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Abstract

We prove global existence of appropriate weak solutions for the compressible
Navier—Stokes equations for more general stress tensor than those covered by P.—L.
Lions and E. FEIREISL’s theory. More precisely we focus on more general pres-
sure laws which are not thermodynamically stable; we are also able to handle some
anisotropy in the viscous stress temsor. To give answers to these two longstanding
problems, we revisit the classical compactness theory on the density by obtaining
precise quantitative regularity estimates: This requires a more precise analysis of
the structure of the equations combined to a novel approach to the compactness
of the continuity equation. These two cases open the theory to important physical
applications, for instance to describe solar events (virial pressure law), geophysical
flows (eddy viscosity) or biological situations (anisotropy).
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1 Introduction

The question of global in time existence of solutions to fluid dynamics’ models goes
back to the pioneering work by J. LERAY (1933) where he introduced the concept
of weak (turbulent) solutions to the Navier—Stokes systems describing the motion of
an INCOMPRESSIBLE fluid; this work has become the basis of the underlying math-
ematical theory up to present days. The theory for viscous COMPRESSIBLE fluids
in a barotropic regime has, in comparison, been developed more recently in the
monograph by P.—L. LioNs [49] (1993-1998), later extended by E. FEIREISL and
collaborators [36] (2001) and has been since then a very active field of study.

When changes in temperature are not taken into account, the barotropic Navier-
Stokes system reads

Orp + div(pu) = 0, (1.1)
Or(pu) + div(pu @ u) — dive = pf, ’

where p and u denote respectively the density and the velocity field. The stress
tensor o of a general fluid obeys Stokes’ law ¢ = & — PId where P is a scalar
function termed pressure (depending on the density in the compressible barotropic
setting or being an unknown in the incompressible setting) and S denotes the viscous
stress tensor which characterizes the measure of resistance of the fluid to flow.

Our approach also applies to the Navier-Stokes-Fourier system, as explained in
section 10, which is considered more physically relevant. But our main purpose here
is to explain how the new regularity method that we introduce can be applied to a
wide range of Navier-Stokes like models and not to focus on a particular system. For



this reason, we discuss the main features of our new theory on the simpler (1.1). We
indicate later in the article after the main ideas how to extend the result to some
Navier-Stokes-Fourier systems.

In comparison with Leray’s work on incompressible flows, which is nowadays
relatively ”simple” at least from the point of view of modern functional analysis (and
in the linear viscous stress tensor case), the mathematical theory of weak solutions to
compressible fluids is quite involved, bearing many common aspects with the theory
of nonlinear conservation laws.

Our focus is on the global existence of weak solutions. For this reason we will not
refer to the important question of existence of strong solutions or the corresponding
uniqueness issues.

Several important problems about global existence of weak solutions for com-
pressible flows remain open. We consider in this article the following questions

e General pressure laws, in particular without any monotonicity assumption;

e Anisotropy in the viscous stress tensor which is especially important in geo-
physics.

In the current LIONS-FEIREISL theory, the pressure law P is often assumed to be of
the form P(p) = ap” but this can be generalized, a typical example being

Peci(0,+)), P

—~

0) = 0 with

ap? —b< Pp) <

Q|

P74+ b with y > d/2 (1.2)

for some constants a > 0,b > 0: See B. DUCOMET, E. FEIREISL, H. PETZELTOVA,
I. STRASKRABA [29] or E. FEIREISL [33] for slightly more general assumptions.
However it is always required that P(p) be increasing after a certain critical value
of p.

This monotonicity of P is connected to several well known difficulties

e The monotonicity of the pressure law is required for the stability of the thermo-
dynamical equilibrium. Changes in monotonicity in the pressure are typically
connected to intricate phase transition problems.

e At the level of compressible Euler, i.e. when & = 0, non-monotone pressure
laws may lead to a loss of hyperbolicity in the system, possibly leading to
corrected systems (as by KORTEWEG in particular).

In spite of these issues, we are able to show that compressible Navier-Stokes sys-
tems like (1.1) are globally well posed without monotonicity assumptions on the pres-
sure law; instead only rough growth estimates are required. This allows to consider
for the first time several famous physical laws such as modified virial expansions.

As for the pressure law, the theory initiated in the multi-dimensional setting by
P.—L. Lions and E. FEIREISL requires that the stress tensor has the very specific
form

o =2uD(u) + MdivuId — P(p)Id



with D(u) = (Vu+ VuT)/2, p and X such that A +2u/d > 0. The coefficients A and
1 do not need to be constant but require some explicit regularity, see for instance
[35] for temperature dependent coefficients.

Unfortunately several physical situations involve some anisotropy in the stress
tensor; geophysical flows for instance use and require such constitutive laws, see for
instance [61] and [16] with eddy viscosity in turbulent flows.

We present in this article the first results able to handle more general viscous
stress tensor of the form

o= A(t)Vu+ MdivuId — P(p)Id

with a d X d symmetric matrix A with regular enough coefficients. The matrix A can
incorporate anisotropic phenomena in the fluid. Note that our result also applies to
the case

o= A(t)D(u) + Adivuld — P(p)Id

where D(u) = (Vu + Vu®)/2 still.

Our new results therefore significantly expand the reach of the current theory
for compressible Navier-Stokes and make it more robust with respect to the large
variety of laws of state and stress tensors that are used. This is achieved through
a complete revisiting of the classical compactness theory by obtaining quantitative
reqularity estimates. The idea is inspired by estimates obtained for nonlinear conti-
nuity equations in [7], though with a different method than the one introduced here.
Those estimates correspond to critical spaces, also developed and used for instance
in works by J. BOURGAIN, H. BREZIS and P. MIRONESCU and by A.C. PONCE, see
[12] and [58].

Because of the weak regularity of the velocity field, the corresponding norm of the
critical space cannot be propagated. Instead the norm has to be modified by weights
based on a auxiliary function which solves a kind of dual equation adapted to the
compressible Navier—Stokes system under consideration. After proving appropriate
properties of the weights, we can prove compactness on the density.

The plan of the article is as follows

e Section 2 presents the classical theory by P. — L. LIONS and E. FEIREISL, with
the basic energy estimates. It explains why the classical proof of compactness
does not seem able to handle the more general equations of state that concern
us here. We also summarize the basic physical discussions on pressure laws and
stress tensors choices which motivates our study. This section can be skipped
by readers which are already familiar with the state of the art.

e In Section 3, we present the equations and the corresponding main results
concerning global existence of weak solutions for non-monotone pressure law
and then for anisotropic viscous stress tensor. Those are given in the barotropic
setting.

e Section 4 is devoted to an introduction to our new method. We give our
quantitative compactness criterion and we show the basic ideas in the simplex
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context of linear uncoupled transport equations and a very rough sketch of
proof in the compressible Navier—Stokes setting.

Section 5 states the stability results which constitute the main contribution of
the paper.

Section 6 states technical lemmas which are needed in the main proof and
are based on classical harmonic analysis tools: Maximal and square functions
properties, translation of operators.

Section 7 and 8 constitutes the heart of the proof. Section 7 is devoted to
renormalized equation with definitions and properties of the weights. Section
8 is devoted to the proof of the stability results of section 5 both concerning
more general pressure laws and concerning the anisotropic stress tensor.

Section 9 concerns the construction of the approximate solutions. It uses the
stability results of section 5 to conclude the proof of the existence theorems of
section 3.

The extension for non-monotone pressure laws (with respect to density) to
the Navier—Stokes—Fourier system is discussed in Section 10. It contains a
discussion of the state of the art complementing section 2 in that case. It
follows some steps already included in the book [35] but also ask for a careful
check of the estimates at each level of approximation.

We present in Section 11 some models occurring in other contexts where the
new mathematical techniques presented here could be useful in the future.

Section 12 is a list of some of the notations that we use.

Section 13 is an appendix recalling basic facts on Besov spaces which are used
in the article.

Classical theory by E. FEIREISL and P.—L. LIONS,

open problems and physical considerations

We consider for the moment compressible fluid dynamics in a general domain 2
which can be the whole space R?, a periodic box or a bounded smooth domain
with adequate boundary conditions. We do not precise the boundary conditions and
instead leave those various choices open as they may depend on the problem and we
want to insist in this section on the common difficulties and approaches. We will
later present our precise estimates in the periodic setting for simplicity.

2.1 A priori estimates

We collect the main physical a priori estimates for very general barotropic systems
on Ry x

{ Owp + div(pu) = 0, (2.1)
¢ (pu) + div(pu @ u) — Du+ VP(p) = pf, :

6



where D is only assumed to be a negative differential operator in divergence form on

u 8.t.
/ u-Dudx ~ 7/ |Vu|? da, (2.2)
Q Q

and for any ¢ and u

/ ¢ -Dudx < C||V| L2 |Vul L. (2.3)
Q

The following estimates form the basis of the classical theory of existence of weak
solutions and we will use them in our own proof. We only give the formal derivation
of the estimates at the time being.

First of all, the total energy of the fluid is dissipated. This energy is the sum of
the kinetic energy and the potential energy (due to the compressibility) namely

E(p,u) = /Q <p|u2|2+pe(p)> dz,

where
P

e(p) = P(s)/s%ds
Pref
with prer a constant reference density. Observe that formally from (2.1)
|ul?

2

d |u|? .
— | p—=—— | u-Du— | Plp)divu= | pf-u.
dt Jo ' 2 Q Q Q

On the other hand, by the definition of e, the continuity equation on p implies that

2
O (p——) +div (pu'ﬂ)—u-Du—l—u~VP(p)=pf-u,

and thus

9 (pe(p)) + div (pe(p) v) + P(p) divu = 0.

Integrating and combining with the previous equality leads to the energy equality

%E(p,u)—/ﬁu-Du:/pr-u. (2.4)

Let us quantify further the estimates which follow from (2.4). Assume that P(p)
behaves roughly like p” in the following weak sense

C'p"—C<P(p)<Cp'+0C, (2.5)

then pe(p) also behaves like p7. Note that (2.5) does not imply any monotonicity
on P which could keep oscillating. One could also work with even more general
assumption than (2.5): Different exponents v on the left-hand side and the right—
hand side for instance... But for simplicity we use (2.5).



Assuming that f is bounded (or with enough integrability), one now deduces
from (2.4) the following uniform bounds

sup [ plufdo < €+ B(, ),
t Q

sup/ pYdx < C, (2.6)
Q

t

T
/ / |Vu|? dz < C.
0o Jo

We can now improve on the integrability of p, as it was first observed by P.-L. LIONS.
Choose any smooth, positive x(¢) with compact support, and test the momentum
equation by x g = x B p® where B is a linear operator (in z) s.t.

divg= (p"—p%), |IVgllr < Cpllp"—p*re, [I1Bdllr < Cplldllrr, V1 <p < oo,

where we denote by p? the average of p® over ). Finding g is straightforward in the
whole space but more delicate in bounded domain as the right boundary conditions
must also be imposed. This is where E. FEIREISL et al. introduce the BOGOVSKI
operator. We obtain that

Jx) [t Pordzae< [x) [ a@utow) +divpuew ~Dupf)d i

+ [x) [ 7P,

By (2.5), the left—-hand side dominates

/X(t)/ﬂp‘””’ dzx dt.

It is possible to bound the terms in the right-hand side. For instance by (2.3)

—/X(t)gpudl’ dt < C||Vull 20, 1, L22)) I1X Vallz2(o, 7, L2(9))

< CIVullL2qo, 11, 2@ IX (0" = 09l 220, 11, £2(2))>

by the choice of g. Given the bound (2.6) on Vu, this term does not pose any
problem if 2a < a + . Next

/ X9 0h(pw) du dt = — / (X (&) + x(O) B@up® — ) pudedt.  (27)

The first term in the right—hand side is easy to bound; as for the second one, the
continuity equation implies

/x<t>6<at<pa — 7)) pude dt = —/x 1B (div (up®)] pu

(2.8)
—/X [(a —1)B (p* div u — div(up®) + (a — 1)padivu))} pu.

8



Using the properties of B and the energy estimates (2.6), it is possible to control
those terms as well as the last one in (2.7), provided a < 2y/d—1 and v > d/2 which
leads to

/T/ P’ dr dt < C(T, E(p°,u)). (2.9)
0o Jo

2.2 Heuristic presentation of the method by E. FEIREISL and
P. -L. LioNs

Let us explain, briefly and only heuristically the main steps to prove global exis-
tence of weak solutions in the barotropic case with constant viscosities and power
v pressure law. Our purpose is to highlight why a specific form of the pressure or
of the stress tensor is needed in the classical approaches. We also refer for such a
general presentation of the theory to the book by A. NOVvOTNY and I. STRASKRABA
[53], the monograph Etats de la Recherche edited by D. BRESCH [13] or the book
by P. PLOTNIKOV and J. SOKOLOWSKI[57].

Let us first consider the simplest model with constant viscosity coefficients p and
A. In that case, the compressible Navier-Stokes equation reads on Ry x )

Orp + div(pu) = 0, (2.10)
O (pu) + div(pu ® u) — pAu — (A + p)Vdivu + VP(p) = pf, '

with P(p) = ap?. For simplicity, we work in a smooth, Lipschitz regular, bounded
domain 2 with homogeneous Dirichlet boundary conditions on the velocity

u‘ag =0. (2.11)

A key concept for the existence of weak solutions is the notion of renormalized
solution to the continuity equation, as per the theory for linear transport equations
by R.J. DIPERNA and P.—L. LIONS. Assuming p and u are smooth and satisfy the
continuity equation, for all b € C(]0, +00)), one may multiply the equation by '(p)
to find that (p,u) also

dib(p) + div(b(p)u) + (V' (p)p — b(p))divu = 0. (2.12)

This leads to the following definition

Definition 2.1 For any T € (0,+00), f, po, mo satisfying some technical assump-
tions, we say that a couple (p,u) is a weak renormalized solution with bounded energy
if it has the following properties

o p & L®(0,T;L7(2))NC([0, T, Ly (2)), p > 0 ace. in (0,T) x Q, pli=o = po
a.e. in ;
e uc L20,T; HX(Q)), plul? € L=(0,T; LY (Q)), pu is continuous in time with

2v/(v+1)
weak

value in the weak topology of L (), (pu)|t=0 = mg a.e. Q;

e (p, u) extended by zero out of Q solves the mass and momentum equations in
Re, in D'((0,T) x RY);



e For any smooth b with appropriate monotony properties, b(p) solves the renor-
malized Eq. (2.12).

e For almost all T € (0,T), (p,u) satisfies the energy inequality

B+ [ [ @+ 0 laiva?) < Bot [ [ pf e

In this inequality, E(p,u)(t) = [o(plul*/2 + pe(p))(T), with e(p) = /ief P(s)/s%ds
(pret being any constant reference density), denotes the total energy at time T and

Ey = [, |mol?/2po + poe(po) denotes the initial total energy.

Assuming P(p) = ap” (in that case e(p) may equal to ap”~!/(y—1)), the theory de-
veloped by P.—L. LIONS to prove the global existence of renormalized weak solution
with bounded energy asks for some limitation on the adiabatic constant v namely
v >3d/(d+2). E. FEIREISL et al. have generalized this approach in order to cover
the range v > 3/2 in dimension 3 and more generally v > d/2 where d is the space
dimension.

We present the initial proof due to P.—L. L1ONS and indicate quickly at the end
how it was improved by E. FEIREISL et al.. The method relies on the construction
of a sequence of approximate solution, derivation of a priori estimates and passage
to the limit which requires delicate compactness estimate. We skip for the time
being the construction of such an approximate sequence, see for instance the book
by A. NOvOTNY and I. STRASKRABA for details.

The approximate sequence, denoted by (pg, uk), should satisfy the energy in-
equality leading to a first uniform a priori bound, using that ;1 > 0 and A+2u/d >0

t
sup [ (/2 +a/ (= D)o+t [ [ [V <c
0

for some constant independent of n.
For v > d/2, we also have the final a priori estimate (2.9) explained in the
previous subsection namely

/ / Pt < C(R,T) for a < g’yf 1.
o Jo d

When needed for clarification, we denote by U the weak limit of a general sequence
U (up to a subsequence). Using the energy estimate and the extra integrability
property proved on the density, and by extracting subsequences, one obtains the
following convergence

Pk —p in CO([O7T]7 L’\I/cak(ﬂ))7
pi = p7 in LOFD((0,T) x Q),
prug, — pu in C°([0, T]; L2/ 0+D(Q)),

prujul, = pu' v in D'((0,T) x Q) for i,j =1,2,3.

10



The convergence of the nonlinear terms pg ux and pg ur ® ug uses the compactness
in time of p; deduced from the uniform estimate on O;p; given by the continuity
equation and the compactness in time of ,/pru) deduced form the uniform estimate
on 0y (pruz) given by the momentum equation. This is combined with the L? estimate
on Vuyg.

Consequently, the extensions by zero to (0,7) x R3/Q of the functions p,u, p7,
denoted again p,u, p7, satisfy the system in R, x R

Owp + div(pu) = 0, o (2.13)
O (pu) + div(pu @ u) — pAu — (A + p)Vdivu + aVpY = pf. '

The difficulty consists in proving that (p,u) is a renormalized weak solution with
bounded energy and the main point is showing that p7 = p7 a.e. in (0,7) x Q.

This requires compactness on the density sequence which cannot follow from the
previous a priori estimates only. Instead P.—L. LIONS uses a weak compactness of
the sequence {ap] — X + 2udivuy } e n- which is usually called the viscous effective
flux. This property was previously identified in one space dimension by D. HOFF
and D. SERRE. More precisely, we have the following property for all function
b € C(]0, +0c0)) satisfying some increasing properties at infinity

T
lim / /(apz — (2p + N)divug)b(pg ) pdxdt
0o Ja

k—4o00
T
= /0 /Q(aﬁ — (2u + N)divu)b(p)pdadt (2.14)

where the over-line quantities design the weak limit of the corresponding quantities
and ¢ € D((0,T) x Q). Note that such a property is reminiscent of compensated
compactness as the weak limit of a product is shown to be the product of the weak
limits. In particular the previous property implies that

P(p)p—P(p)p
20+ A

pdivu — pdivu = (2.15)

Taking the divergence of the momentum equation, we get the relation
A[(2M + )\)divuk — P(pkﬂ = le[at(pk’u,k) + dlv(pkuk (39 Uk)]

Note that here the form of the stress tensor has been strongly used. From this
identity, P.—L. L1ONS proved the property (2.14) based on harmonic analysis due
to R. CorrMAN and Y. MEYER (regularity properties of commutators) and takes
the observations by D. SERRE made in the one-dimensional case into account. The
proof by E. FEIREISL is based on div-curl Lemma introduced by F. MURAT and
L. TARTAR.

To simplify the remaining calculations, we assume vy > 3d/(d 4+ 2) and in that
case due to the extra integrability on the density, we get that px € L2((0,7T) x Q).
This lets us choose b(s) = slns in the renormalized formulation for p; and p and

11



take the difference of the two equations. Then pass to the limit n — 400 and use the
identity of weak compactness on the effective flux to replace terms with divergence
of velocity by terms with density using (2.15), leading to

R

dy(pInp — pln p) +div((plnp — plnp)u) = 2 (P(p)p — P(p)p)-

Observe that the monotonicity of the pressure P(p) = ap” implies that

P(p)p — P(p)p < 0.

This is the one point where the monotonicity assumption is used. It allows to show
that the defect measure for the sequence of density satisfies

Ao =pl(0) = [ PTp(t) = pInp(t) do < el = (e = 0).

On the other hand, the strict-convexity of the function s +— slns, s > 0 implies that
dft[pr — p] > 0. If initially this quantity vanishes, it then vanishes at every later
time.

Finally the commutation of the weak convergence with a strictly convex function
yields the strong convergence of the density py in L{. .. Combined with the uniform
bound of py in LYT((0,T) x £2), we get the strong convergence of the pressure term
Pi

This concludes the proof in the case v > 3d/(d + 2). The proof of E. FEIREISL
works even if the density is not a priori square integrable. For that E. FEIREISL
observes that it is possible to control the amplitude of the possible oscillations on
the density in a norm LP with p > 2 allowing to use an effective flux property with
some truncature. Namely he introduced the following oscillation measure

oscp[pr — p] = sup [limsup |7, (px) — Tn(p) || Lo (0,7 x )5
n>1 k—4oco

where T,, are cut-off functions defined as
z
T.(z) =nT(-), >1
with T € C*(R)
T(z) =z for 2 <1, T(z) =2 for z > 3, T concave on R.

The existence result can then obtained up to v > d/2: See again the review by
A. NovOoTNY and I. STRASKRABA [53].

To the author’s knowledge there exists few extension of the previous study to
more general pressure laws or more general stress tensor. Concerning a generaliza-
tion of the pressure law, as explained in the introduction there exist the works by
B. DucoMET, E. FEIREISL, H. PETZELTOVA, I. STRASKRABA [29] and E. FEIREISL
[33] where the hypothesis imposed on the pressure P imply that

P(z) = r3(2) = ra(2)

12



where r3 is non-decreasing in [0, +00) with r4 € C%(]0, +00)) satisfying 74 > 0 and
r4(z) = 0 when z > Z for a certain Z > 0. The form is used to show that it is possible
respectively to continue to control the amplitude of the oscillations osc,[pr, — p] and
then to show that the defect measure vanishes if initially it vanishes. The two papers
[33] and [29] we refer to allow to consider for instance the two important cases : Van
der Waals equation of state and some cold nuclear equations of state with finite
number of monomial (see the subsection on the physical discussion).

2.3 The limitations of the LiONS-FEIREISL theory

The previous heuristical part makes explicit the difficulty in extending the global
existence result for more general non-monotone pressure law or for non-isotropic
stress tensor. First of all the key point in the previous approach was

P(p)p—P(p)p <0.

This property is intimately connected to the monotonicity of P(p) or of P(p) for
p > pc with truncation operators as in [33] or [29]. Non-monotone pressure terms
cannot satisfy such an inequality and are therefore completely outside the current
theory.

The difficulty with anisotropic stress tensor is that we are losing the other key
relation in the previous proof namely (2.15). For non-isotropic stress tensor with an
additional vertical component and power pressure law for instance, we get instead
the following relation

PpALPT — pAupT

divu — pdivu < a
p p - e + A

with some non-local anisotropic operator 4, = (A — (1, — p,)02)~10? where A is
the total Laplacian in terms of (x, z) with variables x = (z1, -+ ,24-1), 2 = xq4.
Unfortunately, we are again losing the structure and in particular the sign of the
right—hand side, as observed in particular in [16]. Furthermore even small anisotropic
perturbations of an isotropic stress tensor cannot be controlled in terms of the defect
measure introduced by E. FEIREISL and collaborators: Remark the non-local behav-
ior in the right-hand side due to the term A,. For this reason, the anisotropic case
seems to fall completely out the theory developed by P.—L. LIONS and E. FEIREISL.

Those two open questions are the main objective of this monograph.

2.4 Physical discussions on pressure laws and stress tensors

The derivation of the compressible Navier—Stokes system from first principles is
delicate and goes well beyond the scope of this manuscript. In several respects the
system is only an approximation and this should be kept in mind in any discussion
of the precise form of the equations which should allow for some uncertainty.
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2.4.1 Equations of state

It is in general a non straightforward question to decide what kind of pressure law
should be used depending on the many possible applications: mixtures of fluids,
solids, and even the interior of stars. Among possible equation of state, one can find
several well known laws such as Dalton’s law of partial pressures (1801), ideal gas
law (Clapeyron 1834), Van der Waals equation of state (Van De Waals 1873), virial
equation of state (H. Hamerlingh Onnes 1901).

In general the pressure law P(p, ") can depend on both the density p and the
temperature ©. We present the temperature dependent system in full later but
include the temperature already in the present discussion to emphasize its relevance
and importance.

Let us give some important examples of equations of state

e State equations are barotropic if P(p) depends only on the density. As ex-
plained in the book by E. FEIREISL [34] (see pages 8-10 and 13-15), the simplest
example of a barotropic flow is an isothermal flow where the temperature is
assumed to be constant. If both conduction of heat and its generation by dissi-
pation of mechanical energy can be neglected then the temperature is uniquely
determined as a function of the density (if initially the entropy is constant)
yielding a barotropic state equation for the pressure P(p) = ap” with a > 0
and v = (R + ¢,)/cy > 1. Another barotropic flow was discussed in [29].

e The classical Van der Waals equation reads
(P+ap®) (b—p)=cpd,

where a, b, ¢ are constants. The pressure law is non-monotone if the temper-
ature is below a critical value, ¥ < 9., but it satisfies (1.2). In compressible
fluid dynamics, the Van des Waals equation of state is sometimes simplified by
neglecting specific volume changes and becomes

(P+a)(b—p) = cp,

with similar properties.

e Using finite-temperature Hartree-Fock theory, it is possible to obtain a tem-
perature dependent equation of state of the following form

P(p,9) = az(1 + 0)p*T7 — app® + ko Z B,p", (2.16)

n>1

where k is the Boltzmann’s constant, and where the last expansion (a simplified
virial series) converges rapidly because of the rapid decrease of the B,,.

e Equations of state can include other physical mechanism. A good example
is found in the article [29] where radiation comes into play: a photon assem-
bly is superimposed to the nuclear matter background. If this radiation is in
quasi-local thermodynamical equilibrium with the (nuclear) fluid, the resulting
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mixture nucleons+photons can be described by a one-fluid heat-conducting
Navier—Stokes system, provided one adds to the equation of state a Stefan-
Boltzmann contribution of black-body type

Pr(¥) = av* with a > 0,

and provided one adds a corresponding contribution to the energy equation.
The corresponding models are more complex and do not satisfy (1.2) in general.
In the context of the previous example, a further simplification can be intro-
duced leading to the so-called Eddington’s standard model. This approxima-
tion assumes that the ratio between the total pressure P(p,¥) = Pg(p, ) +
Pgr(¥) and the radiative pressure Pg (1) is a pure constant

Pr(9)
Pa(p,9) + Pr(9)
where 0 < 8 < 1 and Pg is given for instance by (2.16). Although crude, this

model is in good agreement with more sophisticated models, in particular for
the sun.

:175a

One case where this model leads to a pressure law satisfying (1.2) is when one
keeps only the low order term into the virial expansion. Suppose that ¢ = 1
and let us plug the expression of the two pressure laws in this relation,

p @ 94

2a3p° — agp?® + kB1dp = —— =%,
azp” — app” + KL1Up 1-33

By solving this algebraic equation to leading order (high temperature), one
gets
6az(1—B)\ 34
I~ (——)pY
(g )7

leading to the pressure law

P(p,¥) = %p W)Pm»

which satisfies (1.2) because of the constant coefficients.

3 _ a0p2 +k‘Bl(

However in this approximation, only the higher order terms were kept. Consid-
ering non-constant coeflicient or keeping all the virial sum in the pressure law
was out of the scope of [29] and leads to precisely the type of non- monotone
pressure laws that we consider in the present work.

The virial equation of state for heat conducting Navier—Stokes equations can
be derived from statistical physics and reads

P(p,9) = pﬁ(z Bn(ﬂ)p”)

n>0

with By = cte and the coefficients B, () have to be specified for n > 1.
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While the full virial pressure law is beyond the scope of this article, we can
handle truncated virial with appropriate assumptions or pressure laws of the
type P(p,¥) = Pe(p) + Fin(p, )

e Pressure laws can also incorporate many other type of phenomena. Compress-
ible fluids may include or model biological agents which have their own type of
interactions. In addition, as explained later, our techniques also apply to other
types of “momentum” equations. The range of possible pressure laws is then
even wider.

Based on these examples, the possibilities of pressure laws are many. Most are
not monotone and several do not satisfy (1.2), proving the need for a theory able to
handle all sort of behaviors.

2.4.2 Stress tensors

One finds a similar variety of stress tensors as for pressure laws. We recall that we
denote D(u) = (Vu + (Vu)T)/2.

e The isotropic stress tensor with constant coefficients
D=pAu+ A+ p) Vdivu,

which is the classical example that can be handled by the LIONS-FEIREISL
theory: See for instance [49], [53] and [57] with v > d/2. See also the recent
interesting work by P.I. PLOTNIKOV and W. WEIGANT (see [56]) in the two-
dimensional in space case with v = 1.

e Isotropic stress tensors with non constant coefficients better represent the
physics of the fluid however. Those coefficients can be temperature ¥ dependent

D =2div (u(9) D(u)) + V (A(V)div u).

Provided adequate non-degeneracy conditions are made on p and A, this case
can still be efficiently treated by the LIONS-FEIREISL theory under some as-
sumptions on the pressure law. See for instance [34] or [35].

e The coefficients of the isotropic stress tensors may also depend on the density
D = 2div (u(p,9) D(u)) + V (A(p, ) div u).

This is a very difficult problem in general. The almost only successful insight
in this case can be found in [15, 16, 17, 62] with no dependency with respect
to the temperature. Those articles require a very special form of u(p) and A(p)
and without such precise assumptions, almost nothing is known. Note also the
very nice paper concerning global existence of strong solutions in two-dimension
by A. KazHIKHOV and V.A. VAIGANT where 4 is constant but A = p? with
B >3, see [44].
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e Geophysical flow cannot in general be assumed to be isotropic but instead
some directions have different behaviors; this can be due to gravity in large
scale fluids for instance. A nice example is found in the Handbook written by
R. TEMAM and M. ZIANE, where the eddy-viscous term D is given by

D = ppAgu+ p0%u + (A + p) Vdivu,

with pup # p,. While such an anisotropy only requires minor modifications for
the incompressible Navier—Stokes system, it is not compatible with the LiONSs-
FEIREISL approach, see for instance [16].

3 Equations and main results: The barotropic case

We will from now on work on the torus II¢. This is only for simplicity in order to
avoid discussing boundary conditions or the behavior at infinity. The proofs would
easily extend to other cases as mentioned at the end of the paper.

3.1 Statements of the results: Theorem 3.1 and 3.2

We present in this section our main existence results. As usual for global existence
of weak solutions to nonlinear PDEs, one has to prove stability estimates for se-
quences of approximate solutions and construct such approximate sequences. The
main contribution in this paper and the major part of the proofs concern the stability
procedure and more precisely the compactness of the density.

I) Isotropic compressible Navier—Stokes equations with general pressure.
Let us consider the isotropic compressible Navier—Stokes equations

Orp + div(pu) =0, (3.1)
O(pu) + div(pu ® u) — pAu — (A + p)Vdivu + VP(p) = pf, :

with 2 u/d+ A, a pressure law P which is continuous on [0, +00), P locally Lipschitz
on (0,400) with P(0) = 0 such that there exists C' > 0 with

C7l'p7 —C<Plp)<Cp +C (3.2)

and for all s >0 o
|P'(s)| < PsT7L. (3.3)

One then has global existence

Theorem 3.1 Assume that the initial data uy and pg > 0 with fnd po =My >0
satisfies the bound

2

U

Ey = / (KZA + poe(po)) dx < +00.
g Po
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Let the pressure law P satisfies (3.2) and (3.3) with

v> (max(2,7) +1) %. (3.4)

Then there exists a global weak solution of the compressible Navier—Stokes system
(3.1) in the sense of Definition 2.1.

Remark. Let us note that the solution satisfies the explicit regularity estimate

C || Kl
/sz Loy ()20 Lok (y,ty>n Kz — y) x(6pr)(t) < 72 | Tog hI72°

for some 6 > 0 where K, is defined in proposition 4.1, dp; and x are defined in
Section 8, see (8.1).

IT) A non-isotropic compressible Navier—Stokes equations. We consider an
example of non-isotropic compressible Navier—Stokes equations

{ Orp + div(pu) = 0, (3.5)
O(pu) + div(pu @ u) — div (A(t) Vu) — (u + A\)Vdivu + VP(p) = 0, ‘

with A(t) a given smooth and symmetric matrix, satisfying
2
A(t) = pld 4+ 6A(t), u>0, aH + A= ||[6A(t)]| L= > 0. (3.6)

where d A will be a perturbation around pId. We again take P locally Lipschitz on
[0, 4+00) with P(0) = 0 but require it to be monotone after a certain point

Clpt—C<Pp)<Ccpt+c. (3.7)

with 7 > d/2. The second main result that we obtain is

Theorem 3.2 Assume that the initial data ug and pg > 0 with fnd po = My >0
satisfies the bound

2

U

Ey = / (|(p2 )ol + poe(po)) dx < +o0.
md Po

Let the pressure P satisfy (3.7) with

1 1
14 = 1+ =
<+d>+ +

There exists a universal constant Cy > 0 such that if

S ¢
779

16A]Jec < C (214 ),
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then there exists a global weak solution of the compressible Navier—Stokes equation in
the sense of Definition 2.1 replacing the isotropic energy inequality by the following
anisotropic energy

E(p,u)(7) + /OT /Q(Vl-uT A() Vu + (p+ ) [divul?) < Ey.

Remark. Let us note that the constraint on v corresponds to the constraint on p:
p > +7/(y—1) where p is the extra integrability property on p.

3.2 Important comments/comparison with previous results

The choice was made to focus on explaining the new method instead of trying to
write results as general as possible but at the cost of further burdening the proofs.
For this reason, Theorems 3.1 and 3.2 are only two examples of what can be done.

We explain how to apply our new method to the Navier—Stokes—Fourier system
(with an additional equation for temperature) in section 10. The Navier—Stokes—
Fourier system is physically more relevant than the barotropic case and as seen from
the discussion in subsection 2.4, it exhibits even more examples of non-monotone
pressure laws.

I) Possible extensions. In section 11, we also present applications to various other
important models, in particular in the Bio-Sciences where the range of possible
pressure laws (or what plays their role such as chemical attraction/repulsion) is
wide. But there are many other possible extensions; for instance (3.2) could be
replaced with a more general

C™'p —C < P(p) <Cp»*+C,

with different exponents v; # 2. While the proofs would essentially remain the
same, the assumption (3.4) would then have to be replaced and would involve 4
and y,. Similarly, it is possible to consider spatially dependent stress tensor A(t, z)
in Theorem 3.2. This introduces additional terms in the proof but those can easily be
handled as long as A is smooth by classical methods for pseudo differential operators.

IT) Comparison with previous results.

II-1) Non-monotone pressure laws. Theorem 3.1 is the first result to allow for com-
pletely non-monotone pressure laws. Among many important previous contributions,
we refer to [29, 33, 19, 49] and [34, 35, 53, 20] for the Navier—Stokes—Fourier system,
which are our main point of comparison. All of those require P’ > 0 after a certain
point and in fact typically a condition like (3.7). The removal of the key assumption
of monotonicity has important consequences:

e From the physical and modeling point of view, it opens the possibility of work-
ing with a wider range of equations of state as discussed in subsection 2.4
and it makes the current theory on viscous, compressible fluids more robust to
perturbation of the model.
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e Changes of monotonicity in P can create and develop oscillations in the density
p (because some “regions” of large density become locally attractive). It was
a major question whether such oscillations remain under control at least over
bounded time intervals. This shows that the stability for bounded times is very
different from uniform in time stability as ¢ — +o0o. Only the latter requires
assumptions of thermodynamical nature such as the monotonicity of P.

e Obviously well posedness for non monotone P could not be obtained as is done
here for the compressible Euler system. As can be seen from the proofs, the
viscous stress tensor in the compressible Navier-Stokes system has precisely
the critical scaling to control the oscillations created by the non-monotonicity.
This implies for instance that in phase transition phenomena, the transition
occurs smoothly precisely at the scale of the viscosity.

e QOur results could have further consequences for instance to show convergence
of numerical schemes (or for other approximate systems). Typical numerical
schemes for compressible Navier—Stokes raise issues of oscillations in the den-
sity which are reminiscent of the ones faced in this article. The question of
convergence of numerical schemes to compressible Navier—Stokes is an impor-
tant and delicate subject in its own, going well beyond the scope of this short
comment. We refer for instance to the works by R. EYMARD, T. GALLOUET,
R. HERBIN, J.—C. LATCHE and T.K. KARPER: See for instance [38, 31] for
the simpler Stokes case, [30, 37, 39] for Navier—Stokes and more recently to the
work [21, 45].

Concerning the requirement on the growth of the pressure at oo, that is on the
coefficient v in (3.4)

e In the typical case where 4 = v, (3.4) leads to the same constraint as in P.—
L. LioNs [49] for a similar reason: The need to have p € L? to make sense of
pdivu. It is worse than the v > d/2 required for instance in [34]. In 3d, we
hence need v > 9/5 versus only v > 3/2 in [34].

e It may be possible to improve on (3.4) while still using the method introduced
here but propagating compactness on appropriate truncation of p; for instance
by writing an equivalent of Lemma 7.1 on ¢(p(z)) — ¢(p(y)) as in the multi-
dimensional setting by E. FEIREISL. This possibility was left to future works.
Note that the requirement on v > d/2 comes from the need to gain integrability
as per (2.9) along the strategy presented in subsection 2.1. Our new method
still relies on this estimate and therefore has no hope, on its own, to improve
on the condition v > d/2.

e In the context of general pressure laws, and even more so for Navier—Stokes—
Fourier, assumption (3.4) is not a strong limitation. Virial-type pressure laws,
where P(p) is a polynomial expansion, automatically satisfy it for instance as
do many other examples discussed in subsection 2.4.

I1-2) Anisotropic stress tensor. Theorem 3.2 is so far the only result of global exis-
tence of weak solutions which is able to handle anisotropy in the stress tensor. It
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applies for instance to eddy-viscous tensor mentioned above for geophysical flows
D = upAgu+ p0%u + (A + p) Vdivu,
where uj, # p, and corresponding to
Ajj=ppd;y; fori, j=1,2, Asz = iz, Ai; =0 otherwise. (3.8)

This satisfies the assumptions of Theorem 3.2 provided |up — p.| is not too large,
which is usually the case in the context of geophysical flows.

Additional examples of applications are given in section 11 but we wish to em-
phasize here that it is also possible to have a fully symmetric anisotropy, namely
div (A Du) with D(u) = Vu + Vu? in the momentum equation. This is the equiv-
alent of the anisotropic case in linear elasticity and it is also an important case for
compressible fluids. Note that it leads to a different form of the stress tensor. With
the above choice of A, Eq. 3.8, one would instead obtain

div(ADu) = ppAzu + uzaﬁu + wy VOou, + (A + p) Vdiv u.

Accordingly we chose to write Theorem 3.2 with the non-symmetric anisotropy
div (A Vu) as it corresponds to the eddy-viscous term by R. TEMAM and M. ZIANE
mentioned above. But the extension to the symmetric anisotropy is possible although
it introduces some minor complications. For instance one cannot simply obtain div u
by solving a scalar elliptic system but one has to solve a vector valued one instead;
please see the remark just after (5.10) and at the end of the proof of Theorem 3.2 in
section 9.

Ideally one would like to obtain an equivalent of Theorem 3.2 assuming only
uniform elliptic bounds on A(¢) and much lower bound on . Theorem 3.2 is a first
attempt in that direction, which can hopefully later be improved.

However the reach of Theorem 3.2 should not be minimized because non isotropy
in the stress tensor appears to be a level of difficulty above even non-monotone
pressure laws. Losing the pointwise relation between divu and P(p(x)) is a major
hurdle, as it can also be seen from the proofs later in the article. Instead one has to
work with

divu(t,z) = P(p(t,x)) + L P(p) + effective pressure,

with L a non local operator of order 0. The difficulty is to control appropriately this
non local term so that its contribution can eventually be bounded by the dissipation
due to the local pressure term.

Notations. For simplicity, in the rest of the article, C' will denote a numerical
constant whose value may change from line to line. It may depend on some uniform
estimates on the sequences of functions considered (as per bounds (5.5) or (5.4) for
instance) but it will never depend on the sequence under consideration (denoted with
index k) or the scaling parameters h or hg.
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4 Sketch of the new compactness method

The standard compactness criteria used in the compressible Navier—Stokes frame-
work is the Aubin—Lions—Simon Lemma to get compactness on the terms pu and
pu® u. A more complex trick is used to get the strong convergence of the density.
More precisely it combines extra integrability estimates on the density and the effec-
tive flux property (a kind of weak compactness) and then a convexity-monotonicity
tool to conclude.

Here we present a tool which will be the cornerstone in our study to prove com-
pactness on the density and which will be appropriate to cover more general equation
of state or stress tensor form.

In order to give the main idea of the method, we present it first in this section
for the well known case of linear transport equations, i.e. assuming that v is given.
We then give a rough sketch of the main ideas we will use in the rest of the article.
This presents the steps we will follow for proofs in the more general setting.

4.1 The compactness criterion
We start by a well known result providing compactness of a sequence

Proposition 4.1 Let p, be a sequence uniformly bounded in some LP((0,T) x I1%)
with 1 < p < co. Assume that Ky, is a sequence of positive, bounded functions s.t.

. V>0, sup/ Kr(z) dx < oo, supp K, € B(0, R),
h Jlz|>n

1. H]Ch”Ll(Hd) — +o0.

If Oypr. € LI([0, T] x WH4(T19)) with ¢ > 1 uniformly in k and

1
lim sup [7 lim sup Kr(z—1y) |pr(t,x) — pr(t,y)|P da dy} —0, ash—0
ko LKAl vepr) Juza

then py is compact in LP([0, T)x1%). Conversely if py. is compact in LP([0, T] x I1¢)
then the above quantity converges to 0 with h.

For the reader’s convenience, we just quickly recall that the compactness in space is
connected to the classical approximation by convolution. Denote K the normalized
kernel

_ Kn
Ky, = .
" Kl
Write
_ » 1 P
o — Kn %z prllfr < 7o ( Kn(z —y)|pr(t, ) — pr(t, y)|d$> dy
H’ChHLl I1d 11d
1
< e [ Ko = ot o) - i) Pdedy
IKnllzr Jiea
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which converges to zero as h — 0 uniformly in k& by assumption. On the other—
hand for a fixed h, the sequence K}, 5 uy in k is compact in 2. This complete the
compactness in space. Concerning the compactness in time, we just have to couple
everything and use the uniform bound on 9, py as per the usual AUBIN-LIONS-SIMON
Lemma.

The KCp, functions. In this paper we choose

1

Kn(z) = G

for || < 1/2.

with some a > d and K}, non negative, independent of h for |z| > 2/3, K}, constant
outside B(0,3/4) and periodized such as to belong in C°°(II¢ \ B(0,3/4)). For

COHVeHienCG we deIlOte ( )
- Kh T

Ky (z) = =22

@) = &

This is enough for linear transport equations but for compressible Navier—Stokes
we also need

' dh
IChO(Z‘) = Kh(x) F
ho
We will see that )
Cc- C
IC <
(o +Ja? =0l = G

4.2 Compactness for linear transport equation

Consider a sequence of solutions py, on the torus II1? (so as to avoid any discussion
of boundary conditions or behavior at infinity) to

Orpr + div (p ug) = 0, (4.1)

where wuy is assumed to satisfy for some 1 < p < oo

S‘;P [kl ppyre < o0, (4.2)
with div ug compact in x, i.e.
1 T
limsupeg(h) = 7/ Kp(z—y) |divug(t, 2) —div ug (¢, y)|P — 0, (4.3)
k [Knllzr Jo S

as h — 0. The condition on the divergence is replaced by bounds on py,
1
— <infpp <suppr <C, Vtelo, T). (4.4)
C x x

One then has the well known
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Proposition 4.2 Assume py solves (4.1) with the bounds (4.2), (4.3) and (4.4);
assume moreover that the initial data p? is compact. Then py, is locally compact and
more precisely

[
Ko (2 — t,x) — pi(t,y)|dedy < C 5 ’
- n(@ = y) okt z) — pr(t,y)] y |log(h + ex(h) + ér(h))]

where )
R — / Kn(z —y) 1) — 03(y)]| de dy.
Bl S

This type of results for non Lipschitz velocity fields uy was first obtained by R.J.
D1 PERNA and P.-L. LIONS in [27] with the introduction of renormalized solutions
for up, € WH! and appropriate bounds on div uj. This was extended to u; € BV,
first by F. BOUCHUT in [9] in the kinetic context (see also M. HAURAY in [41]) and
then by L. AMBROSIO in [4] in the most general case. We also refer to C. LE BRIs
and P.—L. LIONS in [46, 49], and to the nice lecture notes written by C. DE LELLIS
in [25]. In general u; € BV is the optimal regularity as shown by N. DEPAUW in
[26]. This can only be improved with specific additional structure, such as provided
by low dimension, see [3, 11, 22, 23, 40], Hamiltonian properties [18, 43], or as a
singular integral [10].

Of more specific interest for us are the results which do not require bounds on
div uy (which are not available for compressible Navier—Stokes) but replace them by
bounds on py, such as (4.4). The compactness in Prop. 4.2 was first obtained in [5].

Explicit regularity estimates of pg have first been derived by G. CRIPPA and
C. DE LELLIS in [24] (see also [42] for the W! case). These are based on explicit
control on the characteristics. While it is quite convenient to work on the charac-
teristics in many settings, this is not the case here, in particular due to the coupling
between div uy and p(pg).

In many respect the proof of Prop. 4.2 is an equivalent of the method of
G. CrippA and C. DE LELLIS in [24] at the PDE level, instead of the ODE level. Its
interest will be manifest later in the article when dealing with the full Navier—Stokes
system. The idea of controlling the compactness of solutions to transport equations
through estimates such as provided by Prop. 4.1 was first introduced in [7] but relied
on a very different method.

Proof One does not try to propagate directly

» Kn(z —y) |pe(t, ) — pi(t,y)| dx dy.

Instead one introduces the weight w(¢, z) solution to the auxiliary equations

Ow + ug - Vw = =AM |Vuyg|, wli=o = 1, (4.5)
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where M f denotes the maximal function of f (recalled in Section 6) and X is constant
to be chosen large enough.

First step: Propagation of a weighted reqularity. We propagate

R(t) = - Kn(z —y) |pe(t, ) — pi(t, y)| w(t, z) w(t,y) dv dy.

Using (4.1), we obtain that
Olpr(x) — pr(y)| + div e (ur (@) [pe(2) — pr()]) + divy (ur(y) [or(x) — pe(y)])
< 5 (divun(a) + divan(y) o) - puly)
2 (iv () — v () (o) + pulo)
where s, = sign (pr(z) — pr(y)). We refer to subsection 7.1 for the details of this cal-

culation, which is rigorously justified for a fixed k through the theory of renormalized
solutions in [27]. From this equation on |pk(x) — pr(y)|, we deduce

%R(t) = /sz VEL(x —y) (up(x) — ur(y)) |pe(t, x) — pe(t, y)| w(t, z) w(t,y)
_ % » Kn(z —y) (divug(z) — divug(y)) (px(z) — pe(y)) sx w(@) w(y)

1.
+ th(xfy) lok(x) — pr(v)] (3tw+uk.Vw+2d1vukw> w(y)
112

+ symmetric.
Observe that by (4.5), w < 1 and therefore by (4.4) and the definition of e in (4.3),

the second term in the right—hand side is easily bounded

- Kn(z —y) (divug(z) — divug(y)) (pr(2) = pr(y)) sy w(z) w(y) < Ceg(h).

For the first term, one uses the well known inequality (see [59, 60] or section 6)
lu(z) —ur(y)| < Calz —y| (M [Vur|(z) + M [Vug|(y)),
combined with the remark that from the choice of K},
IVEw(z —y)l |z —y| < CKn(z —y).

Therefore

- VE(z—y) (ur(z) —ur(y)) |pr(t, 2) — pr(t, y) | w(t, x) w(t, y)
<C - Kp(z —y) (M |Vug|(z) + M |Vug|(y)) |pr(x) — pr(y)| w(z) w(y),
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and combining everything
d
S B(#) < CllKnllzr ex(h)

+/ ) Ky |pe(z) = pr(y)| (Oow + uy - Vw + C (divug + M [Vug|) w) w(y)
H2

+ symmetric.
Since div uy, < d|Vug| < d M |Vug|, by taking the constant A large enough in (4.5),
Ow + uy, - Vw + C (divuyg + M [Vug|) w <0,

and hence

(t) < /H?d Ky (@) = pR@)|+Ct [ Knllzs en(h) < ClIKp L (ex(h)+Ex(h)). (4.6)

Second step: property of the weight. We need to control the measure of the set where
the weight w is small. Obviously if w were to vanish everywhere then the control of
R(t) would be trivial but of very little interest. From Eq. (4.5)

Oi(pr | Tog w]) + div (py|log w]) = A py. M [Ty
And thus

d
dt/ |logw|pkdx—>\/nd

by (4.2), (4.4) and the fact that the maximal function is bounded on L? for p > 1.

<0, (47)

Third step: Conclusion of the proof. Using again (4.4)

z, wt,z) <n} < / logw| p dx <
{z, w(t,z) <n}| < |logn| | |

[logn]|’
Thus
| K= ) loulta) = pult.w)
H2d
-/ K lpw(t,2) — p(t, )
w(z)>n, w(y)>n
+f Kn(z — 1) low(t,) — pi(t, )],
()<n or w(y)<n
and so
1
Hnmw—mmmwwmmwﬂsﬁ/km%mm—%wwwmmwww
[ Kl 1
|1 ul
h) +ér(h 1
<mmmu(()2“)+ ),
1 | log 7|
which by minimizing in 7 finishes the proof. O
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4.3 A rough sketch of the extension to compressible Navier—
Stokes

The aim of this subsection is to provide a rough idea of how to extend the previous
method. We will only consider the case of general pressure laws and assume that
the stress tensor is isotropic. When now considering the compressible Navier—Stokes
system, the divergence div uy is not given anymore but has to be calculated from py
through a relation of the kind

divug = P(pk) + Ry, (4.8)

where Ry, includes the force applied on the fluid, the effective stress tensor... To keep
things as simple as possible here, we temporarily assume that

S:p”RkHLoC < 00,

1 T (4.9)
timsuper(h) = v [ [ Ko ) [Rutto) - Ralt)P — 0
k Kl Jo o Jrza
We do not assume monotonicity on the pressure P but simply the control
[P'(p)| < Cp—. (4.10)

A modification of the previous proof then yields

Proposition 4.3 Assume py, solves (4.1) and the bounds

sup [|pk|Lee Lp <00, sup|lpkllLy, <oo withp>vy+1.
k k ’

Assume moreover that supy, ||uk||L2g1 < oo, that (4.8) holds with the bounds (4.9)
on Ry and (4.10) on P. Then py is locally compact away from vacuum and more
precisely

L%
[log(h + (e (h)) + &k (h))]’

/ K= 9) |ou(t,2) = ut9) do dy < C,
pr(x)2n, pr(y)2n

where
1

= [ Kplxz—y)lpp(z) — ph(y)| dz dy.
1 Knllzr Jiza

ér(h)

Unfortunately Prop. 4.3 is only a rough and unsatisfactory attempt for the following
reasons

e The main problem with Prop. 4.3 is that it does not imply compactness on the
sequence py because it only controls oscillations of py for large enough values
but we do not have any lower bounds on pg. In fact not only can p; vanish
but for weak solutions, vacuum could even form: That is there may be a set of
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non vanishing measure where p; = 0. This comes from the fact that the proof
only give an estimate on

- Kn(z —y) [px(t, x) — pr(t,y)| w(z) wy) dz dy,

but since there is no lower bound on p; anymore, estimates like (4.7) only
control the set where w(z)w(y) is small and both py(x) and pg(y) are small.
Unfortunately |px(t, ) — pr(t,y)| could be large while only one of py(z) and
pr(y) is small (and hence w(x) w(y) is small as well).

The solution is to work with w(z) + w(y) instead of w(z)w(y). Now the sum
w(z) + w(y) can only be small if |pg (¢, z) — px(t,y)| is small as well, meaning
that a bound on

- Kn(z —y) lpr(t, x) — pi(t,y)| (w(z) + w(y)) dz dy,

together with estimates like (4.7) would control the compactness on p;. Un-
fortunately this leads to various additional difficulties because some terms are
now not localized at the right point. For instance one has problems estimating
the commutator term in VKj, - (ur(x) — ur(y)) or one cannot directly control
terms like divug(z) w(y) by the penalization which would now be of the form
M |Vug|(z) w(z). Some of these problems are solved by using more elaborate
harmonic analysis tools, others require a more precise analysis of the structure
of the equations. Those difficulties are even magnified for anisotropic stress
tensor which add even trickier non-local terms.

The integrability assumption on pg, p > v + 1 is not very realistic and too
demanding. If p = v(142/d)—1 as for the compressible Navier-Stokes equations
with power law P(p) = ap”, then this requires v > d. Improving it creates
important difficulty in the interaction with the penalization. It forces us to
modify the penalization and prevent us from getting an inequality like (4.7)
and in fact only modified inequalities can be obtained, of the type

sup/ |logw(t, )|? pr(t, =) dz < cc.
k Jmd

The bounds (4.9) that we have assumed for simplicity on R, cannot be deduced
from the equations. The effective pressure is not bounded in L* and it is not a
priori compact (it will only be so at the very end as a consequence of pj, being
compact). Instead we will have to establish regularity bounds on the effective
pressure when integrated against specific test functions; but in a manner more
precise than the existing LIONS-FEIREISL theory, see Lemma 8.3 later.

This is of course only a stability result, in order to get existence one has to
work with appropriate approximate system. This will be the subject of Section
9.
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Proof One now works with a different equation for the weight
Ow +ug - Vw = =X (M |Vug|+pl),  wl=o =1, (4.11)
where M f is again the maximal function of f.

First step: Propagation of some weighted reqularity The beginning of the first step
essentially remains the same as in the proof of Prop. 4.1: One propagates

RO = [ | K= 0) loe(t.2) = pult. o) w(t.2) w(t.v) de .

The initial calculations are nearly identical. The only difference is that we do not
have (4.3) any more so we simply keep the term with divug(z) — div ug(y) for the
time being. We thus obtain

%R(t) < | Kn(z—y) (divug(z) — divug(y))
H2d
(pe(t, ) + pr(t, y)) sk w(t, z) w(t, y) (4.12)

—A /md (pp(x) + pl(y)) okt 2) — pr(t, y)| w(t, ) w(t,y),
by taking the additional term in Eq. (4.11) into account. This is of course where

the coupling between wg and py comes into play, here only through the simplified
equation (4.8). Thus

- Kp(z —y) (divug(z) — divug(y)) (px(t, ) + pr(t, y)) sp w(t, z) w(t, y)

= [, Knla =) (P(ou(x) = P(orw)) )
(pi(t.2) + prlt, ) () w(t, )

- Kn(z —y) (B(z) = Bi(y) (o (L, 2) + pr(t, ) s w(t, ) w(t, y).

By the uniform L” bound on pj and the estimate (4.9), one has

[ B =) (@) = Buw) (on(t.2) + et ) st ) ()

< C || Knllzs (er(h)) =17,

(4.14)

Using now (5.9), it is possible to bound
1
[P (pr()) = Pox ()] < lpx(t, 2) — pr(t, y)] /O [P’ (s pi(x) + (1 = 5) pr(y))| ds
< C (i (@) + i W) okt @) — oty y)l,
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leading to

- Kn(z —y) (P(pr(2)) = Pps()) (pr(t, ) + pr(t, y)) spw(t, ) w(t, y)

<C Kn(z—y) (0} () + oL () (on(t, ) + pi(t,y))

|pk(t7 1‘) - pk’(ta y)' w(tﬂ :L‘) w(tv y)

<C - Kin(x —y) (pl(x) + pl () |pr(t, ) — pr(t, y) | w(t, x) w(t, y).

Using now this estimate, the Equality (4.13), the compactness (4.14) and by taking
A large enough one finds from (4.12)

R(t) < R(0) + C || K| 11 (ex(h)' 7.

Second step and third steps: Property of the weight and conclusion. The starting
point is again the same and gives

/ [log w(t, z)| pr(t, z) de < C,
T1d

with C independent of k but where we now need p € LP with p > v+ 1 because of
the additional term in Eq. (4.11). Now

/’ En(z —y) ot z) — pi(t, )]
pr(x)>n, pr(y)>n

Kh(x - y) ka(t,.%‘) - pk(tvy)|

/pk(z)Zm pr(y)>n, w(x)>n’, w(y)>n’

+nKm1/ (1+ pu(a).
pr(x)>n, wz)<n’

On the one hand,

u+Mu»s§+m/ (@)

w(z)<n’

/pk(z)Zn» w(z)<n’
1

|log /|

s%+n /ﬁ%wwmuws§+w

[log 7|
On the other hand

/ K@ — ) low(t,2) — pu(t,y)]
pr(z)=n, pr(y)=n, w(z)2n', w(y)>n’

! / Kn(z — ) lox(t:2) — pr(t,y) | w(t, z) wit, y).
H2d

=W
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Therefore

1 c
Kn(z —y) pe(t,2) — pr(t,y)| < (= + 1)
/pk<z>>n, RO n[logn|
Il (20 + ()Y,
(1)
which concludes the proof by optimizing in 7’. O

5 Stability results

5.1 The equations

5.1.1 General pressure law.

Let (pg, ug) solve
Orpr + div (pr ug) = apApy. (5.1)

and
pur(t, @) divug = Pr(px) + A7 div (0, (pr ur) + div (pru @ ug)) + F. (5.2)
The viscosity of the fluid is assumed to be bounded from below and above
<) < (53)
We consider the following control on the density (for p > 1)
Sup [lorll Lo, 7, 22 @y auayy + [loxll oo, 77xmay] < oo (5.4)
and the following control for wu
SI;P[HPk k)| o< o, 77, £1(may) + ||Vuk||L2(o,T;L2(nd))] < +o0. (5.5)
We also need some control on the time derivative of pruy through
dp > 1, s%p ||8t(pkuk)||L%W;1,5 < 00, (5.6)
and on the time derivative of p; namely
Jg > 1, sgp Hatpk-”LgW;l,q < oo. (5.7)

Remark. Note that usually (see for instance [34]-[49]), 5.6 and 5.7 are consequences
of the momentum equation and the mass equation using the uniform estimates given
by the energy estimates and the extra integrability on the density.

Concerning the equation of state, we will consider Py continuous on [0,400),
P (0) = 0, Py locally Lipschitz on (0, +00) with one of the two following cases:
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e i) Pressure laws with a quasi-monotone property: There exists pg s.t.

(Px(s)/s)’ > 0 for all s > py, lim Py(s) = +o0. (5.8)

s—+o0o
e ii) Non-monotone pressure laws, where we only assume for all s > 0

|Pr(s)] < Ps71. (5.9)

Remark Note that i) with the lower bound P(p) > C~1p” — C provides the same
assumptions than in the article [33] by E. FEIREISL. Point i) will be used to construct
approximate solutions in the non-monotone case.

5.1.2 A non-isotropic stress tensor.
In that case, assume (py, uy) solve (5.1) with o, =0
Orpr + div (p ug) = 0.
and
divug = v, Pk(ﬂk) + v U“IJ«AH Pk(Pk)

+uk (A = a, Ex) ™ div (04 (pr ug) + div (pr ug @ uy)) (5.10)
where 4, = (A —a, E,) ' Ey.
Remark. If one considers a symmetric anisotropy, div (A D u) in Theorem 3.2, then
instead of (5.10) we have the more complicated formula

divug =i, P, (pk) —+ v U“IJ«AH Py (pk)

. 1 . (5.11)
+ypdiv (AT —a, Ex) ™ (0u(pr ur) + div (pr up @ ug)),

where A, = (AT —a, Ep)~ L. E),. But now Ej and Ej, may be different and are
vector-valued operators, so that in particular (AT — a, E;)~' means inverting a
vector valued elliptic system. Except for the formulation there would however be no
actual difference in the rest of the proof.

Coming back to (5.10), we assume ellipticity on v
O0<v<iy <7< oo. (5.12)

We assume that Fj, is a given operator (differential or integral) s.t.
e (A—a, E;)"t A is bounded on every LP space,

o A, =(A—a,E;)"! Ey is bounded of norm less than 1 on every L? space and
can be represented by a convolution with a singular integral denoted by A,

still o
Aﬂf:AN*w f7 |AM(LI})| S W, /AM(.Z')CZI:O
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Note here that to make more apparent the smallness of the non isotropic part, we
explicitly scale it with a,. We consider again the control (5.4) on the density but for
p > 72/(y — 1), and the bound (5.5) for u. We also need the same controls: (5.6)
on the time derivative of prui and (5.7) on the time of the pg.

The main idea in this part is to investigate the compactness for an anisotropic
viscous stress obtained as the perturbation of the usual isotropic viscous stress tensor,
namely —div (A Vu) + (A + p) Vdivu assuming A = pId+ 6A and a, = [|[0A|| < e
for some small enough e.

5.2 The main stability results: Theorems 5.1, 5.2 and 5.4

5.2.1 General pressure laws
The main step in that case is to prove the two compactness results

Theorem 5.1 Assume that pi solves (5.1), uy solves (5.2) with the bounds (5.3),
(5.5), (5.6), (5.7), and that ps, and F} are compact in L*. Moreover

i) If o, > 0, we assume the estimate (5.4) on pr with v > 3/2 and p > 2 and
quasi-monotonicity on Py through (5.8).

it) if ap = 0, it is enough to assume (5.4) with v > 3/2 and p > max(2,7) and
only (5.9) on Py.

Then the sequence py, is compact in L}

loc*

We also provide a complementary result which is a more precise rate of compact-
ness away from the vacuum namely

Theorem 5.2 Assume again that py solves (5.1) with oy, = 0, uy, solves (5.2) with
the bounds (5.3), (5.5), (5.6), (5.7) and that py and Fy, are compact in L*. Assume
that (5.4) holds with v > d/2 and p > max(2,%) and that Py satisfies (5.9). Then
there exists 0 > 0 and a continuous function e with £(0) = 0, depending only on iy
and Fy, s.t.

C || Kl
n'/2 [log(e(h) + h?)|0/2"

/H% Lo @y=n Lor)=n Kn(@ — y) x(6px) <

For instance if i, and Fj, are uniformly in W*! for s > 0, then for some constant
C>0

[ Knllz
2 Lo @)>n Loww)y=n Kn(x —y) x(0pr) < C 172 log h[o/2

Since those results depend on the regularity of uy and Fj, we denote £q(h) a contin-
uous function with €¢(0) = 0 s.t.

T
/O szKh(w—y) (1Fk(t, @) = Fir(t,y)| + [pe(t, @) — pe(t, )]) < o(h).  (5.13)
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Remark 5.3 Note, for use in the Navier-Stokes-Fourier system, that in Theorems
5.1 or 5.2, it is possible to consider instead a pressure law Py(p,t,x) with explicit
dependence on time and space. One still assumes (5.8) or (5.9) with a constant C
independent of t and x but one needs in addition to assume compactness in x, that
is for any L >0

T
/ Kp(z—vy) (sup|Pk(p,t,a:) —Pk(p,t,y)|) =¢er(h) — 0, (5.14)
o Jmza L

p<

as h — 0.

5.2.2 Non isotropic stress tensor

In that case our result reads

Theorem 5.4 Assume that py solves (5.1), uy solves (5.10) with the bounds (5.5),
(5.6), (5.7) and (5.12) together with all the assumptions on Ey below (5.10). Assume
as well that Py, satisfies (5.8) and that (5.4) with v > d/2 and p > +?/(y—1). There
exists a universal constant Cy, > 0 s.t. if

ay < Cy,

1

then py is compact in Ly...

Remarks. Theorems 5.1, 5.2, 5.4 are really the main contributions of this arti-
cle. For instance, deducing Theorems 3.1 and 3.2 follows usual and straightforward
approximation procedures.

As such the main improvements with respect to the existing theory can be seen
in the fact that point ii) in Theorem 5.1 does not require monotonicity on Py and in
the fact that Theorem 5.4 does not require isotropy on the stress tensor.

Our starting approximate system involves diffusion, oy # 0, in the continuity
equation (5.1). As can be seen from point i) of Theorem 5.1, our compactness result
in that case requires an isotropic stress tensor and a pressure P, which is monotone
after a certain point by (5.8). This limitation is the reason why we have to consider
also approximations P and E} of the pressure and the stress tensor. While it may
superficially appear that we did not improve the existing theory in that case with
diffusion, we want to point out that

e We could not have used P.—L.. LIONS’ approach because this requires strict
monotonicity: Pj, > 0 everywhere. Instead any non-monotone pressure P sat-
isfying (5.9) can be approximated by P satisfying (5.8) simply by considering
P, = P +¢ p7 as long as 4 > 7 and thus without changing the requirements
on 7.

e E. FEIREISL et al can handle “quasi-monotone” pressure laws satisfying (5.8)
together with diffusion but they require higher integrability on pj for this:
p >4 1in (5.4). This in turn leads to a more complex approximation procedure.
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6 Useful technical lemmas

Let us recall the well known inequality, which we used in subsection 4.2 and will use
several times in the following (see [59] for instance)

[@(z) = 2(y)| < Clo—y| (M|V|(x) + M|VP|(y)), (6.1)
where M is the localized maximal operator

1
M f(z) = ilgl}; B o) flz+2)d=. (6.2)

As it will be seen later, there is a technical difficulty in the proof, which would lead
us to try (and fail) to control M|Vug|(y) by M|Vug|(x). Instead we have to be more
precise than (6.1) in order to avoid this. To deal with such problems, we use more
sophisticated tools. First one has
Lemma 6.1 There exists C > 0 s.t. for any v € WH1(II?), one has

ula) — uly)| < C lo — 9] (Dyoryu(e) + Dy yuy),
where we denote

1 [Vu(z + 2)]
Dhu(.’lf) = E /|Z|<h 7|Z|d71 dz.

Proof A full proof of such well known result can for instance be found in [42] in
a more general setting namely v € BV. The idea is simply to consider trajectories
~(t) from x to y which stays within the ball of diameter |z — y| to control

1
lu(z) — u(y)] < / 2/ (t) - Tuly(8)) dt.

And then to average over all such trajectories with length of order |z — y|. Similar
calculations are also present for instance in [32]. O

Note that this result implies the estimate (6.1) as
Lemma 6.2 There exists C > 0, for any u € WHP(I1) with p > 1

Dju(z) < C M|Vul|(x).
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Proof Do a dyadic decomposition and define i s.t. 271 < h < 27

1 [Vu(z + 2)|

i>ip V2T I<RS2
oi+1) (d—1)

< _ Vu(z + 2)|dz
I ey SN \CCE]

i>io
< 24-1 ; 1B(0, 1) %M IVul(z) < C M |Vul(z).

]

The key improvement in using Dy, is that small translations of the operator Dy,
are actually easy to control

Lemma 6.3 For any 1 < p < oo, there exists C > 0 s.t. for any u € H'(I1%)

1
_ dh
| B 1D ) = Dyl s dz G < C gy (63)

where the definition and basic properties of the Besov space Bll,’1 are recalled in
section 13. As a consequence

1
_ dh
/ Kn(2) | Dz u(.) = Dpyju(. + 2)||p2 dz — < C|loghol*? ||ul| . (6.4)
ho J11d h

It is also possible to disconnect the shift from the radius in D,u and obtain for
imstance

! — = dh 12

g Kn(2) Kn(w)|[[ D)z u(.) = Dz u(. +w)lz2 dz dw 7 < C'loghol ™= ||ull g -
ho JTI

’ (6.5)

We can in fact write a more general version of Lemma 6.3 for any kernel

Lemma 6.4 For any 1 < p < oo, any family N, € W*(II?) for some s > 0 s.t.

sup supr_° / |2|7 |N-(2) = Np(z+rw)|dz < oo,
<1 7 e

sup ([[Npl| L1 + 7 [Ny [lwe1) < o0,
T
there exists C > 0 s.t. for any u € LP(I1%)

1
— dh
/ th(z)HNh*u(.)—Nh*u(.+z)||LpdzﬁSC’\logh0|1/2||u||Lp. (6.6)
ho JII
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We will mostly use the specific version in Lemma 6.3 but will need the more general
Lemma 6.4 to handle the anisotropic case in Lemma 8.6. Both lemmas are in fact a
corollary of a classical result

Lemma 6.5 For any 1 < p < oo, any family L, of kernels satisfying for some s > 0

/LT —0, sup(|Lllg + 7 [Lnllwer) < Cp,  supr— /|z|s L ()] dz < Cl.

(6.7)
Then there exists C > 0 depending only on Cy, above s.t. for any v € LP(I1%)
1
dr
/ ILoxullr L < C Jlullgo . (6.8)
ho r P,
As a consequence for p < 2
1 d'f' 1/2
|L, * | e - < C'llogho|™* ||ul|Le- (6.9)
ho

Note that by a simple change of variables in r, one has for instance for any fixed

power [
1

Lo 5 ullze < G og ol ] v
ho r

Remark. The bounds (6.4) and (6.9) could also be obtained by straightforward
application of the so-called square function, see the book written by E.M. STEIN [59].
We instead use Besov spaces as this yields the interesting and optimal inequalities
(6.3)-(6.8) as an intermediary step.

Proof of Lemma 6.3 and Lemma 6.4 assuming Lemma 6.5. First of all
observe that Dy u = Np, x u with

1
=1
h h|z]d-1 [z|<h|

which satisfies all the assumptions of Lemma 6.4. Therefore the proofs of Lemmas
6.3 and 6.4 are identical, just by replacing D}, by Npx. Hence we only give the proof
of Lemma 6.3, Calculate

1? ( )dh /1 Ch*=% dh - c

z) — —_ <
O T o P A N (S ST
Note also for future use that the same calculation provides

1
— dh 1
Kp(z)

R — N
. b= O]+ ho)d (6.10)
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Therefore, using spherical coordinates

/ / Fh(z) HD\z\ u() —D|Z|u(—|—z)||Lp dz dh
ho JT14

1
dr
<C D, u(.) — D, u(. + , duw.
<o [ Do) = Dot s
Denote I I
Lo(z) = =L emelsl oy ) = e Ly (x)r),

TRl e

and remark that L, € W#*! with a norm uniform in w and with support in the unit
ball. Moreover

D,u(x) — Dyu(x + rw) = / |Vul|(x — 7 2) Ly(2) dz = Ly, » % |Vul.

We hence apply Lemma 6.5 since the family L, , satisfies the required hypothesis

and we get
1

dr
. 1w, Vullze —= < Cllull gy,

with a constant C' independent of w and so
1
ho J114

1
dr
<C / |1 Ly * V|| — dw < C / lullgr  dw,
Sd—1 Jhg r Sd—1 Lp

yielding (6.3). The bound (6.4) is deduced in the same manner. The proof of the
bound (6.5) follows the same steps; the only difference is that the average over the
sphere is replaced by a smoother integration against the weight 1/(1 + |w|)*. O

Proof of Lemma 6.5. First remark that L, is not smooth enough to be used as
the basic kernels ¥y, in the classical Littlewood-Paley decomposition (see section 13)
as in particular the Fourier transform of L, is not necessarily compactly supported.
We use instead the Littlewood-Paley decomposition of w. Denote

Uk :\I/k*u.

The kernel L, has 0 average and so

LoxUi= [ Life =) Unly) - Uiw) dy.
i
Therefore

[ Ly 5 Ukl < /dLr(Z) 1Uk(-) = Uk(- + 2)|r d=
II

< / Lo(2) |21° [Ukllwes dz.
Hd
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yielding by the assumption on L., for k& < |log, 7|
||LT * Uk||LzJ <Cr® oks ||UkHLP7
by Prop. 13.2. Note that C' only depends on [ |z|* L,(z) d=.

(6.11)

We now use similarly that L, € W*! and deduce for k > |log, r| by Prop. 13.2,

1L * Ukllze < | Lellwen |Ukllw-so < Cr= 275 | Ug|l o,

where C' only depends on sup,. r* || L, ||yys.1. From the decomposition of f

1 °° 1
dr dr
/IILT*UIILP*=§ / [ L * Ukl Lr —
ho " =07 ho "

0o gk L

dr o dr

<O Y Ukl (Hk§|log2ho|/ r‘92’”7+/ pos ksl
k=0 ho

max(hg,27%)

by using (6.11) and (6.12). This shows that

1 —ks
dr 2
/ho HLr*UHLP? <C E [Ukllzr +C § ?”UkHL%

k<|log, hol k>|logsy hol 0
Now simply bound

271{25 oo
S AU+ > o Ukllze < € > 2k U e
0

k<|log, hol k> log, hol k=0

— Cllullp,.
which gives (6.8).

Next remark that

2—ks
> 3o IUkllze < CSI:p 1Ukllzr < Cllullpg .-

S
k>|logy ho| 0

Therefore (6.13) combined with Lemma 13.3 yields

1
dr
| Wewullr § < € VTTogs ol s +C ..
ho
which gives (6.9) by Prop. 13.2.00

Finally we emphasize that

Lemma 6.6 The kernel
t_ _dh
Kno(2) = [ Kn(z)
ho h

also satisfies i) and ii) of Prop. 4.1.
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Proof This is a straightforward consequence of using (6.10). O

7 Renormalized equation and weights

We explain here the various renormalizations of the transport equation satisfied by
pr, We then define the weights we will consider and give their properties.

7.1 Renormalized equation

We explain in this subsection how to obtain the equation satisfied by various quan-
tities that we will need and of the form Z;Yx(pf — p}) where Z;Y is chosen as
ZpY = Kp(x —y)W0y with WY/ = Wi (¢, 2, y) appropriate weights.

Lemma 7.1 Assume py solves (5.1) with (5.4) for p > 2 and that uy, satisfies (5.5).
Denote for convenience

ph = pr(t, ), pl=pty), up=wu(t,z), uf=uk(t,y),
Opk = pi; = P> Pk = P+ Py
Then for any x € W2

/ (K — )W x(Gpi)] (6) — / (Kl — )WY x(600)] (0)
I12d 124

t
+ / / (X' (6pr)0pr — x(8pr)) (divauf + divyul) Ky (x — y)Wy
0 JrI24 ’

t
7/0 /sz X(épk)[uﬁ~Vth(zfy)+uZ~VyKh(xfy)

+ar(As + Ay) Kn(z —y) | W,
t
2 [ [ e VK ) ) [T - VW
0 Jrmzd

t
20 [ [ Ko ) x00) |80 WY+ A, W
0 JII

t
= [ [ xoooaviy i vy up v,

— Ay + AW KR (z — y)
1 t ! ) xT . _
— 5/0 /sz X' (6pk) Kn(z — y)W,f”,f(dwxu‘k — diwvyul)pr
1 rt s o .
t3 e X (Opr) K (x — y)Wid (divuf + divyul)dpy

t
_Ozk/ /HdX/(pk)Kh(I_y)W/iﬁ('vwéka‘i‘|vy5pk|2).
0 2
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Proof The result essentially relies on a doubling of variable argument and straight
forward algebraic calculations.
Since py, solves (5.1), one has that

Opy, + dive (ppuy) = Ay py,

Oy, + divy (pruy) = arlypy.

Recalling dp, = pi — pj, and using that p, € L}, with p > 2 and hence ppdiv uy is
well defined, one can check that

0¢0pr + div 4 (uf; 0pr) + div y(uf dpr) = ar(Dy + Ay) dpi — pi div zuy + pf, div yuy.
Then, recalling the notation gy = pf + pj, we observe that
1
— pidivgug + pi div yul = 3 (div Lui, pr — div pui, pldiv yuf pip — div uj p?
— div gu pp — div gug, pi + div yuj pp + div yu}, pz)
1 1
= i(divzui + div yu}) opr — i(div uf, — divuy) p.
Consequently, we can write
0v0py + div o (uf, 0pr) + div y (uf 6pr) = au (Ax + Ay) dpi

(7.1)

1 1
+ i(divmu}ﬁ +div yul) dpr — i(divu"}g —divuy) pr,

We now turn to the renormalized equation that means the equation satisfied by
X(0x) for a nonlinear function s — x(s). Formally the equation can be obtained
by multiplying (7.1) by x'(dpr). If ar = 0 and pi is not smooth then the formal
calculation can be justified following DI PERNA-LIONS techniques using regularizing
by convolution and the estimate (5.5), i.e. uy € L?H}. Then

Oex(0pr) + div 2 (upx(dpr)) + div y (uix(dpx))
+ (X' (6pr)0pr — x(pr)) (div puf + div yuj)

1 . = . _
= ai(Az + Ay)x(dpr) — §X/(5pk) (dlkuk —div yUZ)Pk
1

5 X (6pr) (div i, + div yuy)dpr, — arX" (pr) (IV 200k + |V ypi]?).-

_l’_
For any Vj¥, V! and smooth enough Z}/, one has in the sense of distributions
ZEVAVE = div, (Z0IV,VE) — div o (VEVLZEY) + VEALZDY.

Zlf,’}z;Akay = diVy(Zlf,’gvkay) - diVy(kaVyZ]f:}Z{) - kaAyZ’f:g'
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Consequently, we get the following equation for Z,}'x(dpy):

N2 x(Spr)] + div o (up x (6pr) Zy 1) + divy, (ulx(5pr) 2}
+ (X' (0pr)0pr — x(0px)) (div zuf + divyuZ)Z,f:g
= XOpp)0: Zyy + g - VaZyf +up - Ny Zyy — ap(Dy + Ay) Zi03] = s,
with

r.h.s. = —%X/((;Pk)zzf:;{ (div puf — div yul)pr + %x’(épk)Z,f:ﬁ(divmui + div yui)dpk
— X" (o) Zy 1 (IV20pk]? + [V yopicl?)
+ 200 Zi) (Bp + Ay) x(0pr) + an[div o (Z) Ve x(0pr)) — div e (x(0px) Vo ZiH)
+divy (Zy 2V yx(0pr)) — div y (x(0pr) Vo Zi)]-

Integrating in time and space and performing the required integration by parts, we
get the desired equality writing Z;) = Kp(z —y)W,}. O

7.2 The weights: Choice and properties

In this subsection, we choose the PDEs satisfied by the weights, we state and then
prove some of their properties.

7.2.1 Basic considerations

We define weights w(t, x) which satisfy
hw + ug(t,x) - Vew = —Dw + apAyw, w(t =0,z) = w(x) (7.2)

for some appropriate penalization D depending on the case under consideration.
Note that w depends on k, but we do not precise the index to keep notations simple.
The choice of D will be based on the need to control “bad” terms when looking at
the propagation of the weighted quantity. The choice will also have to ensure that
the weights are not too small, too often.

7.2.2 Isotropic viscosity, general pressure laws.

The case with ay, > 0 and monotone pressure. The simplest choice for the penaliza-
tion D to define wy is

with A a fixed constant (chosen later on) and M the localized maximal operator as
defined by (6.2). We choose accordingly in that case

woli—o = wh = 1.
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The case ar = 0 and non-monotone pressure. In the absence of diffusion in (5.1)
(ax = 0) and when the pressure term Py is non-monotone for instance, one needs to
add a term pz in the penalization. This would lead to very strong assumptions, in
particular on the exponent p in (5.4) (and hence «) as explained after Prop. 4.3. It
is possible to obtain better results by taking the more refined

Dy

s =pP "1 (p — 1) |div ug| + |divug| + M |[Vug| + p;, (7.4)

for the general compactness result. We take for simplicity

wilizo = 09 = exp (~A(sup s )

The reason for the first term in D; compared to Dy is to ensure that w; < e
which helps compensates the penalization in p) to get the property on py|logw; |’
for some # > 0. The three last terms are needed to respectively counterbalance:
Additional divergence terms in the propagation quantity compared to wo, the same

M |Vuy| as for wy and the p] for terms coming from the pressure.

7.2.3 Anisotropic stress tensor.

The choice for the penalization, denoted D, in this case and leading to the weight

Wq, 1S NOW
D =
7‘1 = M|Vug| + Kp, * (|divug| + [Aupl])- (7.5)

Note that the second term in the penalization is used to control the non local part
of the pressure terms. As initial condition, we choose accordingly

Wei—o = w = 1.

7.2.4 The forms of the weights.
Two types of weights W are used
W(t,z,y) =w(t,z) +w(t,y), or W(tazy)=wltz)wly).

The first one will provide compactness and will be used with (7.3) or (7.4). The
second, used with (7.4) gives better explicit regularity estimates but far from vacuum
and is considered for the sake of completeness. Therefore one defines

Wo(t7$,y) = wo(t,l') + wO(t7y)7 Wl(tax7y) = ’U}l(t,(E) + wl(tay)a

Wa(t,x,y) = wi(t,x)wi(t,y), Walt,z,y) = wa(t,x) + wa(t,y). (7.6)

As for the penalization, we use the notation W when the particular choice is not
relevant and W;, i =0, 1, 2 or a otherwise. For all choices, one has

OW +ug(z) - VoW + ug(y) - V, W = —Q + ag Ay, W. (7.7)
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The term @ depends on the choices of penalizations and weights with the four pos-
sibilities

Qo = Do wo(t, ) + Dowo(t,y), Q1= Dirwi(t,x) + D1wi(t,y),
Q2 = (Dl(t7m) + Dl(tvy)) wl(t,x) wl(t7y)7 Qa = Da wa(t,x) + Da wa<tay)'

7.2.5 The weight properties
We summarize the main estimates on the weights previously defined

Proposition 7.2 Assume that pi solves (5.1) with the bounds (5.4) for p > 2 and
(5.5) on ug. Then

i) For any t,x:
-1
0<wo(t,z) <1, 0<wa(t,x)<1, 0<wi(t,z)<e APr2)"

it) One has
/pk(tw) |logwo(t,z)|dz < C (14 A),

if ax =0 and p > max(2, 7) then similarly there exists 8 > 0 s.t.
/pk(t,x) |logwy (t,z)|” dz < Ci.
while finally if p > v+ 1

/pk(t,x) [log wy (t, )| dx < C(1+ A). (7.8)

1) For any n, we have the two estimates

1+ A
I de < C ——
/ndpk Epxwo <™ =" Tlogy|’
and if p > vy+1

L+ A
I+ de < C .
PETR p*we <= | log 7]

I1d

iv) Denoting wq p = K, % w,, if p > 7, we have for some 0 < 0 < 1

1t
/ / HKh*(Kh*(\diqu+\AHPZ|)wa)—
ho JO

_ ) dh
(Kp * (|divug| + |Aup}])) wa,n L dt? < C'|loghe|?,

with ¢ = min(2, p/7).
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Remark 7.3 Part i) tells us that w; is small at the right points (in particular when
pk 18 large). On the other hand we want w; to be small only on a set of small mass
otherwise one obviously does not control much. This is the role of part ii). We use
part w) to regularize weights in the anisotropic case. Part i) is also used to get
control under the form given in 4.1 from the estimates with weights.

Remark 7.4 Even when oy > 0, it would be possible to define Dy in order to have
a bound like wy < e~ &0 For instance take

D _ o
lepi 1(q71)\divuk|+%|VIng1|2
+ |divug| + M |Vug| + L p],
with
s —an 1 Gy 472
kA k 1+)\pz,1 ) A (q—l)

However one needs ¢ < p/2 and q > 2 which already forces p > 4. Moreover the
main difficulty when oy > 0 comes from the proof of Lemma 8.1 which forces us to
work with K, » wo and not wy. Because of that any pointwise inequality between
w(z) and pg(x) is mostly useless.

Proof Pointi). The penalizations Dy and D,, are positive hence, since wy and wy,
solve (7.2), 0 < wp <1 and 0 < w, < 1. Similarly 0 < w; < 1. Now for the upper
bound on w; in terms of py, assume that oy = 0. Note that since py solves (5.1)

1

ate*’\p? + up - Ve M =\ (p—1) piil div uy e Pk
Remark that
Dy > A(p—1) 0 divug| > =X (p— 1) pb " divuy wy,
and hence by (7.2)
Opwy +ug - Vwy < A(p—1) pZﬁ1 div ug wy.
Denoting g = Y w1, we obtain
dig +uk-Vg>A(p—1)p " divuy) g.

By the maximum principle, g > 0 which finishes the proof of i). Note that no
assumption on p was needed here but if p; is not smooth the theory of renormalized
solutions is used.

Point ii). By point i), w < 1, hence |logw| = —logw and from (7.2), denoting
|logw;| = Aj,
ag

Wi (7.9)
= CYkAAZ‘ — Qg |VA1|2
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For Ag, we directly apply
3 (pr Ao) + Vo - (pr Ao) = Do pr. + ax A Ao) — 205 Vpi - VAg — agpr| VAo,

and integrate to find

¢ ¢
/pk Apdx :C+/ /Do(t,x)pk d:rdsfak/ /pk|VA0|2dxds
0 0

— 2ay, /Vpk -VAgdzds.

Simply bound
1 Vorl?
[ v < Z/pk|mo|2+/ﬂ.
Pk

On the other hand, using renormalization techniques,

d Vi |?
—/pk 10gpkdx:—/pkdivukdx—ozk/| Pl dx.
dt Pk

However as p > 2 then pgdivug is bounded uniformly in L%ym and py log pr in
L$°(LL). This implies, from the previous equality, that

t 2
ak/ Mdmdsga
0 Pk

and consequently
t o [
720[]6/ /Vpk -VA;dxds < 7/ /pk|VA1|2 dxds+ C.
0 0

Using this in the equality on / pr Ao given previously, we get

t t
/pkAodsz—i—/ /DO(Lx)pkdxds— %/ /pk|VA0|2dxds.
0 0

In that case, we know that || Dg||r2 < C A and since p > 2 we get

t
/pk | log wo| dx + ak/ /pk |V Ap|?drds < C(1+N). (7.10)
0

Concerning w,, the estimate is similar, even simpler as aj = 0, to get

/pk log wa| dz < C(1+ A)
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assuming p > v + 1. Indeed M|Vuy| and K},  |divug| are bounded in L? by (5.5).
Finally

T 1/(v+1)
[ ometaom= ([ ) ([ )
0 JIId 114
<C/ / ’Y-ﬁ‘l7
I1d

since A,, is continuous on any L? space for 1 < ¢ < 4o00. The right-hand side is
bounded assuming p > v + 1.

v/ (v+1)

For wy, the estimate is as before a bit different. We now assume that oy = 0,
define A; = (1 + A;)? and obtain from (7.9)

D,

atA1+UkVA1:QW

Integrating and recalling A; > A p£71

1+ py .
/PkA1dx<C+C// T, (p D a9 |div ug| dz ds
Pk
+C/ /H(IJl)(l(’)MVUk|dxds

P
+C / / drds < C,
1+p(p 1) (1-9)

for some 6 > 0 provided p > max(2,7). If p>2and p > 45 theny+1—-p+1 <p.
This gives the desired control regarding p|logw;|? for an exponent # small enough.

Point iii) Estimate (7.10) will not be enough in the proof and we will need to control
the mass of p, where K, x wg is small. Denote

Qo = {z €%, Ky xwo(z) <}, Qo = {7 € Uy wo(x) > /1)

The time ¢ is fixed during this argument and for simplicity we omit it.
One cannot easily estimate || directly but it is straightforward to bound
|| Assume z € Q. ,; i.e. Kp*wo(x) <n. From the expression of Kj, if |§] < h

[P2e s

Kp(z+96) < m

< CKu(2),

we deduce that for any y € B(z, h)

?h *wo(y) S Cn.
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Now cover Qn,h by U, Ch with C!' disjoint hyper-cubes of diameter h/C. For any i,
denote Q;h =Q,,NCh
If Q¢ # 0 then K % wo(x) < Cn on the whole C'. In that case

Cnhdz/ m*woz/  Rulw —y)woly) dyde
ch ch Jai

’I7 ~ .
> Vg,
We conclude that \Q;h\ < C\/T]hd. Summing over the cubes, we deduce that one
has R

2.0 < C V.

Finally

2
/ pkdxg/ pkdx—ki/ pk\logwo|dx§0n1/2_1/27+
Qu.n Qoo |logn| Jia

¢
|log |’

s

since p € LY°(LY) for some v > 1. This is the desired bound.
The same bound may be obtained on the quantity prlg, .., <, ina similar way
when p > v 4 1 because of bound (7.8) on pi|logw,|. B

Point iv) Denote to simplify f = |divux| + |4, p}|, then by the definition of wq p,

A:/;HKM(KMM)_(Kh*f)wa,hHqut‘Zl

< /hz /OtKh(Z)H(Kh*f(. +2) = Kp* f(.) wal- —|—z)HLq dt%

S/Ot/h:[{h(z)H(Kh*f(t,.Jrz)Kh*f(t,.))Hqu:dt

t
< C'log o[ / 1£(t, )z dt < C [log ho[V/2,
0

by a direct application of Lemma 6.4 with N;, = K}, provided f is uniformly bounded
in L} L2 which is guaranteed by ¢ < min(2, p/7).
O

8 Proof of Theorems 5.1, 5.2 and 5.4

We start with the propagation of regularity on the transport equation in terms of
the regularity of divuy, more precisely div uj — div,uj. We prove in the second
subsection some estimates on the effective pressure. This allows to write a Lemma
in the third subsection controlling div ;uf —div ,uj and then to close the loop in the
fourth subsection thus concluding the proof.
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8.1 The propagation of regularity on the transport equation

This subsection uses only Eq. (5.1) on pg without yet specifying the coupling between
divuy and py (for instance through (5.2)). Recall that we denote

Spr = pr(t, ) — pr(t,y), pr = pr(t,z) + pi(t, y).
Choose any C? function y s.t.
MO - VO < pO6 YOE<oxO<CllL (5D

It is for instance possible to take y (&) = &2 for [£] < 1/2 and x(¢) = |¢] for |¢] > 1/2.
Note however that the first inequality on the right forces x(&) > |¢|/C.
Similarly for the anisotropic viscous term, for some ¢ > 0, choose any Y, € C?

%(©) - O] < TTNOE KO < Ol < Cle
(€7 +E) (—XalE = (€~ &) +2xal€ - §)) (8.2)
-1

> —(& - &) TXé(f —&)(E+9).

Note that it is possible to simply choose x, = [¢['*¢. But to unify the notations and
the calculations with the other terms involving x, we use the abstract y,.

The properties on this non-linear function will be strongly used to characterize
the effect of the pressure law in the contribution of div juy(x) — div ,uk(y) in the
anisotropic case. The form of x, and the choice of £ will have to be determined very
precisely so that the corresponding which will be exactly counterbalanced by the A
terms in Lemma 8.2.

We can write two distinct Lemmas respectively concerning the non monotone
pressure law case and the anisotropic tensor case.

Lemma 8.1 Assume that py solves (5.1) with estimates (5.4) and (5.5) on ug.
i) With diffusion, o, > 0, if p > 2, Jep, (k) = 0 as k — oo for a fized ho

1
_ _ dh
/ Kp(z —2) Kp(y — w) Wo(t, z,w) Kp(x — y) x(dpx) dz dy dz dw W
h

0 1144
< O (eny (k) + |log ho| '/?)
dh

1 1 ¢ . . / T N7a
- = / / Ky (z—vy) (divug(z) — divu(y)) xo prx Wo Kn(z—2) Kp(y—w) —
2 ho 0 TI44d h

- % /h/o - Kn(z —y) (divug(z) + divug(y))

(X (61 81— 2x(Bpw) Wo T = 2) Fonly = w) -

dh

- % /ho /0 m3d Knlw = y)X(apk)F”(x — 2) M|Vug|(z) wo(z) h
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where we recall that Wy = wy(t, ) + wo (¢, y).
i) Without diffusion, ag, =0, if p > 2,

| Rt =) X600 (wn(t2) + wat9) dady 5

o J12d

dh

1ot )
< Cloghol 2 sl =27 [ [ [ Fote =9 pd@)wr(o) 3600 G
0 0 112d

~2 /O /ho - Kp(z —y) (divu(z) — divug(y)) (%X'((Spk) P

dh

x(60) — 30 ) ) wn (@)

For the derivation of explicit reqularity estimates, we have as well the version with
the product weight, namely

. Kn(x —y) x(0pr) wi(t, ) wi(t,y) dedy < C
H2

—/0 - Kn(z —y) (divug(z) — divug(y)) X' (6 pr) pr. wi(z) w1 (y)

[ e =) (80 A 0) 1600 w100

For convenience, we write separately the result we will use in the anisotropic case

Lemma 8.2 Assume that py solves (5.1) with estimates (5.5)-(5.4). Without diffu-
sion, ay = 0, assume (8.2) on x, withp > v+ L+ 1, and denote wy;, = K}, *x wg,

1 o —
/ W(Wmh(x) + wa,n(Y)) Xa(0pr) ()
h

0 T124

! Kp(x —
: / %(wa,h(x) +wa,n(y)) Xa(0pk)li=0 + C [log ho|” + 1 + 1T —1I,,
h

o J1m2d

with the dissipation term

t 1 . ‘ _ dh
m, = A / / / o (@) xa(Gpr) Bon % (|divug] + |Aup?]) (@) Ky 2.
0 ho J 1124 h
while
1 1 t ?h(l‘ — y) . . / _
r=-1 Ene = 9) (i (a) — divug(y))X, (5ok) P
2 hO 0 H2d h
(wa,h(x) + wa,h(y))a
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and

1 gt T (o
II = ,1/ / M(divuk(l’)+diUUk(y))
2 Jho Jo Jrza h

(Xa(0pr)0pr = 2Xa(0pk)) (Wa,n (%) + Wa,n(y))-

Remark. We emphasize that the A terms in relations i) and ii) of Lemma 8.1 come
from the penalization in the definition of the weights wg and w;. They will help
to counterbalance terms coming from the contribution by div jug(x) — div ,ugk(y).
Similarly the nonlocal term II, follows from the definition of the weights w,. bad
terms coming from the viscosity anisotropy.

Proof

Case i). Denote

Won(t,z,y) = Ki(z —2) Kn(y — w) Wy(t, z,w) dz dw,
m2d

and let us use x in the renormalized equation from Lemma 7.1. We get

/ Won(t,z,y) Kp(z —y) x(dpr)dedy=A+B+D+E
Hd
I . . / _
~3 Kp(z —y) (divug(z) — divuk(y)) X' (0pk) pr Wo,n dz dy,
0
1/t . .
5 [ Enle ) (ivus(e) + divan ) (V@) dpx — 2x(Gpn)) Woun do
0
with, by the symmetry of K, K; and Wy 5, and in particular since V, Wy 5 (z,y) =
vyWO,h<yax)
t
A= [ ] unltn) = unlt,) - TE(e = ) x(6 pn) Woun dody
o Jmz
t
B= 2/ g Kn(x —y) (O Won(z) + ug - VaWor — i AsWo i) X(0 pi) dz dy dt,
o Ji
t
D= 2ak/ / , X(0 pr) [Ag Kp(z —y) Won + 2 Kn(x —y) Ay Wo n] dadydt,
o Jmz

t
E=-2a / K3, Wou X (6 pi) [Va0px|? da dy dt.
0 H2d

Now note that by the convexity of y, E < 0. Then simply bound using (8.1),

D < 8ay W7 |Knllrr ol < Can B2 || K r1,
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leading us to choose ey, (k) = ay fh10 h—2 %_

As for B, using Eq. (7.2)
B=B, 2 / K (= ) X(6p8) K %y o ddydt,
with
B1f2/Kh x—y) x(6pk) (ur(z) — ug(2)) - Vo Kp(z — 2)
Kn(y —w) Wo(t, z,w) dz dy dz dw dt.

We recall that Ro(x,y) = Do(z) wo(z) + Do(y) wo(y) with Dy = A Kp, * (M |[Vug])
and we thus only have to bound B;. By Lemma 6.1, we have

B, <C /Kh(ii — ) X(0pr) (Djg—yur(x) + Djg_yjur(2))
|z — 2| VK (2 — 2)|Kp(y —w) Wo(t, z,w)
< O/Kh & — ) x(0pr) (Dyoy () + Dyo_yun(2)) Konlz — 2)Knly — w) Wo,

as |z| |[VKy| < C Ky,
Next recalling that Wy (¢, z,w) = wq(t, z) + wo(t, w), by symmetry

B <C / K (2 — ) X(098) Diayjtin(2) K (@ — 2)Knly — w) wo(t, 2)
+C /Kh 1’ — 59!@) (D‘x_muk(x) + D‘x_y|uk(w) - 2D|x_y‘uk(z))

Kin(z — 2)Kp(y —w) wolt, 2).

Since Dy, _yux(2z) < C M|Vuy|(2), for A large enough, the first term may be bounded
by
—— /Kh x—y) x(6pr) Kn %o (M|Vuy|wo) dz dy dt.

Use the uniform bound on ||pg||z» with p > 2, to find
/Kh xr — 6pk) (D|m,y‘uk(x) + D|m,y|uk(w) — 2D‘m,y|uk(z))f(h w()(t, Z)
=C / 1D () + Dieruae(- + 7 41) = 2Dppqun(-+)|| 1o Kn(r) Knlu) Kn(v),

where we used that w =z + (y — x) + (w — y). We now use Lemma 6.3 and more
precisely the inequality (6.5) to obtain

dh
/ /Kh (= y) X(0pr) (D)g—y|ur(x) + Djg—yjur(w) — 2D|p_y ur(z 2))Kp wo — -
ho

<C\1ogh0|1/2/ wn(t, )| dt < C | log ho|2.

52



Therefore we have that

1 Ko |11
/B|2”leh<05ho( ) +C [log hol'/?

/ / /Kh x —y) x(0pr) M|Vug|(z )Kh(x—z)wo(z)dzda:dydtd—:.
ho

The computations are similar for A and we only give the main steps. We have, using
again Lemma 6.1

» VER(x —y) - (up(t,z) — ur(t,y)) x(0px) Wo.n

=¢ 24 En(z = y) (Dp—y| ur(2) + Diz—y| ur(y)) X(8 pr) Wo,n-

By decomposing Wy p,, we can write just as for B

- VEw(x —y) - (ur(t, z) — ur(t, y)) x(6px) Wo,n
<c / K (i — ) M [Vug|(2) x(8 pr) Bnz — 2) wol2)
124

+C 124 Kh(x - y) (Dlmfy\ uk(x) + D|x7y| uk(y) + D\zfyl uk(w) - 3D|:1:7y\ uk(z))
X(8 pr) Kn(z — 2) Kn(y — w) wo(2).

The first term in the r.h.s. can again be bounded by
=5 [ Kl =) X R (V| o) drdy

The second term in the r.h.s. is now integrated in h and controlled as before thanks
to the bound (6.5) in Lemma 6.3 and the uniform LP bound on py and H! on uy.
This leads to

dh
(/ AR 5 < Cllog hol'”?

— dh
/ / Kp(x —y) M|Vug|(2) x(0 pr) Kn(z — 2) wo(z )dxdydzdtﬁ.
hO 1124

Now summing all the contributions we get
! dh 1/2
/(A+B+D+EMKﬂU < Ceny (k) + C log ho[V
ho
A _
R A A R ) AT )
h() 0
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Note that indeed ep, (k) — 0 as k — oo for a fixed hy. This concludes the proof in
that first case.

Case ii). In this part, we assume « = 0. We may not assume that pg is smooth
anymore. However by [27] since p, € L? and so is Vuy, one may use the renormalized

relation with ¢ = x and choose W,/ = W;. We then can use the identity given in
Lemma 7.1. Denoting

) = L L
© =~ (v - 3v©¢).
we get for i =1, 2
24

where by the symmetry in  and y
A= [ Gt ) = i) - VR =) (6 i) Wi ddy
—A / Kn(z —y) (M [Vug|(x) wi(z) + M [Vur|(y) wi(y)) x(6 pk),
0 Jm2d

while

Ay = /0 /sz(uk(t,x) —uk(t,y)) - VEKr(x — y) x( pr) Wa dx dy dt

—A / Kn(z —y) (M [Vug|(x) + M [Vu|(y) w1 (2) wi(y)) x(6 pr)-

0 1124

And

t
By = 2/ , Kp(z —y) (Opwi(z) + up(x) - Vywr + 2div gug () X(5pk) we
o Jm2
+ A M|Vug|(x) wr) x(8 pr) da dy dt,

while

t
By = 2/ , Kn(z —y) (Opw1(z) + ue(z) - Vowr + div gui (@) X(0pr) wr
o Jmz
+ AM|Vug|(z) wr) wi(y) x(6 p) dae dy dt.

Finally
t . . 1 / —
Dy = -2 Kn(w =) (divug(@) = divuy)) (56 p0) e
0 T124d

1
+ x(0pr) — 5)(’(6 Pk) 6pk) wy (z) dz dy dt,
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and
¢
o= [ [ Knlw ) (@iviae) - divus(u) X (6 1)
0 Jm2
wr (z) wy (y) dx dy dt.
Note that we have split in several parts a null contribution in terms of the maximal
function namely the ones with M|Vug|?. Notice also the additional terms in D that

come from cross products such as div ug(y) X x w1 (z) which would pose problems in
By.

The contributions Dy and D5 are already under the right form. Using Eq. (7.2)
with (7.4), one may directly bound

t ~
B < -2\ / Kp(x —y) pl(t, x) wi(t, z) x(0 pr) dz dy dt,
0 H2d
and
t ~
By < =2\ / 3 Kp(z —y) pl(t,x) wi(t, z) wi(t,y) x(6 pr) dx dy dt.
o Ju

The term A is straightforward to handle as well. Use (6.1) to get

t
A< [ 9K = )l =] (O [Vu)() + M [Tl 0)) x(6 ) W
0
t
[ K= ) [V usl(@) + M [Tl @) wr(z) 0 () X(G ).
o Jm
Since |z| |VK}| < CK}, by taking A large enough, one obtains
Ay < 0.
The term A; is more complex because it has no symmetry. By Lemma 6.1
t
A0 [ [ VK@ =l le =3l (Do @) + Dy k) X6 )
0
wi (t, @) de dy dt

t
- A / Kp(z —y) M |[Vug|(z) wi(t, ) x( pr) + similar terms in wq (¢, y).
0 I12d

The key problem here is the Dy, u(y) wq (x) term which one has to control by the term
M |Vul(x) wi(x). This is where integration over h and the use of Lemma 6.3 is needed
(the other term in ws (y) is dealt with in a symmetric manner). For that we will add
and subtract an appropriate quantity to see the quantity D),y ug (%) — Djp—yjur(y).
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By the definition of K}, |z| [VEKR(2)| < C Kp(z) and by (8.1), x(dpr) < C (pr(x)+
pr(y)) with pp € L? uniformly moreover w; in uniformly bounded. Hence using
Cauchy-Schwartz and denoting z = x —

1
A1 // dh
_20 Ky(2) || Dy u D ug(.+ 2)|| g2z —
/ho Kl h o o o K@ 1Dz () = Dz (4 22

+4C/ / dlChO(xfy)Du_y‘ ug(x) x( pr) W1
0 Jm2

t
[ Ko=) MVl @) wn(e) xG o)
0 112
L - dh
<20 Kn(2) 1Dz une () = Dyzjun(- + 2)le2 =~
ho I1d

by taking A large enough since Lemma 6.2 bounds D), ux(z) by M [Vu|(x).

Finally using Lemma 6.3

1
Ay dh
< C|[logho|'/? [lug -
/h 1Knll b

0

dh
Summing up A; + B; + D;, and integrating against W for ¢ = 1, concludes
hilLt

the proof.
O

Proof of Lemma 8.2. In this part, we again assume «y = 0 and still use [27] to
obtain the renormalized relation of Lemma 7.1 with ¢ = y, and W,f;f =K,+W, =
Wb +Wa,n. With this exception the proof follows the lines of point i) in the previous
Lemma 8.1, so we only sketch it here.

From Lemma 7.1, we get

/ W(%h(m) +wa,n(y)) Xa(p1)(1)
h

o JI12d

! Kp(z —y)
< [ (o) + wan ) ool + A+ B+ D 14 T4 1L,
hO I12d

with the terms

= /0 /sz(uk(t’x) —ug(t,y)) - th(x = Y)Xa (0pr) (Wa,n () + wa (),

while

B=2 [/ Kp(x — y)xa(0pr) (ug(z) — ugp(2)) - VoK n(x — 2)we (1, 2)
0 Jsd

t
A / K~ y)xa(6p)Enx (Vg
H2
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and

D= [ [ xalomn) B e v + 1)) Rae =)

t 1 _ ' - dh
[ ) vl B (divia] + 4,07 @) Bt = ).
0 Jho JI124

The dissipation term is under the right form

t ol - ) — dh
M= A [ [ o) vl B (v ] + 4D ) Ka e = )
0 Jho JII2

and so are by symmetry

1 /1ot Ky(x — . )
! :“/ / Kn@ 29 iy uy (@) — divu (1)) (0p1) e wan (@),
2 hO 0 H2d h

and

1 t T _
Il = _1 / / M (divug(z) + divug(y))
2 ho Jo Jrr2e h

(Xa(0pr)0px — 2Xa(0pk)) Wa,n ().

The terms A and B are treated exactly as in case i) of Lemma 8.1; they only require
the higher integrability p > v+ 1 + £.

The only additional term is hence D which is required in order to write the
dissipation term II, in the right form. D is bounded directly by point iv) in Lemma
7.2. Thus

A+ B+ D < C|loghel|’,

for some 0 < 6 < 1 which concludes the proof. O

8.2 The control on the effective flux

Before coupling the previous estimate with the equation on divuy, we start with a
lemma which will be used in every situation as it controls the regularity properties
of

Dpuy = A~V div (0 (pr ur) + div (pr up @ ug)),

per

Lemma 8.3 Assume that py, solves (5.1), that (5.5)-(5.6) hold and (5.4) with v >
d/2. Assume moreover that ® € L>=([0, T] x 11??) and that

Cy = H/ Kp(z —y) ®(t,z,y) dyH
11d th’l Wmﬁl’l

Kp(z —y) ®(t,2,y)dz
I1d

+‘ < 00,

1,1 x,—1,1
W~ Wy
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then there exists 0 > 0 s.t.
t
t/ K~ y) ®(t,2,) (Dpur(t,y) — Dpup(t,2)) d dy ds
o Ju

< C Kl b (I ®]z, +Ca).

Proof This proof is divided in four steps: The first one concerns a control on
Pr|Uk — k| where uy ,, is a regularization of u;, defined later-on; The second step
concerns the proof of an estimate for ®, = (Kj x ®)(t,z) and ¢, = (K, » ®)(t,y)
in L2L7 with 3 = p/(p — 1); The third step concerns a control with respect to h
when ®,, ®, in L2L2 N W W =120 with 5 = 5/(p — 1); The last term is the
end of the proof obtained by interpolation.

i) A control on pgluy — ukm| where uk., 15 a regularization in space and time defined
later-on. Choose a kernel IC,, € C°(Ry x Ry) s.t. K, (t,s) = 0if |t — s| > n, for
smoothing in time. We still denote, with a slight abuse of notation

IChy x¢ up(t) = ICy(t, s) uk(s) ds.
Ry

Now since wuy, is uniformly bounded in L?H} C L?LS in dimension d = 3 and in
L?L4 for any q < oo in dimension d = 2, one has

(up(t, ) — up(s,z))?
/Pk(t,l‘) T+ [unt, 2)] + [ur (5, 2)] K, (t,s)dtds dx

ug(t,.) — uk(s,.)
1+ ug(t, ) + Juk(s, )|

< /pk(t, x) (ug(t, x) — ug(s, ) Ky (t, 8) Koy *p
+C ()’ Pkl zsory
with 8 > 0 if v > d/2 for d = 2, 3. Note that
10kl Ly < C,
and by interpolation, as v > d/2 and thus v > 2d/(d + 2), there exists § > 0 s.t.
190 el 2 < C.

Thus

1+ |u7€(t’ $)| + |uk(87 $)|

/ — ug(t,.) — ug(s,.)

/Pk(t,ﬂﬂ) (st ) = (5, 2)° )y s
< [ (o) ur(t, ) — pr(s) ur(s, 2)) Ky (¢, 8) K * Lot fug (8 )] Jua(s, |

0
n
HOWN"+C g Il
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Using (5.6), one deduces that

(uk(ta $) _uk(svx))Q
/pk(t,x) 1+|uk(t7x)‘+|u’f(w)|/cn(t,s)dtdsdx

0
10 n n
Optimizing in 1’ and interpolating (using again v > d/2), one finally gets that for

some 6 > 0
/pk(t,x) (ur(t, ) — ug(s,x))* K, (t, s) dt ds dzx < Cn’.

Define for some v > 0
Uk, = K *g Ky K¢ up.

Using the regularity in x of uy,, one has that

[ pult.) lunt,2) = it dwde < C

and finally by (5.5), there exists 6 > 0 s.t.

o (1t = )10 p300 < O (8.3)

ii) The case where ®,, ®, is only in L?LP with i = p/(p — 1). We recall that p is

the exponent in (5.6). Denote

1o _/Ot B Kn(z —y) ®(t, z,y) (Dpuy(t,y) — Dpuy(t, z)) da dy dt
which can be seen as a linear form on ®. Recall as well
b= [ Ra-n)otondn o= [ R—u)d(t.o.)dn
By (5.6), Dpuy is uniformly bounded in L?LP. Therefore
10 < C Kl (19220 + 190020 )
iit) The case ®,, @, in LILE N W T W =12=0 with 5 = p/(p — 1). Denote
G = [19all g + 191 + 12l oo + [yl sco
and
Ry = A7 div py, (up, — Uk,y)-
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Observe that by (8.3) and integration by part in time

t
// @, Ry dxdt < Con’ || Kl
0 I1e

The same procedure can be performed with div (pg ux ® ug). Denoting
Dpuy,n = A~ div (O (pr ug,n) + div (pr ug @ uk,y)),
one then has

19 <Co || Kl 7’
+ /Ot - Kpn(z —y) ®(t,z,y) (Dpuk,(t,y) — Dpug »(t, x)) dz dy dt.
However using (5.1)
O (pr k) + div (pr w ® k) = pr(Optig,y + wk - Vug,y) + o e,y Apy.
For some exponent &

||A*1div (pr(Opug,y + uy - V“km))HL}W;*l <Cn™",

and
o HA_ldiv (g ug Apk)HL% L2 <Cn ™" ag.

Therefore

t

/ (@ —y) ©(t 2, y) (Dpury(t,y) — Dpuy(t,2)) de dy di
0J1

< Con " | Knllpr (b + ar) "

Finally

I1® < C||Knllr (0 +n" (h+ Vow))

and by optimizing in 7, there exists 6 > 0 s.t.

I¢<cC ||Kh||L1 he (”(I)z”th)OOWfl,och + ”(I)yHth"x’Wflvwa) : (8'5)

iv) Interpolation between the two inequalities (8.4) and (8.5). For any s € (0,1)
there exists § > 0 s.t.

19 < C|1Knls b (Il oy + 1905,

—+ ”(I)ﬂcHWf“”OW{s’rJro —+ ||‘I)y||Wt1,q+0W;1,r+o),
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with
1 1-s 1 1-s

q 2 ' v p
On the other hand, if for example ®, belongs to Lg%, and to th’IWI_l’l then by
interpolation ®, is in W;""/*~° W, *'/*7°  Hence Cy controls the W; 4Oy -sr+0
norm provided

1—s

]5/

1_
5<1/q:TS, s<1l/r=

This is always possible by taking s small enough (but strictly positive) as p > 1 and
hence p’ < co. This concludes the proof.

Note finally that the interpolations between Sobolev spaces are not exact which
is the reason for the 1/s — 0 or ¢+ 0 and r 4+ 0 (one would have to use Besov spaces
instead, see for instance [47]). O

8.3 The coupling with the pressure law
We handle all weights at the same time. For convenience, we denote
L _ L
xa(t,z,y) = 5x(0pk) pr + X (pr) = 35X (9Pk) O

In the case without viscosity, one has

Lemma 8.4 Assume that py, solves (5.1) with oy, = 0, that (5.6), (5.5), (5.4) with
v > d/2 and p > 2 hold. Assume moreover that u solves (5.2) with ux compact in
L' and satisfying (5.3), F) compact in L', Py satisfying (5.9).

i) Then there exists a continuous function €(.) with £(0) =0 s.t.

- / Ky (z —y) (divug(z) — divug(y)) x1 w1 ()
0 Jmzd

<Okl +C [ [ Ktw—u) (1+5l@) xop) (o)

1) There exist > 0 and a continuous function € with €(0) = 0, depending only on
p and the smoothness of ur and Fy, s.t.

- /0 - Kn(z —y) (divug(z) — divug(y)) X' (6px) pr w1 (z) w1 (y)
< C[|Knllr (e(h) + 1)
+C /0 » Kp(z —y) (1 +pp(x) + pZ(y)) x(8pr) w1 (z) w (y).

For instance if py, and Fy, belong to W= for some s > 0 then one may take e(h) = h?

for some 6 > 0.
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Lemma 8.5 Assume that py solves (5.1), that (5.6), (5.5), (5.4) with v > d/2 and
p > 2 hold. Assume moreover thatu solves (5.2) with juy, compact in L' and satisfying
(5.3), Fy, compact in L', Py satisfying (5.8). Then there exists a continuous function
e(.) with €(0) = 0 and depending only on the smoothness of u, and Fy, s.t.

— % / Kp(z —y) (divug(z) — divug(y)) X' (6pk) pr Wo Kp(x — 2) Kin(y — w)
0 Jmad
- %/ K (z — y)(divug(z) + divu(y)) (X (6px)dpx — 2x(5px))
o Jmaa
Wo(z, w)Kp(z — 2) Kn(y — w)
A

2 /o 34 Kn(z — y)x(0pr) Kn(z — 2) M|Vug| wo(z)

t
S C ||Kh||L1 {:‘(h) + C / ) Kh(:c — y) X((Spk) W()Fh(x — Z)F}L(y — w)
0 JII4

Proof The computations are very similar for i) and ii) in Lemma 8.4 and for
Lemma 8.5. For simplicity, in order to treat the proofs together as much as possible,
we denote

Gilts,0) = xa(t, 2,y wa(a)s - Galt,2,y) = X' (Gpw) prn (6, 2) wn (1),
1 — _
Golt..9) = 560 e | Wolt20) (o = 2) Ry — w) dzdu
T12

The first step is to truncate: Denote IF(t,z,y) = ¢(px(t,z)/L) ¢(pr(t,y)/L) for
some smooth and compactly supported ¢,

¢
[ Kale =) @viae) - divus ) G
0 Jmz
t
< C||Kp|pr L% — / Kn(z —y) (divug(z) — divug(y)) Gi IE.
0 1124
Here for i =0, 1, 2, G; < C (pr(t,z) + pr(t,y)) (even Gy < 2) and consequently, as

divaug € L? uniformly, only p > 2 is required with 8y = (p —2)/2 > 0.
Introduce an approximation py , of uy, satisfying (5.3) and s.t.

i mllwze < Cn™20 Nk — pellze < 2o(n),

T (8.6)
[ B0t = ) lnalt.o) = (b)) dody e < Kl 2ol
0 II

from (5.13). Use (5.2) to decompose

- /Kh(x —y) (divug(z) — divug(y)) G; IF da dy
=24, +2B; +2E,
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with

A= = [ Eole =) (Plon(o) = Pelou(0) Gs s ey,
and IE
B = /Kh(x =) Fi(t,2,9) Gi ()
where
Bi(t,z,y) =Fi(t,x) — Fe(t, y) + pn(y) pnn(z) divug(t, ) <Mki($)__ﬁ%iy))
. 1 1
o) ) vl ) (s~ )
Finally
L
i~ ot s L

with as before
Dpuy, = A7 div (0 (pr, ur) + div (pr up @ uy)).

For B; by the compactness of Fy, py, estimates (8.6) and (5.13), and by (5.3)

Bo<CL [ | Ko =y |Alta)] < CLE® +eom) [Kili (5)

Note that again |G;| < C (pr(z) + pr(y)) for i =0, 1, 2.
For E;, we use Lemma 8.3 by defining simply

P;(t,z,y) = G; I (t,z,y) ()
IS
By (5.3),
191, < CL.

As for the time derivative of ®, for ¢ = 1, 2, G; is a combination of functions of
pr(t, ), pr(t,y) and w; which all satisfy the same transport equation (with different
right-hand sides). By (5.1),

0iG; + div, (ug(z) G;) + divy, (uk(y) G;) = f1,0 div guk(x) + fa,; div yug(y)
+ f3, Di(x) + fa,: Di(y),

where the D; are the penalizations introduced in Section 7.2 and the f, ; are again
combinations of functions of py(t,x), pk(t,y) and w;. Every f,; contains as a factor
d(pr(x)/L) or a derivative of ¢ and thus

| frillL= < CL, Vn, i.
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Finally by the smoothness of i

0 ®; + div , (ug(z) ®;) + divy, (ug(y) ;) = fri div pug(z) + fo; divug(y)
+ f3,i Di(x) + fai Di(y) + @i gy,
and it is easy to check that the constant Cp, as defined in Lemma 8.3 is bounded
by C Ln~t.

The case i = 0 is slightly more complicated as W is integrated against K}, so the
equation on ®¢ involves non local terms and we have to take into account extra terms
as mentioned in the statement of Lemma 8.4. By (7.2), denoting wo n = K, * wo

Orwo,p, + uk(t, x) - Vwg p, — apAzwo p = —Kp, % (Dowo) + Ry, — K, * (divug wo),

with
Ry = /H VEw(z — 2) - (u(t, z) — up(t, 2)) wolt, 2) dz.

Remark that Ry, is uniformly bounded in LfT by usual commutator estimates.
Finally as iy, is smooth in time, one has

04 ®o + div . (ug(w) o) + divy, (ur(y) Po) — ar (Az + Ay) Do
= frodivau(t, ) + foo divyur(t,y) + ar (f3,0 [Vepr(@)? + fa0 [Vapr(®)]?)
(0] — _
— =2 (R + (Dowo) + R — K (divug wp)) — 2 2V, @, - Vowo
Hk,n Kk
+ (I)O gnv

where @, = 0py, pr. I kL (t,x,y), gy is a function involving first and second derivatives
of i, in t and = and Vuy. The f; ¢ are combinations of functions of pg(¢,x) and

pr(t, y), multiplied by wo,», and involving ¢(pk(x)/L), ¢'(pr(z)/L), or ¢" (pr(z)/L)
and the corresponding term with py(y).
By the L™ bounds on ®,, wy, each f; and by (5.5), one obtains

Therefore Cy < C'Ln~!. Thus for all three cases, Lemma 8.3 yields

<CLn '
L% W;l'l

o /Fh(x —y) ®o(t,z,y) dy

E; <CLy ' ||Kpllp b, (8.8)

for some 6 > 0.

Proof of Lemma 8.5: The term Ay. The terms A; are where lies the main
difference between Lemmas 8.4 and 8.5 as Py is not monotone in the first case and
monotone after a certain threshold in the second. For this reason we now proceed
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separately for Lemma 8.5 and Lemma 8.4. In the case with diffusion for Lemma 8.5,
there exist extra terms to handle in , namely J + I with

J = —g /0/ - Kn(x —y)x(0pr)Kn(x — 2) M|Vug|(2) wo(2),

- 5/0 | B = y) (v (@) + divag(y)

(X' (0pr) dpr. — 2 x(8pr)) Wo Kn(z — 2) Kn(y — w).

We decompose this last term in a manner similar to what we have just done, first of
all by introducing the truncation of py

I SC ||Kh||L1 L_GO
1/t ) .
5 [ ] K =) (ivun(a) + divan ()
0 H4d
(X' (6p) Opi — 2x(Spr)) Iff Wo Kp(z — 2) Ki(y — w),

with again 6y = (p — 2)/2. Now introduce the py

1 [ . .
<O 2 =5 [ [ Knw =) Guelt,2)div un(o) + st p)div un()
0 JII4
Iy

m (X/((Spk) dpr — 2X(5Pk¢)) Wo Fh(iﬂ - z)?h(y - w)

1

t
b3 [ Ko = ) (0 e = 2x(600) TEWo R = 2) Fay = w)
0 1144

where
1 1
P () px(w)

By the compactness of uy, one has that

o1
pe(y)  pwg(2)”

Hy(t, @, y) = pu(x)divug (@) ) — pe (y)div g (y)

t
[ [ B =) Hee)( G = 2x(Gpn)) W TG = 2) Ry — )
0 JII
< Kl o) el s Nowlaz, < C o) 1Kl
This implies that

I< _%/ Kp(z —y) (et z)divug(z) + p(t, y)divug(y))
0 T14d

e (0 (3p) bk — 2x(601)) Wo Ko — 2) Kl — w)
Hk.n (t’ .73)

+ C||Kpl| 1 (L% + e (h)).
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Using (5.2) or namely that ppdivug = Dpug + Fy, + P (pr), the quantity Ag+ 1+ J
may be written

Ao+ T+ J<C|Kpllpr (L7 4+ eo(h)) + I + Iy, (8.9)
with
o3 [ [ Ko ) (Bulonto) + Pelonto))
1= 0 2 o 44 h €T y k pk T k pk? y Mk7n(t,x)

(X' (0pr) 6p — 2 x(6pk)) Wo Kp(z — 2) Kn(y — w),

t L
I, = —1/0 - Kn(z —y) (Dpuk(w) + Fi(x) + Dpur(y) +Fk(y))m
(X' (0pr) dpr. — 2 x(6px)) Wo Kn(z — 2) Kn(y — w)
A

D) /o - Kn(z —y)x(0pr)Kn(x — 2) M|Vug|(2) wo(2).

In this case with diffusion, because P is essentially monotone, the term Ag is mostly
dissipative and helps control the rest. More precisely

n=3 [ [ [ =) [(Pelonta) ~ Plon)X GOpums
m2d
+ (Pr(pr(z)) + Pe(pr()) (X (6px)0pr — 2x(8p1))]
7
,uk,n(t,x) 2d
As Py > 0 and by (8.1), X'(6pk)dpr — 2x(0pr) = —X'(6pk)dpk, thus

(
(Pe(pr(x)) = Prlpe()x pr + (Pre(pr(x)) + Pr(pe(y)) (X 0pk — 2x(5p1))
> X' (0px) [(Pr(pr(x)) — Pe(pr(y))) px — (Pr(pr(x)) + Pr(pr(y))) dpr] -

Without loss of generality, we may assume that pg(z) > pi(y) and hence x'(0px) > 0
Developing

Wo Kp(x—2) Kp(y — w)dzdw} dxdy.

(Pr(pr(x)) = Pr(pe(y))) o — (Pr(pi(x)) + Pre(px(y))) 0pi
=2 Pi(p(x)) pi(y) — 2 Pr(pr(y)) pi ().
As a consequence, by the quasi-monotonicity (5.8) of Py(s)/s, for some p large
enough with respect to po, if px(2) > p, then Py(px(2)) pr(y) — Pk(Pk( ) pre(x) =0
(recall that we assumed pi(x) > pr(v)).

The only case where one does not have the right sign is hence where both pg(x)
and pi(y) are bounded. Therefore using the regularity of Py

(Pr(pr(x)) = Prlpr(y))) px — (Pe(pr()) + Pre(pr(y))) 0pr > —C'0pi|.
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Introducing this estimate in I; yields
L

t
, i _ _
L<c / K — 9)lopel [ 6o —— [ Wy Rn(e — 2) Ry — w)
0 1124 /J/k,n(t,x) 1124

<c / Kn(@ — 9)x(0p) Wo Kz — 2) Knly — w).
0 (8.10)

Turning now to Iz, we observe that py M|Vug| > py divug > Dpuy, + Fj, and that
x(0x) > (2x(0k) — X' (0k) 0,)/C. Therefore for A large enough, using Wy(z,w) =
wo(z) + wo(w) and the symmetry
1 t
B [ [ Kila-y) Dpusls) - Dpun(a) + Fuls) - Fi2)
0 Jrad

i(x’(épk) dpr — 2x(0pk))
ke (t, @)

Wo Kp(x — 2) Ki(y — w).

+Dpug(y) — Dpur(z) + Fi.(y) — Fr(2))

The differences in the Fj, are controlled by the compactness of F}, and the differences
in the Dpuy by Lemma 8.3 as for the terms F;. Hence, finally

I, < C||Kpulp (eo(h) + Lyt h). (8.11)

Conclusion for Lemma 8.5. We sum up the contributions from By in (8.7), Ey
in (8.8), Ag+ I+ J in (8.9) together with the bounds on I; in (8.10) and I in (8.11)
to obtain

- % /0 - Kp(z —y) (divug(z) — divug(y)) Go
- % / Kp(z —y) (divug(z) + divue(y)) (X (0pk) dpx — 2x(9pk))
0 JI14d
Wo(z,w) Kp(z — 2) Kp(y — w)
5 [ K= x50 R = 2) M el (2) ()

< C|Knllpr (L% + L(eo(h) +eo(n) + Ly~ 1)

e / Kn(z — ) x(0p) Wo(2,w) Kn(s — 2) Knly — w).
0 J1r4d

Just optimizing in L and 7 leads to the desired ¢(h) and concludes the proof of
Lemma 8.5.

Proof of Lemma 8.4: The term A; with i = 1, 2. It now remains to analyze more

precisely the terms (P (pr(2)) — Pr(pr(y))) G; for i=1,2 concerning the case without
diffusion but with non monotone pressure. We will split the study in three cases.
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Case 1). The case (Px(pr(z)) — Pe(pr(y)))dpr > 0. Since Go obviously have the
same sign as dpg, one simply has

(Pr(pr()) — Pe(px(y))) Gi > 0,
for ¢ = 2. In the same case, for G
(Pr(pr(x)) = Pr(pe(y))) G

= (Pulona)) ~ Pelon) (3600 pi-+ x(60) = 33 (690) 501 ) 1 (2)

)

by (8.1) as pr, > |0pk|. Therefore in that case the terms have the right sign and can
be dropped.

> 1PL(oe(o) = Pl )] (GGl o = [x(G) = 53 0m0) o

>0,

Case 2). The case (Pyx(pr(z)) — Pe(pr(y)))dpr < 0 and pi(y) < pr(z)/2 or pi(y) >
2 pr(x) for some constant C.

— For i = 1, first assume that Py (px(x)) > Px(pr(x)) while pi(y) > 2 pg(x).

(Pe(pr(x)) = Pilpr(y))) G1 = = Pi(pr()) (I (0pr)| o + Xx(9pk)) w1 (2).

Now observe that since pg(y) > 2 pr(x) then

IX'(0pk)l o1 < g IX'(9pi)| pr(y) < 31X (9pi) |16 pi| < Cx(dpr),
by (8.1). Therefore in that case
(Pe(pr(@)) = Pe(pr(y))) G1 = —C pi(x)7 x(3pr) wi (),
since by (5.9), Pu(€) < Pr(0) + C 71 ¢ <O ¢,

Note that the result is not symmetric in x and y and we have to check also
Pe(pr(x)) < Pr(pr(y)) and pi(y) < pr(2)/2. Then simply bound

(Pr(pr(2)) = Prlpr(y))) G1 = =C (pr(y))” x(0pk) w1 ()
> —C (pr(2))7 x(6px) wi (),

since now pi(y) < pr(x).

— For ¢ = 2. The calculations are similar (simpler in fact) for G2 and this lets
us deduce that if Py(pr(x)) — Pr(pr(y)) and pg(z) — pr(y) have different signs but
pr(y) < p(x)/2 or pr(y) = 2 pr(x) then

(Pr(pr(x)) = Prlpr())) G2 = —C (px(@))7 x(8pr) wi (@) wi(y).
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Case 3). For i = 1, 2, the situation where Py (pr(2)) — Pr(pr(y)) and pi(x) — pr(y)
have different signs but pg(z)/2 < pr(y) < 2pr(xz). Then one bluntly estimates
using the Lipschitz bound on Py given by (5.9)

|(Py(pr()) = Pulpr()) Gl < C (14 p) " (x) + pi "' () |6px| G-
Bounding now the G; by (8.1),

(Pr(pk(2)) = Prlpr(y))) G2 < C (14 pi(x) + pL (1) X(5pi) wi(x) wi (),
and

(Pe(pi(®)) — Pilpr(y))) G1 < C (1 + p)(z) + p)(y)) x(3pk) wi (z)
< C(1+ p)(x) x(Opr) wi (),

as pr(x) and pg(y) are of the same order.

From the analysis of these three cases, one has that

fhgc{/KMx—wu+¢mmyA@wwumdmw, (8.12)
and

2 2C [ Kalo =) (14 pll@) + o) XOp) wr (@) wr () dody. (8.13

Conclusion of the proof of Lemma 8.4. Summing up every term, namely (8.7)-(8.8)
and (8.12)-(8.13), we eventually find that

— /0 - Kp(x —y) (divug(z) — divug(y)) Gy
< C||Kp|lrr (L7% + L (eo(h) + 0(n)) + Ly~ " hY)
v [ [ Ko=) (14 o)) 0@ wa o),
0 Jrzd
while
— /0 - Ky (x —y) (divug(z) — divug(y)) G2
< C||Kpllrr (L7% + L (eo(h) + 0(n)) + Ly~ " hY)
w0 [ Ko =9) (4 pule) +pu0)) X (o) o)

To conclude the proof of Lemma 8.4, one optimizes in n and L. Just remark that
since the inequalities depend polynomially in L and 7 then the result depends on 58

for some 6. O
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8.4 Conclusion of the proofs of Theorems 5.1 and 5.2.

We combine Lemma 8.1 with Lemma 8.5 or 8.4 and we finally use Prop. 7.2. Let us
summarize the required assumptions. In all cases one assumes that pj solves (5.1)
and that div uy, is coupled with pj, through (5.2); bounds are assumed on the viscosity
as per (5.3), on the time derivative of pj uy per (5.6), on uy per (5.5). Finally the
viscosity py and the force term Fy are assumed to be compact in L'. Moreover

e In the case with diffusion, ap > 0, one assumes that the pressure term Py
satisfies (5.8) and the bounds (5.4) on py with v > d/2 and p > 2.

e In the case without diffusion, o = 0, one needs only (5.9) on the pressure Py
and the bounds (5.4) on pg with v > d/2 and p > 2. Moreover for Prop. 7.2,
it is necessary that p > 4 (in general 4 = v < p so this is not a big issue).

Then one obtains by taking A large enough and using a simple Gronwall lemma

[ Raa =Rty = w) (wn(t.2) + wolt, ) Ko =) (o) do dy = du

0 1144 h

= Kp(z —2) Kn(y — w) (wolt, 2) +wo(t, w)) Kn, (x —y) x(3px) dx dy dz dw

H4d
! dh
< (loghal' > + 20+ [ =()F).
ho h’
(8.14)
and
_ dh
/ / (w1 (t,z) +wi(t,y)) Kh(w—y)x(épk)dxdyﬁ
= [ (e + wa(t.9) Ko =) x(5p1) oy (3.15)
1
<c <10gh0|1/2+/ () d")
ho h
with finally
wi (t, ) w Kiy(x — Opr) dx d
[ oty wn(t.n) Ko =) x(Gor) dady -

< CllKnllzr (B +e(h))

where € depends only on the smoothness of uj and Fj, and of p > 2.

The key point in all three cases is to be able to remove the weights from those
estimates. For that, one uses point ii) of Prop. 7.2.

70



The case with wo(z) + wo(y). Denote w, = {Kj, xwo(t,z) < n} C [0, T] x II? and
remark that

Y - dh
Koo =) xEm) = [ [ Falw 1) x5
I12d ho T12d

1
— dh
=/ / Kn(z —y) x(0pr) 7~
ho TEWS or yEws

1
— dh
[ R = y) x(0w) -
ho JxCw, and ycw,

Now

1
— dh
/ / Kn(x —y) x(9pr) 7~
ho TEWS or YyEwy

1/t — — — dh
<1 / K (x — y) (B * wol(z) + K wo(y)) x(5p1) o
n ho JI124 h

while by point iii) in Prop. 7.2, using that p € LP((0,T) x II¢) with p > 2 and
recalling that x(§) < C [¢]

1 1
_ dh — dh
/ / Kn(z —y) x(0pr) 7= <2 / Kn(@ =) pe I, swozn 3
ho Jx€W, and ycwy, ho J112d -
C | log h0|
= |logn[t/2”

Therefore combining this with (8.14), one obtains

1
eno (k) + [oghol V2 + [ e(M) L Ky, )

Ky (x —y) x(8pr) dudy < C
ho (@ = y) X(0pi) dz dy < ( o Tog 7] 1/2

T12d
recalling that )
Eno (k) = vk /ho d*:haza
and denoting )
£(00) = (e . <0G

Remark that &(hg) — 0 since e(h) — 0: For instance if e(h) = h? then &(hg) ~
|log ho|~!. The estimate then reads

arhg® + |log ho| =% 4 &(ho)
n

Ko (@ — ) x(6p0) dzdy < C (| log hl
K 1
L WKl )

|logn[!/?

m2d
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As ||Kpollzr ~ |log hgl|, by optimizing in 7, the following estimate is obtained

ClI Kyl 21 .
(aghg? + |log ho|=1/2 + &(hg))|1/2

Kno(z —y) x(6pr) dz dy <
1124 | log

Per Prop. 4.1, this gives the compactness of §pi as the r.h.s. is negligible against
1o |l L2 @s ho — 0. And it proves the case i) of Theorem 5.1.

The case with wy(z) + wi(y). Similarly, from (8.15), one then proves that in the
corresponding case

log ho|~Y/2 + &(h 1
Kol = ) ) dody < Clog ho| (B2l —EL00) ;)
U | log 7|
ClIKh, I
~ |log(|log ho|~1/2 + &(ho))|?”

again using part ii) of Prop. 7.2.

In both cases, using Prop. 4.1 together with Lemma 6.6 in the second case, one
concludes that pj is locally compact in & and then in ¢, x. Thus we’ve shown the
case ii) and concluded the proof of Theorem 5.1.

m2d

The case with wy(y)wi(x). The situation is more complicated for (8.16) and the
product wq (y)wi(x). Indeed wo(x) + wo(y) or wi(z) + wi(y) are small only if both
wo(x) and wo(y) are small (or the corresponding terms for wy). But wy(z) w1 (y) can
be small if either wy(z) or wy(y) is small. This was previously an advantage with
then simpler computations but not here and (8.16) does not provide compactness.

This is due to the fact that one does not control the size of {w,, < n} but only
the mass of py over that set. The difference between the two is the famous vacuum
problem for compressible fluid dynamics which is still unsolved.

The best that can be done by part ii) of Prop. 7.2 is for any 7, n’

1
/HM Lo @)>n Lop)>n Kn(z —y) x(0pr) < 7 / wy (x) wi(y) Kn(z —y) x(0pr)

[ Kl

+C 771/2 | logn/|9/2’

using that pp € L? uniformly. Using (8.16) and optimizing in 7/, one finds for some
>0

([l r
n'/? [log(e(h) + h)|?/2

/HM Lo (@)>n Lpw(y)=n Kn(@ — y) x(0pr) < C

If pj, and Fy, are uniformly in W51 for s > 0, then

([ K L1

/sz Lo @)2n Loww)2n Kn(z = y) x(9px) < CW’

which concludes the proof of Th. 5.2. Note however that in many senses (8.16) is
more precise than the final result.
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8.5 The coupling with the pressure in the anisotropic case

In that case we need the weight w, and its regularization wy, j,, defined by (7.2) with
(7.5) in order to compensate some terms coming from the anisotropic non-local part
of the stress tensor.

Lemma 8.6 There exists C,. > 0 s.t. assuming that py solves (5.1) with oy, = 0,
that (5.6), (5.5), (5.4) with v > d/2 andp > v+ 1+ £ = ~*/(y — 1) hold where
£ =1/(y—1); assuming moreover that Py satisfying (5.8), that u solves (5.10) with

a, <C,. (8.17)
Then there exists 0 < 0 < 1 s.t. for x, verifying (8.2) for this choice of ¢

1 o —
/ W(wa,h(fﬂ) + wa,n(Y)) Xa(0pr) ()
h

0 1124

< / W(wm(m) + a1 () Xa(0pr)|1=0 + C (1 + 1) |log ho|”.
h

o J112d

Proof To simplify the estimate, we assume in this proof that Py(px) = p), the
extension when Pj, satisfies instead 5.8 being straightforward. We also recall that x,
satisfies (8.2), meaning that for all practical purposes x, (&) ~ [&|*T.

We use the point iii) in Lemma 8.2

/} » W(wa,h(fﬂ) + wa n(Y)) Xa(Fpr) ()

0

_ / W(wa,h(‘x) + wan(¥)) Xa(0pk) =0
ho J 124

< C|loghol® +1+IT—T1,

where 0 < € < 1 and with the dissipation term by symmetry

t 1 . ) —dh
= [ [ )l R (div e + 4, Pl o) K 5
0 Jho JI124

while still by symmetry

1 1 t K _
=g [ o) = div ) 00 pe ).
2 hU 0 1124 h

and
1 Lot Kp(z—vy) .. .
II = —3 /ho/o S (divug(z) + div uk(y))
(Xa(0px)0pk — 2Xa(0pk)) Wa,n(2).
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I) The quantity I. We recall that in this case one has the formula (5.10) on div u

divuy, =vy Py (px) + vk ap A Pr(p) (8.18)
"‘Vk(Au — auEk)_l div (6t(pk uk) + div (pk Uk ®uk)), '

leading to the notation
Dp up = (A, — a#Ek)*1 div (0¢(pr uk) + div (p ug @ ug)).

Therefore, one may decompose

I=1I+1P +1%,

with
=3 // [ B0 (Dpuno) - Do)
Xo(0pk) P (Wa,n () + wa,n(y)),
while
=2 [ P (e - Pt
Xo(0pk) Pre Wa,n (),
and

1 gt 474
a, Vg Ky(z—y
et [ BRI (4P e(a) — AuPelonlo)
ho Jo Jm2d
Xa(0pk) pr Wa,n(2).
I-1) The term Iy. This term is handled just as in the proof of Lemmas 8.4-8.5 by
using Lemma 8.3 and for this reason we do not fully detail all the steps here. First
note that Lemma 8.3 applies to Dpy uy as well as for D py uy, as
[)pk Up = (Vk(Au - auEk)fl A) Dpy ug,.
Then as before, we first truncate by using some smooth function IF(t,z,y) =

d(pr(t,z)/L)p(pr(t,y)/L) with some smooth and compactly supported function ¢
leading to Iy = I + If*F with

=1 /h 0 / HMK’I“;‘ Y (Dpu(e) - Dpun(y))
¥ (608) TE i (wan (&) + wan(y),
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and
1 Lot Kplr—vy) = ~
15%_2/%/0 [ G Dpute) - Dpuu)
Xa(0px) (1= i) pr, (wa,n(2) + wa,n(y))-

Remark that divu, € L7, Pu(pr) € Lf}/; and since A, is an operator of 0 order,
A, Py(pr) € Lf/;. Therefore by Eq. (8.18)

sup ||]§ Pk Uk | pmin(2,p/7) < 00.
k? t,x

On the other hand |x’,(dpx)| < C (14 £) (|px(2)|* + |px(v)[*) and this lets us bound
very simply I&L by Hélder estimates

IFL < O (1 + 0) |log hol || D py, ug|

¥4
g (1= 1¢) ]

< O (140 loghol |(1 = Ig) p | pmexcz.o

,z

max(2,q)
Lt,z ¢

with 1/¢+v/p = 1. But ¢ (1 4+ ¢) < p by the assumption p > v+ 1+ ¢ and similarly
2(1+4+4) < p. As a consequence for some exponent ¢; > 0

IR < C(1+0) |logho| L. (8.19)

We now use Lemma 8.3 for Dpj uy and & = X4 (6p) TE pr. wa n(x). We note that
|[®|lL= < C(1+ ¢) L'**. Moreover just as in the proof of Lemmas 8.4-8.5, we can
show that ® satisfy a transport equation giving that

Co = ’ Kn(z —y)@(t,z,y) dy‘
Id th,lw;l,l
+ Ky(z —y)®(t,z,y) dx < C(1+40) LM
Hd th.lw’;l,l
By Lemma 8.3, we obtain that for some 65 > 0
Yoo, dh
t<ca+orL**t | w2 = <c@a+0L (8.20)

ho

By optimizing in L, this lets us conclude that again for some 0 < § < 1 and provided
that p >y +1+4¢
Iy < C(1+¢)|loghg|’. (8.21)

1-2) The term I”. This term has the right sign as

/ / W (Ph(x) = pi(Y) Xa(0pk) P (Wa,n () + wa,n(y))
ho Jo Jr124
Fh(x — )

1 t
>C / / — 5 Xal0pk) 0p1. Py, (wap(7) + wa,n(y))-
ho JO J112d
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We will actually give a more precise control on I” 4 ITP later on when the corre-
sponding decomposition of IT = IIy + ITP + IT? will be introduced.

I-3) The term I%. The difficulty is thus in this quantity. From its definition, 4,
is a convolution operator. With a slight abuse of notation, we denote by A, as well
its kernel or

A,f = / ) £(y) dy,

and note that A, corresponds to an operator of 0 order, i.e. it for instance satisfies
the property [, A, = 0 for any annulus A centered at the origin, |A,(z)| < C |z~
Decompose

A, = Lp+ Ry, supp Ly, C {|z| < dn},

such that both L; and Rj remain bounded on any LP space, 1 < p < oo, and
moreover Ry, is a regularization of A, that is R, = A, % N5, for some smooth kernel
Ns, . The scale §;, has to satisfy that

h
Op << h, log(s— << |loghl.
h

For simplicity we choose here 0, = h/|log k.

Contribution of the Ry part.
The first step is to decompose Rj, into dyadic blocks in Fourier. Introduce a
decomposition of identity ¥; as in sections 6 and 13 s.t. 1 =), ¥; and write

|logy On |
Ry, = Z \IJl*Rh—l-Rh, Rh = Z U, x Ry, :Nh*Néh*Au- (8.22)
I=|log, h| 1<]|log, h|

Note that we of course require of the W; to satisfy all the assumptions specified in
section 13 for the definition of Besov spaces. Define now Nj, = Nj x Ny, , this kernel
N, therefore satisfies that for any s > 0

[Nnllws: < Ch™, (8.23)

and moreover by the localization property of the ¥y, one has that for s > 0 and any
Wl <1

/ 2| |Nw(2) + Np(z +wr)|dr < Ch*. (8.24)
I1d

Fix t for the moment and decompose accordingly

1
K
/h h“nR « 2(t) = Ru % pL(t -+ 2) s

[

1 |10g25h fh(z)
/h h ||\I’1*Rh*pZ(t7.)—\I/l*Rh*pz(t,.—f—Z)HLg.
0 l=|log, h|

p(t,) = Rix o (t, .+ 2)l|
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By (8.23) and (8.24), the kernel N, satisfies the assumptions of Lemma 6.4 and thus
with Uy, = A, x p}, applying Lemma 6.4, for any ¢ > 1

1
K
[ w0 - R+ 2
ho J114

1

K — _

:/ };1(2) [Nn*Uk(t,.) = Np*Uk(. + 2)| 12
h d

< C'|log ho|"/? || Uk(t, )]l pa-

0

Recalling that A, is continuous on every LP space, one has that ||Uy| 2 < C'||p}] e
hence

1
Kh
[ B R 00 = Rt D < € llog ol ne. -
ho JII
On the other hand simply by bounding
(Wi Ry * pj(x) = Wik Ry p ()| < C 10 x Ry oy ()7 + [Wr x Ry x oy (y)|?

we write

\logz onl Kh(z)
/h h ||\I’l*Rh*Pz(ta~)*\Pl*Rh*pZ(ta-“i’Z)”Lg

0 1=|log, h|

12_l dh
<c 3 T >||Lq/

2—l h ’
I<|log, ho|+log, | log; hol

recalling that §;, = h/|log, h|. This leads to

1 \log2 Onl 74
K
/> Y e 1 0,) — W B 0+ )l
ho me
I=|log, h|

<C Y logl||[ Wk Ry xpl(t, )l s
1<2]log, hol|

and can in turn be directly bounded by
<Clogllogho| > (1% xRypl(t, )]s
1<2 | logy ho
< C log|log ho| [log ho| /|| Ry % pi (¢, )| g < C[log hol” [lp(t, )]

with 0 < 8 < 1 by Lemma 13.3. Combining with the previous estimate, we deduce
that

' Kh( ) * * z
L )~ R e 2 525

<C | logho\ ||Pk( )HL‘”
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with 0 < 6 < 1. And therefore since x/,(¢) < (1+¢) |¢|°, by Holder’s inequality with
the relation 1/¢+ (1+£€)/(1+~v+£) =1, thatisg= (1+£+7)/y

/ / Kh+_) (Bn* pjl () = Bix (1)) Xa (8p1) i (wa (%) + wa,n (1))
ho JO J1124

t 1
K
>0t [ [ [ 5 g
0 i ho J 114

Finally by (8.25) there exists 0 < 6 < 1 s.t.

// wmh*pg@)—m*pyy»
ho Jo Jm2a

_ 8.26
Xa(6p1) P (wan(@) +wan(y)) O
> —C (14 0) | log hol’ [|oul1 5

LA+e+1s

= Ry x p(t,. + 2)|a-

Contribution of the Ly part. It remains the term with L; where we symmetrize the
position of the weight with respect to the convolution with Lj by

Kp(x —
/h /0 H2dhhy)(Lh*pZ(x)Lh*pz(y))Xa(épk) kwah( )
= IV - Diff,

1 et Zo
Iy = /ho/o » th(z)(pZ(x —2)—pl(y—2))

X0 (0pk) prwy,” " (x) wil (z — 2),
for n =1 —1/~. Recall that since w, , = Kp *wa, [Wan

with

h(x) = wa,n(r—2)| < h™H 2]
while |z| ~ &5 on the support of Lj,. Thus using that |x’,(¢)| < C || from (8.2) and
that |Lp(2)| < C |2|~¢, one has

' 1 gt Kz —y
vit= [ [ [ FEZD L - 2) - ity - )
ho 113d
Xa(Gp) i wy 3" () (wy ), (93) — wp(r = 2))

w — —-n n
C(1+4) / // I).1<s, - d) |p2(z—z)+p2(az—z+w)|p”1h 2|
ho Jo Jrisa | |
Ky,
1_~_€ / / / Hl <6 h1+n ( ) (p’lz+f+1( )_’_p7+€+1(
ho m3d

Z|d n

—w)).

m, we obtain on the other hand that

1 1 1
dh d odh dh

/ 1+n/ dingc/ }1L+n:C/

ho B lzl<sy, 1] ho h

o h|logh|"
< C'llogho|'™".

—z4w)
_|_p’)’+1+1< )_i_p’y-i-@-‘rl(

Using |z| < 0p, =
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As n=1-— 1/, this leads to
Diff < C' (1 +€) || pxl|334F5 [og hol'/7. (8.27)

As for the first term by Holder inequality, using again that |y, (£)| < C£|¢|¢

! t +1)/¢ 1-0) (¢+1)/¢ )
oo [ (] ol sl w0 ) as )
hg JO I1é I1e

v/ (v+e+1) Fh(w)

([, @ @0 =+ oyt o) ) g,
d

provided that [ is chosen s.t.

Y 4 Y
+ =1, or l4+1=——
vy+L+1  L+1 ¥

implying for instance that

+1 y+L+1

1...
7 v, {+

Given those algebraic relations and recalling that Lj* is continuous on every L? for
any 1 <p < oo

1t I74 ST
i€+ / / hifw) (/ 107 (x) = (& +w)| T wa dm)
ho JO I1d I1d

0/(6+1)
(/d Ix0(0%)|Y P} wa,n dm) dw.
H l

Since, using the definition of ¢,

o) (2) — pjl(a + w)| DT <y 5 (6 [OFED/Y = 5 57 |5 [

one has ) o
K
Fecaroy [ [ 500 0 @ drde, (329
h(] HQd h

which multiplied by —a,, vx/2 will be bounded by I” + IT? provided |a,,| is small
enough.

II) The quantity II. Let us turn to /I and decompose it as for I
II =1Iy+IIP + II%,
where
1t Kz — ~ ~
=5 [ [ [ FE=D Dpunts) + Doty
ho 0 I12d

(Xo (6pk)0pk — 2Xa(0pk)) (Wan () + wa,n(y)),
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while

- [ B2 () + Pulon)
(Xa(0pk)3px = 2Xa(0px)) (wan (%) + wan(y)),
and
1 t §7d _
vt /h/O HmKh(a;Ly)(AMPk(pk(x))+Aqu(pk(y)))

(Xa(0pk)0p1 — 2Xa(0pk)) (Wa,n (%) + Wa,n(Y)).-
I1I-1) Term II,. For the term Iy, using Lemma 8.3 in a manner identical to I

1t 7
Kplx —y) — -
s [ [ B R s Do) (0 Gon) o — 2xa(600)) wan ()
hO 0 1124 h
+C (140 [lpell e [Tog hol’,
for some 0 < 6 < 1. Using formula (5.10) or (8.18), one has that
div Uk — aMAHPk(pk) Z Epuk,
and hence since —x,, € +2x, > —C (1 +4) xa
[Ty < C€|lpr]| 5 es [log hol?
1t =
Kp(z - — .
vose [ EHEZD @ i) + a4, Pelp)) Xal98) wan (),
ho Jo J112d
(8.29)
and the first integral will be bounded by II,, /2 for A large enough.

I1-2) Term IIP. The term I1? is controlled by I”: For a > b, by (8.2)
-1

(@™ +07) (=xa(a = b)(a = b) + 2xa(a — b)) = —(a” = b7) Xa(a = b)(a+1D).

Therefore

v ¢ Ky(x —
P <oy [ B0 g g ) 4 ), (830)
0

for some C independent of £ and ~.

I1-3) Term II%. The control on the last term, 1%, requires the use of the penal-
ization II,

1 vt Kp(x — —
IIR—&-iHaS—aMVk/h/O H2dh(hy)(A#pZ(x)—AuKh*pZ(x))

(X;((Spk-)(Spk- - 2Xa(5pk)) wa,h(m)-
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We use the same decomposition of 4, = Lj, + Ry, as for IR

Contribution of the Ry part.
Note that, as xq(¢) < C €7 and |x,| < C (1 +0) |¢[%, for g = (1 4+ £+ ~)/v or
g+ 1+0)/1+L+7)=1

h
(X 5Pk)5pk — 2Xa(6pk)) Wa,n ()

! Kh()
C(+7) ||Pk ||L1+£+'v 3 [ Ri * p(t,.) — Rpx pl(t, .+ 2)|| e

1 t F T — .
— a, Vg / / M(Rh*pZ(x)—Kh*Rh*pZ(l‘))
ho 1124

Now by estimate (8.25), we have that

1 gt "o (a — o
o [ [ [ I R @) - R R )
ho 112d
(X (0pK)0pk — 2Xa(0pk)) Wa,n ()
< C(1+0) [loghol* / ou(t Mt (e )

< C(1+0) [loghol** [lpxll e

(8.31)

Contribution of the Ly part. Similarly as for 17, we symmetrize the weights leading
to the following decomposition

1 gt ol — o
—ay, Vg / / %(Lh*pZ(z)th*Lh*pZ(x))
ho 112d

(X (0pK)0pk — 2Xa(0pk)) Wa,n(2)
= I} + Diff,,

where
o [ (a0 (10) - R ple)
(—Xo(6pk)0pk + 2Xa (Op1)) wy " (),

with still n = 1 — 1/v. The term Diff, is controlled as the term Diff in I'*? using the
regularity of w, 5 and yielding

Diffy < C (1+€) |log ho” [|xll} 175 (8.32)
We handle [ I,f with Holder estimates quite similar to the ones used for the
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term I,ﬂ recalling that L is bounded on any LY space for 1 < g < oo

1 t F w e
< Capneo) [l G0 - B gD e
o J0

h
[y wﬂe(m)HL(Hwe dw
1
w _
SC’auzxk(l—l—E)/ / » ( / z) |pl(x) — K p)(2)|“T do dw
Kn(w) (e+1)%/¢
+Cauvp(1+4) CTh x) [0pk] dz dw.
I

One has immediately that

1 t T
K
[ B e 5 41

1 t T
K
< / / ’;f” Wa () [0pr| 1 7} dar duw
ho JO I12d

as [0pr| < pr. and again ((+ 1)/ =1~
Finally as (+ 1) (y —1) =~

1 t ? w .
LB o) ) R ) e
h() 1124

<7 / / thfw) K (2) wa,n (@) |pp(x) — pr(@ + 2)[T (o (2) + pr(x + 2))7
ho Jo J1sd

<7 / / K};I(Z> wan(2) |pr (@) = pr(@ + )" (pr(2) + pr(e + 2))7,
hD T12d

as K (w) is the only term depending on w and is of integral 1. Therefore

1 t ? P
s Comnn [ [ B @t )
H2

To conclude, we sum all the contributions, more precisely (8.21), (8.26), (8.27),
(8.28), (8.29), (8.30), (8.31), (8.32), and (8.33), to find for some 0 < 6 < 1 and
provided p > v+ 14/

1 T —
/h M(wa,h(x) + Wa,n(Y)) Xa(6pr)(t)

JJmea R

! Kp(x —
</ %ma,h(m) + 00 (9) Xa6p)hmo + € (1+ €) oghol”
ho T124d

K
£ O (40 -C // 1) ) a7,
hg 40O I12d
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This finishes the proof of the lemma: As 1+ ¢ = 7/(y—1) is bounded (we recall
that v > d/2), if a, < C, for C, > 0 well chosen, the last term in the r.h.s. is non
positive. 0

8.6 Conclusion of the proof of Theorem 5.4

We combine Lemmas 8.2 and 8.6 to get the following estimate
L — dh
ST = 000 0) ) )y 5
< C'|log hg|? + initial value,

with 0 < 8 < 1. We now follow the same steps as in the proof of Theorem 5.1 with
the weight wo(t, z) + wo(t,y). We define w,, = {wqn(t, ) < n} and note that

! — dh
Knnla =)o) = [ [ Rlo =) xalp) G
112d ho J1124
1
— dh
- Rle— ) xalopn)
ho TEWS or yEws
1
— dh
+/ / Kn(z = y) xa(9pr) 5~
ho Jx€EwWy, and yEwy,
Now
1
— dh
/ / Kn(z = y) xa(dpr) 5~
ho Jz€ws or yews
1t — dh 0
< p Kn(2 = y)(Wan(@) + wan(y)xa(0pr) 5~ < Cllog hol,
ho J112d

while by point iii) in Prop. 7.2 and using the LP bound on p, for some 6 > 0

1 1
_ dh — dh
[ e pvalo) 5 <2 [ [ Flw =)0l Ig, e, 5
ho JzEw, and yEw, ho J 1124 -

C'|log ho|
|logn|® -

Hence we have

log ho|?~! 1
[ ol = 1) xa 600 < Clog (' = no' + )
112

|logn|®
C[|Kn |l 1
~ |log |log hol|?”

by optimizing in 7 and recalling that ||Kp,||z1 = |log hol.
Using Prop. 4.1 together with Lemma 6.6, one concludes that p; is locally
compact in ¢, . Thus we conclude the proof of Theorem 5.4.
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9 Proof of Theorems 3.1 and 3.2: Approximate se-
quences

In this section, we construct approximate systems that allow to use Theorems 5.1
and 5.4 to prove Theorems 3.1 and 3.2.

9.1 From regularized systems with added viscosity to no vis-
cosity

Our starting point for global existence is the following regularized system

Orpr + div(prug) = apApg,
Or(prug) + div(prur ® ug) — pAug — (A + p)Vdivu, — Ag * ug (9.1)
+VP.(pr) + axVpr - Vup = pi [,

with the fixed initial data
prli=o = 0",  prukle—o = p"u’. (9.2)
The pressure P. satisfies the bound (3.2) with v > 3d/(d + 2) uniformly in ¢, that is
Clp—C<Pp) <Cp +C,

implying that e(p) > C~! p?~! — C. In addition we ask that P. satisfies the quasi-
monotone property (5.8) but possibly depending on ¢, i.e. there exists pg . s.t.

(P.(s)/s) >0 for all s > po..

Similarly A, is assumed to be a given smooth function, possibly depending on & but
such that the operator defined by

D.f=—pAf = A+ p)Vdivf — A« f

satisfies (2.2) and (2.3) uniformly in e.

As usual the equation of continuity is regularized by means of an artificial viscos-
ity term and the momentum balance is replaced by a Faedo-Galerkin approximation
to eventually reduce the problem on X,,, a finite-dimensional vector space of func-
tions.

This approximate system can then be solved by a standard procedure: The ve-
locity u of the approximate momentum equation is looked as a fixed point of a
suitable integral operator. Then given u, the approximate continuity equation is
solved directly by means of the standard theory of linear parabolic equations. This
methodology concerning the compressible Navier—Stokes equations is well explained
and described in the reference books [34], [35], [53]. We omit the rest of this clas-
sical (but tedious) procedure and we assume that we have well posed and smooth
solutions to (9.1).
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We now use the classical energy estimates detailed in subsection 2.1. Note that
they remain the same in spite of the added viscosity in the continuity equation
because in particular of the added term a;Vpy - Vuy in the momentum equation.
Let us summarize the a priori estimates that are obtained

T
sup sup/ (pk [uk|® + p}) dz < oo, sup/ / |V |* dr dt < oo,
ke t Jma ke Jo Jmd

from (2.6); while (2.9) provides

T
sup/ / Pt ) dzdt < oo,
ke JO g

with p = v+ 2v/d — 1 which means p > 2 as v > 3d/(d + 2). Therefore we obtain
(5.4) and (5.5) uniformly in ¢.

From those bounds it is straightforward to deduce that pj us and py, |ug|? belong
to Lg’x for some g > 1, uniformly in k£ and €. Therefore using the continuity equation
in (9.1), we deduce (5.7). Using the momentum equation, we obtain (5.6) but this
bound (and only this bound) is not independent of ¢ because of A..

Finally taking the divergence of the momentum equation and inverting A

(A + 2p) divug, =P-(px) + A~ div (0r(pr ur) + div (pr up @ ug))
— A7 div (pr f 4+ Ac *ug) + AT div (Vg - Vag),

which is exactly (5.2) with px = A + 2 p satisfying (5.3) and compact, while
F, = —A " ldiv (pk f+ A% uk) + OtkA_l div (Vpk . Vuk)

The first term in F}, is also compact in L' since A, is smooth for a fixed . On the
other hand
OzkA_l div (Vg - Vuyg)

converges to 0 in L' since \/a,Vpy, is uniformly bounded in L? and Vuy is as well
in L2. Therefore F}, is compact in L'. We may hence apply point i) of Theorem 5.1
to obtain the compactness of pj in L'. Then extracting converging subsequences,
we can pass to the limit in every term (see subsection 2.2 for instance) and obtain
the existence of weak solutions to

Op + div(pu) =0, 9.3)
O(pu) + div(pu @ u) — pAu — (A + p)Vdive — A. xu + VP.(p) = pf. ’

9.2 General pressure laws: End of proof (Theorem 3.1)

Consider now a nonmonotone pressure P satisfying (3.2) and (3.3). Let us fix ¢y . =
1/e and define

Pe(p) = P(p) if p < Co,e5 P&(p) = P(CO,S) + C(p - CO,&)’Ya if p > Coe-
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Note that P. is Lipschitz, converges uniformly to P on any compact interval. Due
to (3.2) there exists pg . with pg . — +00 as € — 400 such that for p > pg .,

(P.(s)/5)' = (PL(s)s — P(s))/s* > (Cly = 1)(p— 0..)" = Plco.)) /s* > 0.

The approximate pressure P. still satisfies (3.2) with v and due to the previous
inequality it satisfies (5.8) for p > pg . and (5.9) in the following sense: For all s > 0

|Pa/(3)| < ﬁs:y_l]ISSCD,E + C(V - 1)5’7—1}1520016.

As a consequence, we have existence of weak solutions (p, u) to (9.1) for this P.
(assuming A, = 0) for any € > 0. Consider a sequence ¢, — 0 and the corresponding
sequence (pg, ug) of weak solutions to (9.1).

Because the previous a priori estimates were uniform in ¢, (including (5.6) since
A, = 0), then the sequence (px, ug) satisfies all the bounds (5.4), (5.5), (5.6), (5.7)
and (5.9).

Moreover the representation (5.2) still holds with j; = 2u+\, compact in L! and
satisfying (5.3). Finally the exponent p in (5.4) can be chosen up to v+ 2+/d — 1.
Since v > 3d/(d + 2) then p > 2 and since v > (¥ + 1) d/(d 4 2) then one has p > ¥
as well.

Therefore all the assumptions of point ii) of Theorem 5.1 are satisfied and one
has the compactness of p,. Extracting converging subsequences of p, and wug, one
passes to the limit in every term. Note in particular that P., (py) converges in L!
to P(p) by the compactness of pi, the uniform convergence of P;, to P on compact
intervals and by truncating P., (px) for large values of pj since the exponent p in
(5.4) is strictly larger than ~.

This proves the global existence in Theorem 3.1. The regularity of p follows from
Theorem 5.2, which concludes the proof of Theorem 3.1.

9.3 Anisotropic viscosities: End of proof (Theorem 3.2)

For simplicity, we take f = 0. Consider now a “quasi-monotone” pressure P satis-
fying (3.7). Observe that P then automatically satisfies (3.2) since P(0) = 0. To
satisfy (5.8), we have to modify P on an interval (¢g e, +00) with ¢g . — +00 when
€ — +00. More precisely we consider P. as defined in the previous subsection

Pe(p)=P(p) ifp<coe,  Pe(p)=Plooe)+Clp—coe), ifp=coe.
Now given any smooth kernel, for instance K, we define
A x u = div (§A(t) V K. xu).

Because of the smallness assumption on JA(t), the operator D, satisfies (2.2) and
(2.3) uniformly in . Therefore we have existence of global weak solutions to (9.3)
with this choice of P. and A.. We again consider a sequence of such solutions
(pr, ug) corresponding to some sequence € — 0. Because the estimates are uniform
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in e for (9.3), we have again that this sequence satisfies the bounds (5.4), (5.5), (5.7).

We now assume that
1+ L +4/1+ !
d d?

implying that p in (5.4) is strictly larger than 42 /(v — 1). Moreover observe that

S d
779

)

[Aepurllpe g < ClIVurlizz

such that (5.6) is also satisfied.
For simplicity, we assume that A has a vanishing trace (otherwise just add the
corresponding trace to p). Denote a, = 2||6A[|1= /(21 + A) and the operator Ej,

) SA(t) — 0A;;(t) —
Epu = —div (2 Tz VKE*U) = %: 210A] 1~ 0i; K¢, *u.
For a, small enough, A—a,, Ej, is a uniform elliptic operator so that (A—a, Ex)~' A
is bounded on every L? space, uniformly in k. For the same reason, 4, = (A —
ay E))~! E) is bounded on every LP space with norm less than 1 and can be repre-
sented by a convolution with a singular integral.
Taking the divergence of the momentum equation in (9.1), one has

2+ A) (Adivug — a, Ex divu) = A P(py) + div (9, (pr ue) + div (pr w @ ug)).

Just write A P.(px) = (A — ay, Ey) P-(px) + a, By, P-, take the inverse of A —a,, Ej,
to obtain

(20 + X) divu =P(pr) + ay (A — ay, Ex) ™" By, P(pr)
+ (A =y, By) 1 div (8 (px ur) + div (pr up © ),

which is exactly (5.10) with v; = (2 + A)~!. As a consequence, if a,, < C,, which
is implied by ||[0A|| L small enough, then Theorem 5.4 applies and py, is compact.
Passing to the limit again in every term proves Theorem 3.2. Note that P:, (pi)
converges in L' to P(p) for the same reason than in the previous subsection.

The case with D(u) instead of Vu. Let us finish this proof by remarking on the
different structure in the case with symmetric stress tensor div(ADw). In that
case, one cannot find div uy, by taking the divergence of the momentum equation but
instead we have to consider the whole momentum equation. Let us write it as

Euy = VP(pk) + at(pk uk) + div (Pk Uk X uk),
with & the elliptic vector-valued operator
Eu=pAu+ (u+ A Vdivu + div (6A D u).

The operator £ is invertible for § A small enough as one can readily check in Fourier
for instance where —€ becomes a perturbation of i ||? I+ (u+\) ERE. Tts inverse has
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most of the usual properties of inverses of scalar elliptic operator (with the exception
of the maximum principle for instance). Therefore, one may still write

divug = div E7 VP(pg) 4 div £ (8¢ (pr up) + div (pr up @ ug)),

leading to the variant (5.11) of the simpler formula (5.10).

10 Extension to the Navier—Stokes-Fourier system

We present here a direct application of our compactness results to compressible
Navier-Stokes systems with temperature. Those systems are considered to be more
physically realistic. They also offer many examples of non monotone pressure laws
thus being especially relevant to our approach without any thermodynamic stability
assumption.

Our goal is not to give the most optimal result as it is likely that this would
require estimates specifically tailored to the case under consideration, and for the
same reason would require to specifically tailor the compactness Theorem 5.1. But
we believe that the result shown here can provide a good general basis for future
works.

10.1 Model and estimates

The heat-conducting compressible Navier—Stokes equations read

Op + div(pu) =0,
O (pu) + div(pu @ u) —divS + VP(p,¥) = 0, (10.1)
O (pE) + div(puE) + div(P(p, 9)u) = div(Su) + div(k(9)VY),

where E = |u|?/2+e is the total energy with P = P(p,9) and e = e(p, ) respectively
stand for the pressure and the (specific) internal energy. As usual the system is
supplemented with initial conditions.

We denote the stress tensor D = divS and as in the barotropic case, we always
assume that for some function f

/Vu : dew/ﬂ|Vu|2dx.

Instead of the temperature 1, one could also choose as a third unknown the internal
energy (or the entropy as defined below). Some formulas are easier when using the
set of variables (p,?) and some with the set (p,e). For this reason and simplicity
we here follow the classical notations of Thermodynamics for partial derivatives,
denoting for instance 9y f|, if f is the function f(p,¥) and 0.f|, if instead one
considers the composition f(p,Jd(p,e)).

The total mass as well as the total energy of the system are constants of motion

namely
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and
1 1
[ Goolal + petp, 00t do = [ Gooluol? + poc(po. 00) da

From the mathematical viewpoint, the heat-conducting compressible Navier—Stokes
system suffers the deficiency of strong a priori bounds. For instance in comparison
with the previous barotropic Navier—Stokes, the energy bound does not yield any
L?H} bound on the velocity.

In order to be consistent with the second principle of Thermodynamics which
implies the existence of the entropy as a closed differential form in the energy balance,
the following compatibility condition, called ”Maxwell equation” between P and e

has to be satisfied
Oe oP
P=p=| +9=| .
P dp 19+19 a9 lp

The specific entropy s = s(p, 1) is defined up to an additive constant by

Js 1 Oe 83’ _i@i
[ - ,02 o p.

—| === and —

09lp  Y0odlp dp

An other important assumption on the entropy function is made,
the entropy s is a concave function of (p~ !, e).

This property ensures in particular the non negativity of the so-called C, coefficient
given by
_ Oe 1 0251

Co=agl, = "pael, -

If (p,9) are smooth and bounded from below away from zero and if the velocity
field is smooth, then the total energy balance can be replaced by the thermal energy
balance

Cop(849 + u - VI) — div(k(9)VY) = S : Vu — 0%&%

Furthermore, dividing by 9, we arrive at the entropy equation

/<;(19)V19) 1 (10.2)

g :f(ssz

2
: K|V )

O(ps) + div(psu) — div( 3

10.2 The entropy estimate through thermodynamical stabil-
ity

The first difficulty in the Navier-Stokes—Fourier system is to obtain a L? estimate
on Vu, since, contrary to the barotropic case, it does not follow from the dissipation
of energy.
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Instead a first approach is to use the entropy. Coupling the equation on the total
energy and the equation on s, we get

/(%P|u|2 + ple(p, ¥) — 9,s))(t, ) dx + /ot / %(S  Vu 4+ H\V1919|2)

1
= /(5/90|U0|2 + pole(po, Vo) — Vus0)]) dx,

for any constant temperature ¥,. This is exactly the type of modified energy estimate
that we are looking for as it provides a control on k(¥)|VdJ|?/9? and with any
reasonable choice of stress tensor, a control on |Vul|?/¥.

However it is useless unless one can bound

Hy, (p,9) = ple(p, V) — ss].

Observe that (using the mass conservation)

d 3H19 (p*719*)
%/ Ap9) = /Hﬁ 99 (p = ps) = Hy, (pxs 04) |-

Remark that, using the Maxwell equation and the definition of the entropy, we have
OHy, (pa 19) _ P 3e(p, 19) 82H19* (pv 19*) _ lap(pa 19*)
oY 9 09 0p? p  Op
Those estimates were developed in the works by E. FEIREISL and collaborators,
under the assumption of thermodynamic stability

9e(p.9) _ 9P (p, V)
09 ’ Jdp
The meaning of such condition is that both the specific heat at constant volume C,
and the compressibility of the fluid are positive. However as we have already seen,
the latter condition is violated by several physical state law, such as the standard
Van der Waals equation of state.

Under (10.4), one obtains that Hy, is increasing in ¢ for ¢ > ¢, and decreasing
for ¥ < ¥, that is that Hy, has a minimum at ¥ = ¢,. The second part of (10.4)
implies that Hy, is convex in p.

One chooses accordingly p, as the minimum of Hy, (p,9,) and decompose the
quantity linked to Hy(p,) into two parts

OHy, (ps, V)

(10.3)

(0 —7,)

> 0. (10.4)

Hy, (p7 19) - ap (p - P*) — Hy, (P*y 19*)
= [Hy. (p,0) — Hy, (p,0.)] (10.5)
+ [Ho.(p0.) = L) )y (pn00.)] 20

by the thermodynamic stability assumptions on de(p,d)/09 and OP(p,V)/0p. As a
consequence under (10.4), one deduces that

2 2
/ / _ |VU| () H va ) dz dt < constant. (10.6)
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10.3 The pressure laws covered by previous works.

In every previous work, the viscous stress tensor is assumed to be isotropic
S = pu(Vu+ Vul) + Adivuld,

with coefficients u, A either constants or depending only on 9.

1) The pressure law as a perturbation of the barotropic case. It is due to E. FEIREISL
who considered pressure laws under the form

P(p,9) = Pe(p) +IPy(p),

where
P.(0)=0, Plp)>ap” ' —bfor p>0,
P.(p) < agp” + b for all p > 0,
Py(0) =0, Pj(p) >0 for all p >0, (10-7)
Po(p) < (1 + o),
and

v > df2, ﬁ<gf0rd:2, ﬁ:%ford:3

with constants a; > 0, ag, b and P., Py in C[0, +00) NC1(0, +00). In agreement with
Maxwell law and the entropy definition, it implies the following form on the internal
energy

(p0) = [ as+ o),

where Q'(¥) = C,(9) (specific heat at constant volume). The entropy is given by

9
v [ i)

S

*

p
where Sy is the thermal pressure potential given through Sy(p) = / Py(s)/s%ds.

Px
The heat conductivity coefficient x is assumed to satisfy

R1(9% + 1) < k(9) < ka(9* 4+ 1) for all ¥ > 0,

with constants k1 > 0 and o > 2. The thermal energy Q = Q(v) = foﬂ Cy(z)dz

has not yet been determined and is assumed to satisfy fze[o +o0) Cy(z) > 0 and

Cy(¥) < c(14+92/271). Because the energy and pressure satisfy (10.4), the estimate
on Hy gives a control on p” in L>(0,T; L' (2)) and through (10.6) a control on ¥ in
L?(0,T; L%(Q)) in dimension 3 and in L?(0,T; LP(Q)) for all p < 400 in dimension
2.

Because (10.6) does not provide an H! bound on u, E. FEIREISL combines it with
a direct energy estimate (see below). Therefore one obtains the exact equivalent of
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estimates (2.6) in this case. Using similar techniques, one then proves (2.9) for
0 < a < min(1/d,2d/~v — 1). The proof of compactness and existence follows the
main steps shown in subsection 2.2.

2) Pressure laws with large radiative contribution. It is due to E. FEIREISL and
A. NovOTNY who consider pressure laws exhibiting both coercivity of type p? and
¥* for large densities and temperatures namely

P(p,9) =970 DQ(—L )+ %04 witha >0, 7> 3/2,

97G-D)
with
Q€ CH[0,+0)), Q0)=0, Q'(Z)>0forall Z>0,
and 0(2)
A = W >0

In agreement to Maxwell law and the definition of entropy, it implies the following
form on the internal energy and the entropy

1 /G-1) P 94

e(p719): (7_1) p (191/(7_1))—’—0/??

and
4q 93

s(p,9) =S8 (%) + 3?

They impose

1 1Q(2)-Q'(2)Z
v—1 Z

0<-5'(2) = < c< oo forall Z >0,

with limyz_, o S(Z) = 0 so that thermodynamical stability (10.4) holds. Therefore
the energy provides uniform bounds in L{°LL for 9 and p?. One assumes in this
case that the viscosities and heat conductivity satisfy

i, A € CH([0,4+00)) are Lipschitz and (1 +9) < pu(d), 0<AW), po >0,
and
K € C([0, +00), ko(1+ ) < K(¥) < k(1 +9°), 0 < ko < K.

Almost everywhere convergence of the temperature is obtained using the radiation
term. Extra integrability on P(p, ) can be derived just as in the barotropic case.
Finally the same procedure as in the barotropic case is followed to have compactness
on the density, relying heavily on the monotonicity of the pressure OP(p,¥)/dp > 0.
This gives global existence of weak solutions (in a sense that we precise later).

With respect to these previous works, we focus here, as in the barotropic case,

in removing the assumption of monotonicity on the pressure law, which is consistent
with the discussion of such laws in subsection 2.4.
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10.4 The direct entropy estimate

We explain here the general framework for our result on the Navier—-Stokes—Fourier
system. The estimates here closely follow the ones pioneered by P.—L. LiONs, and
E. FEIREISL and A. NOVOTNY; just as in the barotropic case, our contribution is the
new compactness argument not the energy estimates. With respect to the previous
discussion, we only present them here in a more general context as in particular we
will not need the monotonicity of P.

If one removes the monotonicity assumption on P then thermodynamic stability
(10.4) does not hold anymore. Following P.—L. LIONS, it is however possible to
obtain the estimate (10.6) directly by integrating the entropy equation (10.2)

¢ 2 2
[Vl [V
/0 /(u 3 + k() 52 )dmdtSC/ps(t,x) dx.

Therefore the bound (10.6) holds under the general assumption that there exists C
s.t.

s(p,9) < Ce(p,¥). (10.8)
Recall that 0 (Ply B) — 08 Ply. D
e:m(ﬂ)+/ ( (pv )_/219 (p’ ))([)/719)dp/7
p* p
and 5. P
o
8p8 = _7
We also have that 0ys = dye/V, therefore as long as m(d) > 0 with
91
M) o < 01+ m(9)),
9* S

and
—0yP < C(P — 190y P),

for some C > 0 then (10.8) is automatically satisfied and one obtains the bound
(10.6). Moreover if e(1J, p) > p?~1/C then one also has that p € L L). Assuming
now that

k1 (9 +1) < k(9) < ko (W + 1),

with a > 2, one deduces from (10.6) that logd € LZ?H} and 9*/? € L? H} or by

Sobolev embedding ¥ € L L;*/“‘Q/‘”. By a Holder estimate, it is also possible to
obtain a Sobolev-like, LYW 1Pz bound on u

T p1/p2 T 2
[ ([ o) dtg(/ /IWIM)
0 0 19
T p1(2=p2)/(p2(2—p1)) \ (2P1)/2
/ (/19p2/(2”2)da:> dt < 0,
0
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provided that p2/(2 — p2) = a/(1 — 2/d) and p1 /(2 — p1) = @ or

2« B 2ad
l+a T da+r1) -2

p1 = (10.9)

Unfortunately this Sobolev estimate does not allow to derive an equivalent of (2.9).
Instead one requires a L? H} estimate on u (the critical point is in fact the L? with
value in some Sobolev in z). Instead one can easily extend the argument by E.
FEIREISL and A. NovOTNY: For any ¢(p), one can write

L / o(p) + / S:Vu= / (P, p) — & (p) p + 6(p)) divu.

This leads to the assumption that there exists some ¢ s.t.
C™pY = C < 6(p) < Cp" +C,
, 5 5 (10.10)
|P(9,p) — &' (p) p+ d(p)| < C(p + 972 4 pe(&p)),

with

B < % B2 < (10.11)

a
5"
Indeed, with (10.10), one has
T T
/ /S :Vudzdt < E(p°,u°,9°) +C / /(pﬁ1 + 9P 4 pe(ﬁ,p)) |div u| dz dt.
0 0
By (2.2), this leads to

T
/ /|Vu|2dxdt < CE(P°,u’, 9% 4+ C [Vl Lz 0% + 97212, (10.12)
0 T t,x

and the desired H! bound follows from (10.11). It is now possible to follow the same
steps to obtain an equivalent of (2.9) if v > d/2

T
/ / P’ dxdt < O(T, E(p°,u°,9°)), for all a < max (;, %'y — 1) . (10.13)
0 Ja

Note here that the assumptions (10.10)-(10.11) are likely not optimal and will be im-
proved in future works. They nevertheless already cover the two examples presented
above.

10.5 Main result in the heat-conducting case

For convenience, we repeat here all the assumptions presented above and the con-
cluding mathematical result which may be obtained. More precisely, we assume that
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for some C' > 0
P(p,?) such that — 9y P < C(P — 90y P) with C > 0,

P (P(p,0) — 90y P(p', 7)) prt 9
= >
e(p, ) m(ﬂ)—i—/p* 2 dp' > c + Co
IV m’(s)
with m(9) > 0 and ds < C(1+m(0)) < C (149> OFe=D/20+a)y

9* S
k1 (0% +1) <k(W) < ko (9% 4+ 1), u, A constants and o > 2,
Clp" = C<o(p) <Cp' +C,
P(p,0) — ' (p) p + 3(p)] < Cp™ + C 9% + C\/pelp, 0
09 P(p,9)| < Cp™ + Co™

(10.14)
for

2

where we recall that a < max (1/2,2v/d — 1). We also assume that either 9y P(0, )
is strictly convex in ¢ or that the specific heat is positive (as is necessary for the
physics) i.e.
C, = dge(p,¥) >0, Vp, 9, (10.16)
and
|0,P(p,9)| <Cp'~t (10.17)
and that the initial data satisfies
po € LY(T1%), 0y € L (1)

10.18
with pg >0, 9y > 0 in II¢ and/p0:M0>0, ( )
I1d

and

_ 1](pu)ol?
Ey = /Hd(2 P —|—poe(p0,190)) < +o00. (10.19)

Then we can prove the following result

Theorem 10.1 Assume that (10.14)—(10.17) are satisfied and that the initial data
satisfy (10.18) and (10.19). Then there exists
12
p € L>=([0, T), LY(O%) N LY ([0, T] x TI%), Va < max (2 S 1)

we LA([0, T, H' (%) N L>([0, T], L(11%), (10.20)

0 e L2([0, 7], L2/ 1m)), log € L([0, T], H'(1I?)),
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with ¥ > 0 a.a. on (0,T) x 1% that is solution in the sense of distributions to

Op + div(pu) = 0,

10.21
O (pu) + div(pu @ u) — p Au — (A + p)Vdivu + VP(p,d) = 0, ( )

while the equation on the temperature is satisfied in the following sense: In the sense
of distribution, the entropy solves

2
<3 Vu+ |zﬁ| > (10.22)

F(ps(p,9)) + div(p s(p, 9) u) = div <"“(19;V79> %

with 8 = p (Vu + Vu®') + X divuld and recalling that

aP
s(p, V) = — : 7) df +/ -

p*

This is supplemented by the total energy property

Hz _ ow 0,/ 0 90
(- +pelp.0)dr = [ (PS5 + e, 09)dn. (10.23)

and the initial data conditions satisfied by (p, pu, ps) in a weak sense

pli=o = po, puli=o = (pu)o, psli=o+ = pos(po, o).

Remark 10.2 An example of pressure law included in Theorem 10.1 is a perturba-
tion of the truncated virial expansion as described in subsection 2.4

N
P(p,0) =p" +9 > Bu(®)p"
n=0

with v > N. In that case we simply take m(¥) = 0. The coefficients B,, can have
any sign and we only require that

1989 B (9)] + | By (9)] + [0 B (9) — Bu| < C (9727 + 93 (1=2)),

Then choosing ¢(p) = p? + >, - n Bn p", (10.10) together with (10.14) and (10.15)
are satisfied. We will treat more general virial expansions in a future work. Note
for a fized O then P(p,?) is indeed increasing after a critical py which depends on
¥ and can be arbitrarily large where 9 >> 1. This is the reason why P does not
satisfy any of the classical monotonicity assumption such as (3.7) or (5.8) and why
our new approach is needed.

Remark 10.3 The assumption (10.17) is more demanding in the Navier-Stokes-
Fourier setting (though satisfied by the examples given earlier in this section). It
would be more natural to have instead

10,P(p,9) < P(9) p"~*,
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for some unbounded function P of 9. This is possible and require some modifications
in the proof of Theorem 5.1, combined with appropriate estimates on ¥. In general
obtaining more optimal results for the Navier-Stokes-Fourier system seems to depend
on adapting precisely the estimates and Theorem 5.1 to the specific model under
consideration.

Remark 10.4 With appropriate additional growth assumption, it is possible to show
that the combination of (10.22) and (10.23) implies the usual energy equation (and
not just an inequation as (10.22). The reason for the formulation (10.22)-(10.23) is
that it cannot be proved without those additional assumptions. We refer to [34] and
35].

Remark 10.5 In Theorem 10.1, the viscosity coefficients p, A are independent of
the temperature 9. Instead several models use temperature dependent coefficients
w(®), M#). To handle that case, the proof given below would have to be modified;
the compactness of the temperature would have to be established first.

Sketch of the proof. The proof of Theorem 10.1 follows the same steps as the
proof of Theorem 3.1. For this reason we only sketch briefly the points which are
similar and insist more on the differences induced by the presence of the temperature.
The general method is taken from [35] and is adapted to take advantage of our new
compactness estimates.

For simplicity we assume throughout the proof that

1
v < 2+ max (, - - 1) . (10.24)

This assumption is not strictly necessary but removing it would add one or more
additional stage of approximation. We explain in the limit from (10.33) to (10.34)
at the end of the proof which additional steps would be required in the absence of
(10.24).

As usual one starts from an approximate model
Orpr + div(prur) = o Apy,

O (pruk) + div(prur @ ug) — pAu — (A + p)Vdivug, + VP 5(pk, Oi)
+ ay, Vi - Vug, =0,

. L ke (U
O (pk s< (P, Ok)) + div (pr se(pr, D) ug) — div ( ngk) Vi) (10.25)
- 1 . Hs(ﬂk) 2
A P. ;U
012 (s 90) — e, i) — L2V
k Pk

with again Sy = p (Vug + Vul) + Adivuy Id. Note that the last quantity in the
entropy relation comes from the preservation of the total energy and the relation
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between energy and entropy. Remark also that contrary to the barotropic case, we
need here two steps of approximations in the pressure (and hence energy), indexed
by e and 0.

The first level of approximation is obtained by adding a barotropic correction

where the exponent 2 is crucial, i.e. it could not be any other for reasons that will be
clear below. From the approximated pressure, one defines as usual the approximate
energy

P (Ps(p',9) = 009 s (p', V)

/2

dp' = e(p,?) + 6 p?, (10.27)

cslp.0) = m() + [

p* P
and the entropy also has the straightforward expression

9, P Pi(o.0
ss(p, V) = : mT(s) ds — / (%(;)(/,20,) dp’ = s(p, ). (10.28)
o

In the second stage of approximation, indexed by e, we first replace () by
ke (). We assume that k. = k + k. with K. a positive function which vanishes for
2e < ¥ < 1/2¢ and satisfies

—1

Fe(¥) — +ocasd —eoret, / Re(9) d¥ < 0. (10.29)

This is slightly different from [35] but gives similar bounds on the temperature while
being simpler to handle in our case. Then we define P. as an approximate pressure
law of Ps truncated for large densities, namely for p. = ™!, we define

P.(p,9) = P(p,9) if p < pe, P.(p,¥) = P(pe,9) if p > pe. (10.30)

Note that since the temperature will be bounded by (10.29), it is not necessary to
truncate it in (10.30). This leads to

P.5(p,9) = P:(p,9) + 6 p*.
The energy density is still defined from the pressure P 5 or P;,
7 (Pe(p',9) — 909 Pe(p', 9)

/2

dp’,

cclp.0) = m(0) + [

P p
P (Ps(p),9) — 90y P. s(p), 0

ceslpd) =m(o) + [ A0 = B0 (r )
;

(10.31)

dp’ = e<(p,9) + 0 p,

and so is the entropy which is actually independent of § (just as ss is independent
of § in (10.28))

9 / P ’
m'(s Oy P-(p', 9
%ﬁ@ﬁ)=84m0%=/)g)ds—/"9;f)dﬁ. (10.32)
0 p*
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The first step is to pass to the limit o — 0 in the system (10.25) to obtain a
global weak solution to
Oip + div(pu) = 0,
O (pu) + div(pu @ u) — p Au — (A + p)Vdivu + VP 5(p,9) = 0,

0u(ps-(p,9)) + div (ps.(p, 9 u) — div (“Ewﬁ)w) (10.33)
1 _ ke | V|2

Note that the entropy now satisfies only an inequality, however this is supplemented
by the preservation of total energy

Jul? o [’ 0 q0
P\ teslp) ) de= [ p° | = +es(p’, V7)) da.

Let us remark that this identity occurs also for ay, fixed as mentioned in [35]. Then
one considers a sequence €, — 0 and the corresponding sequences py, up, Uy of
solution to (10.33). Passing again to the limit, we obtain global weak solutions to

Op + div(pu) =0,
O(pu) + div(pu @ u) — pAu — (A + p)Vdivu + VPs(p,9) = 0,

O(ps(p,?)) +div(psc(p,¥)u) — div (W) (10.34)
1 _ K |[VO|?
> 3 (S : Vu + 3 > ,

still with the energy equality

/p (|“2|2 +65(p,19)> dx = /,00 (“;'2 +65(,00,190)> dz.

Finally, we take a sequence d; — 0 and obtain global weak solutions as announced
by Theorem 10.1.

The three limits are somewhat similar with slightly different a priori estimates
and in the case of (10.25) to (10.33) additional difficulties in obtaining those a priori
estimates. This limit uses point i) of Theorem 5.1 and the other two point ii). For
this reason, we sketch the limit (10.25) to (10.33) separately and both limits, (10.33)
to (10.34) and (10.34) to (10.21)-(10.22) at the same time.

The limit from (10.25) to (10.33). We use the a priori estimates described above,
in particular in subsection 10.4. The entropy estimate though requires more care
for System (10.25). We emphasize here that most of the complications in this limit
were already present in [35] and are solved here in a very similar manner. The novel
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features of our work are mostly present in the other two limits, from (10.33) to
(10.34) and from (10.34) to the limit system.

However because we handle pressure terms that are more general, we can unfor-
tunately not simply use the result of [35] to skip this first limit. Instead one has to
check carefully that indeed at this level, estimates work the same.

First of all, given assumption (10.29), standard parabolic estimates imply that
any solution to (10.25) is either constant in x or satisfies

e < Oi(t,x) <

™ | =

. (10.35)

871

Remark that since / Re < 00, we do not have strict inequalities in (10.35). In

€
addition, the conservation of energy yields

sup/ pa(t,z) de < oo. (10.36)
t,k J1Id
Observe that
Apk P.s
=k (9 _ _ s
o ( kSe — €g6 o )
. P. 5\ Vi [V pi|?
=div | (¢ —ees— —2)——| +0,P, 10.37
v [( kSe,s — €c8 o ) KN }4- o Le.s or U ( )
Vi - VU
_ (e&-’(g + p6p6575)) %
k

where the functions P 5, ec s and s. are all taken on the points py(t,x), 9k (¢, z).
The identity (10.37) is obtained through the general relations between s, e and P
and in particular

d P 10P
—(Ws—e——)=—-——
8p( p) p Op

and
0 P 1 Oe

€
55 " m etz

Integrating in space and time the entropy equation in (10.25), we therefore get

! 1 ke (Vk) ‘ IV pie|?
— Sk : Vuy, + =2 VY 2>+a//apg
/0 /Hd I ( r F I VOl " Jo Jma " ok

¢ Vi - VU
< Oék/ / (65,5 + Pk 3,;65,5)) % +/ prse(t) — / (prse)(0).
0 Jrd k md md

Therefore for ay, fixed we have extra terms in the right-hand side with respect to the
case of System (10.33) or (10.34) as described in subsection 10.4, namely

(10.38)

Vi - Vi
ap / (66,6 + Pk apee,é)%
I1d k
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and an additional term on the left-hand side

v 2
Oék/ 8pPE,5 | £k| .
Id k

On the other hand by the bounds (10.35) on 9% and the truncation in P. imply that
s¢ is bounded by some constant depending on €, hence trivially in that case

/ pr Se(pr, Or) de < C-.
Hd

From the definition (10.30) of P. and the definition of P. s, we obtain that there
exists pe s.t.

0,P:5(p,0) > dp, Vp>pe, Ve<O(tz) < (10.39)

m\»—

From the bounds (10.35) on ¥y, we obtain that P, , satisfies the monotonicity as-
sumption (5.8) and moreover

Vorl? 2 2
ap [ 0pP-k g 2 de | pr|Vpr|” = Cay, IVpr|.
md k Pr<Pe

On the other hand, the energy bound (10.36) implies that [ pi log py is uniformly
bounded. The continuity equation then shows that

2
// |V"’k| dz dt<0+/ / pie |div g | da dt
II1d II1d

T S v 1/2
<C+C€</ ’“'“’“dxdt> :
o Jme Uk

by using that py is uniformly in L? again from (10.36). Therefore we obtain the

straightforward estimate
ak// 3Pek >Oé 56// i [V pr?
. 1/2
—C—C(E(// Sk.Vuk)
o Jue g

Turning to the last term in the entropy estimate, we first observe that

(10.40)

€es + Pk 8p66,5 =e: + pk apee

because the barotropic part, § p, in ec 5 (see (10.31)) cancels. This is the reason why
the barotropic part in P has to be exactly p?; with any other exponent, we would not
have the above cancellation (see again the book by E. FEIREISL and A. NOVOTNY
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[35] where it has first been observed). Remarking that e. and pd,e. are bounded
still from the truncation of P., one obtains that

Vi - Vi
Oék/ (66,5 =+ Pk apee,é)%
I1d k
< ag CE/ Vg - VI (10.41)
e
de 9 )
< - Vi + Ce5 ag |VIk|?.
I1d 11é

Combining (10.40)-(10.41) with (10.38) concludes the bound on the entropy for ay
small enough. Let us note for later that this bound also implies that d;(px se(pk, Vx))
is bounded in L; W, ! uniformly in .

The rest of the a priori estimates described in subsection 10.4 follow in a straight-
forward manner. We hence summarize the uniforms bound here

1
sup/ (pi+pk\uk|2+19zﬂ) dx < oo, e <V < —,
t,k JI1d €

T
1 4

Sup/ / (pi—mg + |Vug[?) dzdt < oo, Vas < max <’ == 1) )

R 2 d (10.42)

T
sup/ / (\Vﬁg/2|2 + |V10g19k|2> dz dt < oo,
k Jo Jme

Sl}ip Hat(ﬂk Ss(ﬂkaﬁk))”L%WI—m < Q.

Combining those bounds with the continuity and momentum equations shows that
(5.4), (5.5), (5.6), and (5.7) are satisfied. The pressure law also satisfies (5.8). More-
over taking the divergence of the momentum equation in (10.25) and inverting the
Laplacian, one obtains

(A +2p) divug =P, (pr, 91) + A7 div (0;(pr ug) + div (pr up © uy))
+ o, A7V (Vpy, - Vag).

This is exactly the identity (5.2) with Py(p,t,2) = P: 5(p, Vk(t,x)) and pp = A +2p
which satisfies (5.3). Observe that as a consequence

| Pi(pt,2) = Prlp: t,y)] < 109 Pz 5(p; s)| [9(8, ) = O(¢, ).

max
s€[V(t,2), Ii(t,y)]
Since ¥ belongs uniformly to an appropriate Sobolev space, that means that the
estimate (5.3) is also satisfied. We may hence apply the variant of Theorem 5.1-point
i, described in the remark 5.3. This yields the compactness of pj in L'.

Since uy, € L?H], we get the compactness on VP Uk in L?L2 from the momentum
equation. The passage to the limit in the continuity equation is therefore as usual.
We also have compactness in space for u and ¥ respectively from the viscosity and
conductivity.
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The next step is to obtain the compactness of the temperature. If there is a
radiative part in P, that is if 9y P(0,?) is non vanishing and convex, then it is possible
to obtain directly the compactness of ¥y through standard diffusion estimates on the
entropy equation. Otherwise it relies in a delicate manner on the entropy inequation
in (10.33) but follows the now classical approach and for this reason we only sketch
the procedure:

e Observe that py s-(pr,Jx) in some LY = with p > 1 from (10.42) and the fact

t,x
that s. is bounded.
e Observe that (9;(pk se(pr, V%)) is uniformly in LiW,_ 11, again from (10.42).

e Obtain the a.e. convergence of py s.(px, ¥ )(t, ). From the first point and the
compactness in space of 95 and py, we deduce that px se(pk, %) is compact in
space. From the second point, we deduce that it is compact in time. There-
fore after extraction py sq(pr, k) converges strongly in Lt{r and after possibly
further extraction, one has that there exists (¢, z) s.t.

Pkt x) sc(pr(t, x), 9 (t,x)) — U(t,x), for a.e.t, x.

e Obtain the p a.e. convergence of Jx(t, z). Extracting again, we have from the
compactness of pg(t, z), that pg(t,z) converges a.e. to p(t,z). This shows that
I(t,x) = p(t,x)I(t,z) and moreover that for a.e. t, = s.t. p(t,z) # 0, one has
that s.(p(t, z), 95 (t, ) converges to I(t,z). By the assumption on the specific
heat (10.16), s. is invertible in ¥ (P- and so s is not truncated in ¢ only in

p). Therefore this implies that ¥4 (¢, z) converges also p a.e.

e The dominated convergence theorem then implies that any function F(pg, Jk),
with F' smooth and F(0,9) = 0, converges to F(p,?).

This allows us to pass to the limit in every term of the momentum equation, including
the barotropic term & p7 using the extra-integrability py € L*T% in (10.42). We can
also simply pass to the limit in the entropy s.(pg, Ok )-

Define &. by k. = k.. By (10.29), we know that &. () is bounded on [¢, £ }].
This lets us pass to the limit in k. (9x) VI = VR (k).

But it is not possible to pass to the limit in the r.h.s. of the entropy equation
(10.25)3. For instance the r.h.s. contains y |Vuy|? which does not in general converge
to u|Vul|?, as this would require the compactness of Vuy in L?. Instead one uses
convexity to prove that

.1 Ke |V |2 1 ke |VI)?
_1 JR— : —_— > — N e— .
w — lim o (Sk Vug + o 25 S:Vu+ 3

This leads to the inequality in the entropy equation in (10.33)s5. Note we can also
write an equality with a positive (and a priori unknown) measure. But it still remains
to pass to the limit in

Apk; P€§
ap — (U se —ecs — —— | .
Vg ’ Pk
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By relation (10.37), the bounds on s, e. s, P- s and the a priori estimates in (10.42),
this term will converge to 0 if we can prove that

T 2
Qay / / M dx dt — 0.
o Jd Pk

On the other hand from the continuity equation, one has that

t
/ pr log pi(t, x) dz —/ pY log pl(z) dx —|—/ / pr divuy dz dt
I e 0 Jme

2
= —ay, // |V”’“| dz dt.
I1d

By the compactness of pg, we can pass to the limit in every term in the Lh.s. so

¢
/plogp(t,x)dxf/ pologpo(x)dx+// pdivudz dt
el md 0 Jma
2
= — lim o / / |Vpk| dz dt.
I1d

On the other hand, p solves the contlnulty equation without any diffusion and since
it belongs to L? by (10.42), one also has that

t
/ plogp(t,x)da:—/ X logpo(:n)dx—l—/ / pdivudz dt =0,
I I 0 Ji

which has for consequence the required property

2
hmak/ / |ka| drdt =
II1d

We again refer to [34, 35] for the details of the procedure. Finally we conclude the
proof of this limit by noticing that we may pass to the strong limit in all the terms
of the energy conservation. Therefore we indeed obtain the equality in (10.23).

The limits (10.33) to (10.34) and (10.34) to the final system. First we consider a
sequence ¢ — 0 and corresponding sequences of solutions pg, ug, 9 to (10.33).
Some of the a priori estimates for this sequence of solutions to (10.33) are obtained
by simply keeping only the estimates in (10.42) uniform in e. The others, such as the
entropy estimate, have to be derived again. But one proceeds exactly as described
in subsection 10.4, leading to

sup/ (p% + pre [ug|* +977) dx < oo,

1 4
e—=0 / / P + |Vug|?) dadt < oo, Vas < max <2, dl),
0

T

sup / |V19a/2|2+ |V log | > dr dt < oo.
o Jme

(10.43)
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Similarly for (10.34), we obtain
Sup/d (o} + pr g |2 +9)7) da < o0,
I

tk
r N 1 2
d—0 Sup/ / (P + |Vug|?) dzdt < oo, Va < max (, 'y—l),
k Jo Jmd 2 d

T
sup/ / <|V19?/2|2 + |Vlog19k\2> dx dt < 0.
k Jo o Jme

(10.44)
The bounds (10.44) will of course imply (10.20) after passage to the limit.

As before combining those bounds with the continuity and momentum equations
shows that (5.4), (5.5), (5.6), and (5.7) are satisfied with p = 2 + a5 for System
(10.33) and p = v + a for System (10.34). In particular remark here that from
(10.17) we have the bound P < C p” and hence the uniform bound P. < C p” which
is controlled by the a priori estimates (10.43) provided v < 2+ as; this is exactly the
assumption (10.24).

By (10.17), the pressure law satisfies (5.9) for both limits with ¥ = max(y, 2).
We can again apply Theorem 5.1, point ii in this case, through the variant 5.3. We
again need that p > 4 that is assumption (10.24).

Therefore we obtain the compactness of p; and from the momentum equation,
the compactness of |/py uy. As in the limit of (10.25) to (10.33), the next step is
to obtain the compactness of ¥,. We follow the same procedure which however now
requires more work on the first two points:

e Bound py. sc,, (pk, Ux) or pr 5(pr,¥x) uniformly in some L}, with p > 1. This
is not immediate anymore since s is not bounded and s., is not uniformly
bounded. One uses the expression of the entropy in (10.32) and the bounds on

|0y P| and m in (10.14) to find
Pk 52, (prs Ok) < C (p + 00 + py9°0 e D/ Ok, (10.45)

and similarly for p; s. Then the a priori estimates on p, € LYT® or pj, € L2tT%
and ¥y € L', N Ly L7° are enough provided B3 <y+a and 83 < aor 8 < yy;
both are ensured by the stronger condition in (10.15).

e Bound (0 (px se, (P, %))+, (Or(pr s(pr,9%)))+ uniformly in LW, 1. This
now also requires additional work. One uses the entropy inequation in (10.33).
The right—hand side is bounded in L;m (just by the entropy dissipation) and
thus one only has to bound pgse, ur in L%,r For instance

T T 9 1
[ odrws [ ] ot oo,
0 14 0 4

which is bounded provided 283 —1 < v4a and 2 83 — 1 < 2+ as leading to the
assumption on f3 in (10.15). As for fﬂf“ ug, we have by Sobolev embedding

that uy, € L2L?¥(@=2) and therefore need that 9{* € L2L2¥/(4+2)_ Given that
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U € L, N L LY?, this is ensured by the condition on 84 (note that the

condition could in fact be improved by using that ¥y € L?Lg/ (1=2/ d)). The
last term is treated in a similar manner.

To conclude to pass to the limit in every term of the momentum equation, we use
the integrability properties on pg, ¥ (10.14)4, (10.14)5 and (10.14)g to provide an
LY L? integrability with p > 1 of the pressure. Note that from the previous analysis
either P(0,9) = 0 and we may use the last point above to pass to the limit in any
truncation of P s(pk, k) or Ps(pk,Vk); or if P(0,9) # 0 then we have compactness
on the whole sequence 9 and not only far from the vacuum. We also point out
that the truncature of the pressure P. 5 or Ps again require assumptions (10.24) or
(10.15)

Finally the passage to the limit in the entropy inequation is handled exactly as
for the limit of System (10.25) to (10.33); it is even simpler in fact as the term in oy
is not present.

Let us briefly come back to the assumption (10.24). As seen above, it is used
to control the pressure term in the limit from System (10.33) to (10.34) when the
uniform bound on p; € L?t% is only provided by the added barotropic term & p2.

If (10.24) does not hold, the simplest (if tedious) way to solve the problem is
limit to add intermediary steps with barotropic corrections §, p™ one after the
other. Since there is always a gain of integrability, it is possible to choose the v,
increasing simply ensuring that

1 2
Yn+1 < Y + Mmax (27 g% - 1> .
Once 7, is large enough so that
1 2
’7<’7n+max 57&7774_1 )
one can derive the limit system. The passage to the limit in each intermediary step
is handled exactly as above.

11 Models occurring in other contexts

Macroscopic models in various biological settings involve a density p that is trans-
ported by a velocity vector field v with source term, such as

Ip + div(pu) = pG(P(p), c)

for some functions G and P. The function G may include birth and death terms and
it could also depend on other quantities such as nutrients concentration denoted ¢, for
example Oxygen in cancer modeling. This concentration is typically governed by a
parabolic equation with right—hand side modeling the consumption of the resource(s)

B — Ac = —p H(P(p), ) (11.1)
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with
opH <0, 0.H >0, H(P,0) =0.

The velocity field is described through a constitutive law for instance
—VvAY + ¥ = P(p) — S, u=-VV¥ (11.2)

where S is a given source term.

There have been several studies of such systems with applications to crowd mo-
tion, traffic jams, cancerology using specific reformulations: gradient flow or kinetic
descriptions and appropriate choices for f and G.

For instance the special case ¢ = 0, @ = 0, G = 0 has been studied by B. MAURY,
A. ROUDNEFF—CHUPIN and F. SANTAMBROGIO (see [52]) through the framework of
optimal transportation reformulating the problem as a gradient flow in the Wasser-
stein space of measures. Other examples concern the reformulation through a ki-
netic formulation. For instance, very recently, B. PERTHAME and N. VAUCHELET
(see [55]) have studied the case ¢ = 0 in the whole space with the pressure law
P(p) = (y+1)p? /vy with v > 1, G satisfying

G € CY(R), G'()<-n<0, G(Pp) = 0 for some Py >0

and a,v > 0.

The main result of this last paper is the ”stiff pressure law” limit, namely the limit
v — 400, leading to a free boundary model which generalizes the classical Hele-Shaw
equation. Such kind of limit has also been performed for the compressible Navier—
Stokes equations by P.—L. LioNs and N. MAsMouUDI (see [50]) with P(p) = ap?
with G = 0.

Recently C. PERRIN and E. ZATORSKA (see [54]) have studied the singular limit
¢ — 0 for a singular pressure law P(p) = £p” /(1 — p)? with , 3 > 3. The advantage
of such pressure law is that 0 < p < 1 for a fixed € which is important for some
applications as mentioned by B. MAURY in his review paper [51].

Pressure laws which blows-up for a critical density are of course the exact analo-
gous of the Van der Waals equation of state for compressible fluid dynamics. They
are also encountered in other setting such as crowd motion, granular flow, sedimen-
tation problems.

An other possibility to describe the velocity field is to consider the Brinkman
equation instead of Eq. (11.2), namely

—vAu+au+ VP(p) =5,
or with a Stokes viscosity term
—vAu — (A +v)Vdivu+ au + VP(p) = S.

This type of correction accounts for flow through medium where the grains of the
media are porous themselves and has been justified in [2]. If the velocity is ir-
rotational then this model is exactly reduced to Eq. (11.2). Note however that
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viscoelastic models for tumor growth may allow for instance to observe a lemon-like
shape tumor, whereas with a Newtonian model an ovoid is obtained. Even limited,
this difference can eventually lead to bigger ones as the outer rim is composed of
proliferating cells with exponential growth. The kind of shape obtained for instance
in [14] is observed in in-vitro experiments.

What our method can bring:

We do not try to state a theorem here given the large variety of possible models.
Instead we give a few elements for which the method introduced here could prove
crucial

e More complex pressure laws, attractive and repulsive, could be considered. This
would be the exact equivalent of Theorem 3.1. Note that biological systems
frequently exhibit preferred ranged of densities for instance with attractive
interactions for low densities and repulsive at higher ones.

e More importantly the transition from attractive to repulsive interactions may
depend on the concentration ¢ of nutrients or other bio-chemicals. This is
similar to the dependence on the temperature in the state laws for the Navier-
Stokes-Fourier system. For example if the pressure blows-up at some thresh-
olds, enforcing a maximal density, then this threshold and the maximal density
will depend in general on ¢. Because ¢ is not necessarily uniformly bounded,
the range of attractive interactions (where G(P(p), ¢) is decreasing in p) is not
compactly supported and classical approaches may fail.

e There can be several nutrients or bio-chemicals. That means that in general
one has several ¢1, co, ... with several equations (11.1) (or a vector-valued one
if the diffusion speeds are the same). If chemotaxis is considered, some of those
bio-chemicals may be attractive while other are repulsive. This may lead to a
complicated pattern of interactions which again cannot be handled by classical
approaches.

e Many of this models are posed in porous media which are inherently anisotropic.
In biology for instance the tissue or the porous matrix is heterogeneous. There-
fore the equation for u should read

—div(A(t,z)D(u)) + a(t,x)u+ VP(p) = S

for some A and « and with in general a non-monotone pressure law. Our new
approach could for instance help to enrich the model mathematically studied
recently in [28].

12 Appendix: Notations

For the reader convenience, we repeat and summarize here some of our main nota-
tions.

Physical quantities.
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p(t,x), or pi(t,x) denotes the density of the fluid.

u(t, x), or ug(t,z) denotes the velocity field of the fluid.

P(.), or Pg(.) denotes the pressure law.

e(p) is the internal energy density.

In the barotropic case, e(p) = fppmf P(s)/s%ds.

E(p,u) = [ p(|u|*>/2+ e(p)) is the total energy of the fluid.

u, A and py denote various viscosity coefficients or combination thereof.

S denotes the viscous stress tensor.
In the simplest isotropic case: S = 2uD(u) + Adiv uld.

D is the diffusion term related to the viscous stress tensor by Du = div S.

In the Navier—Stokes—Fourier case:
we have the additional notations, appearing only in section 10.

I(t, z) is the temperature field of the fluid.
s(p, 1) is the entropy of the fluid.

k(1) is the heat conductivity coefficient.
C, is the specific heat of the fluid.

Technical notations.

d is the dimension of space.
k as an index always denotes the index of a sequence.

h and hq are scaling parameters used to measure oscillations of certain quan-
tities such as the density.

K}, is a convolution kernel on I1%,
Kp(z) = (h+ |z])~® for £ small enough and with a > d.

Ky, is equal to K, /|| Kp| :-

Kry = fhlo Ky (z) 92 is the weighted average of Kj,. Note that |||z ~ |log hg|-
wy, wy and w, are the weights and w; , = K, x w; their regularization with
1=0,1,a.

C is a constant whose exact value may change from one line to another but
which is always independent of k&, h or other scaling parameters.

e(h) is a smooth function with £(0) = 0.
0 is an exponent whose exact value may change as for C but in (0, 1).
The exponent p is most of the time such that p € Lfm

q and 7 are other exponents for LP type spaces that are used when needed.

109



e [ II,...and A, B, D, E... are notations for some intermediary quantities
used in the proofs. Their definitions may change from one proof to another.

e ., y, w, z are typically variables of integration over the space domain.
o dpi(z,y) = pr(x) — pr(y) the difference of densities.

o pi(x,y) = pr(z) + pr(y) the sum of densities.

o D puy, = A~tdiv (9¢(pr ur) + div (pr ur ® ug)) denotes the effective flux.
e The individual weights w(t,z) = wo, w1, w, satisfy Eq. (7.2) or

Oiw + ug - Vw = —Dw + ag A,w,
where D = Dy, Dy, D, are the penalizations in (7.3), (7.4), (7.5).

o The weights wg or w, may be convolved to give wy, = Kpxw, Wa b = Kpxw,.

e The weights are then added or multiplied to obtain the composed W (t, z,y) =
Wo, Wl, Wg, Wa with

Wo = wo(z) +wo(y), Wi=wi(x)+wi(y),
Wo = wi(z)wi(y), Wa=we(x)+ wa(y).

The main properties of the weights are given in Prop. 7.2.

13 Appendix: Besov spaces and Littlewood-Paley
decomposition

We only recall some basic definitions and properties of Besov spaces for use in Lemma
6.3. We start with the classical Littlewood-Paley decomposition and refer to the
readers for instance to [6], [1] and [8] for details and applications to fluid mechanic.
Choose any family ¥;, € S(II9) s.t.

e Its Fourier transform Uy is positive and compactly supported in the annulus
{2"1 < fg < 2¢1}

e It leads to a decomposition of the identity in the sense that there exists ® with
¢ compactly supported in {|¢| < 2} s.t. for any &

1= 3() + 3 U(e).

k>1
e The family is localized in II¢ in the sense that for all s > 0

sup || ¥l < oo, sup2k® / [2]° | Uk(2)| dz < o0.
k k e
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Note that in R?, one usually takes Uy (z) = 289 ¥(2¥ z) but in the torus, it can be
advantageous to use a more general family. It is still necessary to take it smooth
enough for the third assumption to be satisfied (it is for instance the difference
between the Dirichlet and Fejer kernels).

For simplicity, we then denote ¥y = & for k¥ = 0 and for k > 1, Ui(x) =
2k g (27% ). For any f € S'(R?Y), we also write fp = Wy * f and then obtain the
decomposition

F=> "t (13.1)
k=0

From this decomposition one may easily define the Besov spaces

Definition 13.1 The Besov space Bj , is the space of all f € Lj,, N S'(RY) for
which

I1FllBs,, = 112" Il full 2

) 1/q
= (ZQSkqlfk”%g> < 0.
k=0

The main properties of the Littlewood-Paley decomposition that we use in this article
can be summarized as

Proposition 13.2 For any 1 < p < oo and any s, there exists C > 0 s.t. for any
ferL, NS (RY

loc

2sk:
e I fillze <IA2 fillLe < C2°% || fill Lo,
. 1/2 o 1/2
c! (Z?“SW) </ flws» <C (Z‘f’”ml?)
k=0 k=0

Lp Lp

And as a consequence for 1 <p <2

O~ s, < Ifllwesr < Cflls;,.

p,2 —

In particular a consequence of Prop. 13.2 is the following bound on truncated Besov
norm

Lemma 13.3 For any 1 < p < 2, there ezists C > 0 s.t. for any f € L}, NS’ (R?)
and any K € N
K

Y2 il < CVE | fllwes

k=0
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Proof By a simple Cauchy-Schwartz estimate

K [e’s) 1/2
> 2k fill e < VE (ZW |fk||ig> = VK ||fll5; ,,

k=0 k=0
which concludes by Prop. 13.2. a
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