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Abstract

In this paper, we present a time splitting scheme for the Schrédinger equation in the pres-
ence of electromagnetic field in the semi-classical regime, where the wave function propagates
O(e) oscillations in space and time. With the operator splitting technique, the time evolution
of the Schrodinger equation is divided into three parts: the kinetic step, the convection step
and the potential step. The kinetic and the potential steps can be handled by the classi-
cal time-splitting spectral method. For the convection step, we propose a semi-Lagrangian
method in order to allow large time steps. We prove the unconditional stability conditions
with spatially variant external vector potentials, and the error estimate in the I? approxima-
tion of the wave function. By comparing with the semi-classical limit, the classical Liouville
equation in the Wigner framework, we show that this method is able to capture the correct
physical observables with time step At > . We implement this method numerically for both
one dimensional and two dimensional cases to verify that e—independent time steps can indeed

be taken in computing physical observables.

1 Introduction

Many problems in solid state physics and quantum chemistry require the solution to the Schrodinger
equation in the presence of electromagnetic field with a small (scaled) Planck constant ¢,

iedyu® = = (—ieV, — A)2 ut +Vus, teRT, zeR% (1.1)

| —

u®(z,0) = ug(z), = €R? (1.2)
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where u®(z,t) is the complex-valued wave function, V(z) is the scalar potential and A(z) is the

vector potential.

Mathematically, the electromagnetic field, or respectively, electric field E(z) € R? and magnetic
field B(z) € R are described by the scalar potential V' (x) € R and the vector potential A (z) € RY
as

E=-VV(z)), B=VxA. (1.3)

In the dynamic picture, one defines canonical momentum P = —ieV, and the kinetic momen-
tum is & = P — A (see [9]). The Schrédinger equation (1.1) can be derived from the one in the

absence of the vector potential by local gauge transformation (see [26]).

In fact, one can simplify the potential description by imposing one more condition, namely,
specifying the gauge. Due to the fact that the potential fields are not what are observed, while the
electric and magnetic fields are, there is freedom to impose conditions on the potentials so long as
whatever condition is chosen to impose does not affect the resultant electric and magnetic fields.
This freedom is called the gauge freedom. For any choice of a scalar function of position A(z) € R,

the potentials can be changed as follows:

A=A+V,\, V=V (1.4)

One can easily show that electric field E(z) € R? and magnetic field B(x) € R? do not change
at all under this transformation. One natural choice is, choosing A, so that V, - A’ = 0. This is
the so-called Coulomb gauge. In this gauge, the vector potential and the canonical momentum
operator commute, [A, —ieV,] = 0, so that the modified “kinetic” part of the Schrédinger equation
(1.1) can be simplified to:

1 - 2, € 52 € i€ € 1 2, €
5(—Z€VI—A) u :—EAIU +§(A-VI+VI-A)u +§|A| u

52

= —EAzug +icA - Vyut + %|A\2u8.

Previously, many numerical methods have been designed for the semi-classical Schrodinger
equation with only scalar potentials. As far as we know, little research has been done for the
semi-clagsical Schrodinger equation with vector potentials in the aspect of numerical simulations.
However, dynamics for particles exposed to external electromagnetic field result in many far-
reaching consequences in quantum mechanics, such as the Landau level, the Zeeman effect and
superconductivity. In the aspect of analysis, the Schrédinger operator with the vector potential
has different features in spectral and scattering properties (see [2]). Numerically, it gives new

challenges as well, especially in the semi-classical regime.

In the Schrodinger equation, the wave function acts as an auxiliary quantity used to compute



primary physical quantities such as the position density,
n(t,r) = [u®(t,x)|?, (1.5)
the current density,

I(t,z) = elm (ué (¢, 2)Vut (¢, z)) = 22 (ueV u® — uVuf), (1.6)
i
where f denotes the complex conjugate of f. As a matter of fact, in the presence of the vector

potential, one needs to introduce the modified current density as
| . . _
J(t,z) = 3 (uf (—ieVy — A)u® — u® (—ieV, — A)uf), (1.7)
so that mass conservation equation is satisfied,

%n+v$ -J=0. (1.8)
We remark that n and J are gauge invariant quantities. Numerically, computing I(¢,z) and J(¢, z)
face the same challenge.

It is well known that, the semi-classical Schrédinger equation propagates oscillation of wave-
length of order O(e) in space and time, so that the wave function u® does not converge in the strong
sense as € — 0. In addition, since the macroscopic physical quantities are non-linear transforms of
u®, the classical limit for those physical observables are not guaranteed by the weak convergence.
Mathematically, some micro-local analysis methodologies were introduced to explore the so-called
semi-classical limit of the Schrédinger equation. The celebrated Wigner transform (see [11, 10, 23])
has been shown to be a very powerful tool to reveal the macroscopic properties of the Schrodinger
equation in the semi-classical regime. In this framework, the semi-classical limit of the Schrodinger
equation can be derived, which is the classical Liouville equation. This provides an insightful
viewpoint to understand the transition from quantum mechanics to classical mechanics.

Numerically, the oscillatory nature of the wave function for the semi-classical Schrédinger equa-
tion, in general, gives rise to significant computational burden. As a matter of fact, even for uncon-
ditionally stable methods, the numerical results may lead to completely wrong physical observables
if the mesh grids fail to completely resolve the O(g) oscillations in space and time. In [20], by uti-
lizing the Wigner transform to study finite difference approximation of the Schrodinger equation,
Markowich, Pietra and Pohl have shown for prevailing finite difference method, to obtain correct
physical observables, one has to enforce the following meshing strategy

Az =o0(e), At=o(e). (1.9)

In the meanwhile, in order to guarantee accurate L? approximation of the wave function, even

more restrictive conditions have to be satisfied.



In [5], Bao, Jin and Markowich have shown that the time splitting spectral method gives much
less restrictive conditions in approximating not only the wave function but also physical observ-
ables. By comparing with the semi-classical limit using the Wigner Transform, and presenting
extensive numerical experiments, they have shown that the following meshing strategy is sufficient

in computing correct physical observables,
Az =0(e), At=o(1). (1.10)

In other words, one is allowed to take e—independent time steps in computing physical observables.
The readers can refer to the recent review [15] on the computation of semi-classical Schrédinger

equations by Jin, Markowich and Sparber.

In the presence of the vector potential, in general, the stability constraint in solving the con-
vection part
ot = A-Vyut (1.11)

requires At = O(e) by an explicit scheme since one needs to take Az = O(e) in order to resolve
spatial oscillations. The primary goal of this paper is to develop a numerical method with meshing
strategy (1.10), so that large time steps satisfying At > ¢ are allowed to take in computing the
physical observables.

We propose a semi-Lagrangian method to handle the convection step with the goal to allow time
steps which are as large as the case without the vector potential term. In this method, one follows
the characteristics of the convection equation (1.11) backwards in time from the original grid points
to the previous time step, and then use polynomial interpolation to compute the corresponding

value of the numerical solution.

The semi-Lagrangian methodology has been extensively studied in atmospheric models. See
[28] for a review by Staniforth and Cété. This technique has been extended to general transport
equations, for example, by Lin and Rood in [18], and in particular, a lot of research has been
done for its applications in Vlasov equation and other kinetic models (see [27, 24]). Previously,
the stability study for the semi-Lagrangian method was carried out only for constant coefficient
problems (except the case of using the spectral interpolation, see [29]). In this paper, we give
rigorous [? stability analysis of this method for variable coefficient problems with the polynomial

interpolation, and prove the unconditional stability if suitable interpolation points are used.

By analyzing the correspondence between solving the Schrédinger equation and the semi-
classical limit, namely the Liouville equation in the Wigner framework, we show that the semi-
Lagrangian time splitting method is able to compute correct physical observables even with time
step At > €, which is further verified numerically.

The rest of this paper is organized as follows. In Section 2, we present the numerical methods to
solve the one dimensional Schrodinger equation with vector potentials based on the time splitting
technique and carry out the [? stability analysis for arbitrary Courant numbers. In Section 3,

we prove the error estimate and corresponding meshing strategy for the semi-Lagrangian time



splitting method in the [? approximation of the wave function. In Section 4, by comparing with
the semi-clagsical limit, namely the Liouville equation in the Wigner framework, we prove that the
meshing strategy can be much relaxed so that e—independent time step is allowed if one only aims
to obtain correct physical observables. We discuss how to extend the method to multidimensional
cases in Section 5. Extensive numerical examples are shown in Section 6 to verify the proposed
meshing strategy. We give some final remarks and future directions in the last section.

2 The description of numerical methods

2.1 The time splitting and the spectral approximation.

In this section, we present the numerical method to solve the Schrédinger equation (1.1), (1.2)
in one dimension with periodic boundary condition. The extension to multidimensional cases is

straightforward, and will be discussed in Section 5.
We assume, on computation domain [a, b], a uniform spatial grid z; = a+jAz, j=0,--- N—1,
b—a

where N = 270, ng is an positive integer and Az = >g*. We also assume uniform time steps

ty, = kAt, k =0,---, K. The construction of numerical methods is based on the following (first

order) operator splitting technique.

With the Coulomb gauge, the Schrédinger equation (1.1) can be formulated as
; € 52 € : € 1 2, € € +
1€0su :_?Au +ieA - Vu —|—§|A\ u*+Vu®, a<ax<b teRT; (2.1)

u®(0,2) = ug(x), u(t,a) =u(t,b), u(t,a)=u(tD).

By the operator splitting technique, for every time step t € [t,,,t,11], one solves the kinetic step

2
iedus = f%Aus, £ € [tn, tus: (2.2)
followed by the potential step
. € 1 2, € €
10U’ = §\A| u®+Vus, tE€ [tn,tnt], (2.3)
and followed by the convection step
O =A-Vus, t€[ty,tny1] (2.4)

For clarity, we rewrite the equation (2.1) as

o = (A+B+C)u° (2.5)



where ) -
i€ i
A=A, B:—€<2A|2+V), C=A V.
Let u®(t,) be the exact solution at t = t,, 50 u(t,11) = eATBFOA (1 ). Let U} be the
numerical approximation of u®(x;,t,) and u®"™ be the numerical approximation of u®(¢,), which
means u=" has U}' as components. Define the solution obtained by the (first order) operator

splitting (without spatial discretization) as

wn+1 — eCAteBAteAAtue (tn) (2.6)

Note that w"*! differs from u®(t,.1) due to the operator splitting error.

After operator splitting, the kinetic step can be solved analytically in time in the Fourier space,

and the potential step can be solved exactly by direct integration in time:

1 N/2—1
. 2 ~ .
U;k _ L Z e—wAtuI /2Ulnel/tl($j—a); (2.7)
I=—N/2
U = e_i(%\A\?(xj)w(wj))At/EU;; (2.8)

where U}* are Fourier Coefficients of U}, defined by

N-1
N ) 27l M M
n _ § n,—iw(z;—a) — l=—— ... — —1.
Ul P U_'; e s i b—a’ 2 ) ) 2

But for the convection step, there is no obvious way to solve it analytically based on discrete
data for a variable A(z). We propose in the next sub-section a semi-Lagrangian method to solve
the convection equation (2.9).

We need to give two remarks here:

Remark 1. Even if one doesn’t specify the Coulomb gauge, the commutator [V, A] = V, - A
appears, and one only needs to add this contribution to operator C, namely one modifies C =
—i (3|A]2+V) /e + 3V, - A. But, since V, - A is only a slowly varying scalar function, this

modification will not introduce any new challenges numerically.

Remark 2. The first order operator splitting implies first order convergence in time. One can make
use of Strang’s splitting to obtain second order time discretization method. If one wants to apply
the second order Strang’s splitting to three operators, one can firstly group A + B together as a
single operator, and apply Strang’s splitting to A + B and C, while in the steps corresponding to
A+ B, one also uses Strang’s splitting.



2.2 A semi-Lagrangian method for the convection step

In this part, we present a semi-Lagrangian method (abbreviated by SL) to solve the following

scalar convection equation with periodic boundary conditions
(9tug —A- V,,us = O, te [tn, tn,+1]. (29)

Such an approach has been used to solve atmospheric models, Vlasov equation and other
transport equations with improved stability condition, see [28, 18, 27, 24]. This method consists
of two parts: backward characteristic tracing and interpolation. We compute the data U j’”l by
firstly tracing backwards along the characteristic line :

dz(t)
dt

= —A((t), oltwn) =1, (2.10)

for time interval [t,,t,1]. Denote x(t,) = 9, obtained by numerically solving the ODE (2.10)

backwards in time as shown in the graph below:

" X.
-1 ] 1

-1 i z 1 .,

-1 i i1

Figure 2.1: Backward Tracing: z; are grid points; ac? are the shifted grid points, which are the solutions to

problem (2.10) backwards in time at ¢ = ¢t"; dot line ”---” indicates characteristics.

We call the point set {x?} the shifted point set. By the method of characteristics, Uf“ =
0
J
interpolation is needed to approximate U;H'l =U" (rg) based on u®"™. We compare the following

U™ (¢9). But, U™ (z) in general are not known, since 9 are not necessarily grid points. Therefore,

two choices: the spectral interpolation and the M*" order polynomial interpolation.

For the spectral approximation, the interpolant IIyU™(z) = ,ICV:/ 2:]\,1/2 cre™ is a global approx-

imation to U™(z) based on u®™. One needs O(NlogN) operations to get the Fourier coefficients

¢k via the FFT method. But, one needs O(N) operations to evaluate the interpolant at each point
7
does not apply. Hence, the total cost is O(NN?) in each time step. This will make the whole scheme

x3, since the shifted points a:? are not necessarily the grid points, which means the inverse FFT
very costly.
But, for the M'" order Lagrange polynomial interpolation, one needs to establish a polyno-

mial interpolant for each shifted point :I:? with the discrete data on the closest M grid points



Zj ., ,%j,. For each shifted point x?, one uses M grid points near x? to form a Lagrange
polynomial interpolant to approximate U(z9) with error of order O(Az). But, certain stability
constraints need to be satisfied for different interpolation methods. We discuss this issue in the
next sections. In practice, the fourth order interpolation, namely the cubic polynomial interpola-
tion is widely used (see [28]). The total cost of the semi-Lagrangian method with the polynomial
interpolation is O(NV) for each time step. Therefore, we choose to take the polynomial interpolation
rather than a spectral interpolation.

We remark that, in [29], a local Chebyshev polynomial approach was proposed to improve the
efficiency of the semi-Lagrangian method with the spectral interpolation, which is essentially using
a local polynomial interpolation with interpolation points at Chebyshev extrema to approximate
the Fourier basis function €*¢. The cost could be reduced to O(N (logN)?), and the accuracy is
restricted by the regularity of the solutions and the order of local Chebyshev polynomials used.
Thus, the semi-Lagrangian method proposed in [29] could also apply to this problem.

Recall that, the kinetic step requires O(NlogN) operations with the spectral approximation.
Hence, the overall cost of the semi-Lagrangian time splitting method (abbreviated by SL-TS) for
the whole Schrodinger equation is O(NlogN) for each time step. We prove in the next sections that
the SL-TS method is unconditionally stable if suitable interpolation points are used. Therefore,
the time step can be taken much larger than Az, and the constraint At = O(e) is removed, if only
physical observables are needed.

In summary, the semi-Lagrangian method for the convection step is implemented by the fol-
lowing procedures:

1. For each grid point z;, j = 1,--- N, solve equation (2.10) backward for At time to obtain
the shifted grid points 9, j =1,--- N.

2. For each shifted grid point a:?, find the closest M grids points z;,,--- ,x;,, subject to
certain stability requirements and obtain the approximate value Uf“ =U "(m?) by polynomial
interpolation.

Here are some remarks for the semi-Lagrangian method:

Remark 3. When the vector potential A is time independent, the backward characteristic tracing
step is also independent of time. In other words, one just needs to solve (2.10) for the set of shifted
point {x?} once with sufficiently small time step &, and can make use of them for all future
time steps. This step can be done in a preprocessed step with great precision. When the vector
potential is time dependent, the backward characteristic tracing step needs to be done for every
time step with O(N) operations.

Consider the one dimensional convection equation with periodic boundary conditions:
Ou—A(z) - 0,u=0, a<z<b. (2.11)

Assume A(x) € C2([a,b]), A(z) and its first two derivatives are bounded. With the M'" order

Lagrange polynomial interpolation, the numerical scheme for the convection equation (2.11) can



be written as

M
UMt =" o, @)U 4, (2.12)
m=1

where p; is determined by At, Az and the velocity A(z), and [l,,4p, are the Lagrange basis

functions.

If A(x) is spatially constant, in [6], it has been shown that, when linear interpolation (M = 2)

0
J

when quadratic interpolation (M = 3) is applied, the scheme (2.12) is unconditionally stable when

is applied, the scheme (2.12) is unconditionally stable when z7 is between x,, 11 and xp, 2, and
9 is between 2, 1 and x,, 3. Similar analysis has been presented in [8]. However, little research
has been done in the rigorous stability analysis for the semi-Lagrangian method with spatially
variant A(z).

We study the stability requirements of the semi-Lagrangian method in the following three
subsections. In Section 2.3, we deal with the case when At = O (Az), and the semi-Lagrangian
difference operator is treated as a one-parameter family of operators depending on Axz. This was
done in [17], where At is treated as Az, but for our purpose, we need to keep track of both Az and
At in the analysis. In Section 2.4, we study the case when C. = || A - At/Axz > 1, which together
with results in Section 2.3 covers all Courant number cases, in particular when At > Ax, so an
unconditional stability is established. In Section 2.5, we derive the specific stability requirement
for the semi-Lagrangian method with the fourth order polynomial interpolation.

For numerical comparison, we also introduce a pseudo-spectral method for the convection equa-

tion (2.9). We discretize the spatial derivative by the spectral approximation,

OU; — Alo—s; - DaU%lo—a, =0, (2.13)
where
N/2—1
Da:UE|x=.1:j :N Z iMlUlnez)u'l(zjfa)’
I=—N/2

and use some explicit ODE solver in time discretization. With the spectral approximation, the
eigenvalues of the spatial discretization operator are purely imaginary (see [32]). This indicates, the
absolute stability region of the time-discretization method used has to cover part of the imaginary
axis near origin. Namely, one needs the so-called I-stability studied in [4]. For example, one can use
the fourth order Runge-Kutta method or the leap frog method. We name this method time-explicit
spectral approximation method (abbreviated by TESP).

Note that the FFT method can be used to compute spatial derivative with the spectral ap-
proximation, so the total cost in this step is O (Nlog(N)), which is comparable to the cost of
the kinetic step. This method has spectral convergence in space. However, because some explicit
time-discretization method is applied, one needs to enforce At/Ax = O(1) to guarantee stability,
which means the overall meshing strategy is Az = O(e), At = O(e). We remark that, the draw-
back of the TESP method is, it requires € dependent time step even if only physical observables



are desired.

2.3 Stability of the semi-Lagrangian method when At = O(Ax)

Define the difference operator Ps depending on a positive parameter § in the following way
Ps = pa(z)Ta, (2.14)

where « is an integer, and Ty, is the shift operator, (Tou) () = u (z + ad). The natural domain
for the difference operator is the space of functions defined on a lattice. It is easy to show that
boundedness and positivity of the difference operator over lattice functions of the [y space are
equivalent to these properties of the difference operator over the L? space (see [17]). Next, define
the symbol p(z, ) of the one-parameter family Ps as

p(.6) = 3 pala)e™™, (2.15)

which is 2r—periodic in €. For functions f(z), denote by |f|, the maximum of the L? norm of f

and the L? norms of its first k£ partial derivatives, namely,

!
1l = max (102
Then, define the (k,1) norm of the symbol p as
1
Pl =D pali (1+ o))’ (2.16)

[e3

Denote by Cj; the class of symbols with finite (k,[) norm.

We quote the following lemma from [17], which plays a crucial role in proving stability.

Lemma 1. Let Ps be a one-parameter family of difference operators, whose symbol p(x,§) is in
Ca0NCoa . Suppose p(x, &) is bounded by 1:

lp(z,§)| <1, Vz, eR (2.17)

Then for all §, there exists a constant K, such that the operator Pjs is bounded in the following
way:
| Psll ;- <1+ K§. (2.18)

To prove this Lemma, we need to quote two theorems from [17]. The first one is a standard

result for pseudo-differential operators:

Theorem 1. Let As, Bs be one-parameter families of difference operators of the form (2.14) with
symbols a(x, &) and b(x,§), respectively. Denote the product ab by ¢, and the one-parameter family

10



of operators with symbol ¢ by Cs. Then
|AsBs — Csl[2 <6 \a|071 ‘b|1,0'
The following theorem is the main result of paper [17]:

Theorem 2. Let Qs be a one-parameter family of difference operators whose symbol q(x, &) is in
C2,0NCo,2. Suppose q is Hermitian and non-negative definite for every x and . Then there exists

a constant K related to |q|2’0 and |q|072, such that the operator Qs satisfies the inequality
Re (u, Qsu) > — K6 (u,u),
for all §, and arbitrary u € L.

Now we sketch the proof of Lemmal from [17], and later modify the proof to show that the

stability constraint in time steps At can be relaxed.

Proof. For all u € L?,
lullZ — | Pullze = (uu) = (Psu, Psw) = (u, (I = P§ Py)u), (2.19)

where Py is the adjoint of Ps.

Define the symbol ¢ = 1 — p*p, and denote the difference operator with symbol ¢ by Qs. By
Theorem 1, Qs differs from (I — Py Ps) only by O(6). In other words, there exits a d—independent
constant K1 = [pl, ; |p|; o, such that

1Qs — (I = P5 Ps)| - < Kid. (2.20)
From (2.19) and (2.20), one gets
—[lullZe + (| Psull 72 < = (u, Qsu) + K16 |[ull7s -

Obviously, ¢ is Hermitian, and according to the assumption (2.17), ¢ is also non-negative definite.

Therefore, according to Theorem 2, there is some constant Ko such that

Re (u, Qsu) > —K26 (u,u) . (2.21)

If ||UH%2 - ||P§UH%2 < 0, then by (2.20) and (2.21), there is some positive constant K (for
example, K = K7 + K3), such that

2 2 2 2
—Jlull3 + | Poull = Re (= l[ull?: + [ Pull} ) < K6 [luls

11



which implies
1Psul7. < (14 K8) [lull7s -

If Hu||iz - HPWHiz > 0, the estimate above is also satisfied. This completes the proof. O

Therefore, for the semi-Lagrangian method, if one takes § = Az, and At = O (Ax), then Az
and At can be treated as a single parameter. We take M = At/Ax, which characterizes the ratio

of temporal and spatial mesh. Thus, the numerical scheme can be written as
u (z + At) = Psu(x).
As long as one can show |p (z,£)| < 1 for all  and &, then by Lemma 1,

lu(, to +nAt) | L2 < P57 lu (2, o)l 2 < (1 + K6)™ [Ju(x,to)ll -

<M u (@, t0) | 2 = € I Jfu (@, t0) | 2 < € Ju (@, t0)| 2 - (2.22)

This implies, for fixed M = O(1), in other words when At = O (Az), the semi-Lagrangian method

is stable as long as |p (z,&)| < 1 for all x and £. The reason is with fixed M = At¢/Ax, the constant
K in (2.18) is —independent.

Another implication is in the limit M = At/Axz — 0, the above stability proof fails. However,

we would like to allow At = o(1) despite Az = O(e), so the Courant number can be as large as

O(é) We further show in the next subsection the stability conditions for the semi-Lagrangian

method with arbitrary Courant number C, = ||A]| ;. At/Az > ¢y, where ¢ > 0.

2.4 Stability of the semi-Lagrangian method for arbitrary Courant num-
bers

The proof above for the stability of the semi-Lagrangian method does not apply directly, for
arbitrary Courant numbers. Instead, in this subsection we explore the dependence of Ps on both
At and Az. Especially, we aim to derive the estimates of Ps which are valid even when At > Aux.
For arbitrary Courant number cases, one expects to derive the requirements such that Pj is

bounded in the following way,
|1Ps|l 2 <1+ K (Azx+ At), (2.23)

for some constant K independent of Az and At. However, when At > Ax, one can no longer
treat the constants K7 in (2.20) and K5 in (2.21) simply as bounded quantities. Hence, one needs
to derive the dependence of those constants on both At and Ax.

When A(z) has zeros, even for bounded A(x), there is no obvious way to find desired bounds
for certain (k,!) norms of the symbol of Ps such that (2.23) is satisfied. To simplify the analysis, we
firstly introduce a method to decompose the semi-Lagrangian difference operator Pj into a product

of a shift operator and another semi-Lagrangian difference operator 155, which corresponds to a

12



different characteristic velocity —g(sc), where A is positive. We will derive estimates for certain
(k, 1) norms of the symbol of 155, which help to prove the stability of the semi-Lagrangian method

with arbitrary Courant numbers.

We now introduce the decomposition of the semi-Lagrangian difference operator. Since A(x) is
bounded, assume amin < A(Z) < amax. We naturally assume ||A| ;. > 0, because otherwise only
the trivial case A = 0 is allowed. Suppose for each point xi, at time level ¢t = t"*!, the backward
characteristic passing through it hits the point z° at time level t = t”. Notice, Vm € Z, one can

rewrite the difference operator as
P§ = Zpoc (xin) Ta = Zﬁ,@ (min) TB Tm = ﬁéTmz
o B

where § = a—m and pg(in) = Pg+m(Tin). Actually, Vm € Z, the shift operator T,,, can be seen as

the semi-Lagrangian difference operator corresponding to the exact method of characteristic with

the characteristic speed —mﬁ‘tz. Thus, the operator ﬁg is the semi-Lagrangian difference operator

with velocity —A(z) + ™&2. This observation allows one to rewrite the original semi-Lagrangian
difference operator Ps as a product of a shift operator and another semi-Lagrangian difference
operator ﬁg with different velocity field, though the difference in corresponding velocities is only

a constant.

Since in Section 2.3, the cases when the Courant number C. = O(1) were treated, to com-
plete the analysis for arbitrary Courant number cases, without the loss of generality, we as-
sume C. > 1. Next, we choose a special integer m, so that the characteristic velocity that
the semi-Lagrangian difference operator Py corresponds to is negative and bounded away from
0. Since C. = ||A||;« At/Az > 1, we claim that there exists a constant b € [1,2], such that
(@min — b||A]| o) At/Ax = mg € Z. Actually, consider the linear function,

y(s) = — ([|A]| poe At/AZ) s+ aminAt/Ax

with the slope — (|| A/« At/Az) < —1 and the domain D = [1,2], so the length of the range is
larger than 1. Thus, there exists a point b € [1, 2], such that y(b) equals an integer, and we denote
this integer by my.

Therefore, the operator T;,, can be seen as the semi-Lagrangian difference operator that cor-
responds to the constant characteristic speed —ami, + b ||A||Loo, and ﬁg = PsT_,,, corresponds to
the semi-Lagrangian difference operator with the same Az and At, but the velocity —A(x) is re-
placed by —A(z) = — (A(z) — amin + b |All ;o). We denote the symbol of Ps by P, then obviously,

= pe~"m0¢ For different pairs of Az and At, one may have different f’(s, but the corresponding

p
g(m) has a uniform lower bound and a uniform upper bound:
A(z) = A(@) = amin +b[|All g~ 2 0[[All Lo = | All o 5 (2.24)
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A(z) = A(x) = amin + 0 [[Al| poo < 2[|A]l L + DAl L < 4[All Lo - (2.25)

Also, observe that A(z) and A(z) have the same derivatives, so we denote 104 [ = ’ &NZHL =

Ly and [[024] . = |024]| =L

Since the polynomial interpolation is applied, the coefficients pg (i) of 155 are Lagrange basis
functions, which are polynomials of r(zy,), with

xofxl

Az

(2.26)

’/‘(Jiin) =

where ; is the first point on the left hand side of 2° such that for some integer ng, (z; — z1,) /Az =

ng. To give estimates of certain (k,!) norms of p, we study the derivative of r with respect to ;.
Consider the characteristic equation

dz(t)

T = —A(z(t)), (2.27)

with 2(At) = z;,. Denote the solution to this initial value problem by x(¢; xi,). Integrate the
equation from At to 0, one gets

At
2 = x, + A (x(s; xin)) ds. (2.28)
0

Since g(x) € C', x(t; 1) is continuously differentiable with respect to xj,. Therefore, there exists

dx(t; Tin)
dzin ’ <7

a constant 7, such that

Because A(z) > Al ;s > 0, there exists ¢’ € [0, At], such that

t/
X = Tin + / A (x(s; xin)) ds. (2.29)
0

In other words, one gets

tl ~
o Tl — Tin o f() A(X(S; ‘Tin))ds
np =~ = ~ . (2.30)

Rewrite r = ft,At A (x(s; 1)) ds/Az. Then one gets the following estimate for its derivative with

respect to iy,
At o T
‘ft, O, A (x (8; Tin)) %d‘s

dr
dxip Az
n (At —t') ~ n(At—1t') L,
< =270 A Rl
= Az ‘ aIAHLOO Az

By the definition of z;, one has 0 < 2% — 2; < Az, so (2.28) and (2.29) imply



then the estimate (2.24) implies,
At
(At =) | 4] = < / A (x(s; 7)) ds < Az, (2.31)

t

and thus one concludes

d At —t')L L
it )L o by (2.32)
dzip Az | Al o
This means, d‘i’f is uniformly bounded with respect to Az and At. Similarly, one can show ;;f

in

is also uniformly bounded. We remark that, without introducing /Nl, one cannot get the estimate
(2.31).

We're ready to prove the following lemma, which gives the estimate of the L? norm of the
semi-Lagrangian difference operator Ps when the Courant number exceeds 1.

Lemma 2. Let Ps be the semi-Lagrangian difference operator with 6 = Az and C, = || Al At/Az >
1, as is defined above. Suppose its symbol p(x, ) is bounded by 1:

lp(z,8) <1, Vr,eR (2.33)

Then for all §, there exists a constant K, such that the operator Pjs is bounded in the following
way:
|Ps|l;- <1+ K (Az+ At). (2.34)

Proof. For the semi-Lagrangian difference operators Ps when C, = ||A]| ;- At/Az > 1, we intro-

duce the decomposition Ps = 135Tm0 as is defined above. Observe, for all L? functions u,

2 2 %
[ullze = 1 Psullze = (u, (I = 5 Ps) u)

= (0 (1= (Ps) Piy) )

= (ua (T—mono - T—mo (ﬁé) ﬁéTm,o) U)

- (Tmou, (1 - (ﬁé)* 135) Tmou) .

Next, we define the symbol ¢ (z,£) = 1 — p*p, and denote the difference operator with symbol
g by Qs.

To make use of Theorem 1 and Theorem 2, we estimate some (k, ) norms of the symbols p and
g to be used in the proof. Recall that p = Zﬁ pp (1 (z3n)) €P8, since pg (r (73,)) are polynomials of
7, and the first derivative of r is bounded uniformly with respect to Az and At, so |pg|, and [pgs|,
are bounded on any bounded interval of . In practice, the interval of r is determined so that the
condition |p (z,£)] < 1 is satisfied. In the next subsection, we derive the interval of r when the
fourth order interpolation is applied, so that |p (z,&)| < 1.

If the M*"order polynomial interpolation is applied, one then has |3| < ng + M, where M is
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fixed and
At

fg/;l(x(s, Tin)) ds - OAt/T(X (s, Tin)) d a2t
Az’

Az b Az

Therefore, 1 + 8] < K1 (14 &%) for some constant K. In conclusion, on some bounded interval

of 7 and with M fixed, |pl, = >_4 |Psl, is bounded and |pl, , = > 4 |psl, (1 +|8]) = O (1+ &L).
Next, with

S
<4 All L

ng =

G=1-5p=Y (e,
¢

we now prove that, if |¢| > 2M, ¢; = 0. Actually

io1- <Zﬁ% <r>ewlf> (zm <r>em€>

= eiO§ - Z ﬁ’Ylﬁ’Yzei(’Yli’m)E'
Y172

For any specific z, if the M —point interpolation is applied, the set {p,(x)} has at most M nonzero
elements, we denote the corresponding indices by v (z),--- ,¥*)(x), which are M consecutive
integers. Therefore, in the summation >° Py Dy €1 772)E ome has P, (2)Ps, (¥) = 0 unless
1,72 € {7y (2),- -+, (z)}. This implies, in this summation, the nonzero contributions occur
only when |y — 2| < 2M. Due to the arbitrariness of z, one concludes, in the summation,
q(z.8) =22 dc(2)eis, one has [¢] < 2M.

So when M is fixed, 1 + |¢] < 2M + 1. Since the coeflicients g;(r) are also polynomials of r,
whose first and second derivatives with respect to x;, are bounded on bounded intervals of r, so
lasly, las|; and |gs|, are bounded on bounded intervals of . In conclusion, on bounded intervals of
r and with M fixed, |gl, o = >_4[qsl, is bounded, and |g] , = >_ |gclo (1 + |¢[)? is also bounded.
Therefore, the symbol g is in Cs 9 N Cy 2.

By Theorem 1, the operator Qs differs from T— (13?;) ’ Py in the L2 norm at most by 0 [ply ¢ [Plo 1

so there exists a constant K3, such that

|@s= (1= (Ps) P3)| , < K <1+§;)§:K3(Ax+At).

Then one gets,
— l[ull3e + 1Psullfe = = (Tmgu, (1= (Ps) Ps) Toyu)
< - (TmOU,@éTmou) + H@é - <I - <155) ﬁé)HLQ [ Tog |3 2

< - (Tmou, @ngOu) + K3 (Az + A [[ul% . (2.35)

Recall that, we have shown that the symbol g € C20N Cp 2. Besides, one can easily verify that
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q is Hermitian, non-negative, which implies ¢ is also Hermitian and non-negative. Actually, by
definition, § = 1 — p*p is obviously Hermitian. And ¢=1—-p*p=1— |j5|2 =1- |p\2 > 0, because
|p| < 1 by assumption. Therefore, g satisfies all the hypotheses in Theorem 2, so there exists a
constant K4 such that

Re (Tmou,@(;TmOu) > K48 [Ty 2e = —KaAx [[u]| 2. . (2.36)

If ||uHiz - HPguHiz < 0, by (2.35) and (2.36), there exists some constant K (for example, one
can take K = K3+ K4), such that

2 2 2 2 2
— lull}s + 1Psull}> = Re (—lullfs + I Psull}: ) < K (Az+ At |Jul3,

which implies
1Psullze < (14 K (Az + At)) [|ul72

It ||u||32 - HP5u||iQ > 0, the estimate above is also satisfied. Hence, we have shown when
C. = ||A|| j« At/Az > 1, the condition that |p(z,&)| < 1 for all  and ¢ implies that there is some
constant K, such that

|Ps|l 2 < 1+ K(Ax + At).
O

According to Lemma 2, when the Courant number C, = ||A||; « At/Axz exceeds 1, which means
Az < || Al At, one gets

lu (@, to +nAb)| L2 < (P52 [lu (@, o) .2

< (14 C(Az + AL)" [|u (2, o)l .
< DA ||y (z,10) | -

< Ol )ALy, (@, to)l .2

< COHANL)T |1y (2, t0) 12

with nAt < T and C is independent of Ax and At.

Therefore, by Lemmal and Lemma?2, we have shown that when the Courant number C, =
|A|l L At/Ax > ¢o for some ¢o > 0, the semi-Lagrangian method is stable if [p (z,&)| < 1 for all
x and £. The stability requirement for the semi-Lagrangian method is basically the norm of the
symbol p(z,€) is bounded by 1 with the exception that the proof fails in the limit At/Az — 0
with Az fixed. In other words, as long as the Courant number C. = [|Al| ;. At/Ax > ¢y for some
¢o > 0, the condition that the norm of the symbol p(x, &) is no greater than 1 is sufficient to prove
stability.

We summarize the result in the following theorem.
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Theorem 3. Consider the semi-Lagrangian scheme
u(t + At,z) = Psu(t, x), (2.37)

where Ps is the difference operator in the form (2.14), and § = Axz. Suppose, there is negligible

error in tracing the characteristics, and suppose there exists a positive constant co such that
| Al L At/Az > ¢y > 0. (2.38)

Then if for all x and &, the norm of the symbol p(x,§) is no greater than 1, |p(x,&)| < 1, the

semi-Lagrangian scheme is stable in the sense that
[u (T[> < Cr [lu(0)] -

for all solutions to the scheme (2.37), where Cr depends on T and cq, but is independent of Az,
At.

2.5 Semi-Lagrangian method with the fourth order polynomial interpo-
lation

According to Theorem 3, as long as the Courant number is bounded away from 0, the semi-
Lagrangian method is stable when the norm of the symbol p(z, &) is no greater than 1. Therefore,
for specific orders of interpolation, one just needs to work out the requirement on the choice of
interpolation points such that this condition is satisfied. Since in Section 6 we choose to use cubic
polynomial interpolation (M = 4) in numerical examples, we carry out the detailed calculation for
this choice.

Define r = (T? — a:pj+2) /Az, and the scheme can be written as

4
UMt =" Lo, (DU, (2.39)
m=1
where
r(l—r)(2-r1) I+r(A-=r)2-71)
lp_7»+1(7”) =TT 5 lp;+2 = B) )
1+7r)r(2—r 1+7r)r(l—r
L es(r) = % by o1 = 7()6#.

To be more specific, one needs to work out the interval of r for this choice of interpolation, so that

the norm of the symbol of this semi-Lagrangian difference operator is no greater than 1.

For simplicity, we drop p; in the sub-indices, and instead write l1, l2, I3, [4. By direct calculation,

r(l—r)
2 b)

1+r)(2-7)

Li(r) +1a(r) = — 5

12(7') —+ 13(7') =
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L(r) +l2(r) +15(r) + la(r) = L. (2.40)

So the symbol of the difference operator is
p(z, &) = (ll(r)e_i?’g/2 + Iy (r)e /% 4 15(r)es/? + l4(r)ei35/2) et —it+2+3)
Multiply by p on both sides, one gets,
(2, €)> = 12 4+ 13 + 12 + 13 + 21414 cos (3€) + 2 (I113 + Loly) cos (2€)

+2 (1112 + l2l3 + l3l4) (¢0)] (g) .

Note, the identity (2.40) implies (i1 +lo + 13 + 14)2 = 1. So one gets,
[p(2, €)1 =1+ 21L4 (cos (3) — 1) + 2 (ils + lala) (cos (26) — 1)

+2 (1112 + lgld + l5l4) (COS (5) — ].) .

With trigonometric identities cos (2£) = 2cos? (£) — 1 and cos (3¢) = 4 cos? (£) — 3 cos (£), one
gets

p(, O = 1= 3r(1=r)(1+7)(2 = 1) (1 - cos (€))°
220 = P42 = ) (1 - cos (€)°

=14+r(1—=7)(1+7)(2=7)(1—cos (&) S(r¢),

where,

S(r, &) = % (2(1 — cos (5))7“2 —2(1 —cos(§))r — 3) .

S(r, &) is a quadratic function in r with parameter £ in the coefficients, we denote its roots
by 1 and 75, where 71 < ro. When cos (€) = 1, one gets |p(x,€)]” = 1. When 1 <cos(§) <1,
r1 < —1, 719 > 2, and \p(x,f)\Z < 1 means r € [r1, —1] U [0,1] U [2,73]. When cos (§) = i, ry=—1,
ry = 2, and |p(z,€)|° < 1 means r € {—1} U [0,1] U {2}. When —1 < cos (§) < 1, —-1<r <o,
1 <ry <2 and |p(x,€)]* <1 means r € [—1,71] U [0,1] U [ra,2]. Based on the analysis above, one
sees the condition |p(x, €)|* < 1 is equivalent to r € {—1}U[0,1]U{2}. So in practice, we take the
stability interval [0, 1] for r.

Therefore, the semi-Lagrangian method with the fourth order polynomial interpolation is stable
when the Courant number is bounded away from 0, and x? is between z,, 12 and xp, 13, namely,
when the shifted grid points are between the second points and the third points in interpolation.
Similarly, one can derive stability requirements for other polynomial interpolations, for example,
see calculations in [6].

We give the following two remarks for stability constraints.

Remark 4. For the semi-Lagrangian method with polynomial interpolation, the stability constraint
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comes from two parts: solving the characteristic ODE (2.10) and the polynomial interpolation.
The latter aspect has been studied in depth so far. On the other hand, solving the characteristic
equation (2.10) with time step At requires

10, Al At < C, (2.41)

for some constant C to guarantee stability. Actually, one can take sufficiently small At in solving
the ODE (2.10) to get a very accurate approximation for the characteristics. This can be done in

a preprocessed step, and thus does not affect the computational cost in time evolution.

Remark 5. Another widely used necessary stability criterion for the semi-Lagrangian method is the
deformation constraint proposed in [18, 27], which means characteristics initiated from adjacent
grid points do not intersect in At time. This criterion actually leads to the same constraint (2.41).

So one concludes, for stability, At in the semi-Lagrangian method is Az—independent, and
thus e—independent in the sense that it requires that the interpolation points are chosen properly,
as is stated in Theorem 3. Especially, one is allowed to take At > Az. In comparison, the
stability constraint for TESP method is || A« At/Axz < C for some constant C, which indicates
At = O(Az) = O(e).

Note that, since the numerical schemes in the kinetic step and the potential step are realized
by exact time integration, the numerical methods are unconditionally stable. As is analyzed
above, the stability constraint for the semi-Lagrangian method in solving the convection part is
Axz—independent, and thus e—independent. Therefore, one concludes the SL-TS method allows At
to be independent of Az and €. We will show in later sections, the SL-TS method possesses great
advantages in relaxing the time step restriction over TESP time splitting method in computing

physical observables.

3 Error estimates in the presence of vector potential

In this section, we study the error in approximating the wave function and the meshing strategy
of the SL-TS method. We use || - ||;> to denote the discrete [? norm

1
2

b—CLN_l
11Ul = | — YU (3.1)
7=0

We further assume that, the wave functions are e—oscillatory in space and time but the potentials

are not oscillatory. So there are t, €,  independent positive constants B,,,, Cy,, Dy, so that

1

u(t, ) c([0,T);L2 (a,b)) S Catmg Cmatme

omt +ma
axm,l atmq
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o

o™

A(Qj‘) U(J)) L2(a,b) < B’m- (32)

ox™

H arn

L2(a,b) < Dma H

Note that the differentiation operator is unbounded for general smooth functions, but it is
bounded in the subspace of smooth L? function which are at most e—oscillatory. We use fr to
denote the spectral approximation based on the discrete data f; or f(z;). Now we are ready to
prove the following error estimate for the first order SL-TS method. The proof basically follows
Theorem4.1 in [5], though the situation here is more complicated due to the convection step.

Theorem 4. Let u®(t,x) be the exact solution of equation (2.1), u®™ be the discrete approximation
by the first order SL-TS method. We assume the characteristic equations (2.10) are numerically
solved with minimal error in the preprocessed step, the M order polynomial interpolation is taken
in the semi-Lagrangian method for the convection step and the corresponding stability condition is
satisfied. Under assumption (3.2), we further assume Ax/e = O(1) and At/e = O(1); then for all
positive integers m > 1 and t € [0,T],

en T Az Az CTAt
Etn - ’ 2 < G, M —— — " - 5 .
) = 5”22 < Gomar g | (55) 7 (25) 2] + 5 (33

where C' is a positive constant independent of At, Ax, €, m and M, and G, m are positive

constants independent of At, Ax and €.

Proof. Recall that, we have defined operator splitting solution (without spatial discretization)
(2.6) wntl = eAALBALCALy (¢ ) We firstly show, by studying the commutators between three
operators in (2.5), when potentials are spatially variant, the local splitting error in equations (2.2),
(2.3), (2.4) for equation (2.1) is:

At?
[|uf (tny1) — w”+1||L2 =0 <€) . (3.4)

Clearly, the exact solution to (2.1) at t = ¢,4+1 with initial data u®(¢,) is given by

ut (t’ﬂ+1) _ €(A+B+C)Atue(tn).
The operator splitting error results from the non-commutativity of the operators A, B and C. In
[5], it was shown that

2
LAAL, BALuS = O <A€t> ,

where [, -] denotes the commutator. Similarly, by a direct computation:

2i€

A 2
(AL, CALJU® = (A1)’ T (Ore ADzu" + 0:ADu®) = O (t> :

3

[BAL, CAtju® = (At)? (-i) <A8I (;|A2 + v>) u =0 (A;z> .
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Therefore, we have shown the local operator splitting error is O (%Z) as in (3.4).

By triangle inequality,

10 (tns1) = w7 |z < e () = 0" |2 + (0™ = wp |2 + [lwf = u7" |2 (3.5)
where w?“ denotes the spectral interpolation approximation of w™*!. On the right hand side of
(3.5), the first term gives the operator splitting error (3.4), and the second term gives the spectral
approximation error which is bounded by C,, (%)m, where m can be any positive integer, which

depends on the regularity of the solution (see [22]).

Now we focus on the last term on the right hand side of (3.5). With the spectral approximation,
we have for any periodic function f € L%(a,b), ||frllzz= = ||f|liz- In the SL-TS method, the
potential step governed by operator B is solved analytically, while the kinetic step and convection
step governed by operators A and C are evolved by numerical approximations, denoted by Agp
and Cg, respectively. So once again, by triangle inequality:

n+1 e,n+1

[ T [

||€CAteBAt€AAtus (tn) _ ngL AteBAte.AspAtue,n

li2

N

||6CAteBAt€AAtua(tn) _ eCAteBAt6.»4513Atua(tn)||l2

+||eCAteBAt A ALYE (1) — Lt AtBAL A ALY (1 || 12

S [[eCsEALBAL AR ALy Y (Lot BAL A ALy e, (3.6)
Note that, the first term on the right hand side of (3.6) measures the spectral approximation of
u®(ty), so by Theorem 3 from [22], this term is of order O ((%)m) for any positive integer m.
According to Remark 3 , the error in computing the shifted grid points is much smaller than the
interpolation error, so the second term on the right hand side is bounded by the M** order polyno-
mial interpolation error, which is O ((%)M> It can easily be shown that the operators eA2t, eBAt
and €“A? (in the Coulomb gauge) are unitary operators with respect to periodic smooth functions
in the L? norm, which implies He““AtHL2 = ||68At||L2 = HeCAtHL2 = 1. Bao, Jin and Markowich in
[5] have proved that Agp is also unitary with respect to uj, the spectral approximation of smooth

CsLAt ig not a unitary operator, but with stability constraint as in Section 2.3,

L? function. Note, ¢
we have HeCSLAtHz2 < ' for some constant C’ and nAt < T. So, the last term on the right hand

side of (3.6)

CSLAteBAte.ASpAtua(tn) _ (CsLAt BAL AspAt, en

li2
CSLAt||L2 ||68At€.AspAtus(tn) o eBAteAspAtue,n||l2

le
le

<
< e A L s (tn) — up™ ) e
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This leads to

n+1 e,n+1 Csrp At e,n / Am " 1 Al‘ M
[Jw;™ —u7™ |2 < H€ HLz lu(tn) —u7"™[l 2+ Cy, = +Cy ~ )

where C!, and CY, are some constants, which are ¢, z, ¢ independent. So now, we have derived a

recursive relation
[l (b)) = w7 e < [leCs28 e (uf () — up™|| 2
Az\" A\ M At
+C1 () + Cy <) + Cs ()
€ € €
where C1, Co and C3 are some constants, which are ¢, x, € independent.

Based on the recursive relation for ||u®(t,) — u;"||12, by induction, one concludes that,

€ em T Az, Az CTAt
I0t) 5"l < G |(55) 7+ (F5) ]+ 3.7

m,]VIE c

This completes the proof. O

We remark that, in practice, if the solution is sufficiently regular, the error introduced by
polynomial interpolation is dominant in spatial discretization since m can be chosen to be fairly
large. Then in practice, it suffices to consider the following error bound

[ (tn) = 7™ (|12 < Gar

T (Azx\ ,, CTAt
L (ar)u, c10 o

3

This implies that, if one wants to control the error of the wave function in the L?norm so that

[|us(tn) — u7™||z2 < 8, the corresponding meshing strategy is

oo, £

- — =0 (51/MAt1/M) . (3.9)

For higher order operator splitting technique, similar analysis can be done, which is omitted in
this paper.
4 Computing the physical observables

In general, if one only cares about the physical observables, weaker conditions in the meshing
strategy may be sufficient (see [20, 5]). The Wigner transform can be used to illustrate this point.
For f, g € L?(R%), the Wigner transform is defined as a phase-space function

w(f,g) (t,z,§) = ﬁ /Rd e f (w + gy) g (x - gy) dy. (4.1)
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Recall that u®(t,x) is the exact solution of equation (2.1). Denote w® = w*(u®,u®), which

satisfies the Wigner equation
Qs + & - Vw4 OV + |A2/2w + T[AJw® =0, (4.2)

in which two pseudo-differential operators are defined by

OUw* := ﬁ /Rd (U (x + ga) -U (x - %a)) we (z, a, )" S dey; (4.3)
[[AJw® = —ﬁ /Rd A (z + %a) -V, (x + %a) u (:r - ga) e tda (4.4)

g (o 50 A (e 5) S (o ) e

By Weyl’s Calculus, as € — 0, the Wigner measure w® = lim._,o w® (u®, u¢) satisfies the classical

Liouville equation
w) + (£ —A)- Vol + (- A)- VA -V, U) Ve’ =0, (4.5)
with
w'(t =0,z,8) = wi(z,£) := lim w* (ug, ug).- (4.6)
E—r

All the limits above are defined in an appropriate weak sense (see [31, 11]).

Now let a(z,&) be a smooth real-valued phase space function with sufficient decay at infinity,
called a semi-classical symbol. Then the self-adjoint pseudo-differential operator A° := a(z,e D)W
is called an observable, where D = iV, and W stands for the Weyl quantization (see [11]). If one

specifies a quantum state u®(t,x), then the average of this observable in this state is defined as

EE(t) = /R () (al, D)V (1,0)) do. (4.7)

One significant property of the Wigner transform is that it establishes the duality identity in the

following sense

/ a®(t, z) (a(z,eD)Vus(t, z)) do = / we(t, z,&)a(z, §)drdE. (4.8)
Rd

RIx R

As a consequence, EZ(t) can be taken to the semi-classical limit via

lim ES(t) = /Rd . wo(t, z, &)a(z, €)drde. (4.9)

e—0

These semi-classical limits have been mathematically justified in [30, 23].

Let w° be the Wigner transform of the numerical approximation solution. One can easily prove
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the following inequality (see [5])

|B; — Bzl <lalle - |lw® — @

g+ < Cllalle - |[u® = @%|[L2(ap), (4.10)
where £ is the Banach space
E={pecCo(REIXRY) : (Feryuo) € L' (RE Cy (RE)) .

F denotes the Fourier transform and £* is the dual space of € (see [19]). This inequality is not
sharp, but it shows that, the L? approximation of the wave function at least implies approximation

of mean value of physical observables in the same order.

In each time step t € [tn,tn41] after operator splitting, the error in the wave function is
introduced due to spectral approximation and polynomial approximation. By Theorem 4 and the
estimate (4.10), the error in the corresponding Wigner transform can be estimated. Although it
might not be optimal, the spatial meshing strategy % =0 ((51/MAt1/M) is sufficient to guarantee
an O(9) error in all physical observables caused by spectral and polynomial approximations on the
time interval [0, T7].

The splitting error in computing the physical observables can be understood in the following
way. The time splitting in solving the Schrodinger equation corresponds to the time splitting of

the Wigner equations: one firstly solves
wi +&-Vaw® =0, tE€[tn,tnt1],

followed by solving
wf + F[A]’U}E = 07 t € [tnvtn+1]»

and then followed by solving

1
w; + OV + §|A\2]w5 =0, tE€ [tn,tni1]

For fixed At, one can take the limit € — 0, and obtain the time splitting of the classical Liouville
equation: one firstly solves
w) +&-Vu® =0, tE€ [ty tni],

followed by solving

w) — A -Vouw + &V, A-Vew’ =0, t€ [ty tni1],
and then followed by solving

w) — (A -V, A+ V, V) Ve’ =0, t€ [ty tn1]
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Consider the SL-TS method introduced in Section 2. As is summarized at the end of Sec-
tion 2, if the interpolation points are chosen properly according to Theorem 3, the whole SL-TS
method is stable even when At > . Next, note that no e—dependent error is introduced by the
splitting. In the kinetic step and the potential step, the time integrations are performed exactly.
In the convection part, the backward characteristic tracing is done in a preprocessed step with
sufficiently fine yet ¢ independent time steps. Therefore, there is no e—dependent error at all in
time discretizations.

After all these considerations, we conclude that with the SL-TS method, large time steps
satisfying At > e can be taken to capture correct physical observables. In other words, with time
step At = O(9) and spatial meshing strategy (3.9), one gets numerical solutions with O(9) error

in the Wigner functions as € — 0 , and as a result, O(d) error in all the physical observables.

Remark 6. When the vector potential A is time dependent, the above analysis still holds, because A
is e—independent,, and thus in the backward characteristic tracing step, At is also e—independent.

5 Extension to multidimensional cases

In this section, we discuss how to extend the SL-TS method to the multidimensional cases. The

Schrodinger equation (1.1) can be written as
; € 82 € . € 1 2, € € +
iedpu® = —5Au +icA - Vu© + §|A\ ut +Vu', xellimg,.. gla;, b, teRT; (5.1)

u®(0,z) = ug(x), x € Ili=1,.. qlai,bi]

with periodic boundary condition. By operator splitting technique, for every time step t €

[tn, tnt1], we solve the kinetic step
g2 2,
et = — 5 At =~ ;awus, t € [tn, tng1l; (5.2)

followed by the potential step
1
iEatUE = §|A‘2UE + VUE, te [tn,tn+1], (53)

and then followed the convection step

d
ot = A -Vut = Z Az, ,2q)05u5, tE [tn,tni]. (5.4)
1=1

We remark that the kinetic step and the potential step are exactly the original TSSP method
as in [5] without vector potential, while the convection step can be done by dimensional splitting.

In fact the dimensional splitting will not introduce € dependent error in time because the classical
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Liouville equation is also well separated in the same dimensional splitting for the convection step.

Note that, the convection step of the Liouville equation can be reformulated as

d d
O =Y " A0’ + > GV A Vew' =0, t € [tn,tni1]. (5.5)
1=1 1=1
After dimensional splitting one still observes the one-to-one correspondence between the equations
(5.4) and (5.5). In addition, the semi-classical limit of the Schrédinger equation in each dimension
is exactly the counterpart of the classical Liouville equation. Therefore, all numerical methods can
be carried out by the same means and the meshing strategy would stay unchanged.
We remark that, the dimension splitting is only one of possible techniques to use. Multidimen-
sional semi-Lagrangian method is also applicable, see [28, 18, 6] .
In Section 6, we implement this method to a particular three dimensional model from physics,
which can be reduced to a two dimensional one, to verify the numerical properties of the SL-TS

method in higher dimensions.

6 Numerical examples

In the series of numerical tests, the reference solution is computed by time splitting method with
sufficiently fine mesh grids, but the convection part is numerically evolved by the time-explicit
spectral method (TESP), which means we apply the spectral approximation for spatial derivative
and an explicit ODE solver (here we use the fourth order Runge-Kutta method) is used in time
discretization. The SL-TS method is implemented with the fourth order (four-point) Lagrange
polynomial interpolation. In the following sets of examples, we want to test improved stability,
convergence in space and time and the ability of capturing correct physical observables with large
time step when the vector potential is time dependent, or when caustics are formed. We also test
an essentially 2-D problem to verify the SL-TS in higher dimensions.

The error in wave functions is measured in the L? norm, but the error in physical observables
is measured in the weak sense. We define cumulative distribution function of physical observable
b(x,t) as

B(x,t) = /1 b(s,t)ds.

o0

We compute the [2 norm of the error in these cumulative distribution functions instead since the
physical observables may converge only in the weak sense (see [7, 12]).

Example 1. In the construction of the SL-TS scheme, we assume the vector potential is time
independent. But, this method can handle time dependent vector potentials with little modifica-
tion. In this example, we test the following one dimensional problem with a time dependent vector
potential. We choose the computation domain C' = [0, 27| and compute from to = 0 till T = 0.5.
The scalar potential is chosen as V(z) = (z — 7)° and the vector potential is A (z,t) = sin(z — 2t).

The initial condition is chosen as g = e~5(@—m)?gicos(z)/e
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We firstly test the improved stability condition of the scheme and convergence in time. We

choose ¢ = %s’ the reference solution is computed by the TESP method with Az = 5?—’50 and

At = m We test the scheme with the same spatial mesh grids but different time steps: At =

%, ﬁ, ﬁ, ﬁ, 500+ As can be seen from Figure 6.1, even with At > Az, the scheme is still stable

and gives correct first order of convergence in time for wave functions and physical observables.

0
10" ¢ O wave function u
* Position density n
Current density | ©
o
107t o
]
s o
]
107}
*
*
*
10°F .
*
10° 107
At
. . Lo _ i1 1 1
Flgure 6.1: Reference solution: Az = 5120, At = —4096 SL-TS method: Az = 0120, At = =0° T00° 200° 400° 800°
oo o: error in wave function u®; % x x: error in mass density n; - - -: error in flux density I.

Next, we test whether one can compute physical observables with the meshing strategy At =
O(o) and roughly Az = O(g). We test our scheme for ¢ = 158, Qéﬁ, 5}2, 10124, 5045 With At = 0.01
and sufficiently fine spatial grids. We plot numerical approximation of mass density n and current
density I (in circles) together with the reference solution (in solid lines) for ¢ =

6.2.
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198 3043 i Figure
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Figure 6.2: Left: ¢ = 135, reference solution Ax 2060, At = 1280, SL-TS mthod Az = 2’60’ At = 0.01. Right:
_ 1 . _ 27 _
€ = 5545 reference solution Az = 5o, At = 20480, SL-TS method Az = —40960, At = 0.01.
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With fixed large time step and Az = O(e), we expect that error in the wave function increases as
€ decreases, but the error in physical observables would stay the same order. This set of numerical
tests have confirmed the expectation as shown in Figure 6.3.

10° b O wave function uf |
*  Position density n
o o = Current density |
o
o
107 o
8
i}
107}
* % * * *
10° 107
€
Figure 6.3: SL-TS method: fixed At = 0.01 for ¢ = ﬁ, ﬁ, ﬁ, T124’ ﬁ, and correspondingly Az =

27 27 27 27 27
2560’ 5120’ 10240’ 20480’ 40960 °

To show that meshing strategy with At = O(J) gives correct physical observables but not the
correct wave function, we can examine the error in wave functions and in physical observables
when € = 5= with the At = 0.01 and Az = 2%, Since At > ¢, one sees in Figure 6.4 O(1)
error in wave function but O(At) error in physical observables.

001 001
] 0.008 0.008
T 0.006 _ 0006
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S ] < 0002 > 0002
g z g
c 0 c
3 g 5 0 3 0
o °© -
g 2 5
H £ -0.002 £ —0.002
o 7 o
2 £ c
< 5 -0.004 = -0.004
= 3 5
<] 1 o] =4
& -0.006 % —0.006
1 -0.008 -0.008
-0.01 -0.01
7 0 2 4 6 0 2 4 6
X X

Figure 6.4: Left: L? error in wave functions. Right: L? error in mass density and current density.

We remark that, one can get similar numerical results for the problem with time-independent

vector potentials.
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Example 2. In this test, we check the solution after caustics formation. As shown in previ-
ous research, most prevailing schemes for Schrédinger equation, for example the Crank—Nicolson
spectral method (CNSP) and the Crank—Nicolson finite difference method (CNFD), may fail to
capture the correct physical observable when wave functions are not resolved either in space or in
time (see [5]) . In addition, these methods even require finer mesh both in spatial grids and time
steps to compute accurate wave functions. The failure in obtaining accurate physical observables
with unresolved mesh is most obvious after caustics formation.

In this example, the scalar potential is chosen as V(z) = 1 and the vector potential is A(x) =
sin(x/2m)/5+1/5. Note that, the constant part in vector potential gives purely spatial translation
while the varying part affects the profile of the wave functions and therefore modify the profile of

physical observables. The initial condition is chosen as in the WKB form, where
0o = no(x)eiso(z)/s no(z) = o—25(x—0.5) S = 1 In (65(95—0,5) 4 e—5(x—0.5)>
) ) 5 N

Due to the compressive initial velocity %So (z), caustics will form. We now test whether one
obtains accurate physical observables with At = O(o) and roughly Az = O(e) meshing strategy.
Note that, in order not to affect the caustics too much, we choose scalar and vector potential to
be less spatially varying.

We choose the computation domain C' = [0, 1] and compute from to = 0 till T = 0.54. We test
the SL-TS scheme for e = ﬁ, 251)67 ﬁ, ﬁ, ﬁ with At = 0.01 and O(¢) spatial grids. We plot
numerical approximation of mass density and current density (in dots) together with the reference

0 S S
128> 2048

solution (in solid lines) for e = in Figure 6.5, which shows good agreements.

position density, £=1/128 current density, e=1/128

position density, £=1/2048 current density, e=1/2048
07 04 1

1.4

06 03 12

0.2

05 1 0.4
01 02
0.4 0.8
0 0
03 0.6 _02
-0.1
02 04 -0.4

0.1 0.2

Figure 6.5: Teft: ¢ = ﬁ, reference solution Az = TIG(N At = ﬁ; SL-TS method Az = ﬁ, At = 0.01.
Right: € = lexw reference solution Az = m, At = Tism SL-TS method Az = m, At = 0.01.

With fixed large time step and Az = O(e), we expect that error in the wave function increases

as ¢ decreases, but the error in physical observables would stay almost the same order. This set of
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numerical tests have confirmed the expectation as shown in Figure 6.6.
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Flgure 6.6: SL TS method fixed At = 0.01 for € = 135, 555> 513> Tosi> 045> and correspondingly Az =
1 1
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1

At last, we test spatial convergence. We fix ¢ = 355,

and compute this test problem with fine

time steps and Am/e = %, %, %, 4—10. The reference solution is computed with sufficiently fine
mesh, Az = 102 Toa1g and At = 55 480 We plot the reference wave function (both real and imaginary

parts) and physical observables in Figure 6.7.
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Figure 6.7: e = -1

5+ Left: the wave function (real part and imaginary part). Right: mass density and current

density.

Since we use the four-point Lagrangian interpolation approximation for the convection step,
according to meshing strategy (3.9), the convergence order in spatial grids should be slightly worse

than O(Ax?). Figure 6.13 shows the convergence order in spatial grids is between 3 and 4.
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Figure 6.8: Spatial grids convergence for ¢ = T35 With fixed At = 525 and Az = 35, 1355 3860 5155

Example 3. In this example, we test our method for an essentially 2-D model. This is a
commonly-used physics model (see [25]). A charged particle is moving in the three dimensional
space when the magnetic field is pointing along z axis and the scalar potential vanishes, namely
V = 0. We write wave function as u(t,X), where X = (z,y, z) € R®. For simplicity, we assume

the components of the vector potential are
Aw :Al(xay)a aAy:AQ(x7y)a Az =0.

Note that, when A, = —%By, Ay = %Bm, A, =0, the vector potential corresponds to uniform
magnetic field with magnitude B along z direction. Obviously, the Coulomb gauge is satisfied,
Vx - A = 0. The magnitude of the magnetic field in this simplified model is 9, A3 — 9y A;. Then

the Hamiltonian can be written as

2 1 2
H= —% (Bs +4,) +ieAi0, +ieAsd, + 5 (|1 +|4o]) - %Az. (6.1)

This means that, the particles have only free motion in the z direction. So it makes perfect sense to
consider the motion of the particle on the z —y plane only by introducing the reduced Hamiltonian,

=~ 2 |A1]* + Ao

= _% (A + Ay) +icA18, + icArd, + . (6.2)

We remark that, this simple model can help to derive the Larmor frequency, which plays an

essential role in magnetic or spin resonance.

For numerical simulation, the computation domain is chosen as [—m, 7] x [, 7]. The vector

potential is chosen as A = (A3, A3,0) = (—%cos(y), %cos(ac)7 O) and scalar potential vanishes
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V' = 0. The initial wave function is well localized at the point (0.05, 0.1) with O(e) oscillation

uo(z,y) = e—20(w—0.05)2—20(y—0.1)2eisin(ac) sin(y)/e
We choose ¢ = 6%1, Ax = Ay = %go? and compare numerical solutions by fine time step
At = ﬁ and by coarse time step At = 2—10 at T'= 0.2 and T = 0.4, respectively. We plot level

curves of mass density in each case in Figure 6.9.

A1=1/640, €=1/64, T=0.2 £1=0.05, e=1/64, T=0.2
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= -05 [ 05 1 = -05 [ 05 1

Figure 6.9: Level curves of mass density for ¢ = X at T = 0.2, 0.4. Left: Az = Ay = 2%~ At = L=, Right:

1 ¥y
64 1280° 640"
_ _ 27 - 1
Az = Ay = 1580 7 At = 35

We choose € = 1—§8 and repeat this test. We choose Az = Ay = %, and compare numerical

solutions by fine time step At = %80 and by coarse time step At = 2—10 at T =02and T =04,

respectively. The level curves of mass density in each case are plotted in Figure 6.10.

In Figures 6.9 and 6.10, the pictures on the left column show particle density when e—dependent,
fully resolved time step is taken. The pictures on the right side are plots of particle density when
e—independent time step is taken. One can see the good agreements in results from the two sets
of tests. This numerical example shows that the SL-TS method can successfully capture correct

physical observables when e—independent time step is taken in the multidimensional cases.

7 Conclusion

In this paper, we introduced and studied a semi-Lagrangian time splitting scheme for the Schrédinger

equation in the presence of electromagnetic field when the semi-classical parameter € < 1. Numer-
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Figure 6.10: Level curves of mass density for e = 13z at 7 = 0.2, 0.4. Left: Az = Ay = 2% At = . Right:

— _ 27 _ 1
Azr = Ay = 5560 At = 50

ically, the burden from O(e) oscillations both in space and time have been reduced by the spectral
approximation and the semi-Lagrangian method with polynomial interpolation. This method is
easy to implement, can be extended to multidimensional cases and has better stability constraints.
We proved the unconditional stability properties when the vector potential is spatially variant,
which allows one to take At > ¢. We established the error estimate for the SL-TS method in
the L? approximation of the wave function, and derived the corresponding meshing strategy. It
was also shown that the meshing strategy can be much relaxed, namely At = o(1), Az = O(e), if
only physical observables are needed, with the help of the Wigner transform and its classical limit.
Many numerical tests have confirmed our numerical analysis results.

In the future, we will explore the extension of this method to the Schrodinger equation with

fast varying periodic potentials.
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