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Abstract

In this work, we prove rigorous convergence properties for a semi-discrete, moment-based approxi-
mation of a model kinetic equation in one dimension. This approximation is equivalent to a standard
spectral method in the velocity variable of the kinetic distribution and, as such, is accompanied by stan-
dard algebraic estimates of the form N~ 7 where N is the number of modes and ¢ > 0 depends on the
regularity of the solution. However, in the multiscale setting, the error estimate can be expressed in
terms of the scaling parameter e, which measures the ratio of the mean-free-path to the characteristic
domain length. We show that, for isotropic initial conditions, the error in the spectral approximation is
O(eN 1), More surprisingly, the coefficients of the expansion satisfy super convergence properties. In
particular, the error of the £*" coefficient of the expansion scales like O(e*) when £ = 0 and O(e2N+27¢)
for all 1 < ¢ < N. This result is significant, because the low-order coeflicients correspond to physically
relevant quantities of the underlying system. All the above estimates involve constants depending on N,
the time ¢, and the initial condition. We investigate specifically the dependence on N, in order to assess
whether increasing N actually yields an additional factor of ¢ in the error. Numerical tests will also be

presented to support the theoretical results.
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1 Introduction

In this paper, we study the following linear kinetic model

O (0 o) + 10,1, 0) + = f i) = (@ 0), (@pnt) € [2mm) X [1,1] % (0,00), - (1.12)
Flmut) = J=, 0,1, (1,1) € [-1,1] x (0,00), (1.10)
f(z, 1, 0) = g(z, 1), (x,pn) € [-m,m) x [—1,1], (1.1c)

where f = % f_ll fdu. In particular, we prove interesting convergence properties for spectral discretization
with respect to the variable . The function f is a kinetic distribution function; the physical interpretation
is that f(x, u,t) gives the density of particles with respect to the measure dudx that at time ¢ are located
at position z € [—m,7) and moving with velocity p € [—1,1]. The parameter € > 0 is a scaling parameter
that measures the relative strength of different processes; more about this will be said below.

System (1.1) is among the most elementary examples of a kinetic model. However, despite its simplicity,
it shares the basic features of many kinetic equations: particle advection (modeled by the operator A: f +—
—10, f) and particle interactions (modeled by the scattering operator £: f +— f — f). These basic features
are found in more realistic models that describe dilute gases [9-11]; neutron [8,12,13,23], photon [27,28],
and neutrino [26] radiation; charged transport in semiconductor devices [25,30]; and ionized plasmas [5,19].
However, connecting (1.1) to these more realistic models requires the introduction of more complicated
geometries, global field equations, nonlinearities, more complex collision mechanisms, and physical boundary
conditions.

Existence and uniqueness results for (1.1) follow from classical transport theory. See, for example, [12,
Chapter XXI]. For data g(z, ) € L*(dudz), (1.1) has a unique solution f € C°([0, 00); L?(dudx)). If further,
g € D(A) = {u € L*(dudz) : pdyu € L*(dudzx)}, then f € C1([0,00); L?(dudz)) N C°([0,00); D(A)).

The scattering operator £ is self adjoint in L?(du) and satisfies

/_1w£wdu§0 and /_1<w—¢)£<w—u3>du=—/ (W — 9)* du (1.2)

-1

for any function ¢» € L?(dp). This simple dissipative structure motivates a diffusion approximation for (1.1)
when € < 1. In such cases, f = (O + O(e), where f© is independent of x and satisfies the diffusion
equation [2,4,17,21]

O, f© — %3§f(0) =0. (1.3)

The diffusion approximation is useful because it removes the need for angular discretization and is
therefore relatively cheap to compute; however, it does so at the expense of an O(e) error. Spectral methods
(see [7,20] in general or [24, Chapter 3] for applications to kinetic transport equations), on the other hand,
are more expensive but can be used to discretize (1.1) with respect to pu when € is not small. A standard
spectral method for (1.1) seeks an approximation

N

fN(x,,u,t) = fojv(xvt)pﬁ(u)ﬂ (1'4)

£=0



such that
e fN =PTfN,  fNli=o =Py, (1.5)

where 7 = A+€e 1L, py is the normalized, degree ¢ Legendre polynomial, and P is the orthogonal projection
from L?(du) onto the space PV of polynomials on [—1,1] with degree at most N; that is

N 1
Py = szpe, where ¢, = / pepdp (1.6)
1

£=0 -

for any ¢ € L?(du). When expressed in terms of the expansion coefficients f¥ in (1.4), (1.5) takes the form
of a linear, symmetric hyperbolic system of balance laws in x and ¢t. Standard semi-group theory (see for
example [6, Chapter 7] or [15, Chapter 7.4]) implies that this system has a solution in C°([0, o0); [L2(dx)]N 1)
that is also in C*([0, 00); [L2(dx)]N 1) N CO([0, 00); [H* (dz)]V 1) when the expansion coefficients of Pg are
in H!(dx).

We refer to fV as the spectral approximation or Py solution. A straight-forward calculation shows that
this approximation converges like

c(t)
Na '’

Hf(""t) _fN("'7t)||L2(dudx) < (17)
where ¢ is the number of L? angular derivatives of f and 0, f and the constant C' depends on ¢ but, due to
the dissipative structure of £, does not depend on € in a bad way.!

A natural question for the spectral approximation is whether it provides an improvement over the diffusion
approximation when € is small. The goal of the current paper is to derive an error estimate to demonstrate
that this is in fact the case. Specifically, let

o0

faomt) = > S Ope(u), where fiw.t) = |

£=0 B

1
1p£(u)f($,p,t)dﬂ, (18)

be the spectral expansion of f in L?(du). For small values of ¢, the coefficients {f,} correspond to measur-
able quantities and thus have physical significance. For example, fy is a constant multiple of the particle
concentration. Thus we also derive estimates for the errors in these coefficients, respectively.

For the purposes of the current paper, we introduce the following assumption.

Assumption 1.1. The function g is isotropic; that is, it is independent of pu. We write it as g(x,p) =
%go(m), where the % is a normalization constant.

This assumption is critical for the results in this paper, but will be removed in future work. With it, our
main result is the following:

Theorem 1.2. Suppose that go € H'(dx). Then there exists an absolute constant \; > 0 such that the L?
error of the Py approximation satisfies

At gt

1F = ¥ 22 ) () < Blg)e™ = + C(Dug)Vie™ @ + D(g, N, )V, (1.9)
where D(g, N, t) is positive and bounded for any t > 0 and is decreasing exponentially in t for t sufficiently
large. Moreover, the L? error for each coefficient satisfies

At

C(0.9)Vte = + E(g,N,2,t)e?, £=0,

At (1.10)
C(Ozg)Vte™ = + E(g,N,£,1)e*N 426 1 <¢ <N,

e = F Nl 2an) (8) < {

where E(g, N, {,t) is positive and bounded for any t > 0 and is monotonically decreasing with respect to t.

LAn estimate of the form (1.7) can be found in [16] when ¢ = O(1). However, a more general argument is needed to show
that C' can be made independent of € € [0, 1]. We give such an argument in the appendix.



Remark 1.3. A formal statement of the e-dependent scaling in (1.10), based on a Chapman-Enskog expan-
sion, can be found in [18]. In [22], formal asymptotic results for the SPyn equations, which are equivalent to
the spectral approzimation of (1.1) in the current setting, predict a similar scaling, at least for the coefficient

fi-

Remark 1.4. In our proofs, we use \y = 1/45 (c¢f. (3.8) in Section 3.1). We do not believe this value is
optimal; nor have we made any effort to optimize it.

Remark 1.5. All of the rates in (1.9) and (1.10) are observed in the numerical tests in Section 4. Moreover,
we observe these rates numerically even when 0,9 ¢ L?(dx). Further discussion of this point is given in
Section 4.

Theorem 1.2 has important practical consequences for the discretization of (1.1a) in transition regimes,
when € is small, but not small enough to invoke the diffusion approximation. Indeed, for a fully discrete
scheme in space, time, and angle, it is important to balance errors with respect to each variable. While not
crucial for the solution of (1.1a), the efficiency gained from proper balancing of errors is essential for more
general kinetic problems, for which the distribution function depends on six phase-space variables, plus time.
Theorem 1.2 justifies the use of fewer spectral modes than the standard estimate (1.7) in transition regimes.
The first statement of the theorem says that after an initial layer, the approximation of the transport solution
is accurate up to O(eVt1). The second statement on the individual coefficients, which is much stronger, plays
an even more important role, since it is the low-order coefficients that correspond to physically meaningful
quantities. However, for more realistic applications, these estimates will ultimately need to be extended
beyond the current idealized setting.

The remainder of this paper is dedicated to the proof of Theorem 1.2 and the presentation of supporting
numerical results. Preliminary notation and an introduction of the modified energy are given in Section 2.
Details of proofs are provided in Section 3. In Section 4, we present some numerical tests to validate the
convergence rates in theory. The benefit of increasing the number of moments N is discussed in Section 5.
Conclusions and future work are discussed in Section 6.

2 Preliminaries

In this section, we provide some preliminaries. We first set the notation, and then introduce the modified
energy approach borrowed from [14].

2.1 Setup and Notation
The proof of Theorem 1.2 relies on estimates of expansion coefficients for functions in L?(dudz).

Definition 2.1 (Legendre and Legendre-Fourier expansion). For any u € L?(dudz), the Legendre expansion

of u is
1

w(o ) = S ue@pe(n), () = / wle, w)pe(u)dp, (2.1)
=0

-1
and the Legendre-Fourier expansion is

s

u(w, p) = Nor Z Z we ppe(p)e™™, Upf = 7 ) wg(z)e” *dz. (2.2)

£=0 k=—o00
The coefficients ug and uep, will be referred to as the Legendre and Legendre-Fourier coefficients.

Remark 2.2. The definition of us in (2.1) is consistent with the use of go in Assumption 1.1 and the
definition of fo in (1.8).

We begin by decomposing the error eV := f — f~ into the sum of two components:

[e%s) N
n=Ff=Pf= Y mx,tp(pn) and E=Pf— N =" &z, )pe(p), (2.3)
{=N+1 £=0



where
ne(z,t) = folz,t) and &z, t) = folx,t) — flzN(x,t). (2.4)

These components are orthogonal with respect to the L?(du) inner product, i.e., f_ll nédp = 0.
Equations for the expansion coefficients { f¢}7°, are derived using the three-term recurrence relation for
the Legendre polynomials:

ppe(p) = agpera(p) + ar—1pe—1(p), (2.5)
where . fit .

S car= i <. (2.6)

2 20+1)(20+3) ~ V3

By taking the L?(du) inner product of (1.1a) with py, £ = 0,...,00, and invoking (2.5), one arrives at an
infinite system of equations for the expansion coefficients {f¢}7°:

{ 68tf0+a08wf1 :Oa Z:Oa

€O fo + g0 fosr + ap—10 foo1 + e =0, £>1. 27)

When applied to (1.5), the same procedure yields a similar set of equations for the coefficients {f¥ }7%:

€0 fo' + aode fi' =0, {=0,
€O f + aglu i+ ar 10 fN +1fN =0, 1<C<N-1, (2.8)
€O fN +an—10fN_ + LfN =0, {=N,

with initial condition fév(~70) = fo(-,0), for £ = 0,...,N. We refer to this system as the Py system. The
equations in (2.8) differ in form from the first N + 1 equations of (2.7) only when ¢ = N;; it is this difference
that is the origin of the error between Pf and f~. Subtracting (2.8) from (2.7) yields a system equations
for {¢}Y,, with an additional source term in the last equation:

€0¢éo + ap0;&1 =0, =0,
€01&y + apOp€os1 + ap—10,6-1 + 1€ =0, 1</{<N-1, (2.9)
€OEN + an—10,6n-1+ L& = —an O, fni1, €= N.

with initial condition &(-,0) =0, for £ =0,..., N.
By taking Fourier transforms in 2, we can write (2.7) in terms of the Legendre-Fourier coefficients of f.

€8tf0,k + aoikfl,k: = Oa = 07 (2 10)
€O fok + arikforr e + ao—vikfoap + Lfor =0, £>1. ’
Similarly, the Legendre-Fourier coefficients of fV satisfy
e@tféYk + aoik‘ff\fk =0, £=0,
0L+ ik k[ N =0, 1SN -1, (211
eatfll\é'f’k‘FaN—likfg,l’k‘i‘%f]]\\]{k :O, gZN,
and the Legendre-Fourier coefficients of £ satisfy
€0éok + aotkéyr = 0, =0,
€0rle i + apik€oin k + ar—1ikEo_1 + Tk = 0, 1<C<N-1, (2.12)

€0k + an—1ikEn—1k + &Nk = —antkfni1e, (= N.

It turns out the behavior of the Legendre-Fourier coefficients fy and £ ; depends on the wave number
k, with the long-time behavior being dominated by the low frequency parts. We therefore separate the
coefficients into high and low frequency terms.

Definition 2.3 (High and low frequency parts). Let € > 0 be given and let u € L?(dudx) have Legendre and
Legendre-Fourier coefficients as defined in Definition 2.1. Then uy can be decomposed into a high frequency

part u?lgh and a low frequency part uleow, given by
higt ; ,
uy ® (x) = g up pe™®® and u™(x) = E ug e, (2.13)
Ikle>3 |kle<3



respectively. Similarly, u can be decomposed into a high frequency part u™&® and a low frequency part u'°v,

given by
o0 o0
uME (@ ) =Y g (@)pe(p),  and u(w,p) =D w™ (@)pe(p), (2.14)
=0 =0

respectively.

2.2 Modified energy method

One may conclude from (1.2) that solutions of (1.1) dissipate the energy functional H: L?(dudx) — R, given
by

A key tool in the proof of Theorem 1.2 is the spectral decomposition of H.

Definition 2.4. Given € > 0 and any u € L?(dudz) with Legendre-Fourier expansion in (2.2), let

. 1
Hi(w) =5 > Juel®. (2.16)
=
A direct consequence of Definitions 2.3 and 2.4 is that
1 i 1 ow
Z ’Hg(u) = §Huh th%Z(dpdx) and Z 7‘12(“) = 5”“1 ”%%dﬂdm)‘ (2.17)
|kle>3 [kle<3
Since f satisfies (2.10), it follows that
2 L~ . ]
OHY(f) + :27'[11@(][) ik Y ap (fipfesrn + fioapfen) =0. (2.18)
£=0
For real-valued f, the real part of (2.18) gives
2
O H(f) + ZHi(f) = 0. (2.19)

Thus H{(f) is a non-increasing function of time. However, this is not enough to prove that HY(f) decays to
zero or how. In a similar calculation, (2.12) implies

aN|k| 1 kz
€

2
OHL(E) + ?Hi(f) < IEn k|| vkl < 272|€N,k|2 + €|f1v+1,k|27 (2.20)

where the third expression is a direct consequence of Young’s inequality and the bound on ay from (2.6).
In order to estimate the decay rate of the H)(f) or HY(€), the energy needs to be modified. Thus
following [14], we modify the energy by adding a compensating function.

Definition 2.5 (Compensating function). Given any u € L*(dpdx) with Legendre-Fourier expansion in
(2.2), a compensating function for HY(u) in (2.16) is a real-valued function

Vi) —
hk(u)* 4

T (ug g ), (2.21)
ap

where v € R is a positive scalar parameter to be determined and ag is the constant defined in (2.6).

The role of the compensating function is elucidated by the following lemma



Lemma 2.6. Let u € L?(dudz) have Legendre-Fourier coefficients that satisfy

eOrug k + aptkuy =0, (2.22)
edruy  + arikug i + apikuo,k + %uLk =0. ’
Then - ~
(1= Dyl < (4 + W) < (1+ DyHdu); (223)

and, for positive k, the time derivative is bounded by

k k 3 k
y R 2 B2 2.24
Ohy(u) < (16 |uo,k]* — <46 + 863k) [ur k] = —luzl ) (2.24)

Proof. From the definition of A} in (2.21) and the fact that ag = 1/v/3, it follows that

v i
il < < 2 (Gluosl + glunal?) < Zrdto) (2.25)

which immediately implies (2.23). To derive (2.24), we differentiate (2.21) in time and use (2.22) to conclude
that

0 k k 1 . ark .
Oehy(u) = 1 <—€|U0,k|2 + Z|Ul,k|2 + e Im(uo kui ) — e Re(uokus ) | - (2.26)
Using Young’s inequality, we compute bounds for the last two terms in (2.26):
1 1 k 3
— 1 2=_ L 2 2.27
e m(uo,kuj ) < |uo k% + 2a(2)63k|u17k| oe ltokl” + ooy [kl (2.27)
and N y
a1 24 ay 2 4 2
——R < — — 2.28
doe e(uo,kus,) |Uo k|® + W2 lug k| = + |u2 kl”- (2.28)
These bounds, when substituted into (2.26), give (2.24). O
3 Proofs
This section is dedicated to the proof of Theorem 1.2, which proceeds in 4 steps. First, in Section 3.1, we
determine bounds on the coefficients fy for £ = 0,...,00 and k = —o00,...,00. Second, in Section 3.2,
we use the bounds on f;; to estimate 7. Third, in Section 3.3, we use the bound on fyy; % to estimate
&. Fourth, in Section 3.4, we compute finer estimates on QOW for £ =0,...,N. In Section 3.5, the results

of these four steps are combined to prove Theorem 1.2. More specifically, the first three steps are used to
establish the spectral error in (2.8), while the last is required to establish the moment errors given in (2.9).

In many cases, the proofs below rely on the decomposition of functions into high- and low-frequency
components, as prescribed in Definition 2.3. Since we consider only real-valued functions u € L?(dudw),
“Z i = Ue,—k. Therefore |t k| = |we,—r|, which means it is sufficient to consider only non-negative components
of the Fourier spectrum, i.e., wave numbers k& > 0.

3.1 Bounding the coefficients of f

In this section, we first use the method of modified energy to bound H{(f) in Lemma 3.1. With such bounds
and method of induction, we find bounds on f; in Lemma 3.2.

Lemma 3.1. For any go € L?(dx),

2g),  |kle> <, (3.1)
HR(F)(t) <

6e =K1 HY (g),  |K|e <

DN = N =

, (3.2)

with A\y = 7= (cf. (3.8)) and Ay = 4t (cf. (3.12)).



Proof. We set u = f in (2.24), add the result to (2.19), and use the fact that Hp(f) = Hi(f) + %‘fl,k|2 I
%|f27k|2- This gives

2
2
O (M) +B(F)) < =ZHU) = Y eqalfenl’, (33)
£=0
where k 1 k 3 1 k
v v il R
T A T A 7 (34

We next separate the frequency spectrum into high-frequency terms, when ke > 1/2, and low-frequency
terms, when 0 < ke < 1/2. The choice of v and the subsequent estimates will depend on which part of the
spectrum is being considered.

(i) High frequency. For ke > 1/2, we set

61 _ 3

high .__ e
29 ke < 29

"y:

so that

1 1 4 6 - 1 16 ) 1 36)
c cv1=1|—= — — == - —= —. .
70T 99e2” 7 €2 20¢2 20k2¢A 29¢2’ 12 €2 145e2 29¢2

By substituting these bounds into (3.3), we find that

2

0, (1) + WD) <~ SHEP) — o Do el < g M) < 1o (HAUH) W) (37
£=0

where the last inequality uses the upper bound on HY(f) + hj(f) in (2.23) and the upper bound on
vhlgh in (3.5). We integrate the inequality in (3.7) and apply the bounds in (2.23), using the fact that
1< <1-2<1+7%< 32 <2 This gives

SHANW < (M) +1(0) (0 < e (o) +1(0) <267 HHYg), M=, (38)

from which (3.1) follows.
(ii) Low frequency. For k = 0, the result in (3.2) follows trivially from (2.22). For 0 < ke < %, we let
_ 64 32

_ Jow . il ue
T=7" =5 ke < 29 (3.9)
so that
4k 1 16k 24 S 4k 1 64 S 4k (3.10)
Cyo = — =5 - = — — == - — .
WT o9 T @ 29 T 29¢2) =290 T \@ T 1se) T 29
By substituting these bounds into (3.3), we find that
8 HO h’}’ < 2 k2 2 < 8 k2HO 8 k2 HO h’y
e (Hp(f) + k(f))_—:g ~5a Z|fz’k| 59 k() < 15 (He(f) +hi(f))

(3.11)
where the last inequality uses the upper bound on H in (2.23) and the upper bound on ~'°% in
(3.9). We integrate the inequality in (3.11) and apply the bounds in (2.23), using the fact that
7<—§177<1+7§@<2 This gives

SHUA) < (KU + L) () < 5 (M(g) + b)) < 2K 0(g), do= . (312)

from which (3.2) follows.



Lemma 3.2. Let gy € L?(dx) be given. For |kle > 1/2,

Art
forl(t) < J12HO(g) e %, €=0,1,2,....

As a result,
i i i —24t
£ | 22 da) (8) < (1S 2 () (8) < V6 9™ | L2 (apuamye” =, £=0,1,2,...
For |kle < 1/2,
|[feul(t) < CF'kfe™ M 1=0,1,2,...,
with

CF(g) = \/12H2(g)A* and A= \/3(13)\2/4) ~1.2.
As a result,
127 2oy (8) < Fg, )", £=10,1,2,...
where

1

2
F 0.t) = |2 Ok 2 k2l —2Xo k2t 5 2
(9:4,1) [ max(CY) ;O ¢ +d¢,0l90,0]

k>0

2
= [24 max HY(g) Z(Ak)%(f””% +d¢,0190,0 2]
k>0

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

is positive, bounded for any t > 0, independent of k or €, and monotonically decreasing with respect to t. As

a result,

At

I fell 22 () () < VBI|g" 0| 12 duazye™ = + Flg, £, t)e".

Proof. We again consider high and low frequencies separately.

(3.19)

i) High frequency. For |k|e > 1/2, the definition of H? in (2.16), along with bound in (3.1), implies
k

that 271t
|ferl®(t) < 2HR(F)(t) < 12H(g)e” = .

(3.20)

Taking square roots gives (3.13). We sum (3.20) over all k such that |k|e > 1/2 and use the definition

of fl}ligh in (2.13) and the expression for HY in (2.17) to conclude that

27t

. _ ; 2t
||f;gh||%2(dz)(t): Z | ferl?(t) < Z 12H)(g)e™ = = 6[|g"" | 72 (guamr

|kle>1 |kle>1

Taking square roots gives (3.14).

(3.21)

(ii) Low frequency. To establish (3.15) for 0 < ke < 1/2, we consider three cases, the first two of which

are rather specific.

— Case 1: £ =0, k = 0. In this case, direct inspection of (2.10) shows that fo o(t) = go,0 is constant
w.r.t. t. The assumption that g is isotropic implies that g o(t) = 0 for £ > 1 and all ¢ > 0. Hence

H3(g9) = 1|90,0/?, whereby C = v/6|go,0|. Thus the bound in (3.15) is satisfied.

— Case 2: £ > 1, k=0. In this case, (2.10) implies that foo(t) = e*g%fw(()), Hence, with the

isotropic assumption on g, fr0(t) = 0. Thus the bound in (3.15) holds.



— Case 3: £>0,0 < ke < 1/2. In this case, we actually prove the stronger statement
fonl(t) < CERLe™FE 1>0, n>1, (3.22)

with C¥ defined in (3.16). The result in (3.15) then follows by setting n = ¢ in (3.22). We proceed
by 1nduct10n on £. According to the definition of H{ in (2.16) and the bound in (3.2),
4
FudlP(0) S 2HUNE) < 12H(g) e o= mz0. (3.23)
Taking square roots in (3.23) recovers (3.22) for the case £ = 0. Next, assume that (3.22) holds
for £ = £, for some ¢, > 0 fixed. Using (2.10), the estimate (3.22) with ¢ = /,, and the fact that
an < 1/+/3 for all n > 0, we arrive at the following estimate for | fri| for all n > £, + 1:

O

) < \2[—]; (Cf*ee*kz*e_)‘zk%) : (3.24)
€

Thus integration of (3.24) in time (with an integrating factor on the left-hand side) gives

mm>s6wm+f/

2k ¢ s 2
= = | e (CFerkte b S) ds
\/§€ /O ( Ly

1 k
— < 2
e

Ck EZ kf )\ngs) ds

k
- ALGAHI&H (efxzk% B 6732)
V31— Xa€?k

IN

2
Aoéc* Ge*+1kz*+167>\2k t
2

= Cf e TghTlem Akt (3.25)

where C’ZH is given in (3.16) and we have again used the fact that g, , = 0 for n > 1. This
proves (3.22) and hence (3.15).

To show (3.17), we sum (3.15) over all low frequency values of k:

I ey @ = D MerlP(O) < [feol?@) +2 Y 1fexl(®)

|kle<i 0<ke<3

{ Ck 220,20 ,~2Xok t}

IN
&
=)
=)
=
O_
_|_
[N}

0<ke<3
_ 2
< 5Z,O|go7o|2+262 ma (CZ) Z E2le—2X2k7t
0<ke<
O<ke§é
< F(g,0,t)%e*, (3.26)

where F'(g,¢,t) is given in (3.18). This proves (3.17).
O

Remark 3.3. While F(g,(,t) is independent of €, it depends on £. A more careful examination of this
dependence is provided in Section 5.

Remark 3.4. The assumption that g is isotropic is critical to the proof above. More specifically, it is needed
in order to ignore the contribution of the initial condition in the first line of (3.25). If gn i is not zero,
then the estimates are quite different and the proofs are much more complicated. We leave the analysis for
anisotropic initial conditions to future work.

Remark 3.5. The proof above also works for the coefficients féN of the Py system. Hence the estimates
on fo in Lemma 3.2 also apply to fIN. In Section 4, we use fY as a proxy for fo in order to verify these
estimates numerically.
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3.2 Estimating 7

In this section, we use the bounds on f; to bound 7.

Lemma 3.6. Let gy € L?(dx) be given.

. . At
178 || 2 (dadar) (8) < V6(1 9™ || L2 (dpudarr € <2 (3.27)
and
||nlow||L2(dea?)(t) < \/iF(gaN + lat)€N+1a (328)
where F is given in (3.18) with £ = N + 1. As a result,
, Ay
0l 2 (e (8) < V6" 8| L2(apamye” < + V2F (g, N +1,t)eV T (3.29)

Proof. We prove (3.27) and (3.28), which combine to give (3.29).

(i) High frequencies. We first recall the high-frequency definitions in (2.13) and (2.14) and the definition
of nin (2.3). We then apply (3.14). This gives

At

I e ©) < 15 i (8) < VOGS | 2ty ™ (3.30)

(ii) Low frequencies. We recall the low-frequency definitions in (2.13) and (2.14) and then apply the
bound in (3.17). This gives

oo oo

ow ow 2
17 2y ) = D M N2 < Y [Flg,6,1)€"] (3.31)

{=N+1 {=N+1

Using the definition of F(g,¢,t) in (3.18), we have

> [P0 > (24%33‘7%2(9) Z(Ak)”e”*“e”) (3.32)

I=N4+1 (=N+1 k>0

_  L2(N+1) 0 2(N41) ,—2X2k%t = 20
€ 24 max #j(9) > (Ak) e > (Ake) (3.33)

k>0 £=0

[F(g, N+ 1,8)] N " (Ake)? (3.34)
=0

Recall that 0 < A < 1.2. Therefore, (Ake) < 0.6 < 1 and

;(Ake)% = m <2 (3.35)

3.3 Estimating ¢
With bounds on fn 41 in (3.13), we use method of modified energy to bound H9(€) and then estimate &.

Lemma 3.7. Let go € H'(dz), then

k(azg)a |k|E > 5 (336)

TGICER® 2
5[0}/4{]+1}2k2(N+2)e—2A2k t62(1\1+1)7 |k|€ <

N~ N~

, (3.37)
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with \y = £, Ao = 5+ and C%_ | defined in (3.16). Hence

457
. At .
€Y | 2 gty () < V6t < (|00 g" 50| 12 (e (3.38)
and
low \/E N+1
”5 ||L2(dydm)(t) < ZF(ng + 2at)€ 3 (339)

where F is given in (3.18) with £ = N + 2. As a result,

EESTINRV/
€11 22 (dpudar) (8) < V61029l 2 (@puamye” = + IF(QJV-F 2,t)eN T

(3.40)
Proof. The proof relies on the same calculations as Lemma 3.1, but must incorporate the presence of a source
term in the energy equation. (Compare (2.19) to (2.20).) We set u = £ in (2.24), add the result to (2.20),
and use the fact that H}(&) = Hp (&) + 31€1,6]> + 3[é2,6[>. This gives

2
2 1 k2

By (HR(E) + 1 (€)) < —:27'[2(5) - ZCMKMF + @|§N,k|2 + §|fN+1,k|2

=0

2
1 k2
_?Hi(f) - ZC%Z|§€,I¢|2 + E|fN+1,k|27 (3.41)

£=0

IN

where the coefficients ¢,,0, ¢y,1, and ¢, 2 are defined in (3.4) and the term 5'3|¢y x[? in the first line has been
absorbed by —E%Hﬁ(g)? As in the proof of Lemma 3.1, we separate the frequency spectrum of £ into high
frequency and low-frequency parts, and choose  appropriately in each case.

(i) High frequency. For ke > 1/2, we set v = el (defined in (3.5)) into (3.41) and repeat the
arguments in part (i) of the proof of Lemma 3.1. This gives

2 k2
0y (HR(&) + h(€) < —?21(7'[2(5) +h (&) + €|fN+1,k|2~ (3.42)
We integrate (3.42) in time. Using (3.13) to evaluate | fy1,x| and the fact that (H(£) + k] (£)) (0) =0,
we find that
0 5 [ I ST 2 — 21t 94,0
(HR(&) + () (1) < F/o e 2 |fniikl7(s)ds < 2te” < kPH(g). (3.43)

Applying the left bound from (2.23), we find

At

0 —2Mt0 2400 -21500
Hi(§)(t) < 6te” @ k“H,(g) = 6te” < Hp(0.9), (3.44)
which is (3.36). Then (3.38) is recovered by summing over all high frequency values of k.

(ii) Low frequency. When k = 0, (2.12) implies that &, = 0 (since the initial condition is zero by
definition). For 0 < ke < 1/2, we set v = 7'°% (defined in (3.9)) into (3.41) and repeat the arguments
in part (ii) of the proof of Lemma 3.1. This gives

O (HR() + hi(9)) < —20ak? (HR() + h(9)) + %2|fN+1,k\2. (3.45)

2The cost of combining these two terms is that the coefficient of 73 (€) in (3.41) is only half the coefficient of 73 (f) in (3.3).
However, the bound with respect to these coefficients is very loose. Hence the estimates in the proof of Lemma 3.1 follow,
except for the source term.
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We integrate (3.45) in time, using the fact (HY(£) + A} (€)) (0) = 0 and the estimate in (3.15) for
|fv+1,k]- This gives

k2 t
(RO +I@) () < e [y Pas
0
< é(C]liu_l)2k2(N+2)672)\2k2t62(N+1). (3.46)

To arrive at (3.37) from (3.46), we use the fact that HY (&) < 3(HR(E) + R} (€)) (cf. (2.23)). Then to
establish (3.39), we sum (3.37) over the low frequency values of k:

. 12t o
€ 2ty () D g (AR 2N+ ek i34 ) 2N

A2

kle<d

24t o(n1) 0 2AN+2)  —2xok?t
< g€ max_ Hp(g) E (Ak) e

A O<ke<l .

O<ke<l

t

< HENF@ N + 21, (3.47)

with F defined in (3.18).

3.4 Finer estimate on &V

In Lemma 3.7, we proved an e-dependent estimate for £1°V. In this section, we combine the method of
induction with a reduced version of the modified energy to refine the estimate for Eéow.

Lemma 3.8. Let gy € L?(dx) be given. For |kle < 1,

€0kl(t) < CR o1 ()N N et (=0, (3.48)
0,k = ~ 2
C]l%_i_l_[(t)€2N+27Zk3N+472267)\2k t’ 1<0< ]\77 (349)
where ; 3 } .
Chiao(t) = M)CK_,(t), and Cf(t) = max{1,t'/2}C(t)CR 4, (3.50)
with 1/2 1/2 1
2 1,¢ A 2t k~
My = 2wty ey = R (3.51)
V3(1 = A2/4) V3(1 = A2/4)

and C% | defined in (3.16).

Proof. For k = 0, (3.48) and (3.49) hold, since direct inspection of (2.12) shows that & o(t) = 0 for all
¢ =0,1,---,N. We therefore consider only 0 < k < --. In this case, we establish (3.49) and (3.48) by
proving the stronger statements:

(1) for2< ¢ <N,
k() < Oy ()N T2 3N 0ak" g <y < g (3.52)

(2) for £ =1,
l€1kl(8) < ~Il§[(t)€2N+1k3N+lef)\2k2t. (3.53)

When ¢ = 0, (3.48) is recovered by setting £ = 2 and n = 0 in (3.52). When £ = 1, (3.49) is recovered by
(3.53). When 2 < ¢ < N, (3.49) is recovered by setting n = £ in (3.52).

(1) To prove (3.52), we use the method of induction, starting with N and working backward.

13



(a) For the initial step in the induction, we need to show that for £ = N,
enil(t) < CEE)ENT2EN 42Ky — 01, N, (3.54)

We prove (3.54) in two sub-steps.

(i) The first sub-step is to show (3.54) for n =1,..., N. We combine the last two equations of
(2.12). This gives

at|£n,k

1 k
+ ?|§n,k| < Z (an—llgn—l,k| + (1 - 6n,N)an‘§n+1,k| + 5n,NaN|fN+1,k|) ) (355)

for 1 <n < N. It follows from (3.37) that
1
|£€J€|(t) < t1/20§+1€N+1kN+26_>\2k2t? L= 07 17 e aNa 0<k < 277 (356)
€

where C% | is defined in (3.16). We use (3.56) to estimate &,_1,; and &,41,x and (3.15) to
estimate fyi1%. Then (3.55) reduces to

1 1 1
Orlén il + Slensl < 2 (W - k) Chyp eV kN e 1 <p < N. (3.57)
€

We then integrate in time, using the zero initial condition for &, j to find
n k() < C(1)CE N T2EN T3 22K | <y < N, (3.58)

with C(t) defined in (3.51). Since CC%_, < CF, (3.58) verifies (3.54) for n =1,...,N. 3

(ii) The second sub-step is to use the result of (i) to show that (3.54) holds for n = 0. Since
using (2.12) directly will result in order reduction by one power of ¢, we instead consider the
smaller system for {Sn’k}ﬁtol and treat {  as a source term:

€0éo 1 + aotkérr = 0, n=0;
€Diln ke + anik&nia k + an1ikén 1k + t&np =0, 1<n<N-2 (3.59)
€0 N1 + an—2ikEn—ok + TENv_1k = —an—1ikén gy, n=N—1.

We then repeat the arguments used to establish (3.37) using the estimate for £y in (3.58)
instead of the estimate for fy.yi . This procedure requires the introduction of a new func-
tional

- 1
Hy'ue o D lunsl?, e L (dpd), (3.60)
n=j
which is defined such that #J™ = HJ (cf. (2.16)). With HY™N"'(¢) and compensating

function A} (€), defined in (2.21), one can first derive a differential inequality analogous to
(3.41) and then follow the arguments in part (ii) of the proof of Lemma 3.7. The result is

é(t)Q(C]I%Jrl)262(N+2)k2(N+4)e—2/\2k2t, (3.61)
and then

(n k] (1) < /20 @)l N T2EN TR < < N — 1. (3.62)

As compared to (3.37), the extra powers of € and k in (3.62) come from the higher powers
in the estimate for {y j in (3.58) when compared to the estimate for fyy1 in (3.15). Since
t1/2CC%,, < CF, (3.62) verifies (3.54) for n = 0.

3Note that power of k in (3.58) is N + 3, which is actually better than the estimate in (3.54). However in the second substep,
an additional power of k is needed (cf. (3.62)) in order to gain an additional factor of € in the estimate for &g .
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(b) For the next step of the induction, we assume that for some 3 < ¢, < N fixed, (3.52) holds for
{=1,:
‘5n,k|(t) S ~Jli/'+1—£* (t)62N+27£*k3N+472l*67)\2k2t, 0 S n S g* (363)

We would like to show
€k (8) < CR 1 g _q) ()N T2 DBNFAZAC ) =ak% g <y <, — 1, (3.64)

(i) We first show (3.64) for 1 < n < {, — 1. Using (2.12), the estimate (3.63) for &,_1 and
&n+1,k and the fact that a,—1 < 1/\/3 and a, < 1/\/5, we derive the following estimate for
|&n k| for 1 <mn < {4, —1:

1 k
at|£n,k| + g|£n,k S E (an—llgn—l,k| + a'n|§n+1,k|)

2 - 2
< 70]@ B t €2N+1fﬁ*k_3N+5725*67)\2k t. 365
< 2 ) (3.9

Integration of (3.65) in time gives

2 ~ _ _ g2
(t) < \/g(l : /4) C]]i/'-i-l—é* (t)€2N+3 £*k3N+5 22*6 Aok t, (366)
— A2

which recovers (3.64), using the definition of C~'1’§,+2_e* in (3.50).
(ii) We next show (3.64) for n = 0, repeating the argument from step (a)(ii). We consider the

|£n,k

.=

smaller system for {ﬁn’k}fl and treat &, _1 % as a source term:

=0
€0téo 1 + aotkér = 0, n=0;

€Diln ke + anik&nirk + an 16k 1k + ténk =0, 1<n<{, -3 (3.67)
€01&r. —2 + ap.—3ikE. 3 + 1&0 2 = —ap, —2ik€ 15, =Ll —2.

Using the energy Hg’é*_2(§) defined in (3.60) and compensating function ] (), defined in

(2.21), we have

2t
(V3(1 = Ao/4))

B - 2 _ . _ _ 2
Hyt2(©)) (Chiaoe, (1)) NI p2ENFO-20) =2kt (3 65)

IN

and then
2t1/2 Cvk
7\/3(1 ~a/4) N+1—¢,

This estimate is analogous to (3.62).

(1) AN HIEINHO-20 k%t g <y <, 2 (3.69)

|£n,k|(t) <

(2) To prove (3.53), one just need to repeat the argument in (b)(i) with £, = 2.
O

The coefficients C%_,(t) and CN’]’i,+1_g(t) in the estimates for & ,(t) can be replaced by some time inde-
pendent coefficients, at the cost of a reduced decay rate in the error.

Lemma 3.9. Let gy € L?(dx) be given. For |kle < 1,

6Ll < C(N,2)Ck N3N e~ F 17t (=0, (3.70)
T e, o)k, N RN A2 =R < g < N, (3.71)
where Nrin
_ N — 2 2 _
C(N, ) = 24N =1 (ﬁ) e~ T HF L (3.72)
2
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and C¥ ., is defined in (3.16). Hence

. E(g,N,2,t)e*, =0, (3.73)
167 1 22 (az) () < N2
E(g,N,0,t)e , 1<C<N, (3.74)
where -
E(g,N,{,t) = C(N,)A™2N =32 F(g 3N + 4 — 2(,1/2) (3.75)

and F' is defined in (3.18).

Proof. The strategy is simple: use part of the exponentially decaying term in (3.48) and (3.49) to control
powers of ¢ in the other coefficients. Since max{1,'/2} < (t +1)¥/2, (3.50) and (3.51) imply the following
bound:

~ 2 1 2
Clli/—i-l—é(t)eikgk t < ANflJrl(t_'_ 1)(N72+1)/2 (t1/2 + %> CJI%JFlef)\gk t

< QAN 4 1)N-EED/2e=F 00k o= FRE s (3.76)

The product 2AN~F1(¢ + 1)(N’”2)/26*%2t takes its maximum value C(N, /) at t = (N — £+ 2)/\g — 1.
This proves (3.70) and (3.71).

To establish (3.73) and (3.74), we sum (3.70) and (3.71), respectively, over all low frequency values of k.
For example, summing (3.71) gives

_ g2 2
€ o (1) = D0 lexPB) <2 DT (CIN,HCK NP2 N 230
lkle<3 0<ke<i
< (@(N7€))262(2N+24)2 max (C§+1)2 Z E2(BN+4-20) ,—Aa2k?t
O<kess O<k€§%

_ (C’(N7 6))262(2]\[—’_2_@)24 max Hg(g)AQ(N-l-l) Z ]{52(3N+4_2€)6_)\2k2t, (377)

0<ke<} .
0<ke<s3

which yields (3.74). Then (3.73) is derived similarly.
O

Remark 3.10. One could easily prove bounds of the form (3.73) and (3.74) by using (3.48) and (3.49)
directly, with the coefficient E replaced by E(g, N,¢,t) = max{1,t'/2}C(t)M ()N A-2N=3+20p(g 3N + 4 —
20,t). Although E decays more quickly for large t (due to the difference in the third argument in F), the
time-dependent factor max{l,tl/z}é(t)M(t)N’e makes the analysis of E as a function of N more difficult.
We instead use E in (3.75) because it is easier to bound its growth with respect to N. This fact will be useful
in Section 5.2.

3.5 Proof of Theorem 1.2

We first prove the error estimate for fV. Since f — fV =5+ £, we simply apply the triangle inequality and
combine the estimates for 7 in (3.29) and ¢ in (3.40), and get

At

1 = V[ 22 (apaz) () VO] 6" | L2(apamye™ = + V2F (g, N + 1,4)eN !
t t
VB0l e ¥ + S (g, N +2,0M 379

This establishes (1.9) with constants

Vit
B(g) = \/6||g||L2(dudm)a C(awg) = \/6||8$g||L2(dp,dx)7 D(Q,N, t) = \/iF(gaN + 1at) + XF(ng + 27t)
(3.79)
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We next prove the error estimate for f¥. Since fo — fY = & = hlgh + §1°W7 we combine the estimate
(3.38). with (3.73) and (3.74). After some additional trivial bounds (HﬁhlthLz(dz) < |1€M82| 2 (apuda) and
Ha:vghlgh||L2(dpdx) < 1929122 (dudx) ), We arrive at

Vete 102912 (dpaz) + E(g, N, 2,t)e*N (=0, (3.80)

1o = FM Nl 22 an) (1) < '
Vote 1029|122 (dpaz) + E(g, N, £,£)e2N 276 1 <0 <N, (3.81)

with E defined in (3.75). This establishes (1.10) and completes the proof.

4 Numerical Examples

In this section, we perform numerical tests to demonstrate the theoretical results, by exploring different
values of €, N, and the initial condition g. All calculations are based on the Py system (2.8). Since the exact
solution of f is not readily available, we use fV with N = 65 as a reference solution in order to calculate L?
errors, and as discussed in Remark 3.5, we use f} as a proxy for the coefficients f; of the exact solution in
order to test the asymptotic estimates in Lemma 3.2.

For the spatial discretization of (2.8), we use a Fourier-Galerkin method, typically with 100 Fourier modes,
although more modes are added as needed to ensure that the spatial error neglected can be neglected. The
method is implemented with a fast Fourier transform (FFT) algorithm. What remains is an ODE for the
Fourier-Galerkin coeflicients that can be solved exactly (up to machine precision). In some situations, the
size of the coefficients differs by many orders of magnitude. Thus in order to rule out the effect of cumulative
round-off error that this discrepancy may create, we use the Multiprecision Computing Toolbox for MATLAB
by Advanpix LLC. [1] with 250 digits.

Example 4.1. We start with the kinetic equation (1.1) with three different initial conditions:

55)2 l-z z)(2), (4.1)
).

Simple calculations with Fourier analysis imply g(*) € H9(dz) for ¢ < % and g® € H9(dz) for q < %, while
¢®) is a smooth function. However, ¢(*) does not satisfy the regularity assumption in Theorem 1.2 which is
required for the high-frequency bound (3.36) in Lemma 3.7.

We solve the Py system (2.8) with e =2-4™™ withm =1,...,5,and N =1,2,--- 5. For each ¢ and
N, L*(dudz) errors with respect to the reference solution are listed in Table 1. The convergence rates of the
coefficients féN for Py and P; are listed in Tables 2 and 3. The convergence rates of the errors &, for fEN are
listed in Tables 4 and 5.

For all three initial conditions, we observe the convergence rates for fV indicated by (1.9) in Table 1, the
convergence rates for & indicated by (1.10) in Tables 4 and 5, and the covergence rates for flfv indicated by
Remark 3.5 in Tables 2 and 3. We observe these rates even for g™"), which is not in H'(dx) and thus does
not satisfy the hypothesis used to prove these estimates. This discrepancy may be due to the fact that the
Fourier-Galerkin method uses a finite number of waves and thus the numerical approximation of ¢() is in
H'(dz). However, even with 10,000 Fourier modes, the results do not change. Thus while ¢V € H'(dx)
may be a necessary condition, it may be impossible to verify it numerically in this example.

5 The benefit of increasing N

The goal of any apriori error estimate is to provide an indication of how the accuracy of an approximation will
improve as a given parameter varies. For example, the spectral estimate in (1.7) suggests that e = f — fV

behaves like
||€N+1H N q (5 1)
leN]| N+1/)"’ '
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g(l)
€ Py error order P> error order P53 error order Py error order Ps5 error order
1/2 6.34E-02 3.27E-02 2.07E-02 1.48E-02 1.17E-02
1/8 2.60E-03 2.30 1.71E-04 3.79 1.97E-05 5.02 3.39E-06 6.05 6.39E-07 7.08
1/32 1.60E-04 2.01 2.50E-06 3.05 7.09E-08 4.06 3.00E-09 5.07 1.39E-10 6.08
1/128 9.99E-06 2.00 3.89E-08 3.00 2.76E-10 4.00 2.91E-12 5.00 3.38E-14 6.01
1/512 6.24E-07 2.00 6.07E-10 3.00 1.08E-12 4.00 2.84E-15 5.00 8.24E-18 6.00

(2)
g
€ Py error | order | Ps error | order Ps3 error | order P4 error | order Ps error | order
1/2 4.39E-02 1.59E-02 6.63E-03 3.44E-03 2.21E-03

1/8 2.41E-03 2.09 1.76E-04 3.25 1.88E-05 4.23 2.27E-06 5.28 2.90E-07 6.45
1/32 1.49E-04 2.01 2.65E-06 3.03 7.04E-08 4.03 2.11E-09 5.04 6.64E-11 6.05
1/128 9.31E-06 2.00 4.14E-08 3.00 2.74E-10 4.00 2.05E-12 5.00 1.62E-14 6.00
1/512 5.82E-07 2.00 6.46E-10 3.00 1.07E-12 4.00 2.00E-15 5.00 3.94E-18 6.00

(3)
g
€ Py error | order | Ps error | order P53 error | order P4 error | order | Ps error | order
1/2 5.78E-02 1.24E-02 2.37E-03 3.94E-04 5.79E-05

1/8 3.51E-03 2.02 2.14E-04 2.93 1.35E-05 3.73 | 8.50E-07 | 4.43 5.34E-08 5.04
1/32 2.18E-04 2.00 3.31E-06 | 3.01 5.21E-08 4.01 8.18E-10 5.01 1.28E-11 6.01
1/128 1.36E-05 2.00 5.17E-08 | 3.00 2.03E-10 | 4.00 7.98E-13 5.00 | 3.13E-15 6.00
1/512 || 8.50E-07 | 2.00 8.07E-10 | 3.00 7.94E-13 4.00 7.80E-16 5.00 7.64E-19 6.00

Table 1: Errors and convergence rates for the Py solutions in Example 4.1. According to Theorem 1.2, the
theoretical order of convergence is N + 1.

(1)
g
€ f(J)V order le order fév order 3N order I i\r order
1/2 2.16E4-00 1.43E-01 3.84E-02 1.48E-02 1.35E-02

1/8 2.16E400 | 0.00 | 3.32E-02 1.06 | 2.19E-03 | 2.07 | 1.62E-04 | 3.25 1.96E-05 | 4.72
1/32 2.16E4-00 | 0.00 | 8.25E-03 1.00 1.36E-04 | 2.01 2.49E-06 | 3.01 7.09E-08 | 4.05
1/128 || 2.16E400 | 0.00 | 2.06E-03 1.00 | 8.48E-06 | 2.00 | 3.89E-08 | 3.00 | 2.76E-10 | 4.00
1/512 || 2.16E+00 | 0.00 | 5.16E-04 1.00 | 5.30E-07 | 2.00 | 6.07TE-10 | 3.00 1.08E-12 | 4.00

(2)
g
€ fév order f{v order £ order fév order f i\f order
1/2 1.91E+00 1.21E-01 3.65E-02 1.28E-02 5.90E-03

1/8 1.90E400 | 0.00 | 2.73E-02 1.07 | 1.99E-03 | 2.10 1.73E-04 | 3.10 1.88E-05 | 4.15
1/32 1.90E+00 | 0.00 | 6.78E-03 1.00 1.23E-04 | 2.01 2.65E-06 | 3.01 7.04E-08 | 4.03
1/128 1.90E400 | 0.00 1.69E-03 1.00 | 7.69E-06 | 2.00 | 4.14E-08 | 3.00 | 2.74E-10 | 4.00
1/512 1.90E+00 | 0.00 | 4.23E-04 1.00 | 4.81E-07 | 2.00 | 6.46E-10 | 3.00 1.07E-12 | 4.00

(3)
g
€ fON order le order fév order f:.fv order I i\f order
1/2 1.61E4-00 2.24E-01 5.50E-02 1.20E-02 2.36E-03

1/8 1.59E+00 | 0.01 5.20E-02 1.05 | 3.36E-03 | 2.02 2.13E-04 | 2091 1.35E-05 | 3.72
1/32 1.59E+400 | 0.00 1.29E-02 1.00 | 2.09E-04 | 2.00 | 3.31E-06 | 3.01 5.21E-08 | 4.01
1/128 1.59E+00 | 0.00 | 3.23E-03 1.00 1.30E-05 | 2.00 | 5.17E-08 | 3.00 | 2.03E-10 | 4.00
1/512 1.59E+400 | 0.00 | 8.08E-04 1.00 | 8.15E-07 | 2.00 | 8.07E-10 | 3.00 | 7.94E-13 | 4.00

Table 2: Convergence rates of the coefficients f for the P, solution in Example 4.1. According to Lemma
3.2, the theoretical order of convergence is /.
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g

€ fév order le order fQN order f?fv order f ‘{V order fév order
1/2 2.16E+00 1.43E-01 3.80E-02 1.54E-02 1.00E-02 8.71E-03
1/8 2.16E4+00 | 0.00 | 3.32E-02 1.06 | 2.19E-03 | 2.06 1.62E-04 | 3.28 1.90E-05 | 4.52 | 3.39E-06 | 5.66
1/32 2.16E400 | 0.00 | 8.25E-03 1.00 1.36E-04 | 2.01 2.49E-06 | 3.01 7.08E-08 | 4.03 | 3.00E-09 | 5.07
1/128 2.16E4-00 0.00 2.06E-03 1.00 8.48E-06 2.00 3.89E-08 3.00 2.76E-10 4.00 2.91E-12 5.00
1/512 || 2.16E4+00 | 0.00 | 5.16E-04 1.00 | 5.30E-07 | 2.00 | 6.07E-10 | 3.00 1.08E-12 | 4.00 | 2.84E-15 | 5.00
g(®
€ fév order f 1N order f2N order fév order i\f order fév order
1/2 1.91E+00 1.21E-01 3.65E-02 1.30E-02 4.91E-03 2.85E-03
1/8 1.90E400 | 0.00 | 2.73E-02 1.07 1.99E-03 | 2.10 1.73E-04 | 3.11 1.85E-05 | 4.02 | 2.27E-06 | 5.15
1/32 1.90E4-00 0.00 6.78E-03 1.00 1.23E-04 2.01 2.65E-06 3.01 7.03E-08 4.02 2.11E-09 5.04
1/128 || 1.90E400 | 0.00 1.69E-03 1.00 | 7.69E-06 | 2.00 | 4.14E-08 | 3.00 | 2.74E-10 | 4.00 | 2.05E-12 | 5.00
1/512 1.90E400 | 0.00 | 4.23E-04 1.00 | 4.81E-07 | 2.00 | 6.46E-10 | 3.00 1.07E-12 | 4.00 | 2.00E-15 | 5.00
g®
€ fév order le order f2N order fév order fiv order f5N order
1/2 1.61E4+00 2.24E-01 5.50E-02 1.20E-02 2.30E-03 3.93E-04
1/8 1.59E400 | 0.01 5.20E-02 1.05 | 3.36E-03 | 2.02 | 2.13E-04 | 291 1.35E-05 | 3.71 8.50E-07 | 4.43
1/32 1.59E+00 0.00 1.29E-02 1.00 2.09E-04 2.00 3.31E-06 3.01 5.21E-08 4.01 8.18E-10 5.01
1/128 1.59E4+00 | 0.00 | 3.23E-03 1.00 1.30E-05 | 2.00 | 5.17E-08 | 3.00 | 2.03E-10 | 4.00 | 7.98E-13 | 5.00
1/512 1.59E+00 | 0.00 | 8.08E-04 1.00 | 8.15E-07 | 2.00 | 8.07E-10 | 3.00 | 7.94E-13 | 4.00 | 7.80E-16 | 5.00

Table 3: Convergence rates of the coefficients fEN for the Ps
3.2, the theoretical order of convergence is /.

solution in Example 4.1. According to Lemma

g
€ &o order &1 order &o order &3 order &4 order
1/2 5.93E-03 3.62E-03 4.78E-03 4.71E-03 5.87E-03
1/8 6.71E-08 | 8.22 1.35E-08 | 9.02 | 2.62E-08 | 8.74 | 1.18E-07 | 7.64 | 6.17E-07 | 6.61
1/32 9.34E-13 | 8.07 | 4.45E-14 | 9.11 3.20E-13 | 8.16 | 6.59E-12 | 7.06 | 1.39E-10 | 6.06
1/128 || 1.42E-17 | 8.00 | 1.68E-19 | 9.01 | 4.81E-18 | 8.01 | 4.00E-16 | 7.00 | 3.38E-14 | 6.00
1/512 || 2.16E-22 | 8.00 | 6.42E-25 | 9.00 | 7.33E-23 | 8.00 | 2.44E-20 | 7.00 | 8.25E-18 | 6.00
g
€ &o order &1 order 1) order &3 order &4 order
1/2 8.37E-04 4.47E-04 7.31E-04 8.59E-04 1.35E-03
1/8 2.28E-08 | 7.58 | 5.15E-09 | 8.20 | 7.69E-09 | 8.27 | 3.89E-08 | 7.21 2.85E-07 | 6.11
1/32 3.01E-13 | 8.10 1.71E-14 | 9.10 | 8.96E-14 | 8.19 | 2.25E-12 | 7.04 | 6.65E-11 | 6.03
1/128 || 4.55E-18 | 8.01 | 6.46E-20 | 9.01 1.35E-18 | 8.01 1.37E-16 | 7.00 | 1.62E-14 | 6.00
1/512 || 6.94E-23 | 8.00 | 2.46E-25 | 9.00 | 2.05E-23 | 8.00 | 8.34E-21 | 7.00 | 3.95E-18 | 6.00
g®
€ &o order &1 order ) order &3 order &4 order
1/2 1.62E-08 9.57E-08 8.87E-07 7.49E-06 5.70E-05
1/8 5.52E-11 | 4.10 | 9.91E-12 | 6.62 | 2.13E-10 | 6.01 | 3.36E-09 | 5.56 | 5.32E-08 | 5.03
1/32 9.48E-16 | 7.91 | 3.47E-17 | 9.06 | 3.21E-15 | 8.01 | 2.02E-13 | 7.01 1.28E-11 | 6.01
1/128 || 1.46E-20 | 8.00 1.32E-22 | 9.00 | 4.89E-20 | 8.00 | 1.23E-17 | 7.00 | 3.13E-15 | 6.00
1/512 || 2.22E-25 | 8.00 | 5.02E-28 | 9.00 | 7.46E-25 | 8.00 | 7.53E-22 | 7.00 | 7.65E-19 | 6.00

Table 4: Convergence rates of the error & in the coefficients fZN for the P, solution in Example 4.1. According
to (1.10) in Theorem 1.2, the theoretical order of convergence is 2N = 8 for f§ and 2N +2 — ¢ =10 — ¢ for
Noe=1,...4
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g»

€ &o order &1 order &a order [ order &4 order &s order
1/2 4.06E-03 2.96E-03 3.32E-03 3.28E-03 3.62E-03 4.55E-03
1/8 4.02E-09 | 9.97 | 1.13E-09 | 10.66 | 1.23E-09 | 10.68 | 4.42E-09 | 9.75 | 2.27E-08 | 8.64 | 1.18E-07 | 7.62
1/32 3.13E-15 | 10.15 | 2.10E-16 | 11.18 | 7.85E-16 | 10.29 | 1.52E-14 | 9.08 | 3.12E-13 | 8.07 | 6.56E-12 | 7.07
1/128 || 2.95E-21 | 10.01 | 4.93E-23 | 11.01 | 7.31E-22 | 10.02 | 5.75E-20 | 9.01 | 4.74E-18 | 8.00 | 3.98E-16 | 7.00
1/512 || 2.81E-27 | 10.00 | 1.17E-29 | 11.00 | 6.96E-28 | 10.00 | 2.19E-25 | 9.00 | 7.22E-23 | 8.00 | 2.43E-20 | 7.00
g®
€ éo order 131 order &2 order &3 order &a order &s order
1/2 5.07E-04 2.72E-04 4.34E-04 4.69E-04 5.59E-04 8.59E-04
1/8 1.42E-09 | 9.22 | 3.26E-10 | 9.84 | 4.12E-10 | 10.00 | 1.27E-09 | 9.25 | 6.31E-09 | 8.22 | 3.89E-08 | 7.22
1/32 1.15E-15 | 10.12 | 6.76E-17 | 11.10 | 2.54E-16 | 10.32 | 4.28E-15 | 9.09 | 8.73E-14 | 8.07 | 2.23E-12 | 7.04
1/128 || 1.09E-21 | 10.01 | 1.60E-23 | 11.01 | 2.35E-22 | 10.02 | 1.62E-20 | 9.01 1.32E-18 | 8.00 1.36E-16 | 7.00
1/512 1.03E-27 | 10.00 | 3.80E-30 | 11.00 | 2.24E-28 | 10.00 | 6.17E-26 | 9.00 | 2.02E-23 | 8.00 | 8.29E-21 7.00
g3
€ &o order &1 order &a order &3 order & order &s order
1/2 1.09E-10 8.15E-10 9.02E-09 9.28E-08 8.74E-07 7.45E-06
1/8 2.10E-13 | 4.51 397E-14 | 7.16 | 8.41E-13 | 6.69 | 1.32E-11 6.39 | 2.10E-10 | 6.01 | 3.34E-09 | 5.56
1/32 2.33E-19 | 9.89 | 8.53E-21 | 11.07 | 7.89E-19 | 10.01 | 4.98E-17 | 9.01 | 3.16E-15 | 8.01 | 2.01E-13 | 7.01
1/128 || 2.24E-25 | 9.99 | 2.02E-27 | 11.00 | 7.51E-25 | 10.00 | 1.90E-22 | 9.00 | 4.82E-20 | 8.00 1.23E-17 | 7.00
1/512 || 2.14E-31 | 10.00 | 4.82E-34 | 11.00 | 7.16E-31 | 10.00 | 7.23E-28 | 9.00 | 7.35E-25 | 8.00 | 7.49E-22 | 7.00

Table 5: Convergence rates of the error & in the coefficients f{¥ for the P5 solution in Example 4.1. According
to (1.10) in Theorem 1.2, the theoretical order of convergence is 2N = 10 for f&¥ and 2N +2 — ¢ =12 — /¢
for éV,Zzl,...,S.

where ¢ is related to the regularity of f. Thus the gain realized by increasing N to N + 1 is not expected to
be large, especially when ¢ is small. On the other hand, the estimate in (1.9) of Theorem 1.2 suggests that
by increasing N, we gain an additional factor of € in the error estimate; that is,

e+

T . (5.2)
l[e]]
Similarly, (1.10) of Theorem 1.2 suggests that we gain an additional factor of €2 in the error estimate for
el ==& = fr — fV; that is
lee 1 2 (5.3)
lle?’l
However, the statements in (5.2) and (5.3) are misleading since, unlike the spectral estimate in (1.7),
the e-dependent estimates in (1.9) and (1.10) include coefficients that depend on N and ¢. We begin by
exploring this question numerically.

5.1 Numerical experiments

Example 5.1. We return to Example 4.1 from Section 4 with initial condition ¢(®. We again use the Pss
solution as a reference. We compute Py solutions with e =247 m =1,...,5, and values of N up to 40,
which in practice is quite large. We examine the solutions at times ¢t = 0.1, 1, 10.

As before the spatial discretization is a Fourier-Galerkin method that uses fast Fourier transforms (FFT)
for implementation. For most cases, the spatial grid has 100 points. However, for smaller ¢ or larger e,
gradients in & become larger; in such cases, more points are needed to ensure that the spacial discretization
error can be neglected. Specifically, for t = 0.1 and e = 1/8, 1000 points are used; for ¢t = 0.1 and € = 1/2,
2500 points are used; for ¢ = 1 and € = 1/2, 1000 points are used.

In Figure 1, the ratio in (5.2) (normalized by €) is plotted as a function of N. In Figures 2-4, the ratio
in (5.3) (normalized by €2) is plotted for £ = 0,1,2. We observe the following trends:
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Figure 1: Results from Example 5.1. Top figures: ||e||. Bottom figures: w
1) Larger values of ¢ lead to smaller error ratios. Numerically, we find that for 1 < N < 40,
||eN+1|| 13, t=0.1,
W S G](N, t)E, where G](N, t) S 45, t= 1, (54:)
1.1, t =10,
and for 1 < N <40 and 0 </ <2,
||€N+1|| 400, t=0.1,
”i N < Gy(N,t)e?, where Go(N,t) < {50, t=1, (5.5)
¢ 20, t = 10.

2) For fixed t, the solution profiles of the normalized error ratios appear to convergence at e decreases.

3) As N varies, the solution profiles of the normalized error ratios exhibit plateaus with sharp transitions
in between. We do not yet understand the origin of this behavior.

Example 5.2. We repeat the previous test, this time using the initial condition ¢® from Example 4.1.
Because ¢ is smooth, 20 grid points are sufficient to ensure that the spatial error in the Fourier-Galerkin
discretization is negligible. For large values of NV, the errors are so small that 300 digits are used.

In Figure 5, the ratio in (5.2) (normalized by ¢) is plotted as a function of N. In Figures 6-8, the ratio
in (5.3) (normalized by €?) is plotted for £ = 0,1,2 as a function of N. As in the previous example, profiles
of the normalized error ratios appear to convergence at ¢ decreases. However, unlike the previous example,
the ratios do not appear to decay significantly as time increases. Indeed, they are already less than one for
t = 0.1. Numerically, we see that eV 1 < 0.5¢e’V and eévﬂ < 0.25626év (£ =0,1,2) for all three tested value
of t. Also, we do not observe the plateaus and transitions seen in the previous example.
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Figure 3: Results from Example 5.1. Top figures: ||e’||. Bottom figures:
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Figure 4: Results from Example 5.1. Top figures: ||e2’||. Bottom figures: w
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5.2 Quantifying coefficients in the error estimates
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The manner in which the estimates in (1.9) and (1.10) depend on N and ¢ can ultimately be traced back
to the coefficient F'(g,n,t), defined in (3.18). Indeed the results in (3.17), (3.28), (3.39), (3.73) and (3.74)
all depend on F(g,n,t) for some value of n: in (3.17), n = ¢; in (3.28), n = N + 1; in (3.39), n = N + 2;
in (3.73), n = 3N, and in (3.74), n = 3N + 4 — 2{. The dependence of F(g,n,t) on n arises via the term
an(2Xat), where (recall that) Ay = 4/45 and

an(s) =3 {(Ak)%—k%} .

k>0

For example, according to (1.9) and (3.79), after an initial layer,

1eN[1(t) < &(t) Van12(2hat) N1, where &(t) = 2 <\/§+

1/2
0
) (241%135(7{,,3@)) :

Similarly, it follows from (1.10), (3.75), and (3.18) that after an initial layer,

N—ny+2
(N —ng+2 2 n
||eév||(t) <d (6142?\2) V3N +4—2n, (Aat) 2N+2=ne
where
2, £=0
Ny =
f, 1</<N,

1/2
7— A2 0
and d=38 (66 ri?i%(Hk(g)) :

By interpreting the right-hand side of (5.6) as a Riemann sum, we bound a,, as follows:
an(s) < A% (e_s —|—/ (x4 1)2"e_sx2das> < A% (e_s —|—/ (2m)2"e_8$2dx)
1 1
2 _ ot —sa? 9 _ 1 _
< (24) (e 5—!—/ 2" He ™5 dr | = (24)*" (e S—i—ie *bn(s) ),
1
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(5.6)

(5.10)



where

"1\ P n!
ba(s) = k <S> R (5.11)
=0
Setting (5.10) into (5.7) gives
1 1/2
leMI(t) < &(t)(24)NT2e A2t <2bN+2(2>\2t) + 1) N = BN (1), (5.12)

and setting (5.10) into (5.8) gives

N Nonet? 1/2
) <d (YRt 2) T apetomneenntts (Y 0a 1) N
(5.13)
Thus, the error-bound ratios "
m =24 (W) € (5.14)

and

N-—np+2
2

B _ (N — et 3) v (1 TR S ) (24)3 <b3N+72n(()‘2t) + 2) v ¢
Eév(t) a €A2)\% N—nyg+2 bsNt+4—2n, (/\Qt) +2

gz (Nt 3) (honaran at) +2) 17 (5.15)
& ¥ bsn+4—2m, (Aaf) 1 2 '

can be used to quantity how much the estimates of ||V || and ||e)¥| improve as N increases.
It is easy to verify that b,, satisfies the following recurrence formula:

1 1
bo(s) = — and bni1(s) = nt

S S

1
bn(s) + -, forn>0. (5.16)

s
Hence, for any n > 1,

n+1 1.9 b, 4 _1
bua(s) +2) _ (B2ba(s) 4+ 2 _ndl (b(s)F g ) (2 <"l e
bn(s) +2 bn(s) +2 s bn(s) + 2 bn(s) +2 s

When applied to (5.14), (5.17) with n = N + 2 implies that

ENHL(1) N +3 1/2
2 W9y 1) e 1
EN({t) = <2)\2t + ) ¢ (5.18)

This dependence on ¢ suggests that the normalized true-error ratio |[eN*+1||/(e||e’V||) decreases as t increases,
as observed in Example 5.1. Similarly, using (5.17) in (5.15) with n = 3N +4 — 2ny,...,3N + 6 — 2n, gives

ENtY(1) <o’ (N—n¢+3>1/2 (3N+5—2m +1>1/2 (3N+6—2n4 +1>1/2 <3N+7—2ng H)l/?eg

Eév (t) - )\% Aot Aot Aot
N _ 1/2 sans _9 3/2
< 8A2< ”j“’) (3 7 20 +1> e, (5.19)
A2 Nt

This also suggests that the normalized true-error ratio [le) **(|/(e?[|elN||) decreases as ¢ increases, as observed
for the first three moments in Example 5.1. However, in both cases, ¢ needs to be sufficiently large in order
for these ratios to be small. In particular, any increase in the coefficient Ay = 4/45 will yield better bounds
for EN*1/EN and Eév 1y E}N. The numerical results in the following and final example suggest that this
value of Ay, which is established in Lemma 3.1, is probably not optimal.
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Figure 9: Results from Example 5.3 for different values of s. The orange curves are a,t1/a, vs. n. The
blue dashed curves are of (n 4+ 1)/s.

Example 5.3. We investigate the ratio a,11/a, numerically using the finite sum

INOEEDY {(Ak)2”e‘k25} . (5.20)

0<k<K

Numerical test suggest that a converges as K — oo and that K = 1000 is sufficient to capture the behavior
of the infinite sum in (5.6), and therefore use a,, ~ al?®® in the remainder of the computation. We compute
an(s) for n = 1,...,120 and different values s. We then plot the ratios ay41/a, in Figure 9 and make the
following observations:

1) It appears from the plots in Figure 9 that

aZ:ES()S) ~ ”jl. (5.21)

This approximation is consistent with the theoretical bound in (5.17) for large n, and the profiles of
the two ratios match quite well.

2) Recall again from Lemma 3.1 that Ay = 4/45. Thus if we set s = s(t) = 2\qot, the first values
of s = 8/450,8/45,80/45 in Figure 9(a)-(c) correspond to the values ¢ = 0.1,1,10 that are used
in Examples 5.1 and 5.2. As s increases (9(d)-(f)), we begin to see plateaus connected by sharp
transitions. This behavior is most notable in Figures 9(d)-9(f), and it is reminiscent of the profiles of
the normalized error ratios from Example 5.1 (cf. plots (e) and (f) of Figures 1-4), albeit at smaller
values of ¢. Currently, we do not have any explanation for these jumps or their locations. However, the
fact that this behavior emerges for larger values of s suggests that it may be possible to prove Lemma
3.1 with a larger value of \s.

6 Conclusion

In this paper, we give error estimates, in terms of a multiscale parameter ¢, for the spectral approximation in
the velocity variable of an idealized kinetic model. This approximation yields a linear, symmetric hyperbolic
system of partial differential equations for the expansion coefficients, which are functions of z and ¢. Under the
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assumption that the initial data g is isotropic, with g € L?(dudz) and 8,9 € L?(dudz), we prove that the error
in the spectral approximation with NV modes is O(eV*+1). In additional, we prove super-convergent results for
the expansion coefficients. We also provide numerical results that support the theoretical estimates. These
results exhibit the predicted order of convergence even when 8,9 ¢ L?(dudx). Thus it remains open whether
this condition is necessary for our result.

The coefficients of the error estimates are independent of € but not N. Thus, in an effort to demonstrate
the practical benefit when increasing N, we investigate these coefficients both theoretically and numerically.
In particular, we find that the ratio of successive error bounds in NV is itself bounded above by the product

eap (t), where
N+3 1/2
N(t) <24 ( el + 1) ; (6.1)

with Ao = 4/45 and A = A(A2) ~ 1.2. Meanwhile, the ratio in the error estimate for the moments is bounded
above by the product €28y ¢(t), where

N 12 san oy 3/2
ng+3) <3 + 7 ny +1) . (6.2)

2
ﬁN,E(t) =84 < )\% )\zt
Thus for reasonable (but not too large) values of N and ¢ sufficiently large, our estimate of the spectral error
improves significantly as N is increased. In our analysis, we are able to prove our theoretical results with
A2 = 4/45. However, numerical results suggest that a larger value of Ay is possible and demonstrate that
the theoretical benefit of having a larger value is significant.

In the future we intend to establish the theoretical results of this paper with a larger value of 5. In
addition, we will explore the e-dependent behavior of the error under more general initial conditions such as
anisotropic initial conditions, real boundary conditions, non-zero absorption and sources, spatially dependent
scattering, and higher-dimensional problems. We also hope to investigate alternative angular discretizations
and nonlinear systems.

A Spectral Error Estimate

The purpose of the section is to show that, with sufficient regularity on the initital condition g, the standard
estimate (1.7) holds with a constant C' that is independent of € € [0, 1].

Definition A.1. Let r, q, s, and S be non-negative integers. For any u € L*(dudx), define the shorthand
u(h?) = 0;0%u and the semi-norm |ul,, = |uD|| L2(4udz)- Then define the space

Vi(dudr) = {u € L*(dudz): i [tuls—q.q < oo} (A1)

q=0

S
with the associated semi-norm | - |ve(qudz) = 2 | ls—q,q- Finally, let
q=0

5
HS(d/,LdJ}) = {u € L2 dudl‘ Z| ‘V s (dpdz) < OO} (A2)
s=0
be the usual Sobolev space with norm || - | gs = ZSS:O | |vs (dudz)-

Lemma A.2. Let f solve (1.1) with initial condition g € V*(dudzx) for some positive integer s. Then
f e C([0,00); Vo (dudz)) with
|f|s—q,q(t) < (g+1)! |g|VS(dp,dz) (A.3)

for all integers q € [0, s] and t > 0.
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Proof. Given h € C([0,00); L?(dpudzx)) and v € L*(dudz), the equation

1 1
Opu(zx, p, t) + g,uaxu(x,,u,t) + ?u(x,u,t) = h(x, u,t), (z,p,t) € [—m,m) x [=1,1] x (0,00), (A.4a)
U($, My 0) = U(I, M)’ (:ZZ, ,u) € [*71—7 7T) x [717 1}7 (A4b)
has a mild solution (see, for example, [29, p.402]) u € C([0, 00); L?(dudz)), given by

1 b 1
u(z, p,t) = efsizv(x — —pt, ) + / e hx——p(t—7),pu,7)dr. (A.5)
€ 0 €

where the argument x — e~ !yt is understood with respect to the periodicity of the spatial domain. Applying
the triangle equality to (A.5) gives, for each ¢ > 0,

t
[[ul| 2 (dpda) (1) < €7 < |0l L2 (dpda) +/O e ||hl|L2(dpda) (7) dT

__t
V|| 22 () + €(1 — €7 2) e, 7] 22 (dpda) (T)- (A.6)

_t
<e 2

We now proceed by induction on g. If ¢ = 0, then differentiation of (1.1a) in = gives

1 l——
€O f "0+ pdp f0 4 = [0 = — 0] (A7)

for any integer r > 0. Hence u = f(*9) satisfies (A.4) with source h = 5[0 € ([0, 00); L*(dpdx)) and
initial condition v = g9 € L?(dudz). Thus (A.6) gives

flso(t) < e glso + (1 — e~ ) max |[FEO|| L2 (gpar) (7)

r€[0.4]
< € gl dpaz) + (L= €7) max |f]s0(r), (A.8)
Let ¢, € [0,t] be such that | f|s,0(t«) = m[%x] |fls,0(7). Then |f|so(ts) = n%gx] | f|s,0(7) so that, according
T€(0,t T7€[0,1

o (A.8),
[flsote) <e” e Q|VS (dudz) + (1 —e« )|f|s 0(t«)- (A.9)

Therefore
[fls.0(t) < [fls0(ts) < l9lve(auda), (A.10)

which verifies (A.3).
Next assume that (A.3) holds for ¢ = g, with 0 < gy < s. Differentiation of (1.1a) in x and p gives

1
€8, fraotl) 4 9, flraotl) 4 Ef(nqurl) = —(go+ 1) flrtta) (A.11)

for any 7 > 0. Therefore v = f(—(@+D.0+) gatisfies (A.4) with the source h = —qo—jlf(s_qo’q") €
C([0,00); L*(dudz)) and initial condition v = g(s~(9+1):900+1) ¢ 1.2(dudx). Thus (A.6) gives

| fls= (ot 1),00+1 () < €72 gls—(go+1),00+1 T (L — € )(q0 + 1) max | fls—g0.q0 (T)

< 19lvs(dpdz) + €(q0 + 1) (g0 + 1)!glve (dpuda)
< (90 + 2)!glv= (apdz)- (A.12)
O
Remark A.3. For sufficiently small €, the bound
q
[ fls—q,q(t) < (H(l + iﬁ)) 9|V (dudz) (A.13)
i=0

provides a sharper estimate than (A.3). The proof of this alternative bound uses the same arguments.

29



Theorem A.4. Suppose that g € H''(dudx) for some integer ¢ > 0. Then there ewists a constant
C =C(g,q), such that
1 = ¥ N2 (e (8) < CL+ /NI V>0, (A14)

Proof. We begin by estimating ¢ = Pf — f~ in terms of . A direct calculation using (1.1) and (1.5) shows
that

1 1 — 1
06 + <P (u0s6) + (6~ €) = — P (), (A.15)
which is equivalent to the system (2.9). Integrating (A.15) against £ on the left gives

1 1 - 1
SOUE ey + 1€ty = = [ [ €P (i) d

- //ﬁuaxndudw
€

= —1//5u8zndudw— 1//5u8mndudx, (A.16)
€ €

where £ = € —&. For N > 1, pu and n are orthogonal; hence the first term in the last line of (A.16) is zero.
Meanwhile Young’s inequality yields a bound on the second term:

1 ~ 1~ 1
2 [ Eudnduds < 18Ry + 51001 (A17)
Hence, (A.16) reduces to
1 -
O\l % 2 dpuctr) + :2||f||2L2(dudz) < N 10anl|7 2 (dyucir) (A.18)
and therefore,
OulIENL2 dpuaz) < N1O2nlT2 dprar) (A.19)

Since &|t—¢ = 0, integrating (A.19) in time gives
€0t () < 50 {192ty (7)< 50D { 102702 st () | (A.20)

Thus it remains only to bound ||0.7|| 12 (dudaz) -

We now turn to polynomial approximation theory: given a function ¢ € H?(dy), where H%(du) is
the Sobolev space of functions with ¢ weak derivatives in L2(du), there exists a constant K; > 0 such
that [3, Lemma 2.2]

¥ = PYllp2ap < Kill¥llga@nyN—* (A.21)

We apply this result to 9,7 = 0, f — PO, f, using also Lemma A.2, to find that

1021l L2 () (T) < K1 l|0 f Nl 22 (daspra dpay) (T)N 4

=K | > Ifhs(r) | N7¢

0<r<q

<Ky Z (7’ + 1)' ‘g|V1+T(dudx) N1

0<r<gq
< Ki(g + D'gllmr+a(apan N7 (A.22)
This bound is independent of ¢. Thus combining (A.20) and (A.22) gives
€1l 22 (apaa) (1) < Ka(g+ D 2] gl 1 (apaay N 72 (A.23)
To complete the proof, we estimate n = f — Pf using (A.21) and Lemma A.2,

1122 (duda) (1) < K1l £l 22 (dasma @) (N~ < Ki(g + D)!|gll maapaey N9, Yt > 0. (A.24)

Combining (A.23) and (A.24) recovers (A.14) with C' = Ki(q+ 1)! 9]l gr+a(dpda)-
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