢(t,x, z), if for some integer m > 0, and positive constants Cy, Cy, such
that |[0LV, f(0)||x < Cf, ||0LVad||re < Cy, [|0LVE¢||Le < Cg, forl = 0,---,m, then for
0<t<T,

2Ly +3N
Hpe % ¢
)z < Ime (5.13)
where H,, = C%‘i’ , with Ca a constant depending on polynomials {®r(2) | 0 < k < m}.

Proof. Subtracting < Lf, ®% >,=0by < EfK, &% > =0, one has
< Ly(f = f5),85) >, — < K(f — f¥), @5 >.=0. (5.14)
Since Ly is independent of z,
<Li(f = f5),®5) > =L, < f— fE, K > = L£;(u). (5.15)
Plugging (5.15) into (5.14) gives,
Li(p™)— < K(p" + R, @K >, =0. (5.16)
Taking dot product of 2u to (5.16), then integrating over x, v, yields,
0 :/RN /]RN 2L (p") - p" —2 <K(p™ + RF), % >, -pu*] dzdv

=Dl | = 2N 4 2 =2 [ [ <KRR) >

—/ / / 000V (uF)?7(2) dzdzdv
RN JRN 2
=Dl I = 2N+ 2 =2 [ <R > dad. (517)

11



This gives,
eddl | |I7 < 2N + N)[|p™ (7 + C3lIVo R[5 (5.18)
Since ||u®(0)||x = [ [||u®(0)|]2 dedv = 0, and by Grownwall’s inequality implies,
nﬁwW<i(%£Wmﬂﬂﬁm@%?# (5.19)

By classical approximation theory and Theorem 3.3,

L'VTL
CAHa;anan < CaCpe = t

K
<
[V Bl < Km Km

(5.20)

where C4 is a constant depending on polynomials {®(z) | 0 < k < m}. Plugging (5.20) into
(5.19) yields,

H2 (et — 1) an
5 @7 < =g T e (5.21)
where H,,, = %\/LLC‘”, which implies,
2Lm+3N
Hpe % ¢
K m

g < ——— 5.22
= Ol < — (5.22)
]

Theorem 5.3. Given ¢(t,x,z), if for some integer m > 0, and positive constants Cy, Cy,
such that [|0Lf(0)]lx < Cy, [0LVuf(0)]l < Cf, [|10LVadllLe < Cy, |0LV2]|Le < Cy, forl =

0,---,m. Then the K-th order numerical approximation fK converges to the solution f with an
error,
p (@)
K
1f = 51l < 2. (523)
Gm 2L, +3N t

where O,, = CyD,,e <

€.

b4 Hpe %= is a finite positive constant depending on Cy, Cy and

Proof.
: Call0r Sl Hme™ 5"
K < RK K < AllUz T m
IIf =l < llr + 1™ [ < Km + Km
G 2Lm+3N
CaDpe ™" + Hype™ %
< Galme @ 4 Hme 2 (5.24)

— Km )
The first inequality is because of the definition in (5.10), the second inequality is because of the
error for projection and Theorem 5.2, the third inequality is because of Theorem 3.1. |
Remark 5.4. Theorem 5.3 shows that as € — 0, one needs K > O(emTt) to get a good accuracy.

This motivates the development of the s-AP scheme in which one can take K independent of e.

12



6 The s-AP schemes

6.1 The High Field Limit of the gPC Method

We will first formally derive the high field limit of the gPC system (4.11). Integrating (4.11),
and letting 5% = [, fXv7dv be the flux, one gets,

9,5 + Vg jK =0, (6.1)
then, multiplying v, the transpose of v, to (6.4) and integrating it over v gives,
K
(Z Ek,sKvma;k) + K =o. (6.2)
k=0
Plugging (6.2) into (6.1) yields the High-field limit system for the coefficient of p% and ¢,

K
0ip" — Vg - (Z EkﬁKvwék> =0,

k=0
— Ny = pK — BE,

(6.3)

This system is exactly the gPC system for the High-field limit with uncertainty (2.14), which
shows that the gPC system is AP.

6.2 The fully discrete first order scheme

Here we’ll give the VPFP system with uncertainty a fully discrete scheme when N = 1.
First we combine the stiff terms 0, [Z?:o ((%é;gEkaK)} and 0, (va + (%fK), then

)

K
O fN +vo, fK = %31; [(ZazékEk Jr'UIK) F+of"

k=0 (6.4)
where I is K x K identity matrix.
Here we denote,
K 1
F =Y 0.0xEr, P=F+vlg, A:—§|P|Q, (6.5)
k=0
where
|P|?:=PTP. (6.6)
Let
LA
M= e (6.7)

Concerning the properties of the matrix M, we give the following proposition.

Proposition 6.1. Suppose M is defined in (6.7), then

13



(a) 0,(M) = —PM;
(b) M is invertible, and M~ = \2me=4, O,M~' = PM~1;
(c) M and M~ are both symmetric and positive definite;
(d) M(v1)M (vs) is symmetric and positive definite for any vy, ve and M (v1)M (vy) = M (va) M (v1);
(e) g Mdv=If, [pvMdv=F;
(f) MPM~' = P.
Proof. See the Appendix A.2 ]

Back to system (6.4), where the stiff terms can be represented by 9, [Mav (M_lf'K)} from
Proposition 6.1 (a), (b), (g), thus (6.4) is equivalent to

" + w0, 5 = ~0, (Mo, (M1 )],

- acx¢K = ﬁK - ’A-'/K'

(6.8)

Denote Az-”j = f'(tn,mi,vj), 0<i< N, —% <j< %, n > 0. N, N,(even) are numbers of
mesh points in x and v directions respectively. Let z; = a+1i6,, v; = jo,, P}’ = 0, EN o/2
be the numerical approximation of density p. We choose N, sufficiently large such that outs1de

the velocity domain,
Flops2ps, ~ 00 Mljyy> 505, ~ 0, (6.9)

during the computational time.
We basically adopt the scheme in [15] for deterministic problem. The first order scheme is
frtl _ fn fn o, fn
fl] ] + t3. 2] (fn+1) (610)
0y O
— A d)nJrl — pA;thl iL’Z(hLl, (611)

where the upwind flux is used for spatial discretization,
A_n o Uj + |vj| en + vj — |Uj| Fr Ny (612)

i+5.,7 9 i,J D) i+1,5

(f”“) is the discretization form of P(f) = 8,[M8,(M~'f)], which is defined as,

P(f;) Z% [Mj+1/2[8v(M_lf)}j+1/2 — M 12[00(M 7 )21/

1 s .
=5 [ MM PO Fra = M) = MM (M = M )|

J;
12
=5 {MJ_—&-112fJ+1 (M3 + MM (M j_l/ij)Jer_—l{ijfl} (6.13)
v

The algorithm is implemented as following:

14



e Step 1. Summing (6.10) over j. Since the RHS vanishes, one gets,

~n+1 n Fﬁ,—% — Fi"_l

pz pl 2
—0 6.14
5, T .. ’ (6.14)

n+1

where Ffjr% =6uD_; This gives p]

n
T
i+3,7

e Step 2. By using a Poisson solver, one gets qS?H from (6.11), which in term gives MZ}H

as,

n+1 '{L-‘rl
Mn-i— eXp ( Z ¢k‘ z+1 (d)k)zfl Ey +UjIK|2> ) (615)

e Step 3. Since F* = ZkK:o %Ek can be decomposed as F* = QPAM(Q")T,
where @7 is an orthogonal matrix, A? = diag(Ao,- -, Ax)? is a diagonal matrix. Then
M, = Qre s (05 A7) (QM)T, therefore Let Al =e” 4(”J+A )’ , (6.13) can be written as,

Ft1 QA T I, I nt1
('f )= {eAqﬂ [ j+1Q f]+1 (Aj41 +Aj71)Aj A]— Q f; +Aj71Q fjl}}_
(6.16)

Multiply (A?J-'Fl)_l(Q?'H)—r to (6.10), and let g;;“ = (AZ-‘H) (Q"+1)Tf"+l one has,

~n+1 An+1 A A EAU2 ~n+1 ~n+1
gngrl ( j+l+ 4,J— 1) =+ gzj +gz7‘7 1

At
f_n 1. f_n 1 Fn
1\ — INT i+3,] 1—73,]
= (MG | S - 5—’5 (6.17)
x
oo~y fn

Let b = (AZFH) 1@ T % J:;: ), then one has a scalar solver for each
component §pt! of g"t k=0, | K,

n (ma)it} (m) 32 e A\v? " .
()i T — [ (mk)%f."':l (mk)%#ll N ()3 + (gr)i Ty = (k)T (6.18)

ij ij
o0t

where (mk)”Jr1 , which has been proved in [18] that the linear system for
(gk)?+1 is positive definite, so one can invert it by conjugate gradient method.

Remark 6.2. Instead of using Mj_% = M MJ2+1, one can also use M; 1,9 =

setting g; j = A;fQ;rf”, thus for fized i, n, (6.13) will become,

I\/f‘+1+M'
J ) J . By

1 [Mya M, e Myt My, s s
P(fi) =5 %(Mj-&-llfjﬂ - M;f) - %(Mj Y= M fio)
Q . .
=552 [(A2+1+A )Gj+1 — (A +1‘|‘2A +AJ 195 + (A?‘FA?—OQJ'—I] (6.19)
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Thus, (6.17) becomes,

~ N n+1
(A2 + AD)gi — (AS L + 2+ 62)AT + AT g + (AF+ A2 )gj1])
—fn f'n 157 fn_l i
=20Q" |52+ ey S (6.20)
L xr

n+1

which can be decomposed to a scalar solver for each component of g . Besides, it is easy to

see the coefficient in (6.20) is diagonally dominated matriz with negative diagonal entries, so it

is a negative definite matrix.

6.3 The s-AP property

6.3.1 Mass Conservation

Since P(f) has the property of mass conservation, its discretization P(f) should have the

same property. Let

Ky = MM (VA fy = M) (621

then, by (6.13),
S 1
LR S R DILEE O 3
i v v
1 1
:57219 — (TQZKJ» =0. (6.22)
J v
Thus, summing (6.10), one can get the scheme for p"*!, (6.14), which also implies 3, pi+* =
5,0

6.3.2 The formal proof of s-AP

Here we want to prove the scheme is stochastic asymptotic preserving, that is for fixed
0¢,0z,0,, when € — 0, it automatically becomes a gPC-SG approximation for the high field

limit.

Lemma 6.3. In scheme (6.10), f” — Mér

i€t 5 as € = 0, where ¢ is independent of j.

Proof. For fixed i, n, let € — 0, multiply v; to (6.10) and sum it over j, one gets,
O—Zvj (fi) = 5221;]1( K 1] 5225 (6.23)

which is equivalent to,

Y K;=0. (6.24)

Letting € — 0, (6.10) also implies P(fj) = 0 for Vj, or equivalently,

1

52(K K;_1)=0 forVj. (6.25)
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This implies,

K; =c forVy,
where ¢ is a constant depending on ¢ and n

(6.26)
From (6.24), (6.26), one has K; = 0. By the definition of K in (6.21), this implies
(M7542) ™ Flg0 — (M) 7 = 0, (6.27)
therefore,
(M) =¢p forV (6.28)
this gives,
= M;;éer.
|
Lemma 6.4. Iff Mié}, where & is a constant vector, then & = pi' + O(7).
Proof. As defined in section 6.2
j= N . Ny
J="3 ===
Z =0y Y. Mé. (6.29)
=— j=— 1\;1;
Since for fixed i, n, M;; L

. |Fi+’U7'“
V27 ( 2 )
eaCh /L.. i

, where F' is a constant symmetric matrix for
So there exists a unity matrix @), and a diagonal matrix A = diag()q,
F=QTAQ. Thus,

<o AK), Sb.
R ] G L
i=—=0Q e 7 Q=-— iagle " 2 ,--- e 2 . .
T 2w s )
Use the trapezoidal rule and assumption (6.9),
1 (itv)?
1= —e™" 2 dv
/R V2

j=5-1

1 Gitvy)? 1 1
Sy e

1 11 1
———c¢ —— i+ v2>+ e (—)\i+vv2>—|—06§,
LV o (o) gy ew (<50 +es?) o
JI===
(6.31)
Again by assumption (6.9), %f exp ( 1+ v_%)Q) +%\/% exp (—%()\i + v%)Q) < 0(62)
so (6.31) implies,
. Ny
== 2
1 (itvj)
e” 2 +0(8%),
P (3
- 2
SO
i Ny — Ny — Ny
== 1= 1=
1 (A +v;) 1 (An+vj)
Oy M; =Q " diag | 8, e , , 0y e 2
ZNU i =Q 8 T, V2T N, V2T ©
== j==5 j=—t
=Q"(1+0(32)IQ = (1+0(32)) 6.32)
(6.33)
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Therefore,

A S S 2
(5v§j:Mj) = HO(&%)L (1+0(62)) I. (6.34)
So by (6.29) and (6.34), one gets €7 = pI' + O(62). |

Theorem 6.5. The first order scheme defined as (6.10) - (6.12) is s-AP. That is, when ¢ — 0,
the limit of the first order scheme coincides with the gPC-SG discretization of high field limit

(2.14).

Proof. From Lemma 6.4 and 6.3, as € — 0,
= M7 (B +O(67)) - (6.35)

Thus

)

+ [v] o * 1 >
F+:/” Mvdv:/ vadv:/ (I +FeAdv—/ FM(v)dv
= (v) ; (v) ; 777( K ) (v)

0
-5 © 1 e 1 2
A _ 1P| _IE]Z
= e*dA—-F ——e 2 dP = e 2 — Ferf(F), 6.36
/_oo Vo /p Varm Var (F) ( )
+ 2
where erf(z) = [° ﬁe_%dt, F, P, Ais defined in (6.5).
Similarly,
F~ = / LMM(v)dv = /0 vM(v)dv = — 1 e_IF2|2 — Ferf(—F) (6.37)
R 2 —00 V2m . .
Then F[ , defined in (6.14) becomes
2
Py = (F* )7 + (Fp)lyy + O(52). (639

which is exactly the numerical flux of the kinetic scheme for (6.3) by ([7], ch3). So as € — 0
(6.14) becomes the forward Euler in time and kinetic scheme in space for the resulting system
of the high field limit equation with uncertainty (2.14), which completes the proof for s-AP
property. |

6.4 A second order scheme

Using backward difference formula for time discretization [9], and MUSCL scheme for space

discretization, the second order scheme is given by

3f73+1 —4 AiT]L' + Ai’r;_l £ pn—1 1 Fn+1
5, + 200, ff; — 0oL f = EP( ) (6.39)
— Am(ﬁzﬂ =pitt — iL?H (by Poisson Solver). (6.40)
Here,
F F 3 _ £ .41 + S )
'Ujaxfij — v, fi-i—%,j - fi—%,j7 and Jii+§7j - jiw + 21/’(9i+%)(.fz+} fZ)A v; >0,
Og Fivi5=Fivrj— %1/}(911%)(1"#1 = fi) wv; <.

(6.41)
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Where 9+ — fimfiot ang 0 1 % are smooth indicators, ) = max(0, min(1, 9)) is the
3 i+1

slope hmlter functlon [19].
The AP property can be similarly established as the first order scheme, so we omit the details
here.

7 Numerical Examples

We solve the one-dimensional VPFP system with uncertainty,

Ouf +v0uf ~ 20,60,5 = ~Ouluf +0,f),

7.1
— (14 X222)0ped =p—h, x€ [xg,z1],vER, (7
with periodic function ¢(¢, z, z1) satisfying,
o(t,xo,2) = ¢(t,xr,2) = 0. (7.2)
and only in Section 7.3.2, Ao # 0. Initial conditions are given by,
po = po(x, A1z1), fo = folz,v,\121), (7.3)
and the given positive charged background h(z, z) satisfies the global neutrality relation.
Here z = (z1,22) are two independent random variables following the uniform distribution

Ula, b].
Given the gPC coefficients f,, (m = 0,1,--- , K) of the numerical approximation fX, the
statistical quantities such as expectation, standard deviation are retrieved as,

E[fX] = fo, S[fX]= (7.4)

7.1 The Order of Convergence

This section is devoted to check the spectral convergence. The initial data is given by an C*°
function in z ~ UJ0, 1], and periodic in x:

po(z, z) - lv+029(2.2))?
V2 ’

In order to satisfy the global neutrality relation for the background charge h, i.e., equation (2.3),

po(z,2) =2+ sin(z)e®, fo= € (0, 2m). (7.5)

we set,
ho(x) =2 +sin(x)z, periodic in x € (0, 27) (7.6)

Define the [1-error for the expectation and standard deviation of the approximation solution f K
errorg = 0,0, Y _ [Bfi; —Eff[, errors = 6,6, > [Sfi; — SFKI, (7.7)

(2] 4]
where f, the reference solution, is calculated by the Stochastic Collocation method [22] with

= 1000’ 0y = 15, 0y = 400, while fK is the
numerical solution by the K-th order gPC-SG and the same mesh size as the reference solution.

20 Legendre quadrature points and mesh size §, =
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The spectral convergence of the gPC-SG

0
19 X I —Error of E: e =1
-e-Error of Sd: e =1
s Error of E: e =107
2 3l
10 ~-Error of Sd: e =10

= Error of E: e=10°
Error of Sd: e =10"

Figure 1: Example 7.1: Error of the numerical solution at T = 0.01 defined in (7.7) when e = 1, 1073,
107°. We take 0, = 1255, v € [—6,6], 6y = 152, 6 = 32, 0 < K < 8.

Figure 1 is the [;-error in terms of gPC order K for e = 1, 1073, 107° respectively with
fixed d,,0, and dt. It shows exponential decay in K, until the errors due to spatial, temporal
and velocity discretizations dominate. Furthermore, the amplitudes of the errors increase as €

decreases, but are within the estimated numerical approximation errors.

7.2 The asymptotic preserving property

This section is devoted to check the asymptotic preserving property of the scheme. We take
the equilibrium initial data, and non-equilibrium initial data respectively.
The certain part of the initial data in this example is same as section 3.2 in [15].

V2 5.0132
po(z,v,2) = Tﬂ(2 +cos(27m)) + A1z1,  h(z,2) = T%lecos@”) +0.1z;, x€[0,1]. (7.8)
For equilibrium initial condition, fj is given by,
U T 2
folz,v,2) = W\/QLz)e_ e , periodic in z € [0,1], (7.9)
I

while for the non-equilibrium initial data, f; is given by,

v+1.52 v—1.52
folz,v,2) = p;(m\/? (e R > , periodic in z € [0, 1]. (7.10)
™

_ Jvtogel?

We study the evolution of the difference between f and equilibrium M., = \ﬂ‘; )e 2z, with

respect to different € as shown in Figure 2. Here the difference is defined as,
difference = |[Ef — EMeg|ly = 020, Y [Bfij — B(Meg)ij] (7.11)
,J
Figure 2 shows the time evolution of the difference defined in (7.11) with different e. One can
see no matter whether the initial data is equilibrium or non-equilibrium, the s-AP method will

push f towards the local Maxwellian quickly, and this is how [5] defined strong AP property.
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The evoluton of the difference between f and Meq

1 0_2 . Equilibriurnl initial data ‘ 102 r{on-equilibritllm initial daFa
“e=10"

3 W e=10"
103} 1 10°F e=10"
1074 102

e 403
10 5 €= 10 p 10 4
e=10
=107

-6 ; i ‘ -6 : : :

10 0 2 4 6 8 10 0 2 4 6 8
t 1078 t x10°

Figure 2: Example 7.2: The l;-norm of E(f — M.,). We take z € (0,1), Nz = 1000,v € [—6,6], Nv =
400,t € [0,0.01], 6; = 8./15 and e = 1072,107%,107%, K = 4. The left figure: second order scheme with
equilibrium initial data defined as (7.9); The right figure: second order scheme with non-equilibrium
initial data defined as (7.10).

7.3 Statistical Quantities

In this section, we will see the expectation and standard deviation of p(t,z, z), E(t,x, z),

j(t,x, z) for different cases.

7.3.1 Mixing regimes

In the first case, we compare the second order gPC-SG method with the reference solution
(Calculated with 20 Legendre quadrature points and mesh size §, = 1/1000, §; = %, Oy = %

). The mixing regime is defined as following,

1
1073 + = (tanh(5 — 10z) + tanh(5 + 10z)),  z < 0.3,

(z) = 5 (tanh( ) ( ) (712)
1073, x> 0.3.

So it contains both the kinetic and high field regimes. See Figure 3
The initial condition is given by,

V2m o(z, 2) - |+029(z.2)12

. 14 T
= ——(2+sin(7mzx)) +0.121, = , eriodic in x € (—1,1). (7.13
Po 6 ( (mz)) 1. Jfo T p ( )- ( )

with
1.6711

T 25322

Where the certain part of the initial data is given in [15] Section 3.3. The time evolution of the

expectation and standard deviation for p, 7, E at T'=0.1,0.2,0.3 are shown in Figure 4.
Figure 4 shows the expectation and deviation of p, j and ¢ at time T'= 0.1,0.2,0.3. One can

see the statistic quantities of gPC-SG matches well with the reference solution.

ho () 4 012, (7.14)
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€(x)

0.8+

0.6+

0.4

0.2+

Figure 3: ¢(z) given in (7.12)

7.3.2 Piecewise Constant Initial Data

In the second case, we test the second order scheme with periodic piecewise constant initial

data defined as following, where the certain part is same as [15] Section 3.4.

11 1
= (=, — < —
(p07h0) (874)+/\1217 O_JU< 4, ( )
11 1 3 Po(T, 2) _lvtés(e.z))? _3
ho) = (=, =) 4+ A Sep<? = P2/ 25 e=107% (715
(po, ho) (278)+ 121, 4_x<4, fo \/% e € ( )
11 3
= (—. — — <<
(po, ho) (8’2)+/\121’ 4_I<1,

In order to test how the random variables affect the final result, we compare two cases,
1. )\2 = 0, )\1 = 01, V.S. )\2 = 0, )\1 =0.2.
2. )\2 = 0, )\1 = 01, V.S. )\2 = 02, )\1 =0.1.

Figure 5 shows the comparison of the first case at T = 0.2. As the coefficient of z; getting
bigger, the expectation remains the same, while the standard deviation becomes bigger and it
increases in the same order as the coefficient.

Figure 6 shows the comparison of the second case at T"= 0.2. One can tell that the random-
ness in the poisson equation doesn’t have a significant effect on density, while it does affect the
electric field.

A Appendices

A.1 The proof of Lemma 3.2

Proof. 1. The conclusion holds for [ = m — 1, since from the last line of (3.10),

m—1 —

0<A™ Cme <b <(m')|)2 (A1)
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Expectation of p

Standard deviation of
12— 0.036 : ‘ e
—Col: T=0.1 —Col: T=0.1
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0.9F
= 0.03
%) /
0.028/ 1
0.026 /
0.4 ‘ : : 0.024 : : s
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
X X
0.2 Expectation of flux j 7 X 10'3 Standard deviation of flux j
—Col: T=01 :
—Col:T=0.2
Col: T=0.3
- Gal: T=0.1
- Gal: T=03
- Gal: T=03
-0.4 ) - NN ‘
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ET:G.Z ¥fg§
0.2} R T=01
: T=02 :T=02
:T=03 :T=03

0.1}

01y,

-0.2}1

-0.3

Figure 4: Example 7.3.1. The dot lines represent for the result obtained by gPC-SG: N, = 128,
v € [—6,6], N, = 64, and &, = %, K = 5. The solid lines are reference solution with Nz = 1000,
N, =400, §; = % and 20 Gaussian quadrature points.
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Expectation of p

Standard devation of p
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Figure 5: Example 7.3.2: The dash line is the expectation of two cases, while the solid line is obtained
by E 4+ S8d. N, =64, v € [-6,6], N, = 100, and §; = %2, K = 5.
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Figure 6: Example 7.3.2: The dash line is the expectation of the two cases, while the solid line is
obtained by E &+ Sd. N, = 100, v € [—6, 6],
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2. Assume the conclusion holds for [ = k+1,--- ,m — 1, then one has,

i=k-+1

0<ap - <mz (A + (7:)2> <2 (Tnfi () (%) + (e
.

=0
]
A.2 The proof of Proposition 6.1
Proof. To prove (a), By the definition of e* =Y | L A", one has,
oo 1 N
=> — 0 (A"). (A.3)
n=1
One notes 9,A = —P, which implies, (9,4) A = A (9, A). Therefore,
Dy (A™) ZA” HD,A) AT = (8,A) ZA" TATY = n(9,A) A" (A.4)
i=1 =1
Thus,
Oy M = Z P)A"™' = —PM. (A.5)

nl

To prove (b), as long as matrices A and B are commutative, then e4ef = eAT5. Since

ede=4 =0 = I, the inverse of M exists and is

M~ = exp(—A). (A.6)

To prove (c), since P is a symmetric matrix, there exists a unity matrix @ and a diagonal
matrix A = diag(\, -+, Ax), such that P = QTAQ, so |P|?> = Q" A%Q. Since

P2 2
M=e 2 =Q e TQ,

2

the eigenvalues of M are e’% >0, m=1,..., M. The proof for M~ is similar.

To prove (d), let P, = ZkK:O OpOp By + v, Py = ZkK:O Op OB + vol i, then it is easy to

2 2
check P; P, = P, Py, hence | Py || P2|? = | P2|?| P1|?, which means % and % are commutative.
Thus
_1P 2 P2
M(”U1)M(’U2) =e 2 2 . (A?)

is symmetric. Since if the matrices A, B are positive definite and AB is symmetric, then AB is
still positive definite. Therefore, we conclude M (vy)M (vq) is still positive definite.

The commutativity can be easily obtained from (A.7).
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To prove (e), since F is a symmetric matrix, there exists a unity matrix @ and a diagonal

matrix A such that F = QT AQ), so one can represent |P|? = QT (A% + v2I + 2vA)Q. Thus,

/ Mdv =Q7 ( / exp(_M;*M)dv> Q=Q" (Var1)Q=varl.  (A8)

Similarly, we can derive,

v
——Mdv =F. A9
| =a (A.9)
To prove (f),

MPM™ = (QTe M Q)QTAQQTe2M Q) = QTe M AN Q

=QTAe 2NN = QTAQ = P. (A.10)
|
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