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Abstract

We consider a kinetic-fluid model with random initial inputs which describes disperse
two-phase flows. In the light particle regime, using energy estimates, we prove the uni-
form regularity in the random space of the model for random initial data near the global
equilibrium in some suitable Sobolev spaces, with the randomness in the initial particle dis-
tribution and fluid velocity. By hypocoercivity arguments, we prove that the energy decays
exponentially in time, which means that the long time behavior of the solution is insensi-
tive to such randomness in the initial data. Then we consider the generalized polynomial
chaos stochastic Galerkin method (gPC-sG) for the same model. For initial data near the
global equilibrium and smooth enough in the physical and random spaces, we prove that
the gPC-sG method has spectral accuracy, uniformly in time and the Knudsen number, and

the error decays exponentially in time.

1 Introduction

In this paper we consider a kinetic-fluid model for disperse two-phase flows, known as the
Navier-Stokes-Vlasov-Fokker-Planck system, first proposed in [10, 11]. Similar two-phase flow
models appear in combustion theory [8, 5, 29], the dynamic of sprays [27, 15, 14] and granular
flow [1, 7], to name a few. The model we consider describes a mixture of two types of material,
called the primary phase and the secondary phase. They are assumed to satisfy the following

physical assumptions:

1. The primary phase is liquid or dilute gas, and therefore modeled by the incompressible

Navier-Stokes equations.
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2. The secondary phase is small particles (or droplets, bubbles), scattered in the fluid, and it

is modeled by a kinetic equation.

3. The interaction between the two phases is assumed to be the Stokes drag force, i.e., a

particle is subject to a force proportional to the relative velocity between it and the fluid.
4. The particles are assumed to be subject to the Brownian motions.

There are two scalings that are physically important: one is the light particle regime [10], which
assumes:

1. The velocity of the fluid is small compared to the typical molecular velocity of the particles.
2. The particles are light, and thus its effect on the fluid is small.
3. The relaxation time is much smaller than the typical time scale.
Another one is the fine particle regime [11], which assumes:
1. The particle size is small compared to the typical length scale.
2. The density of the fluid and particles are of the same order.
3. The relaxation time is much smaller than the typical time scale.

In this paper we focus on the light particle regime. For simplicity the space is taken as T3 =

[, 71]® with periodic boundary condition. The equations for the model are given by

1
ut+u~qu+prfA$u:7/(v76u)de,
€

Ve -u=0, (1.1)
1 1
F, + v V. F = ?v” (VuoF + (v—eu)F),

with initial data
uli—o =uo, Vaz-up=0, Fl—o = Fp, (1.2)

where ¢t € RT is the time variable, z € T? is the space variable, and v € R3 is the velocity variable.
u = u(t,x) is the velocity field of the fluid, and F' = F(¢,z,v) is the distribution function of
the particles. € is the Knudsen number, which satisfies 0 < ¢ < 1. ¢ = O(1) corresponds to the
kinetic regime, while € — 0 corresponds to the fluid regime.

This system satisfies the following conservation properties:

Mass conservation: % //de dz =0,

d
Momentum conservation: U (/udx + e//vF dv dx) =0,

2
Energy /Entropy dissipation: — </ [ul dx —|—// (Fln F—I—— )dvdx)

1 —V)F — UFQ
—2//|(6u U)F v |dvdx+/|vxu|2dx:0.

(1.3)




As e — 0, it is shown in [10] that (1.1) has a hydrodynamic limit

U +u-Veu+ Vep — Agu =0,
V. u=0, (1.4)
Op+ V- (up—Vygp) =0,

with p(z) = [ F(z,v)dv being the particle density, which is self-consistent Navier-Stokes equa-
tions for u, and a convection-diffusion equation for p with drift velocity w.

Goudon et al. [9] proved the first existence result of (1.1), in the case of kinetic regime
(e = O(1)) and initial data near the global equilibrium, which means that F' is close enough to

the global Maxwellian

1 i
u(v):me vI*/2, (1.5)

and u is close to 0, in some suitable Sobolev spaces. In fact their method also works for small e.
They first write

F=p+/uf. (1.6)
Then (1.1) becomes the following system for (u, f):

1
ut—i—u.VgEu—l-VIp—Agju—i—u—l—/\/ﬁufdv—E/U\/ﬁfdvzo,

—* 3
( 1 +2+Ap)f,

1 1 v 1 1
ftJrEU'meJrE(Vv*i)(Uf)*EU'U H*g

with initial data

U|t:0 = Uuo, f|t:0 = f0~ (1~8)

They assume that (ug, fo), the perturbation of initial data, satisfies the conditions

/Uo dzr + //U\/ﬁfo dvdx = 0, Vz cUg = 0, (19)

//ﬁfodvdxzo, (1.10)

which mean that the perturbation does not affect the total momentum and mass, and the
perturbation of the fluid velocity is divergence-free. Then, combining with a relation for the

mean fluid velocity

u(t) = ﬁ/u(t,x) dz, (1.11)

12,5+212+‘T—13|//\/ﬁ(uf)dvdx=0, (1.12)

which is a consequence of (1.9), using energy estimates, they proved the decay of an energy
functional, defined as the summation of some suitable Sobolev norms, under the assumption
that it is small enough initially. Then, by using hypocoercivity arguments, they proved that the
L? norms of u and f decay exponentially in time, under some smoothness assumptions.

On the numerical aspect, an Asymptotic-Preserving (AP) scheme was developed by Goudon
et al. [12] for the model with the fine particle regime. The AP property, first introduced by Jin [16]



for time-dependent kinetic problems, means that a numerical scheme for a kinetic model, as the
Knudsen number € goes to zero, automatically becomes a numerical scheme for the hydrodynamic
limit of the kinetic model, with a numerical stability independent of . The AP property enables
one to capture the hydrodynamic limit without resolving the small Knudsen number. Simply
speaking, the AP scheme for this model uses a combination of the projection method for the
Navier-Stokes equations and an implicit treatment of the stiff Fokker-Planck operator.

Most of the works on kinetic-fluid two-phase flow models are deterministic. However, there
are many sources of uncertainties in these models. For example, the initial data and boundary
data usually come from experiments, and thus have measurement error. Uncertainty could also
arise from the modeling of drag forces, particle diffusions, etc. It is important to quantify these
uncertainties, because such quantification can help us understand how the uncertainties affect
the solution, and therefore make reliable predictions.

For simplicity, for the model (1.1) we only consider the uncertainty from initial data. To
model the uncertainty, we use the same equations, but let the functions v = u(t,z,z) and
F = F(t,z,v,z) depend on a random variable z, which lives in the random space I, with
probability distribution w(z)dz. Then the uncertainty from initial data is described by letting
the initial data ug and Fy depend on z.

We summarize some popular numerical methods for uncertainty quantification (UQ) [6, 13,
24, 30, 31]: the first one is Monte-Carlo (MC) methods [25], which take random samples in I,
solve the deterministic problem on these samples, and then get the statistical moments by taking
the average on these samples. MC methods are half-order accurate for any dimensional random
spaces, and thus they are not accurate enough for low dimensional random spaces, but very
efficient for high-dimensional random spaces. The second method is stochastic collocation (sC)
methods [2, 4, 26, 32], which take sample points on a well-designed grid (quadrature points, sparse
grids, or by some optimization procedure), compute the deterministic solutions on the samples,
and then reconstruct the solution in the whole random domain by some interpolation rules. SC
methods can achieve good accuracy in low dimensional random spaces, but the efficiency drops
as the dimension becomes high. The third method is stochastic Galerkin (sG) methods [4, 3,
33], which takes an orthonormal basis in the random domain, approximate the functions by a
truncated Fourier series, and then obtain a deterministic system of equations on the Fourier
coefficients via the Galerkin projection. SG methods are as accurate as sC methods for low
dimensional random spaces, and behave better than sC for moderately high dimensional random
spaces if one wants to achieve high accuracy [4].

For sG methods for kinetic equations with a hydrodynamic limit, it is important to have a
property called ’stochastic asymptotic-preserving’ (s-AP), first proposed by Jin et al. [21]. The
s-AP property means that as the small parameter € goes to zero, the sG method for the kinetic
equation automatically becomes an sG method for the limiting hydrodynamic system. Similar
to the AP property, the s-AP property enables one to choose all numerical parameters, including
the number of basis functions K in polynomial chaos approximations, independent of €. In [19]
the authors proposed an s-AP method for the model with the fine particle regime. We followed
the idea of the AP scheme in [12], and overcame the difficulty of the implicit treatment of the
vectorized Fokker-Planck operator by proving a structure theorem of this operator.

In order to analyze the accuracy of the sC and sG methods, it is very important to analyze

the regularity of the exact solution in the random space. In fact, in order to achieve a high



accuracy order for the interpolations in sC, and the truncated series approximations in sG, one
usually needs such regularity. For the sG methods, it is not straightforward to prove accuracy
from the z-regularity, due to the Galerkin projection error. Instead, one has to derive the
evolution equations for the error, and then conduct estimates based on the z-regularity of the
exact solution. Recently there have been several attempts to prove the uniform-in-e¢ random
space regularity for kinetic equations, including Jin et al. [17] for linear transport equations,
Jin-Zhu [20] for the Vlasov-Poisson-Fokker-Planck equation, Jin-Liu [18] and Liu [23] for the
linear semiconductor Boltzmann equation, and Li-Wang [22] for general linear kinetic equations
that conserve mass. [17, 18, 23] also proves the spectral accuracy for the sG method.

In this paper, we first analyze the z-regularity of (1.7) for random initial data near the global
equilibrium in some suitable Sobolev spaces (with derivatives with respect to x and z). We use
energy estimates and hypocoercivity arguments similar to [9] on the z-derivatives of v and f.
Our result implies that for near equilibrium initial data with regular dependence on x and z, the
solution depends regularly on z for all time, and is insensitive to random perturbations on the
initial data for large time. Then for the sG method, we consider the most popular choice of basis
functions, the generalized polynomial chaos (gPC) [33], i.e., the orthonormal polynomials with
respect to 7(z) dz. We write the equations for the gPC coefficients and do energy estimates, in
which we manage to make this estimate independent of K, the number of basis functions. This
difficulty will be explained in detail in the next paragraph. Finally we write the equations for
the error of the gPC-sG method and do energy and hypocoercivity estimates. Our result implies
that if the random initial data (ug, fo) is small enough in some suitable Sobolev spaces, then the
gPC-sG method has spectral accuracy, uniformly in time and €, and captures the exponential
decay in time of the exact solution. An important feature of our results is that all the constants
involved are independent of €.

As mentioned in the previous paragraph, the biggest difficulty is that a naive energy estimates
for the gPC coefficients require a small initial data condition depending on K, the number of
basis functions, since the nonlinear terms in (1.7) produce a large number (K?) of terms in
the equations of the gPC coefficients. But it is desirable to have a small initial data condition
independent of the numerical parameter K, which means that the accuracy results are true for
this set of initial data, for all K. To overcome this difficulty, we introduce a weighted sum of
the Sobolev norm of the gPC coefficients (Lemma 5.1), which enables us to combine some of the
terms together as part of a convergent series, and control the nonlinear terms with an estimate
independent of K.

This paper is organized as follows: in Section 2, we introduce some notations and state the
main results; in Section 3 we prove the energy estimates for the z-derivatives of u and f; in
Section 4 we use hypocoercivity arguments to prove the exponential decay of these derivatives;

in Section 5 we prove the spectral accuracy of the sG method; in Section 6 we conclude the

paper.

2 Notations and statements of main results

We follow the notation in [9].



Let a = (a1, a2, 3) be a multi-index. Then define
o = oo, 21)
We first introduce the norms in the (x,v) space. Denote the L? inner products on R3 and
T3 x R? as

()= [ f9ds, o (r.9)= [ [ fgavas. (2.2)

and || - ||z2 the corresponding L? norms, and || - ||z+ the corresponding Sobolev norms (with

respect to all possible x, v derivatives). Also define the partial Sobolev norm in the x direction
KR :/ > 10 fP dz do. (2.3)
la|<s

For simplicity we assume that the random variable z lives in a one-dimensional random space

I.. For functions u = u(x, 2), f = f(x,v, 2), denote the z-derivative of a function f of order ~
by

fr=a2f. (2.4)

Define the sum of Sobolev norms of the z derivatives by

[l S

[v[<r

”ﬂH% = Z |1—ﬂ‘2’ (2.5)
[v|<r

=D 17
[v|<r

Note that these norm sums are functions in z.

Then we introduce the inner products related to the hypocoercivity arguments. Define

v

K=V, + g P=v-Vo S=[KiP|=KP-PKi=0,, K'==Vi+z, (26)
where * is the adjoint operator of K.
Define
(£ 9)sr =D > ((07f7,0%97)), (2.7)
[vI<r |a|<s
where
((f,9)) = 2K, Kg) + €(Kf,Sg) + (S, Kg) + €(S [, Sg). (2.8)
We also define
[[f, 9]l = (Kf,Kg) + (S, Sg) + (K*f,K?g) + (KS f, KSg), (2.9)

and similarly define [[f, g]]s,»-
Finally we introduce the inner product in the (z,v, z) space:

<ﬁmz=/kﬁmﬂ@da (2.10)



and similarly define ((f,9))z, ((f,9))s.r.z, [[f:9llz, [[fs 9llsr~ as the corresponding inner products
integrated in z. We also define the norms in the (z,v, z) space:

[ / lZenm(2) dz,
a2, = / Jal2n(2) dz,
e = [ 170 2 (2.11)

|ullweee = max [[0%ul| Lo _,
la|<s ’

[Flwees = mase [0° 1z, 1)

Now we focus on the system (1.7) with the random variable z. In all of our results, the
constants involved are independent of e.

Our first main result is the following energy estimate assuming near equilibrium initial data:

Theorem 2.1. Assume (u, ) solves (1.7) with initial data verifying (1.9). Fix a point z. Define
the energy
E(t) = By (t) = |lullfer + [fI2, + llall?, (212)

with integers s > 2 and r > 0. Then there exists a constant ¢y = ¢1(s,r) > 0, such that E(0) < ¢;

implies that E(t) is non-increasing in t.

This theorem is proved by an energy estimate on 9% f7. This theorem means that for initial
data near the global equilibrium, in the sense that F(0) is small, the solution depends regularly
in z for all time and all ¢, and the z-derivatives are bounded uniformly in ¢ and e.

Next, by a standard hypocoercivity argument, we strengthen the above theorem into the
following one:

Theorem 2.2. Assume (u, f) solves (1.7) with initial data verifying (1.9) and (1.10). There
exists a constant ¢, (s,r) such that, if we assume s > 0, Eqy3,(0) < ¢|(s,r), and that CI, =
((fs )srlt=0 (defined by (2.7)) is finite, then there exists a constant A > 0 such that

Er(t) < C(Es(0) + C2 e, (2.13)
where C'= C(s,r).

This theorem implies that as long as the random perturbation (ug, fo) on the initial data
is small in suitable Sobolev spaces and has vanishing total mass and momentum, the long-time
behavior of the solution is not sensitive to the random initial data. The smallness condition is
independent of e.

We then introduce the gPC-sG method for the two-phase flow model (1.7). We start by
taking the basis functions {¢y(2)}32, as the gPC basis, i.e., the set of polynomials defined on I,
orthonormal with respect to the given probability measure 7(z) dz, with ¢ being a polynomial
of degree k — 1.

We expand the functions u, f into

u(t,z,z) = Zuk(t,x)¢k(z), ft,z,v,2) = ka(t,x,v)qbk(z), (2.14)
k=1 k=1



and approximate them by truncated series up to order K:

K

K
urul = Zuk(bk(z), f~fK= kaqSk(z) (2.15)
k=1

k=1
Then substitute into (1.7) and conduct the Galerkin projection, one gets the following determin-

istic system for (ug, fi)f_;:

8tuk+(u-VIu)k—l—Vmp—Agguk—&-uk—l—/\/ﬁ(uf)kdu—/v\/ﬁfkdv:O7

V. =0, (2.16)
v —|v]2 3
Ocfi +v-Vafi +(Vy — 5)(Uf)k — g v/ = ( 1 TaT Ay) fr
with initial data
wiloo = (w)e = [ uon(2)m(:)dz, fulioo = (fol (2.17)
Here the gPC coefficient of a product is given by
K
(uw)y, = Z Sijruiws, (2.18)
i,j=1
where
Sijk = /¢Z¢J¢kﬂ(z) dz, (2.19)
is the triple product coefficient.
We prove a similar energy estimate for (2.16):
Theorem 2.3. Assume the technical condition
|kl < CEP,  Vk, (2.20)

with a parameter p > 0. Let ¢ > p+ 2 and s > 2. Let (uk, f), k =1,..., K, solve (2.16) with
initial data verifying (1.9), and define the energy EX by

K
EX(t) = EE,(0) = > (1K urllFr + K9 fi 3 + [K9u ). (2.21)
k=1
Then there exists a constant co = co(s,q) > 0, independent of K, such that EX(0) < ¢y implies
that EX(t) is decreasing in t.

This theorem is proved by the same type of energy estimate as Theorem 2.1, with the aid of
a nonlinear estimate for gPC spectral convolution terms (Lemma 5.1). Next we give a sufficient

condition on the initial data, under which the assumption E¥(0) < ¢, in Theorem 2.3 holds:

Proposition 2.4. With the same assumptions as Theorem 2.3, the condition Efq(()) < ca(s,q)

holds if | Es(0)||r1 < Cea(s,q) withr > q+ 3, and C = C(s,q,7).

Notice that co being independent of K is important, because it implies that the condition
EX(0) < ¢y is in fact, in view of Proposition 2.4, a consequence of a smoothness condition on
(uo, fo), for all K. This means for such initial data, the gPC-sG method is stable for all K.

Finally, by a combination of the above results, we obtain the spectral accuracy of the gPC-sG

method, uniformly in ¢ and e, with a small initial data assumption on (ug, fo), independent of
K and e



Theorem 2.5. Let (ug, fx), k = 1,..., K, solve (2.16) with initial data verifying (1.9)(1.10).
There exists a constant c{(s,r) such that the following holds: Assume s > 2, r > p + %,
|Essa,r(0)]le < (s,7), and CLy, . is finite. Then E€, the energy of the gPC approzima-
tion error, defined by

B = |[uf|Fs + 2.+ uc)F2, u=u—u, fo=f—fK, (2.22)
satisfies
. C
E° < T (2.23)

for all time, i.e., the gPC-sG method has r-th order accuracy uniformly in time.

This theorem is proved by an energy estimate in the (x,v, z) space on (u¢, f¢) with the aid
of the previous theorems.
Finally we prove that the error also decays exponentially in time, by a hypocoercivity argu-

ment:

Theorem 2.6. Let (ug, fr), k= 1,..., K, solves (2.16) with initial data verifying (1.9)(1.10).
There exists a constant cjy(s,r) such that the following holds: Assume s > 0, r > p + %,
[|Ess7,0(0)]|ee < ¢5(s,7), and CLy 4, is finite. Then there exists a constant A° > 0 such that

E° < Ce M, (2.24)

These theorems imply that for random initial data near the global equilibrium, in the sense
that (ug, fo) is small in some suitable Sobolev spaces, the gPC-sG method has spectral accuracy,

uniformly in time and €, and it captures the long-time behavior of (1.7) with random initial data.

3 Basic energy estimate: proof of Theorem 2.1

We first state some lemmas on nonlinear estimates. Denote the space of functions with finite

|| - || &s, | - |s norms as
H* = {u(z) : |lullgs < o0}, H* = {f(x,v):|f|s < o0}. (3.1)
The following lemma is from [9]:

Lemma 3.1. Let u=u(z) € H*,w = w(x) € H®, f = f(z,v) € H*. Then for s > 3/2,

flss (3.3)

lwwl[gs < Cllull s

ufls < Cllulla

where C' = C(s).
It follows that

Lemma 3.2. Let u = u(x,2) € L°(H®),w = w(z,z) € L(H?), f = f(x,v,2) € L(H®). Let
|v| < 7. Then for s > 3/2 and all z,

[(ww) s < Cllull s [wl zer, (34)

[(wf)]s < Cllullzer|fls.r, (3.5)

where C' = C(s,r).



Proof. By the Leibniz rule,

B=0
Then
"/ LI
ol < 3 ()12 < €)X ()1 il i < Clo e ol
B=0 b B=0 p
(3.7)
where the second inequality uses (3.2). This finishes the proof of (3.4). The proof of (3.5) is
similar, in view of (3.3). O

And then a bilinear version follows:

Lemma 3.3. Let u = u(z,2) € LL(H®),w = w(z,z) € LLP(H®),y = y(x,z) € LL(H?®), f =
f(z,v,2) € LO(H®), g = g(x,v,2) € LX(H®). Let |y| <7, |a| <s. Then for s > 3/2 and all z,

(0% (uw) ™, y")| < C(8, s, 7) |ull e 1wl Frer + Ollylgo.r, (3.8)

[(0%(uwf)7,g7)] < C(8,s,7) [ullfpe.r | £I3, + 019l5 0 (3.9)
where § is any positive number.
Proof. To prove (3.8),

(0% (ww),y")| < 5 10% (ww) |72 + 6lly 17 < 5l (ww) (e + Syl

< C(8, s, 7)[ullzre.r [wlFrer + llylFo.r,

(3.10)
where the first inequality uses Young’s inequality, and the last inequality uses (3.4). The proof
of (3.9) is similar. O

Proof of Theorem 2.1. Taking z-derivative of order v and z-derivative of order « of (1.7), and
taking z-derivative of order v of (1.12) gives

1
0 0%u” + 0%(u - Vau)? + Vi ,0p" —AL 0% +0%u™ + / Vpo* (uf)? dv — /v\/ﬁaaﬂ dv =0,

Vg 0% =0,
—[v[?

4

00 f7 + 1v V0% f7 + E(VU - %)8a(uf)7 —laauv VITES %( + g + A,)0% f7,
€ € € €

=Y 4 9y 1 v _
O +2u” + T3] //\/ﬁ(uf) dvdzr = 0.
(3.11)

Now do L? estimate on each equation above (except the second one), i.e., multiply the first
equation by 0%u” and integrate in x; multiply the third equation by 0°f” and integrate in
(v, x); multiply the fourth equation by @”. And then add the results together and sum over
|7] < 7, |a|] < s. Then one gets the following equation:

1
SHE+G+B=0, (3.12)

10



where the energy F is given by (2.12). The good terms G are given by

G=Gi+ Gy = > Giy+ Y Gay, (3.13)
lvI<s [vI<s
with
Gy = [Vaou |7 + 2071 = Cllw7 e,
2 (3.14)

1 1o
Goy = UV — EVUJW - ng’y ;

where the above inequality is by the Poincare-Wirtinger inequality. G; and G5 come from the
underlined terms and the underbraced terms in (3.11), respectively. To verify the G5 term, we
provide the following calculation:

—P? 3

i T3

(0T, 9oy — -
€

(v /0", 0% f7) — %(80‘1[7 ol 0% ) — 612«
=0T O — 2 (00, 20 ) — 2 (00, Vi )

1 v v
= apry 4 2o ey ary 4 Zga ey
(VDT + S0, V00 200 )

+8,)0%f7,0°f7)

=(A1, A1) — 2(Aq, Az) — 2(A1, Ag) + (As + Az, As + A3)
2

)

ﬂm—&—%%=‘

804 (u’)/\/ﬁ_ %vvf’Y _ 1;f’¥>

L2
(3.15)
where we used integration by parts in v, V,\/p = —5./u, and the notations
Ay =0/, Az = %vvaaﬂ, Az = %%8‘77. (3.16)
The bad terms B are given by
B=Bi+By+Bs= »  Biay+ Y. Baayt Y Bss, (3.17)

[yI<r|al<s [v[<r,|a|<s [v[<r
with
Biay = (0%u- Vzu)?,0%7),
1 1
Baany = <8"(uf)”,aa [u”ﬂ— =V f - ;f”] > : (3.18)
€ €
By = ((uf)?,a" /1),

coming from the nonlinear terms.

By using Lemma 3.3, the bad terms are controlled by
|Bran| < COlulfrem e llulder + dllulfr.. < C(6)EG: + G,

|Ba.aq| < CO)|lullFrer

1 1
FI2o 408 | i= =V f7 = z%f” < CO)EGy + Gy, (3.19)

|Bs4| < C()ullFe.r

fI2., +8la7 2 < C(8)EG, + 6G,.

In conclusion, we have the energy estimate

%&E < —(1-C(O)E - C8)G. (3.20)

11



Take § = ;= where C is the constant in (3.20), and ¢;(s,7) = ﬁ@). Then we will show that
E(t) < ¢ for all t. In fact, let

T* =sup{T >0: sup E(t) <ci}. (3.21)
o<t<T
Then it follows that E(t) < ¢; for 0 <t < T*. Then by our choice of § and ¢,
1 1 1
1-CHE-CH>1— - — - == .22
COE- o214 1= (322
and therefore (3.20) implies

OHE +G <0, (3.23)
for 0 <t < T*. This prevents T* from being finite. Thus we proved E(t) < ¢; for all ¢, and as
a result, (3.23) holds for all t. Thus E(t) is decreasing in ¢. O

4 Hypocoercivity estimates: proof of Theorem 2.2

We will use the following lemma, which is Proposition 4.2 in [9]:
Lemma 4.1. There erisits a constant C' > 0 such that for f € L? orthogonal to Vi, one has
17172 < CUIKS T2 + ISFIIZ2)- (4.1)

We begin by proving the following lemma, which is indeed a modification of part of the proof

of Proposition 4.1 in [9]:
Lemma 4.2. For f and g orthogonal to \/i,

(K £, ) < Cclfulls (17, 1] + llg ) (12)
Proof. Using the commutator relation
Ku-Kf)=K(u-Kf) +uf, (4.3)
one gets
((u-K*f.9)) =2(u- Kf,K?g) + 2(uf, Kg) + e(u- Kf, KSg) + e(uf, Sg)
+e(S(u- f),K%g) +€(S(u- f),KSg)
=2(u-Kf,K?g) + 2(uf, Kg) + e(u- Kf,KSg) + €(uf,Sg)
+e(Su- f,K%g) + e{u-Sf,K?*g) + €(Su- f,KSg) + €*(u-Sf,KSg).
Now using the Cauchy-Schwarz inequality, Lemma 4.1, and the Sobolev inequality
[ullzee + IVaullLe < Cllullgs, (4.5)
on each term. we provide the details for two of them and omit the others:
(uf, Kg) <[lullzee | fllL2llKglle < Cllullpe (IKfl| L2 + IS fllL2) 1Kyl 22
<Cllullp=(IKfIIZ2 + IKglZe + ellSFIZ> + %II’CQII(E),
e(uf,8g) <elullLe=|[fllz21SgllL> < Cellull= (1K Sfl|z2 + [|SFl[L2)lISgll 2
<Cellull L= (ICf 172 + [Sgll72 + ISFIIZ= + [Sgll72)-

(4.6)

Then one gets the conclusion, in view of the definition of [[-, -]]. O
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Now we prove the following lemma, which is an analog to Proposition 4.1 of [9]:

Lemma 4.3. Let the assumptions of Theorem 2.2 be fulfilled. Then there exists a constant
ci(s,r) < e1(s+ 3,7) such that, if we assume that Esis.,.(0) < c{(s,7) is small enough, then

there exists a constant Ay > 0 such that

O(f Mo+ X510, Ml < CON Nl + Vol + 5ICTE). (@A)

Proof. One can write the evolution equation of 0% f" as

1 1 o
o - o g feY ~Ha - B . jr*ya— -5
DO+ PO 7 + K KO 7 = a u - uf+ > ( )(n>8"u Ko fr=P.
0<n<a 0<B<y
(4.8)
We will take the ((-,-)) inner product of (4.8) with 0%f7. For the linear terms, by the same

argument as the proof of Proposition 4.1 of [9], one gets

> ||saaf”||sz4 L koe £ 2,

L(Por 7,00 1)) =2 (S0 P KO ) + (1S9 7 3 >
LUKk 7,00 7)) = 2\\icaam2+2 L 2o 120 + Sk 2
<1C8“f” Saafw +2=- <IC28"‘ £, 8K8% f)

>3 KO s + 5 5 IKP0% £ 3 + SIS0 £ — 505073,
L@ o 0 P =2 (K (0 -0 /), )+ K0 0V/), SO° )
F(S(0%UY - v /), KO f7) + e(S(0%u” - vy/m), SO° )]

<S( 10" P32 + 159 £ 32) + C)

(4.9)
For the nonlinear term (the summation), we apply Lemma 4.2 and get
Y@ Ko o )
1
<C 0" |l ([[077 777,077 P + 1077, 07 1) (4.10)

1
§C€—2 ||’U,||Hs+3>T Hf, f]]sﬂ”?

where we used the fact that the x and z derivatives commute with the operators K and §. With

these estimates, we get
1 o o 11 o 1 o 1 . 51 o
SO0 7o £+ 5 5 K20 fs + SISK0% £ + 7150° 13 — 5 160 £

1
( KO 1172 + 1S0° f7(172) + CO) (lullFrer + [ VaullFer) + Cllullesar[lf, fllsr
(4.11)

Then we choose § = 1/8 to absorb the term [|[S0% 7|3, on the RHS by the same term on the
LHS. Summing over «, "y, one gets

1

O((f, ))sr + (5 — Cullullpre+s. r) 5 (L, Msr < Ca(lu]

5 Hor + Vol

1
e 4 5 IKE,), (412
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where C; = NC, Cy = max{3, NC(6)}, N being the number of possible pairs (a, 7).

Thus if one chooses ¢j = min{c;(s+3,7), ﬁ}, then by Theorem 2.1, Egy 3 ,.(t) is decreasing,
80 Est3,-(t) < ¢} for all t. Thus |lul|gs+sr < Egr3, < ¢ for all ¢, and one gets the conclusion,
with A, = 1/16.

O
Proof of Theorem 2.2. To obtain the energy decay estimate, we write
G = Vel + 20l + uy/i ~ <K S,
> al? + 2ol +uy/E KA, (113)

_ 1 1 1
> [l + dallullfroens + G luyii— KB, + X CHE,

Az 1
2714

inequality is because

where A3 = min{ }. The first inequality is by the Poincare-Wirtinger inequality. The second

1 1 1
KA = (K = u/B) + uilE < 21K f = u/fl, + fu/l2,)

1 (4.14)
= 2 s — uBl, + luly).
Thus, by adding to (3.23) some positive constant A4 (to be chosen) times (4.7), we have
OE + G < M\B, (4.15)
where .
E=E+M((f.f))sr G=G+ )\4>\1:2[[f7 flsrs (4.16)
- 1
B = C)([lullfer + I VoulFrer + §|Kf|§,r)' (4.17)

It is clear from (4.13) that B < CG < CG. Thus by choosing Ay = min{ 55,1}, C being the

previous constant, we get

O E + %é <0. (4.18)
Notice that Lemma 4.1 implies that
[fl20 < CURFE, +ISFIZ.), (4.19)
and by definition one also has
() < CUKTE, + 1S5, < C o5 (. D)o (420)
Thus
E<CG+If12,) + M. N)sr < CG+ RS2, +ISS12,) < CG. (4.21)
This together with (4.18) implies
E(t) < E(0)e™™, (4.22)
where A = 55, C being the constant in (4.21).
Finally, the proof of Theorem 2.2 is finished by noticing that
B(t) < B(t) < BO)e™ < (B(0) + CMe ™. (4.23)
O
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5 Proof of spectral accuracy of the gPC-sG approximation

In order to prove the accuracy of the gPC-sG method, we first prove Theorem 2.3, which is
an energy estimate for the gPC coefficients (ug, f%).

5.1 Estimate of the gPC coefficients: proof of Theorem 2.3

In order to prove the estimate for the gPC coefficients, we need an extra assumption on the
basis functions.
We assume that
prllLe < CKP, Vk, (5.1)

for some positive constant p. Then it follows that
|Sijul < C, (5.2)

since

|Sijkl < 1@illLes (051 [orl) < lldill Lo l|@5llll o]l < CiP. (5.3)

We mention some special cases where (5.1) is satisfied [28]. For the case I, = [—1, 1] with uniform
distribution, ¢ are the normalized Legendre polynomials, and (5.1) holds with p = 1/2. For
the case I, = [—1,1] with the distribution 7(z) = m/%, ¢ are the normalized Chebyshev
polynomials, and (5.1) holds with p = 0.

Also, note that ¢y, is a polynomial of degree k — 1, orthogonal to all lower order polynomials.
If(¢—1)+(j—1) < k—1, then S;jx = 0. Thus S;;;, may be nonzero only when the triangle
inequality

itj>k+1, (5.4)

holds.
Note that due to the symmetry in 4, j, k of S;;x, (5.2) and (5.4) also hold if 4, j, k are permuted.

Then we have the following lemma, which is the key nonlinear estimate:

Lemma 5.1. Assume condition (5.2). Let ¢ > p+2. Let s > %, a be a multi-index with |af < s.
Let ug = ug(x) € H wy = wy(z) € H*,yp = y(x) € L% fr = ful(w,v) € H?, g = gi(w,v) €
L?. Then

K
D kPO (ww)i, yi) | < Z 317+ Z 177w; 17 +5Z 157y 2, (5:5)
k=1
K
D RO (W) gr) | < X:IIZ‘%IIHSZ:\f"fyl2 +5Z 17gxZ2, (5.6)
k=1

where the constants are independent of K, and § is any positive constant.

Proof. We focus on the proof of the first inequality, and the second one is similar (just use (3.3)
instead of (3.2)). Note (by (3.2))

k2

q‘7q|

k q”S]ka (Usz)HH < Ck2q|SU/cH|“zHH*

wil|gs = C Siji| - li%ul s - | 79wj ] s (5.7)

15



First we consider the case ¢ > 5. Then since

. k41 g
31 2 (=) ISkl (5.8)
by (5.2) and (5.4), we conclude that
k2 a;p—4q
W|Szjk| < CkYj . (5-9)

Thus if we write the (uw); on the LHS of (5.5) as a summation in 4,5 by (2.18), the ¢ > j

terms of can be estimated by

K K
Z k2 Z XijkSigi (0% (wiw;), yr)
k=1

ig=1; 12
K
< Y KPS0 (wiwy)l| 2 lyk L2 X
igk=13i>]
K
<C Y P il - Nl 5%w; | e - Yl L2 X
L (5.10)
i,J,k=1;i>]
K
<C Y P il g - 11wl e - 1k el L xign
i.g.k=1
K K
<C(0) Y P il Fe - 1w Xk + 6D 3P R w72 i
i3 k=1 i.gk=1
—C(5) + 611,

where the second inequality uses (5.9), and x;; is the indicator function of the set of indexes
(i7j, k) for which Sijk: 7é 0.
Now we claim that

K K
<2 [lé%uil|Fe Y Nl%w; | e - (5.11)
i=1 j=1

In fact, fix ¢, then one can write

K K
=" |li%uill3 T =Y 3% (%0l Xign- (5.12)
i=1 F k=1

Notice that x;;x = 1 implies that i —j+1 < k < i+j—1, by (5.4). Thus in the last summation,
there is at most 2j terms corresponding to a fixed j. Thus

K K
Li<2) 7 gl <2 N5l (5.13)
j=1 j=1
if ¢ > p+ 1. This proves (5.11).
11 is controlled by
K K
IT<2) 77 kg 7s, (5.14)
j=1 k=1

16



since for each fixed (j, k) there is at most 2j choices for i. Thus if ¢ > p + 2, one has

K oo
M=CY [Kyllzsy € =23 5"~ <20+ (p-q+2)7"). (5.15)

k=1 j=1
Thus we conclude that the ¢ > j terms can be controlled by the RHS of (5.5) (with § replaced

by C9).

For the terms of the LHS of (5.5) with ¢ < j, we exchange the indexes ¢ and j, and get the
LHS of (5.10) with v and w exchanged. Thus one proceeds as before and get the same conclusion,
since the RHS of (5.5) is invariant if u and w are exchanged. O

Remark 5.2. The weight k9 appeared in the above lemma is essential. Suppose one uses a

summation ZkK:1<8“(uw)k, Yk), then one ends up with the estimate

K K
D (O (ww),yk)| = | D Sik (0 (wiw;), yk)
k=1 i k=1
K
< Y min(i, 4, k)P[O) |uil 3 lws | 7« + Sllyell7z] (5.16)
k=1

K K K
<C(B)Cy(K) > Muilldrs > llwjllze +6C2(K) > llywll3z,
i=1 j=1 k=1

where C1(K) = Zszl kP = O(KPTY), (Oy(K) = KZlK:l i? = O(KP™2). Thus in this way
one gets an estimate with the coefficient depending on K. If one uses this estimate to prove an
analog of Theorem 2.3, then one will get a constant co depending on K.

In view of Proposition 2.4, co being independent of K tmplies that the conclusion of Theorem
2.8 holds if the initial data satisfies a smoothness condition independent of K. If co depends
on K, then the initial data needs to satisfy a K-dependent condition to make the conclusion of
Theorem 2.3 true. This is not good, since it is desirable that the gPC-sG method is stable for a
class of initial data, for all K.

Due to the similarity of Lemma 3.3 and Lemma 5.1, it is straightforward to modify the proof
of Theorem 2.1 into a proof of Theorem 2.3:

Proof of Theorem 2.3. We take 9% on the first and third equations of (2.16) and do L? estimates,
and do L? estimates directly on the fourth equation, and then sum over k and o with the k-th
equation multiplied by k2?. Then one gets

1
5atEK +GK +BX =0, (5.17)

where

K
EX(t) =Y (Ik%unllre + [k ful? + [k9ax]?),

k=1
K K 1 10 2
G = G+ G = Y (Va2 )+ 3 17 (- 19— 73|
k=1 k=1 s
BY =Bf + B +Bf = " Bf,+ > BE, +B¥,

lof<s lof<s

(5.18)
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with

K
B{fa = Z k(0% (u - Vu)g, 0%ug),
k[:(l
By, = k™ <5“(Uf)k,8“ |:ka - = fk]> (5.19)
l;(:l
5= Kk, T/
k=1

Now apply Lemma 5.1 to get

K K K
BTl < C@) D Ik unllFre Y Ik unlzr +6 Y [kur]fon < CE)EXGE + 6GF,

k=1 k=1 k=1
K K

BSL < CO)Y Ik uk |3 > 1K ful2 + 6GE < C(6)EX G +6GY, (5.20)
k=1 k=1

K K K
BE| < CO)Y kw3 D 1k ful2 + > 0lkax]* < C(O)EXGE + 6GF.
k=1 k=1 k=1

And then one concludes )
5atEK < —(1-C(0)EX —C8GE. (5.21)

Assuming § = ;5 where C is the constant in (5.21), and ca(s,r) = ﬁ@)’ then by the same
argument as in the proof of Theorem 2.1, if EX(0) < ¢3(s,7), then one has

WEX +GF <o, (5.22)

and E¥X is non-increasing,.
O

Proof of Lemma 2.4. Note that wuy, is the k-th gPC coefficient of the initial data ug, and thus
satisfies the spectral accuracy estimate

l|uoll rrr
R

[(uk)o| < C (5.23)

at each fixed z. By integrating (5.23) in  and replacing u by 9%u and summing over «, one gets

1K (ur)oll e < CET"[Juo]| rzm- (5.24)
Thus if r > ¢ + =, one has
K
DIk Cunollr < Clluol|Fyer- (5.25)
k=1

Similar estimate holds for f and @. Thus one has
EE(0) < C|| B, (0)]| 2. (5.26)

and the proof is finished. O
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5.2 Accuracy analysis: proof of Theorem 2.5

Recall the reconstructed gPC solution

K
K=" urn(2). (5.27)
k=1
Then at a fixed x point one has
K
lu® (2) 122 = Z u(z)? <Y [kTup ()] (5.28)
k=1
Thus
[u[|72 < EX. (5.29)

Similar estimates hold for f and @ and their x derivatives.

Furthermore, with the assumption (5.1), one has the estimate

2 K K K
¥ umw(zm W,) <c(z|kquk<m>|2) (zw-w) <c(z|m<x>|2),
k=1

k=1 k=1

(5.30)
since ¢ > p+ 2. Thus
[ 2o (z2) < [0 12210 < CBX. (5.31)
Proof of Theorem 2.5. The gPC coefficients of the mean fluid velocity satisfies
Oy, + 2uy + C//\/ﬁ(uf)k dvdx = 0. (532)

Denote the projection operator onto the span of {¢;}5_; by Pr. Multiplying (2.16) and (5.32)
by ¢r(z) and summing in k, one gets the equations for (uf¢, f¥)

1
o + Pr(u” - Vouf) + Vop® — Aju +u —‘r/\/ﬁPK(quK)dU — f/v\/ﬁfK dv =0,
€

V. -uf =0,

—vf? 3 K
1 T3 +A,)f

a5 + %v L l(vv YR ) %uK ol = ;2(

o™ 4 2u" + ‘T?)'//\FPK (WX fE)dvdz = 0.

(5.33)
Then subtracting from (1.7) and (1.12), one gets
Opu’ + [(I — Pg)(u - Vau) + Pr(u® - Vau 4+ u - Voul)] 4+ Vap® — Agu’ + uf
+/\/ﬁ[(l — Pr)(uf) 4+ P (u®f +u® )] dv — %/v\/ﬁfe dv =0,
Vae-u® =0,
Ouf* + 20 Vaf + £(Vu = DI = Pre)(uf) + Pacuf + 1) (5:34)
1 _ 2
fguem\/ﬁ: 62( |:| +2 + A, f6,
ou’ + 2u° —&—m//\f (I — Px)(uf) + Pr(u®f +u f¢)] dvde =0,
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where (u®, f¢) is the approximation error
w =u—uf, fe=f— K. (5.35)

Notice that (5.34) is linear in (u®, f¢).
Now take 9% on (5.34) and do L? estimates in z,v, z. First notice that Px commutes with

x-derivatives, and has operator norm 1 on L2. Thus one has
(0 Prc(u® - Vg + X - Vou), 0| < Clullyyerne + la e lluc e, (5.36)

where the W norms mean the Sobolev norms with power index co. By estimating the terms

Py (u® f +u® £¢) in the same manner, one gets the energy estimate
1 (<3 2 €
iatE < _(§ —CH)G*+CS, (5.37)

where

E* :”ue”%{;" + |f€ g,z + |ﬂe|%z7
2

1 lv
Ge = we2s 2762S e _ = ve_iie
A A e e T I )
S =(I(I = Pr)(u- Vou)lFr: + (I = P)(uf)I3.),
H =luflyesro0 4 [[u" weoe + [ flwz e
First notice that by Sobolev embedding,
ullys+r0o < Cllullpee arstay, | flws= < Cll|fls+2lloee, (5.39)
and by (5.31)
[ |3y < CEX, - (5.40)
Thus H can be controlled by
H < C(||Esysolle + EE, )2 (5.41)
In view of Lemma 2.4, for » > p + g one has
H < C|Eass, |l (5.42)
which implies that
1
CH < =, (5.43)

6
in (5.37) for all time if || Esy3,,(0)|| 2 < ¢ (s,7) < min{5,c1(s,7), c2(s,q)}, in view of Theorem
2.1 and Theorem 2.3.
To estimate the source term S, notice that at each fixed z, v,

0% (uf) (@, v) |y
KT '

(I = Pic)0® (uf)(, )| 2 < C (5.44)

Integrate in z, v,

|uf|S,T‘,Z
—

‘(IﬁPK)(uf”szSC K

(5.45)
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By Lemma 3.2,
[ufler < Cllulzer

f s,T < C(HUH%I‘T + |f|§,r) (546>

Thus
Nuflsrllcz < luflsrlze < CllullFer +1F2 L < CllBs | Lo (5.47)

Then by Theorem 2.2 (suppress the dependence on C*), taking ¢} < ¢} (s,),
B, (t) < Ce M. (5.48)
Thus one finally gets

67)\15
(0= Pl < S

The term ||(I — Pk )(u-Vzu)| L2 can be estimated similarly, by taking ¢f < ¢{(s+1,7), and one

(5.49)

gets
C —2Xt
5 < 16(27' ) (5.50)
In conclusion, we have the estimate
e e c —At

Finally, combining (5.37), (5.43) and (5.50), noticing that [~ e} d¢ converges, one con-
cludes that £¢ < % uniformly in time and e.
O

5.3 Hypocoercivity estimates for the error: proof of Theorem 2.6
Proof of Theorem 2.6. In order to get a hypocoercivity estimate for (u€, f€), one writes the
equation of 9% f€ as
1 1., 1
OO fC + PO [ + 5K KIf€ = =0%u - v\/u
i € € (5.52)
+ 2 = Pr)O°(w- K ) + P (u - K ) + Prcd® (' - K ).

The linear terms can be handled in the same way as Lemma 4.2. The first nonlinear term is

estimated by

(T = PO @ K1), 5| < o sl oy (U Ples + 1175 5T)- (559

In fact, by modifying the proof of Lemma 4.2, one can get an expression like (4.4):
(((I = Pg)o™(u-K*f),0°f¢)). = 2((I — Pg)0*(u - Kf),K*0%f¢), + similar terms.  (5.54)
The first term in (5.54) is estimated by

((I = Pr)o™(u- Kf), K20 f°).|

C
Kr

max (0707 || Lo [K flor 2 1 €] 12
[yI<r,|B]<s

IA

(I = Pr)0*(u- Kf)llL2 0% |22 <
c

0% (- ICF )0, 12 £€| s
(5.55)

IN

T
(s

IN

K
c e
?||U||L;>°(Hs+3vr)|’Cf|s,r,z||lc2f ||H§a
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and other terms in (5.54) can be estimated similarly

The second nonlinear term in (5.52) is estimated by Lemma 4.2 as follows:

(P K07 ).

<[ koo,

) (5.56)
< O s o3y (CO S + 1 STl )

The third nonlinear term is estimated by Lemma 4.2 as follows:
1 K e re
< C;QHU | Loo (rs+3) (1€, f€]s,2

(5.57)
Now by the assumption that [|Ess, ()L and [|[EE 35(t)]|L small enough at ¢ = 0 (which

(P K 00),

<[ o).

implies that they are small enough for all time, by Theorem 2.1 and Theorem 2.3), and as a
result, |[ul| oo (prets.ry and ||| oo o4y are small enough. By Theorem 2.5, [[u®||po(gets) is
bounded by C. Then by choosing ¢ in (5.56) small enough, all the [[f¢, f¢]];,. terms from the
nonlinear terms can be absorbed by the corresponding term from the linear terms, and then one
concludes the estimate

O, FN)oe A XE 1 ¥l < CODU s + 190 s+ T i)+ e 5 1 Tl
(5.58)
Finally, similar to the proof of Theorem 2.2, by taking a suitable linear combination of
(5.58)(5.51) and (4.18) integrated in z (where the appearance of (4.18) is to control the term

[[f, flls,r» in (5.58)), one gets

O E° + %G < Ai%é[[ﬂ sz + %e*”, (5.59)
where ) . i
B =B+ A (5 F D + 1 Sl E ey (5.60)
and
G = G+ A1 F Tl + g A5G s (561)

The choice of A§ is in the same way as the choice of A4. To choose A¢, one wants the G term to
control the first RHS term in (5.59), and thus choose

CX
=4—= .62
X =4y (5.62)

where the C' is the first constant in (5.59). Then

- 1~
O E° + ZGe < %e*“. (5.63)

Then since E¢ < CG¢ (which can be proved similarly as the proof of E < CG, see (4.21)), one
concludes that

C e
Ee 7)\ t 64
<zl (5.64)
where A\* = min{\, 75} — ¢ for some § > 0 small enough, in view of the lemma below. O
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Lemma 5.3. Let & = ®(t) satisfy

do
r + a1 ® < age "3t (5.65)
Then
O(t) < e (®(0) + a2C(6)), (5.66)

with a = min{ay, a3} — 8, § being any positive constant.

Proof.
i(emtq)) < age(al_aa)t, (567)
dt

t

et P < B(0) +/ agel®17a3)8 4, (5.68)
0
e*(lgt . e*(llt

D(t) < e~ DB(0) + a3 — c=D(0) + agte, (5.69)

a; —as

for some £ between a; and ag, by the mean value theorem. Then the conclusion follows since
te=St < e (te 0 < C(6)e”, (5.70)

where C(d) = (de)~ L. O

6 Conclusion

In this paper we first prove the uniform regularity in the random space for a kinetic-fluid
two-phase flow model with the light particle regime for random initial data near the global
equilibrium, using an energy estimate in suitable Sobolev spaces. By hypocoercivity arguments
we prove the energy FE(t) decays exponentially in time. This result implies that for random
initial data near the global equilibrium, the long time behavior of the solution is insensitive
to the random perturbation on initial data. Then we prove a result on the time decay of the
solution of the generalized polynomial chaos stochastic Galerkin (gPC-sG) method, in which
the requirement of the random initial data is independent of K, the number of basis functions.
The key idea in this proof is the usage of E¥, a weighted sum of Sobolev norms of the gPC
coefficients. Finally we prove the uniform spectral accuracy of the sG method for random initial
data near the global equilibrium, by doing energy and hypocoercivity estimates on the sG error

(u®, f¢). All the constants involved in the results are independent of €, the Knudsen number.
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