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ABSTRACT. We develop a surface hopping algorithm based on frozen Gaussian approximation for semiclassical matrix
Schrodinger equations, in the spirit of Tully’s fewest switches surface hopping method. The algorithm is asymptoti-
cally derived from the Schrédinger equation with rigorous approximation error analysis. The resulting algorithm can be
viewed as a path integral stochastic representation of the semiclassical matrix Schrodinger equations. Our results provide
mathematical understanding to and shed new light on the important class of surface hopping methods in theoretical and
computational chemistry.

1. INTRODUCTION

The surface hopping algorithms, in particular the celebrated Tully’s fewest switches surface hopping (FSSH) al-
gorithm [7}29], are widely used in theoretical and computational chemistry for mixed quantum-classical dynamics
in the non-adiabatic regime.

The Schrodinger equation, which is often high dimensional in chemistry applications, is impractical to solve
directly due to curse of dimensionality. Thus, development of algorithms based on semiclassical approximation,
which only involve solving ODEs, is necessary. Within the Born-Oppenheimer approximation, the resulting algo-
rithm from the semiclassical approximation is the familiar ab initio molecular dynamics and related semiclassical
algorithms. However, in many applications, the adiabatic assumption in the Born-Oppenheimer approximation
is violated, thus, we need to consider the non-adiabatic dynamics. The surface hopping algorithms are hence
proposed to incorporate in quantum behavior due to the non-adiabaticity.

Despite the huge popularity of the algorithm and the many attempts in the chemistry literature for corrections
and further improvements (see e.g., [2,8,/11},/19}24,26,27]), which is a very active area to date, the understanding of
such algorithms, in particular, how surface hopping type algorithms can be derived from the nuclei Schrodinger
equations, remains rather poor.

In this work, we rigorously derive a surface hopping algorithm, named frozen Gaussian approximation with
surface hopping (FGA-SH), to approximate the Schrédinger equations with multiple adiabatic states in the semi-
classical regime. The FGA-SH algorithm shares similar spirit as the FSSH algorithms used in the chemistry litera-
ture [29], while it also differs in some essential ways. Hence, besides providing a rigorously asymptotically correct
approximation, our derivation hopefully will also help clarify several issues and mysteries around the FSSH algo-
rithm, and lead to systematic improvement of this type of algorithms.

The key observation behind our work is a path integral stochastic representation to the solution to the semiclas-
sical Schrodinger equations. The surface hopping algorithm can be in fact viewed as a direct Monte Carlo method
for evaluating the path integral. Thus, the path space average provides an approximation to the solution of a high
dimensional PDE, similar to the familiar Feynman-Kac formula for reaction diffusion type equations. To the best
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of our knowledge, this has not been observed in the literature, and it is crucial for understanding what the surface
hopping algorithm really tries to compute.

In this stochastic representation, the path space consists of continuous trajectory in the phase space, whose
evolution switches between classical Hamiltonian flows corresponding to each energy surface, and is hence piece-
wise deterministic, except at hoppings. This is why these algorithms are called surface hopping algorithms. Also
to avoid any potential confusion, while we approximate solutions to the Schrodinger equation, the path integral
we consider here (as it only works in the semiclassical limit) is very different from the usual Feynman path in-
tegral for quantum mechanics. In particular, the stochastic representation is well defined and gives an accurate
approximation to the solution of the Schrédinger equation in the semiclassical regime.

Before we continue, let us review some related mathematical works. Somehow rather confusingly, sometimes
the term “surface hopping” is used for a very different algorithm [30] which is based on Landau-Zener transition
asymptotics [18,/34]. This algorithm is designed for the situation of a single avoided crossing, while the type of
surface hopping algorithm we consider in this paper, which is mostly often used in chemistry today, is quite dif-
ferent and aims to work for general situations. The Landau-Zener asymptotics has been mathematically studied
by Hagedorn and Joye [5,/6]. The algorithm based on Landau-Zener formula is also studied in the mathematics lit-
erature, see e.g., [4,/13}]20]. While the algorithm we consider is very different, some of these numerical techniques
might be used in our context as well.

For the surface hopping algorithm we studied in this work, the understanding in the chemistry literature (see
e.g., [8,/11,26]) often starts from the quantum-classical Liouville equation [15], which is a natural generalization of
the usual Moyal’s evolution equation of Wigner distribution to the matrix Schrédinger equations. In the mathe-
matics literature, the quantum-classical Liouville equation was studied numerically in [3] in low dimensions very
recently. While we are able to derive a surface hopping type algorithm, our derivation is based on a different tool for
semiclassical analysis, the frozen Gaussian approximation, aka the Herman-Kluk propagator [10,/16,/17}21,[22}28].
It is not yet clear to us whether the surface hopping algorithms used in the chemistry literature (and the one we
derived) can be rigorously justified from the view point of quantum-classical Liouville equation. This remains an

interesting research direction.

The surface hopping algorithm we derive is based on asymptotic analysis on the phase space. The ansatz of
the solution, represented as an integration over the phase space and possible configurations of hopping times
is given in Section [2} after a brief review of the frozen Gaussian approximation for single surface case. For the
algorithmic purpose, it is more useful to take a stochastic representation of the ansatz as a path integral, which is
given in Section[3] A simple Monte Carlo algorithm for the path space average then leads to a rigorously justifiable
surface hopping algorithm, which we will compare with and connect to those used in the chemistry literature in
Section[3.3] The asymptotic derivation of the ansatz is given in Section[4] The main rigorous approximation result
is stated in Section |5, together with a few illustrating examples. Some numerical examples of the algorithm are

discussed in Section[6] We conclude the paper with proofs of the main result in Section[7}

2. INTEGRAL REPRESENTATION FOR SEMICLASSICAL MATRIX SCHRODINGER EQUATIONS

2.1. Two-state matrix Schrodinger equation. Consider the rescaled Schrodinger equation for nuclei and elec-
trons
&2

2.1 ie—u=——Ayu—=ANu+Vx,ru.
(2.1) o1 5 Bx 50T (x,1)

where u(t,x,r) is the total wave function, x € R” represents the nuclear degrees of freedom, r € R" denotes the
electronic degrees of freedom, and V' (x, r) is the total interaction potential. Here, € < 1 is the square root of the

mass ratio between the electrons and the nuclei (for simplicity, we assume that all nuclei have the same mass).
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We define the electronic Hamiltonian
1
H,= _EAr +Vix,r),

whose eigenstates W (r; x), given by
2.2) HeWi(r; x) = Ex(x)Wi(r; 1),

are called the adiabatic states. Note that in the eigenvalue problem (2.2), x enters as a parameter. In particular,
viewed as a function of x, the eigenvalues Ex(x) will be referred as energy surfaces.
In this work, we will only consider a finite number of adiabatic states, that is, we assume the following expansion

of the total wave function
N-1

u(t,x,1) =Y up(t, ) (r; x).
n=0

This is justified if the rest of the spectrum of H, is far separated from that of the states under consideration, so
that the transition between these N energy surfaces and others is negligible. For the separation condition and the
corresponding spectral gap assumption, the readers may refer to [23}]25] for detailed discussions.

In fact, for simplicity of notation, we will assume that the number of states is N = 2, the extension to any finite
N is straightforward. In this case, u(t, x,7r) = ug(f, x)Wo(r; x) + u; (¢, x)¥1(r; x), the original equation is equivalent
to a system of PDEs of U = (), which we will henceforth refer to as the matrix Schrédinger equation:

2 2
U € U U €“[Doo D U 2 o(doo d U
0| 2 _E 4, (%], of o0 Dot o) _ 25~ oo doy oy, o)
u 2 \wm ur) 2 \Dw Duj\un j=i\do du), 7\

Dy (%) = (Vi (r;0), AV (1, X)) ry - (dr(X)) j = (Wi (75%),05; ¥ (15 %)), fork,1=0,1,j=1,...,m.

E
2.3) ied, 0
E,

where

2.2. Brief review of the frozen Gaussian approximation. Before we consider the matrix Schrédinger equation
([2.3), let us recall the ansatz of frozen Gaussian approximation (aka Herman-Kluk propagator) [10}[16}[17}[28] for
scalar Schrodinger equation

2

.0 K
(2.4) wau(t,x)— 2Au(t,x)+E(x)u(t,x).

Note that if we drop the terms depending on d and D in (2.3), it decouples to two equations of the form of (2.4).
The algorithm that we will derive for can be viewed as an extension of the FGA to the matrix Schrodinger
equation.

The frozen Gaussian approximation is a convergent approximation to the solution of with G (¢) error [28].
It is based on the following integral representation of an approximate solution to

2.5) upca(t, X) = / alt, g, p)es® =109 y(0,y)dydqdp,

(27[8)3’”/2 R3

where ©(0, ) is the initial condition. Here, the phase function ® is given by

i i
(t,x,¥,q,p) = S(t,q,p) + P(t,q, p) - (x— Q(t, 4, p)) —p-(y — @) + 5|x—Q(t,q,p)|2+5|y—q|2.

Given g and p as parameters, the evolution of Q and P are governed by the Hamiltonian flow according to classical
Hamiltonian k(q, p) = %Ipl2 +E(q),

d
EQ - aph(QvP))

d
—P=- ,P),
1 04h(Q, P)
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with initial conditions Q(0, p, q) = g and P(0, g, p) = p. The solution to the Hamiltonian equations defines a trajec-
tory on the phase space R?"", which we call FGA trajectory. S is the action corresponding to the Hamiltonian flow,
with initial condition S(0, g, p) = 0. The equation of a is obtained by matched asymptotics and is given by:

d 1 _ ,
(2.6) i zatr(z '(0:P-i0.QVL,E(Q))
with initial condition a(0, g, p) = 2™'?, where we have used the short hand notations

0,=04-10p, and Z=0,(Q+iP).

Equivalently, we can rewrite as

1 Lo,
u LX)=— A(t,q,p)ecHP) dgdp,
FGA(Z, X) Cne)inT /RZm (t,q,p) qadp
where

O(t,x,q,p) = S(t,q, p) + P(t, g, p) - (x — Q(t, ¢, p)) + %Ix—Q(t, 0L

A(t,q,p) = al(t, q,p)/ Up(y)es P =@+ ly=al) gy
Rm

As A only differs from a by a constant multiplication factor, it satisfies the same equation as a does (with different
initial condition).

The following lemma, which we directly quote from [21} Lemma 3.1], states that the FGA ansatz reproduces the
initial condition.

Lemma 2.1. For u e [*(R™), we have

1 m i
= ey /Rsmz 2 e P0TI4P u(y) dydq dp.

The next lemma is crucial for the asymptotic matching to derive the evolution equations. The proof can be
found in [21, Lemma 3.2] and [22] Lemma 5.2]. We recall this lemma here as it will be used in the extension of

frozen Gaussian approximation to the matrix Schrédinger equations.

Lemma 2.2. For any vector b(y, q, p) and any matrix M(y, q, p) in Schwartz class viewed as functions of (y, q, p), we
have

b-(x=Q) ~~ed(b; Z;}),
and
(x—Q)-M(x-Q) ~€0,,Q; M Z;) +O(%)
where Einstein’s summation convention has been assumed. Moreover, for multi-index a that |a| = 3,
x-Q* ~0E"™.
Here, we denote by [ ~ g that

/Rsm feécpdydqdp: /Rsm geéq)dydqdp.
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2.3. The integral representation for surface hopping. We now consider extending the integral representation
in the previous subsection to the matrix Schrédinger equation by incorporating the coupling of the two energy
surfaces, which is the basis of the FGA-SH algorithm.

Let us assume, for simplicity of notation, that the initial condition concentrates on energy surface E; (i.e.,
u1(0,x) = 0 and ug is non-zero). The extension to general initial condition is straightforward as the equation is
linear. We construct an approximation to the total wave function following the ansatz below. We will prove rig-
orously that it gives an @ (¢) approximation to the true solution; see the convergence statement in Section[5} The
integral representation here is fully deterministic, and our FGA-SH algorithm can be understood as a Monte Carlo

algorithm for evaluation.

@2.7) upGa(t, %, 1) = K3 (£, ,7) + K (£, %, 1) + K32 (£, %, 1) + K33 (£, 2,7) + -+
where,
(2.8) KD (82,1 = W o (r; x)uly) (£,%)

represents the contribution to the ansatz by wave packets initiated at surface m, ends at surface n, and switches
the propagating surface / times in between — the meaning of which will become clear below. Thus, we can rewrite
12.7) as
urca(t, x,1) = Wo(r; x) (u(()m(t, x)+ul (t,x) +) +¥,(r;x) (uél)(t,x) +ul (1, %) + )

We will refer this as the surface hopping ansatz. The idea of splitting the wave function in this way is similar to that
used in the work by Wu and Herman [31-33], which is also based on the frozen Gaussian approximation. The two
approaches are different however in several essential ways, as we will explain in

As we consider initial condition starting from the surface 0, for simplicity of notation, we will drop the subscripts
0in u(()") for now. In the ansatz, u'® consists of contribution from wave packets propagating only on energy surface
Ey, without switching to E) surface. It is given by the ansatz of frozen Gaussian approximation on a single surface
as in Section[2.2
2.9) u® (£, x) = m / A (£, z0) exp (é@“’) (t, o, x)) dzo,

where we have used zy = (g, po) to denote phase space variables,

09t q,p,0=8q,p)+ POt q,p)- (x-QV(t,q,p)) + % lx= Q9w q,p),
and

(2.10) A%t q,p) = a"(1,4,p) /Rm o(y)et P -0+ ilv=al) g

Here, the evolution of the quantities S, P, Q©® and A are determined by matched asymptotic and will be
specified below. We will refer these quantities as FGA variables in the sequel.

For n > 0, the wave function 1" counts for contribution of wave packets that switch between the two energy
surfaces n times. Given n, to specify the integral representation, let us denote T,.; = (¢, , 1) a sequence of times
ordered backwardly, i.e., they satisfy

The ansatz for 1" is given by

1 t tn %)
2.11) a1, x =—/dz / dt / dt,— / dry TV (T, 20) -+ TP (T, 20) %
(2.11) (t,x) ey 0 , 4 ) n-1 | 1 (T1:1, 20) (T, 20)

i
x A" (t, Ty.1, z0) exp | =0 (¢, Ty.1, 20, X)
&
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where
0" (t, Ty, 20, X) = SU (¢, Tt 20) + P™ (8, T, 20) - (x = Q™ (2, Tt 20)) + Ix QU (¢, T, 20|

and
i i 2
A (8, Ty, 20) = a™ (¢, Tpa1, 20) o ug(y)ez TP D+2ly=dn gy,
To simplify the notation, we will often write (2.11) as

i
(2.12) u™(t,x) = / z/ 7MW 40 ey (—G)("))dT;,
@n )3'n/2 ° 0t <-<tp<t P € "

where dT}.; = df;---dt,. Note that in (2.11I), we integrate over all possible sequences of n ordered times in the
time interval [0, £].

Note that given the time sequence Ty, depends on the FGA variables S pm QW A and also 7k
for k =1,...,n. We will refer t© as the hopping coefficients, since they are related to the jumping intensity of our
stochastic algorithm. Note that as other FGA variables, 78 (T.1, z9) depend on the time sequence Tj.; and zp.

Let us now specify the evolution equations for the FGA variables and hopping coefficients involved in (2.9)
and to complete the integral representation. The asymptotic derivation of these equations will be given in
Section[4]

Recall that for n = 0, the FGA trajectory evolves on a single energy surface Ey. For n > 0, the trajectory will
switch between the two surfaces at given time sequences T.;. More precisely, T.; = (£, ty-1,-.., t1) determines
a partition of the time interval [0, £]. Each FGA variable evolves piecewisely in time on alternating energy sur-
faces, starting on energy surface 0 (due to our assumption of the initial condition). For convenience, we take the
convention ty =0 and #,,4; = ¢ in the following.

When ¢ € [y, t41) for k being an even integer, all the FGA variables evolve on energy surface I® = 0, and for k
odd, the trajectory evolves on energy surface I® = 1. The evolution equations are given accordingly as

d
213 —QW=ph,
(2.13a) q tQ
d
(2.13b) EPUC) = —VE;»(QW),
d
(2.13¢) dts”“ L pwy2 - Eji Q)
d 1 _ .
(2.13d) aAUC) — 5A(k) tr((z(k)) 1 (azp(k) _ lazQ(k)VZQEl(k) (Q(k)))) _ A(k) dl(k)l”‘) 'P(k)

We observe that the evolution equations are similar to those in the single surface case. This connection will
become more clear in our asymptotic derivation later in Section[4]

The crucial difference with the single surface case is that the trajectory now switches between the two energy
surfaces. At time ¢ = # for 1 < k < n, the trajectory switches from one energy surface to the other. The FGA
variables are continuous in time

(2.14a) AP (ty, Trea, 20) = A%V (1, Tro11, 20),
(2.14b) S®(ty, Trer, 20) = STV (ty, Teo11, 20),
(2.14c) P® (tg, Tren, 20) = PE7V (g, Teo11, 20),
(2.14d) QW 1k, Teer, 20) = Q% (1, Te—1:1, 20),

such that the left hand sides serve as the initial conditions for the evolution equations during the next time interval
[k, tk+1)- The FGA trajectory for two energy surfaces is thus defined on the extended phase space R2™ x {0, 1}, the
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piecewise Hamiltonian dynamics on each energy surface, and the continuity condition (2.14). Finally, the hopping
coefficient 7¥ is given by

—P®) Ty, 20) - dor (QW (2, Ther, 20)), K even;

2.15) T8 (Th, 20) =
~P®) Ty, 20) - dro(QW (tk, Ther, 20)), K odd.

It is worth remarking that, 70 (Ty.1, 20) is complex valued in general, and therefore, we will later choose its modulus
as the jumpinp intensity in the probabilistic interpretation of the ansatz in Section[3.2]

3. FROZEN GAUSSIAN APPROXIMATION WITH SURFACE HOPPING AS A STOCHASTIC INTERPRETATION

We have seen in Section 2.3} the surface hopping ansatz is a sum of contributions involving integration on the
phase space and of all possible sequence of ordered times. Since the phase space could be of high dimension in
chemical applications and number of time sequence grows factorially fast with respect to n, the direct discretiza-
tion of the integral does not give a practical algorithm. Observe that essentially we have a high dimension integral
to deal with, and hence it is natural to look for stochastic methods (in analogy to Monte Carlo method for quadra-
ture). Motivated by this, in this section, we will present a stochastic representation of the surface hopping ansatz,
which can be used to numerically approximate the solution to the Schrodinger equations. The resulting algorithm
bares similarity to the surface hopping algorithm developed in the chemistry literature, which will be elaborated
in Section[3.3]

3.1. Probabilistic interpretation of FGA for single surface. Before we consider the frozen Gaussian approxima-
tion with surface hopping, let us start with the usual FGA on a single surface. Recall that the ansatz is given in this

case by
i
upGa(t, x) = W/z dzg A(t, zo) eXp(EG(t,ZO,x))
R m
(3.1) ,
1 A(t, zp) i
=— dzg|A(0, _— -0(t, 29, x) |,
(2me)3mi2 /[Rzz'" 2014020 | A(0, zp)| exp(g (b0 x))
and from Lemmal[2.1]that
i
(32) Lt()()C) = W /Rzm dZo A(O,Zo) exp(zG)(O, Z(],X)).

Assuming that A(0, zo) is an integrable function in R?>™, i.e.,
/ dZO|A(0,ZO)| <09,
R2m

we can define a probability measure Py on R?” such that
1
e |
(3.3) Po(Q)=Z W/deo | A(0, o)
foranyQc R2™ where Z = W f[RaZm dzy |A(0, zp)| is a normalization factor so that Py is a probability measure.

Note that in general A(0, zp) is complex valued, and hence the necessity in taking the modulus in the definition
(3.3). We can thus rewrite

A(t, zp) i
upGa(t, x) = J/Po(dzo) —OGXP(—@(L Zo,x))
(3.4) [ A(0, zp)| £
) A(t, zp) i
=ZE, | ——— —-0O(t, zp, ,
@ [ 1400, 20)] exp( 011, 20.)
where the expectation is taken with respect to Py. Thus, we may use a Monte Carlo sampling for upga (£, x) as
ZM Az i
(35) uFGA(t) x) = — Z — - exp _G)(tyz ' rx) )
M 5| A0, 2] (f o)
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where {z(()’.)},-zl,m, v < R?™ are independent identically distributed samples from the probability measure Py. Algo-
rithmically, once zéi) is sampled, we evolve the FGA variables Q, P, A, S up to time ¢, which gives the value of the
integrand. Denote z; = (Qy, P;) for the FGA trajectory, so that z; satisfies the Hamiltonian flow with Hamiltonian
h(q, p):
dz; = (hyp,—hg)dt.

The trajectory z; corresponds to a one-to-one map on the phase space: zo — z;. As the trajectory is deterministic
once the initial point zj is prescribed, we can equivalently view the expectation over initial condition in as
expectation over ensemble of trajectories z;; this point of view is useful for the extension to cases with surface
hopping.

In summary, in the single surface case, the FGA ansatz can be evaluated by a stochastic approximation where
the randomness comes from sampling of initial points of the FGA trajectory.

3.2. Probabilistic interpretation for FGA with surface hopping. We now extend the probabilistic interpretation
to the cases with surface hopping. Since the FGA trajectory in this case depends on the energy surface on which it
evolves, to prescribe a trajectory, we need to also keep track of the energy surface. Thus, the phase space extends
to Z; = (21, I;) € R?™ x {0, 1}, where I; indicates the energy surface that the trajectory is on at time ¢.

To take into account the possible hopping times, we will construct a stochastic process for z;, in consistency
with the ansatz we have. The evolution of z; is deterministic on the energy surface that /; indicates, given by the
corresponding Hamiltonian flow:

(36) dzt: (Pty_qul,(Pt,Qt))dt-

This is coupled with a Markov jump process of /; which is cadlag and hops between 0 and 1, with infinitesimal
transition rate

(3.7 P(lisse=mlli=n,2,=2) =6pm+ Anm(2)8t + 0(51)
for m, n € {0, 1}, where the rate matrix is given by

Moo (2) Am(z>)_(—|p-dm(q)| |p-di(q)]

Np-dn@| -|p-dn@]|)

(3.8) AMz) =
8 (110(2) M1 (2)

Note that A¢;(z) corresponds to the infinitesimal rate from surface 0 to 1, and thus it is given by | p: dlo(q)l. We
remark p - dyo(q) is in general complex, and hence we take its modulus in the rate matrix; also note that the rate is
state dependent (on z). The Z; is thus a Markov switching process. Equivalently, denote the probability distribution
on the extended phase space at time ¢ by F;(z, ), the corresponding forward Kolmogorov equation is given by
0 1
3.9 5, 1@ D+ {h Fi(z, DY = mzzoflml(Z)Ft(Z, m),
where {-,} stands for the Poisson bracket corresponding to the Hamiltonian dynamics (3.6),
{h,F} =0,h-04F —04h-0,F.

Given a time interval [0, ], thanks to (3.6), the zs part of the trajectory Zs = (zs, [s) is continuous and piece-
wise differentiable, while [ is piecewise constant with almost surely finite many jumps. Given a realization of the
trajectory z; = (zs, [) starting from zy = (zg,0) E] we denote by n the number of jumps [ has (thus 7 is a random

variable) and also the discontinuity set of Is as {t1,--, t,}, which is an increasingly ordered random sequence. By
the properties of the associated counting process, the probability that there is no jump (n = 0) is given by

r r
(3.10) P(n=0)= exp(—/ /lgl(zs)ds) = exp(—/ |1:(1)(s, z0)| ds),
0 0

1 Generalization to initial condition starting from both energy surface is straightforward.
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where 7V is defined in the hopping coefficient in the ansatz of FGA with surface hopping. Similarly, the
probability with one jump (n = 1) is given by

t h t
(3.11) P(n=1) :/ dy ’Tm(tl,z[))| exp(—/ |T(1)(S, zo)| ds) exp(—/ |T(2)(S, T1;1,Zo)| ds).
0 0 51

In addition, conditioning on n = 1, the hopping time is distributed with probability density

n t
(3.12) Ql(tl)“ |‘[(1)(t1,Z0)|eXp(_/ iT(l)(S,Z())| dS\J exp(—/ |T(2)(Sr TI:I’ZO)l dS)
0 [}

More generally, we have

k .
(3.13) P(n=k)=/ dTea [] )r“’(T,-:l,zo)\
0 j=1

<f<-<tp<t
t k tj .
x exp(—/ ’T(k+1)(8, Tk:l»ZO)’ ds) I1 exp(—/ ’TU)(S, Tj—1:1,20)‘ ds),
Ik j=1 Lj-1

and the probability density of (#1,-- -, #;) given there are k jumps in total is

k ‘ t
H ‘T(])(Tj:l) ZO)| exp(—/ |T(k+1) (S’ Tk:l! Zo)’ ds)
j=1 e

ifh<sp<-- <ty
(3.14) Ox(t1, -, ) o< §

k oo,
<[] exp(—/ ‘T(])(S, Tj_l;l,zo)) ds),
j=1 tj-1

0, otherwise.

We remark that the complicated expressions are due to the fact that the intensity function A(z) of the jumping
process depends on the current state variable z, and thus depends on the previous hopping times. These formula
reduce to the usual familiar expressions for homogeneous Poisson process if the intensity is uniform.

Let us now consider a path integral that takes average over the ensemble of trajectories

n 0 (Thy, z0) AP (2, Ty, 20)
(3.15) u(t,x,r)=ZE; [\P da2(7;x) || . .
apemme (k:1|r<k>(Tk:1,zo)|) |A©(0, z9)|

t n 173
x exp( [T+ (s, T, 20)| ds) I1 exp(/ ‘T(k)(s, Tk_m,zo)‘ ds)],
k=1 Tr—1

n

i
exp(ge(n)(tr Tn:l; ZO)X))

where the initial condition z is sampled from P, with probability density on R>™ proportional to | A (0, zy)| and
Z is a normalization factor (assuming integrability of A (0, zy) as before)

1
1 Z=——" A9, )
(3.16) PEREE /R 2m| (0, z0) | dzo

Here, the terms on the second line of (3.15), namely

t n L

exp( |T(n+1)(s, Tn;l,zo)l ds) H exp(/ ‘r(k)(s, Tk_lzl,zo)‘ ds)
ty k=1 Tk—1

are the weighting terms due to the non-homogeneous state dependent Poisson process. Note that the whole term

inside the square bracket in (3.15) is determined by the trajectory z;, and thus can be viewed as a functional (with

fixed ¢ and x) evaluated on the trajectory. We now show that (3.15) is in fact a stochastic representation of the FGA
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surface hopping ansatz given in and hence we obtain an asymptotically convergent path integral representa-
tion of the semiclassical matrix Schrodinger equation. By the choice of the initial condition, we have

n 10 (Th.y, z0)

(I

=1 [T® (Tiea, 20)|

t n Iy
x eXp( [TV (s, Ty, 20)| dS) I1 eXp(/ ‘T(k’ (s, Tk-1:1, ZO)‘ dS)
In k=1 lr—1

i
JA™ (1, Tr, 20) exp( -0 (1, T 20, )

u(t,x,r) = dzo Bz, ¥y, mod 2(r; X)

1
(2me)3mi2 /[RZm

Zl‘ = (ZOr 0)

Since the randomness of the trajectory given initial condition only lies in the hopping times, we further calculate

= n t® Ty, 20)
T — dz P(n)¥Y r; X dz---dt, —_—
(27e)3mi2 /RZm 0 nZ:,O (MY mod 2(7; %) (. en(dn n) [(161:11 iT(k)(Tkzl»ZO)|

. t n 173
x exp(é@(n)(t, Tn:l,zo,x))exp(/ |T("+1)(s, Tn:l»ZO)| ds) H exp(/ ’T(k)(s, Tk—1;1,Zo)) ds)]
In k=1 771

e, x,1) = JA™ 1, Ty1, 20)

1 / [ee] n k
=—— dzo Y ¥y mod2(r;x) ATy [] 7% (Tra, 200 A™ (8, Tpiy, 20)
(27T€)3m/2 R2m nZ::O me 0<fy<-<Ip<t kl:[l

i
x exp( -0 (¢, Ty1, 20, %))
£
= upcal(t, X, 1),

where the second equality follows from (3.13) and (3.14). The above calculation assumes the summability of the
terms in the FGA ansatz, which will be rigorously proved in Section([7.2]

3.3. Connection to surface hopping algorithms. As we have shown in Section[3.2} the surface hopping ansatzis
equivalent to a path integral representation given in based on averaging over an ensemble of trajectories, the
FGA-SH algorithm is a natural Monte Carlo sampling scheme. The FGA-SH algorithm consists of steps of sampling
the initial points of the trajectory (0, zp), numerically integrating the trajectories until the prescribed time ¢, and
finally evaluating the empirical average to obtain an approximation to the solution. Detailed description of the
algorithm and numerical tests will be presented in Section|6]

This is a good place to connect to and compare with the surface hopping algorithms in the chemistry literature.
Our algorithm is based on the stochastic process z; which hops between two energy surfaces, and thus it is very
similar in spirit to the fewest switches surface hopping and related algorithms. However, the jumping intensity
of [; is very different from what is used in the FSSH algorithm; in fact, the hopping in FSSH is determined by an
auxiliary ODE for the evolution of “population” on the two surfaces [29]. It is not yet clear to us how such an ODE
arises from the Schrodinger equation. On the other hand, given the trajectories produced as in FSSH, one could
in fact re-weight those to calculate the path integral which might correspond to an importance sampling
scheme. This connection would be left for future explorations.

Another major difference with the surface hopping algorithms proposed in the chemistry literature is that the
trajectory z; is continuous in time on the phase space, while in FSSH and other version of surface hopping, a mo-
mentum shift is introduced to conserve the classical energy along the trajectory when hopping occurs (if hopping
occurs from energy surface 0 to 1, it is required that ko (p, q) = h1 (p', q) where p’ is the momentum after hopping).
Note that as in the FGA for single surface Schrodinger equation, each Gaussian evolved in the FGA with surface
hopping does not solve the matrix Schrodinger equation, and only the average of trajectories gives an approxima-
tion to the solution. Therefore, it is not necessary for each trajectory to conserve the classical energy. The methods
in the chemistry literature perhaps over-emphasize the energy conservation of a single trajectory.

Also, Tully’s fewest switches surface hopping algorithm only calculates the trajectory, without giving an ap-
proximation to the wave function. It is perhaps more like Heller’s frozen Gaussian packet [9] for single surface

Schrédinger equation, which compared to the ensemble view point of the Herman-Kluk propagator, considers
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instead the evolution of a single Gaussian packet and captures the correct semiclassical trajectory. The better
understanding of trajectory dynamics in FSSH is an interesting future direction.

We emphasize that while an ensemble of trajectory is often used for the surface hopping algorithm, it is rather
unclear what the ensemble average really means in the chemistry literature. There are in fact debates on the inter-
pretation of the surface hopping trajectories. Our understanding on the path integral representation clarifies the
average of trajectories and hopefully will shed new light on further development of the surface hopping algorithms.

Let us also point out that, as far as we have seen, the chemistry literature seems to miss the weighting terms in
(3.15), resulting from the non-homogeneous state dependent Poisson process. As the hopping rules for the surface
hopping algorithm all have the similar feature, this correction factor is very important. In fact, the approximation
is far off without the correction factors in our numerical tests.

As we already mentioned before, the ansatz we used share some similarity with those proposed by Wu and
Herman in [31-33], in particular, the total wave function is also split into a series of wave functions based on the
number of hoppings. However, they are crucially different in many ways: Whether the trajectory is continuous
in the phase space, whether the weighting terms as in is included in the average of trajectories, and the
work [31-33] also employs some stationary phase argument, etc. While we will provide a rigorous proof of the
approximation error of our methods, it is not clear to us that the heuristic asymptotics in [31-33] can be rigorously
justified.

4. ASYMPTOTIC DERIVATION

We present in this section the asymptotic derivation of the FGA with surface hopping ansatz presented in
To determine the equations for all the variables involved, we substitute urga into the Schrodinger equation @.1)
and carry out a matched asymptotics expansion. While the calculation in this section is formal, the approximation
error will be rigorously controlled in Section 5]

We start by examining the term (ied; — H)Kég). By definition (2.8), we have

. 0 . 0
leatKéO) = ls‘{’oatu( )

and
£2
HKY) = (— A+ He) You?
£2
= —EAX (‘*IJO u(o)) +Ey¥y u(o)
£2

= \I/OHou(O) —ezvx‘{’o . qu(o) + (—?AX‘PO) u(o),

where we have used the notation H; = — E—ZZAX +E; fori =0,1. Expand the term V¥ in the adiabatic basis {¥ ¢} x=0,1

(recall that we have assumed only two adiabatic basis functions are important):
VxWo =doo¥o+dio¥1,

where we recall that d, (x) = (¥, V¥ ), and we thus obtain the expansion of HK(gg) in terms of the adiabatic
basis functions

(4.1) HKSY = WoHou® — e2Wodoo - Vu'® — 2 ¥1d1o- Vu® +6(e?),

where we have omitted the contribution from (—%Ax‘l’o)u(o) which is of order @(e2) (note that the terms like
e2Wodyo - Vu'? is G (e) instead of G(e2) due to the oscillation in u®). We see that the first two terms in (1) lie

2Alternatively, one can directly work with the matrix Schrédinger equation (2:3), which will be in fact adopted in our proof in Section We

present both view points as both are often used in the literature.
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in the space spanned by ¥y, while the third term is orthogonal. Hence, it is impossible to construct u? to satisfy
equation (@) to the order of G (¢). In fact, the term —e¥; d1o-Vu® has to be canceled by terms from (ied,~ H)K}},
since ¥, corresponds to the other energy surface. This explains the necessity of the surface hopping ansatz.

Let us thus first try to construct u® such that
4.2) ied, u” = Hyu® - e?doo - V. u® + 6 (e9).

Note that this is very similar to the situation of the original frozen Gaussian approximation for the single surface
Schrédinger equation. By direct calculation, we get

ifatu(o) :m/d&] at A(O)(t,ZO)eXp(éG(O)(t,Zo,x))
- © N0
_W/dZOOtA (t,zo)exp(g(a (t,zo,x))
1
~ @repmi / dzg A (1,200, (1,20) + 0, P (1, 20) - (x = QY (1, 20)
~0:QQ” (t,20)- (P (1, 20) + i (x = Q) (1, zo)))) exp(i@)(m(t, zo,x))
£
_ i€ 0 i o
_W/dzoam (I,ZO)BXP(E@ (l‘,Zo,x))
1
_W/dzo A(O)(I'ZO)(atS(()O)(t,Zo)—VQEo(Q(()O)(t,ZO))-(x_Q((JO)(t, )
i i
=P 20)- (P (1, 20) + i~ QF (1, 200) | exp( 200 (1,20, ).
Moreover,
2y 0 _ € ©) ©) . ) i o
e _W/dZOA (1, 20) (P (1, 20) +i(x = Q (t,Zo)))eXP(E@) (t,zo,x)),
2 .
By o _mE 1 o i o
2 M= e dzo A (f’zo)eXP(EG) (t,ZO,x))
1 1

- - i
2 2me)3mi2 / dzg A9 (t,20)| PO (2, 20) + i (x - QVz, zo))|2exp(z®(°)(t,z0,x))-

Suggested by the semiclassical limit of the single surface case, we have imposed that (Q'?, P©?)) follows the Hamil-
tonian flow with classical Hamiltonian hy (g, p) = %I pl2 + Ep(q), namely,

dQ(O) ©
(4.3a) —— =pO,
dt
dp(O)
(4.3b) T ~VEy(Q).

To match the term Eo(x)u@, we expand Ej(x) around Q(O) to get

1 i
0) _ (0) (0) (0)
Eoxu _(zﬂg)gm/Z/dzoEo(Q (£, 20)) A (t,zo)exp(EG) (1,20, %))

1
" ez
1
" Cneymiz
+0(%),

/ dzo (x— Q' (£,20)) - Vo Eo (Q (1, 20)) A? (£, z0) eXp(é@)(O)(t, 20,)]

/ a2 5 (6= QU (1, ) V4 Eo(Q (1,200 (x— Q) (1, 20) A (1, 20) exp( 201, 20, )
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where we have used Lemma to control the terms containing (x — Q) and higher order terms. To treat the
terms containing powers of (x — Q?)) in the above expressions, we apply Lemma and get

a0 _ L€ ©) N0
iediu —W/dZOO,A (t,zo)exp(gG) (t,zo,x))

1
- (27‘[8)3’"/2
£
(zﬂE)SmIZ

i
/ dzo A (1,200, (1,20) = 1P (1, 20)1° ) exp( -0 (1,20, )
. _ i
/dzo Ozk(A(O)[VQEO(Q(O))+ lP(O))j(Z(O))j,i)exp(;(a(o)(t,zo,x)),

2 ) _ i€ () ) (i 0) ) 2
eVyu = —— [ dzg AV (t,z9) P (¢, zg9) exp| —O™ (t, 29, x) | + O (€7),
x (2”8)3,”/2/ 0 (¢, z9) P™ (¢, z0) eXp . (¢, zp, X) (€9)

2 .
—%Axu“’):%m/d% A(O)(t,zo)|P(0)(t,z0)|2exp(£®(0)(t,zo,x))

me 1
7(271-5)3111/2
—L/dzo a, (A(O)(P(O))'(Z(O))—_l)exp(ig(o)(t’zo,x))

(2”5)3m/2 k J jk £

£

- 2(27-[5)3m/2

/dzo A(O](t,ZO)eXp(iG)(O)(t,ZO,X))
&

/ dzo A9 (1,20)02,(Q®) () jx(Z)3} eXp(éG(O) (1,20,%)) + O,
(0) (0) i 0)
W/dzo Eo(Q™ (¢,29))A (t,Zo)eXp(;@ (t,zo,x))

/ dz0 92, (A7 (VoEolQ™); (27} exp( 20 1, 20, )

Ey(x)u® =

- (27[6)3m/2
€

) 0y . v2 ©) ©0)y-1 N0 2
+2(2ﬂ£)3m/2/dZ0A (£,20)02,(Q™) j(VEo (Q™) jk(Z7) exp(;@ (t,zo,x))+@’(g ).

Therefore, matching terms on the leader order, we get

ds@ 1 2
(4.4) 7 — 3 |p(0)| _EO(Q(O))'
The next order O (¢) gives
d 1 _ .
(4.5) aA(O) — EA(O) U‘((Z(O)) 1(6ZP(0) _ lazQ(O)véEO(Q(O)))) _ A(O)dOO . P(O),

where
0,=04—i0p, and Z©=0,(Q +iP?).

Note that, compared with single surface case, the only difference is the extra term — A© dyy- P, which comes from
the term —e2dyg - V4 u® in ({@.2). We also remark that dyg is purely imaginary due to the normalization of ¥y, and
hence this extra term only contributes to an extra phase of A®.

Coming back to (4.1), we still need to take care of the term parallel to ;. This extra term corresponds to inter-
surface mixing and should be canceled by contributions from wave packets on the other surface. More specifically,
let us examine the term (ied; — H) Ké}), by direct calculations, we get

ied K} = ie¥10,uV

1 t i
i 1) 1 oM
(4.6) —te(zng)gm/z/dzo/o dnt (mat(A (t, tl,zo)exp(EG) (t, tl,zo,x)))\l’l

1

4.7 +ie———
( ) (271'6)3’"/2

i
/ dZO T(l)(t)A(l)(t) t) ZO) exp (_8(1)(ty t; Zva)) \Plr
&
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and
o) € o)
HEK) = (= By + He)¥1u
62
= —EAX[\I’luu))—kEl‘I’lum
82
(4.8) =¥ HuV -2V, ¥, - Vuh + —?Ax‘Pl)u(”,

where H; = —%A « + Ej is the effective Hamiltonian on the second energy surface.

Therefore, in (ied; — H) KO(P, all the terms contain the time integration with respect to t; except the term (4.7),
which motivates us to impose this term to cancel the term —£? W, d1-V Lu0 from (ied; - H)Kég). From the expres-
sion of V,. %, this suggests that we shall construct 7, A1), and V) such that

1 i
49 o) / dzo A(O)(r,zO)(P“”(t,zO)+i(x—Q“”(t,zO)))exp(;@“”(t,z@,x))=

1

_ _W/dzo AD (2, 1, 20) 7DV (2, 20) exp(é(a(l)(t, t,zo,x))+@’(e).

Expand d;((x) around Q® and apply Lemma again, we want

1 i
(0) (0) 0) 0) _
@10 o / dzg A (1, 20)don (Q) (1, 20)) - P (1, 20) exp( -0 (1, 20,)) =
1 i

— 1) (1) (1)

——W/dZOA (t, t,Z())T (t,ZO)eXp(EG) (t, t;ZO;x))"'@(E)'
A natural choice is then to set for any ¢ and zo,
@.11) AW(t,1,z9) = AV (¢, z9),
(4.12) PW (¢, t,29) = PO (1, ),
(4.13) QW(t, 1, 20) = QU (1, zp),
(4.14) SV (e, 1, 29) = SO(t, o),
(4.15) (1, 20) = —d10(Q (2, 20)) - P (¢, 20).

Therefore, this sets the initial conditions of AWV (¢, t1, z9), PV (¢, 11, 29), QW (¢, t1, 20), SV (¢, 11, 7o) at t = 1, (recall that
from the definition of (2.11)), those FGA variables are only needed for ¢ = 1,).

Now back to the other terms in (ied; — H)Ké}). Again, in (@.8), the term (—%Ax‘l’l)u”) is of order @ (£2), which
will be neglected as the FGA approximation is determined by terms up to €'(¢). We expand V¥, in terms of the
adiabatic states V¥ = dp1 W + d11'¥1, the contribution of ¥; will be asymptotically matched by imposing the
appropriate evolution equation for A", while the term component in W, £2Wdp; - V.V, has to be matched by
contributions from (ied; — H) K(%).

Analogously to the construction of u'®, we impose that for # > ;, (P!, QV) satisfy the Hamiltonian flow with
the effective Hamiltonian hy = 3| p|* + E1 (q).

d

1) = p@)
— =pW,
dtQ

d
PV =-VEQM.
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The evolution of other FGA variables can be determined by matched asymptotics, also similar to what was done
for u'®. This leads to for ¢ = #;,

d 1
ES(U — 5(p(l))z _El (Q(U)!

d 1 _ .
AV =2a0 (207 (0P - i0.QV V3 E QM) ) - AV - P,

with initial conditions given by the continuity condition and (4.14). Note that the equations have the same
structures as the evolution equations for S and A, except that they now evolve on the energy surface Ej.

In a similar way, the evolution equations for all order FGA variables and hopping coefficients are recur-
sively determined, with continuity condition at the hopping.

To end this part, let us generalize the ansatz to the case that initial wave functions consist of both ¥y and ¥;.
Since the equation is linear, the solution is given by superposition of initial conditions concentrating on each

energy surface. Thus, in the general case, the FGA with surface hopping is given by
(4.16) upea(t, x,1) = KO (t,x,1) + KV (t,x,1) + K@ (£, ,1) + KD (£, x,1) + -+,

where

K"+ kP =9ul" +¥oul”, nodd,

KW+ K" =oul” + ¥1ul”, neven.

K(n) -

(n)

and u,

are similar as the previous case, and hence will be omitted.

The expression for uf)”)

5. CONVERGENCE OF FGA WITH SURFACE HOPPING

In this section, we will present the main approximation theorem of FGA with surface hopping and also provide

some examples to justify and understand the assumptions.

5.1. Assumptions and main theorem. For the asymptotic convergence of the frozen Gaussian approximation with
surface hopping ansatz, as ¥ ; (r; x) are fixed, the heart of matter is the approximation of U = (;2), which solves the
matrix Schrodinger equation (2.3). Recall that in the FGA ansatz, U is approximated by (note that we have assumed
u1(0,x)=0)

1O 4@ 4 )

(5.1) Urca(t,x) = .
FGA (u(l) E)

To guarantee the validity of the asymptotic matching, we make some natural assumptions of E, d and D, the
coefficients appeared in (2.3).

Beside the coupling terms in the matrix Schriodinger equation (2.3), the non-adiabatic transition is also related
to the gap between the adiabatic energy surfaces, given by

(5.2) 6 := inf(E; (x) — Eo(x)).
X

In the most interesting non-adiabatic regime, § > 0 should also be viewed as a small parameter. In fact, if § is
fixed and € — 0, the matrix Schrédinger equation is approaching its adiabatic limit, namely we can neglect
the transition to the other part of the spectrum; see [23,25]. To ensure significant amount of transition as € — 0,
it is most interesting to consider § — 0 simultaneously. Therefore, we will consider a family of matrix Schrodinger
equations with the coefficients depending on 6. We will emphasize the § dependence and write Hg, E® d®, Do,
etc. when confusion might occur.

We start by the assumption on the energy surface E°.
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Assumption A. Each energy surface Ei(q) € C®(R™), k € {0,1} and satisfies the following subquadratic condition,
where the constant Cg is uniform with respect to 6,

(5.3) sup
qeR™

04EL(9)| < Cp, Vlal=2.

This assumption guarantees that the Hamiltonian flow of each energy surface satisfies global Lipschitz condi-
tions, such that the global existence of the flow is guaranteed. In particular, (5.3) immediately implies that

(5.4) IV4E2 ()] = Ce(1q1+1), VqeR™,

which we will use later. Note that similar subquadratic assumptions are needed even for the validity of FGA method
for the single surface model. We will further investigate the related properties of the Hamiltonian flow in Sec-
tion[Z.1}

We recall that the initial coefficient of the surface hopping ansatz is given by
5.5) A0 (0, ) = 22 / et CP =@+ El=a®) 4 () dy,

RM
By Lemmal2.1} the FGA ansatz recovers the initial condition of the Schrodinger equation at time 0.

As the Gaussian is not compactly supported, A is in general not compactly supported either. This causes some
trouble as for example the hopping coefficient 7, given by e.g., —p - dg1 (g, is not uniformly bounded with respect
to all starting points zy of the trajectory. On the other hand, notice that A”) will decay very fast on the phase space,
especially when ¢ is small, since the Gaussian et CPU=D+51y=q) decays very fast both in real and Fourier spaces.
Therefore, we may truncate A outside a compact set which only introduces a small error to the approximation to
the initial condition. As this issue arises already in the usual frozen Gaussian approximation (see [22] for example),
we will make the assumption that there exists a compact set K < R>™ that the initial approximation error, given by

1 i
(5.6) €in = HW / A0, 2)e:®” 059 dz — 1 (0, x)
K

L2(R™)

is negligibly small for the accuracy requirement. Note that €j, depends on the semiclassical parameter £ and goes
to zero as € — 0 (the rate depends on u(0)). Therefore, we will restrict the initial condition zy = (go, po) to the
compact set K in the FGA ansatz with surface hopping.

Moreover, as we shall prove in Proposition given ¢t > 0 and initial condition zy = (qo, po) restricted in a
compact set K, the FGA trajectory is confined in a compact set K; which is independent of the hopping history
within [0, #]. For the matrix Schrodinger equation, we also need the assumption on the coupling coefficients d°
and D?, and their boundedness on the compact set K;.

Assumption B. For k,! € {0,1}, we have d,‘zl € C*®°[R™) and Dgl € C®(R™). Moreover, given t > 0, we assume that
Eg, dl‘zl and Dil and their derivatives are uniformly bounded with respect to 6 on K;, which is the compact set the
trajectory stays within up to time t (see Proposition[7.1).

To further understand the implications of Assumption B} we have for k # I the explicit expression by standard
perturbation theory, when EZ # E5,
(P9, (VL HD) WY
dfk(x) - <q15,vx\yi> - %
Ey—E)
As the denominator on the right hand side is given in terms of the energy gap, when the gap approaches 0, the
coupling vector becomes unbounded unless the numerator is also getting small. On the other hand, we allow the
possibility that the gap between the two energy surface is very small, even of the order of & (but d? is still @(1)).
Examples will be given in the next subsection.

Now we are ready to state the main approximation theorem.



FROZEN GAUSSIAN APPROXIMATION WITH SURFACE HOPPING 17

Theorem 5.1. Let Urga(t, x) be the approximation given by the FGA with surface hopping (with phase space integral
restricted to K) for the Schridinger equation (2.3), whose exact solution is denoted by U (t, x). Under Assumptions[A
and|B, for any given final time t, there exists a constant C, such that for any € > 0 sufficiently small and any § > 0, we
have

lUFga(t, x) = U(t, X) | 2 gm) < C€ + €y

whereey, is the initial approximation error defined in (5.6).

This theorem implies, in the simultaneous limit, € — 0, § — 0, the FGA method with surface hopping remains
a valid approximation with @ (¢) error. This covers the interesting regime when the transition between surfaces is
not negligible (€0(1) transitions occur) and also the adiabatic regime that € — 0 with a fixed § (so non-adiabatic
transition is negligible). In particular, we emphasize that the constant C is independent of both € and 6.

While we will not keep track the precise dependence of the constant C on ¢, by our proof techniques, we would
at best prove an exponential growth of the constant as ¢ gets large, due to the use of Gronwall type inequalities. In

our numerical experience, the error accumulation seems milder.

5.2. Examples of matrix Schridinger equations. Let us explore some specific examples to better understand the
Assumptions@ and Recall that, we consider the case of two adiabatic states, which means that the Hilbert space
corresponding to the electronic degree of freedom is equivalent to C?, and hence the electronic Hamiltonian Hg
is equivalent to a 2 x 2 matrix. As discussed above, the most interesting scenario is when the two surfaces are not
well separated. We recall that the small parameter § indicates the gap between the two energy surfaces and focus
on the more interesting cases that the gap goes to 0 as € — 0.

A general class of electronic Hamiltonian satisfying our assumptions can be given as a product of a scalar func-
tion F®(x) and a 2 x 2 matrix M(x) independent of §, namely

H? (x) = F? (x) M(x).

We observe that, due to the specific choice, Hg and M share the same eigenfunctions, and if we denote the eigen-

values of M by 1, then we have
(5.7) ES(x) = FO () A (x).

Then, we obtain that, for k # [,

5 (WLVLHOWE)  FOQW, VM%) (P, VMY
lk Eg—E? FOAr—Ap) A=A

Similarly, one can show that,

(W1, Ax M) =2V Ak - dpg
Ar—A; :

Therefore, d® and D° are independent of independent of §, and we thereby suppress the appearance of §. More-

DY = (¥}, AP =

over, d and D are independent of F?, while we can take F° such that energy surfaces become close and even touch
each other as  — 0. The set of almost degenerate points of the energy surfaces may consist of one single point,
several points, or even an interval, as we will see below.

We note that even though this construction looks rather special, it is actually versatile enough to cover many
examples considered in the chemistry literature. We will present three model problems here, which are adapted
from Tully’s original examples in [29)].

Example 1(a). Simple avoided crossing. We choose M to be
tanh(x) 1
10 27
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FIGURE 1. (Example 1(a)) Left: Eigenvalues of H,, § = %, 1—16, 3L2’ 6l4 and ﬁ; reference 6 = 0. Right:

the coupling information of H,, invariant with respect to é.

The eigenvalues of M are

tanh?(x) 1

—_—+—.
4?2 100

We observe that the two eigenvalue surfaces are close around x = 0. By the plots of do; and Dy in Figure[T} we see

the coupling is significant around x = 0 as well. To control the energy gap, we introduce the following F® function,
Fx=1+@-1De 0%,

such that F® (x) = @(5) around x = 0 and F®(0) = 8, so that the energy gap vanishes at x = 0 as § — 0. The eigenval-
ues of H, for different values of § are plotted in Figure[}
Example 1(b). Dual avoided crossing. We choose M to be

The eigenvalues of M are

1( 2 1) 1( 2 1)2 1
e+ |- +-] +—.
2 2 4 2 400
X2
We observe that, the two eigenvalues are closest to each other when —e™ 10 + % =0, or x = +Vv10In2. The coupling
vectors around these points x = £v/101In2 are significantly larger than their values elsewhere as shown in Figure

This explains why the model is often referred to as the dual avoided crossing.
To control the energy gap, we may introduce the following F? function,

F‘S(x) -1 +e*(2\/101n2)2 +(6- 1)ef(x+\/101n2)2 +(6—- l)ef(x+\/21n2)2'

We can check that F® = @(5) around x = +v/10In2, and
%inaFé(iVIOInZ) = (1311%5(1 + e‘“OVZan)Z) -o.

Thus the energy gap vanishes at the two points as § — 0. This is illustrated in Figure 2]
Example 1(c). Extended coupling with reflection. In this example, M is set to be

_ 20 10
M=|, )

L - (arctan(2x) + %)
- (arctan(2x) + %) -5 '
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FIGURE 2. (Example 1(b)) Left: Eigenvalues of He, § = é, 6
the coupling information of H,, invariant with respect to é.
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FIGURE 3. (Example 1(c)) Left: Eigenvalues of H,, 6 = %, li, 3—12, & and ﬁ; reference 6 = 0. Right:

6
the coupling information of H,, invariant with respect to 6.

The eigenvalues of M are

1 T\2 1
+/ — (arctan(Zx) + —) + —.
100 2 400

Hence, as x — oo, the eigenvalues of M, 1. (x) — i%, and as x — —oo, the eigenvalues of M, 1. (x) — i%. As
shown in Figure[3} this model involves an extended region of strong non-adiabatic coupling when x < 0. Moreover,
as x > 0, the upper energy surface is increasing so that trajectories moving from left to right on the excited energy
surface without a large momentum will be reflected while those on the ground energy surface will be transmitted.

The energy gap between the two surfaces can be controlled by the following F? function,
1
F(x) = — (arctan(100x) + - +9)
b4 2
We can check that F? = @(8) when x is sufficiently small. The family of energy surfaces are illustrated for different
values of § in Figure

Example 2. Let us mention an example that does not satisfy our assumption in the limit § — 0, which is in fact the

classical conical intersection model with

5 x 0
(5.8) H, (x) = .
0 —x
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In fact, this is the model often analyzed for Landau-Zener transition. For this family of Hamiltonians, we have
Ew-Fw|=2v+8,

and

s (1 0
ViHe=| o

In this case, one can compute the analytical expression for d. _ as

0

9 —
d+_(x) = —m.

Clearly, at x = 0, df_ =@ (6~Y). Therefore, around 0, Assumptionis violated if 6 goes to zero as € — 0 and our
theorem no longer applies.

We remark however that for the practical examples with avoided crossing, the small parameters (semiclassical
parameter and energy surface gap, etc.) are fixed, rather than converging to 0. Therefore, given a particular exam-
ple, where Hg is specified for some small §, we can possibly embed the model into a different sequence as € — 0,
so that our method can be still used. Some numerical studies are presented in Example 4 for this scenario.

Nevertheless, the fact that the asymptotic derivation breaks down for this particular case raises the question
that whether one can combine the fewest switch surface hopping type algorithms with the approaches based on

Landau-Zener transition. This will be an interesting future research direction.

6. NUMERICAL EXAMPLES

In this section, we validate the algorithm based on the frozen Gaussian approximation with surface hopping

and its probabilistic interpretation. The numerical examples are done for two-level matrix Schrédinger equations.

6.1. Description of the algorithm. The algorithm based on the stochastic interpretation in Section [3]is straight-
forward: We sample the initial point of the trajectory based on the weight function |A©(0, zy)|; once the initial
point is given, we evolve the trajectory and associated FGA variables with surface hopping up to some final time;
and then we reconstruct the solution based on the trajectory average (3.15). The value of A (0, zy) will be cal-
culated on a mesh of (g, p) with numerical quadrature of ﬂ The time evolution ODEs are integrated using
the forth-order Runge-Kutta scheme. After each time step, we calculate the hopping probability during the time

step At|7| and generate a random number to see if a hop occurs: If a hopping happens, we change the label of the
T
m .

weighting factors in (3:15) by again a numerical quadrature. Our code is implemented in Matlab.

current surface and record the phase factor . After the trajectory is determined up to time ¢, we can calculate the
Note that the algorithm above is the most straightforward Monte Carlo algorithm for evaluating the average of
trajectories (3.15). With the path integral representation, it is possible to design more sophisticated algorithms
trying to further reduce the variance. This will be considered in future works.
Comparing the numerical solution with the exact solutions to the Schrodinger equations, we have several
sources of error, listed below:

a. Initial error. This is the error coming from numerical quadrature of A® (0, zy), the mesh approximation in
the phase space, and also due to the choice of a compact domain K in the phase space;
b. Asymptotic error. This is the O (¢) error coming from the higher order term we neglected in the derivation

of the frozen Gaussian approximation with surface hopping ansatz;

3This is of course only possible for low-dimensional examples; approximation methods are needed for higher dimension calculation, which

we do not address here.
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Errorinug

Errorinu,
ON"?)

Sample size N

FIGURE 4. Fore = %5 and various numbers of trajectories Ny, the empirical averages of the total

numerical error with 95% confidence intervals.

€= | Niraj=100 | Niraj =200 | Niraj =400 | Niraj =800 | Niraj = 1600
E(ep) | 1.9889e-01 | 1.4182e-01 | 9.9173e-02 | 7.2472e-02 | 5.2443e-02
Conv. Rate 0.4879 0.5160 0.4525 0.4667
Var(ep) | 2.3702e-03 | 1.1585e-03 | 5.6254e-04 | 3.1891e-04 | 1.5769e-04
E(e1) | 1.6423e-01 | 1.1624e-01 | 8.1430e-02 | 6.0873e-02 | 4.3546e-02
Conv. Rate 0.4987 0.5135 0.4198 0.4833
Var(e;) | 1.4000e-03 | 6.5504e-04 | 3.1067e-04 | 1.8907e-04 | 1.0734e-04

TABLE 1. Fore = % and various numbers of trajectories N, the empirical averages and sample

variance of the total numerical error based on 400 implementations for each test.

. Sampling error. Since the algorithm is a Monte Carlo algorithm to compute the average of trajectories
(3.15), for finite sample size, we will have statistical error compared to the mean value. Since this error is
due to the variance of the sampling, it decays as 1//Niraj where Nyr,j is the total number of trajectories.
This is confirmed in Figureand Tablefor a fixed (and somewhat large) € = 1—16. In Table convergence

rates for tests with different number of trajectories are computed by

. E(e?)
Conv. Rate := logNgaj/ Nitai m

. Quadrature error. In solving the evolution of FGA variables and make phase changes at hoppings, the ODE
solvers will introduce numerical error. Note that, some high order solvers (e.g., RK4 here) are preferred for

the FGA variables because in the phase function, the numerical error is magnified by ©'(1/¢).

In the numerical tests, we use the following initial sampling strategy. We first choose a partition integer M € N,

and the corresponding partition constant is defined as

A(O) 0,4,
dy = max | o (0,q p)|
(q,p)EK M

For a specific grid point (q, p), we generate n,, ;) independent trajectories starting with the initial point (g, p)

_ [IAS” (0,9, p)lw
Ng,p) = T
M
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FIGURE 5. Typical trajectories in the FGA algorithm. Left: £ = %. Right: € = ﬁ.

For each trajectory initiated from this grid point, the initial weight A(()O) (0, g, p) is equally divided. As the partition
integer M increases, the number of the trajectories increases, and thus the numerical error reduces.

6.2. Numerical tests. All the test problems we consider in this paper are 1D two-state matrix Schrodinger equa-
tion with the electronic Hamiltonian H,(x) assumed to be a 2 x 2 matrix potential. We compare with the results
from our surface hopping algorithm with the numerical reference solution from the time splitting spectral method
(TSSP) (see e.g., [1}|12}]14]) with sufficiently fine mesh.

Example 3. In this example, we take the electronic Hamiltonian H,(x) to be same as Example 1(a) in Section5.2]

with § = €, which we recall here for convenience,

tanh(x) 1
_ 2 10

6.1 Ho(x) = 1+ (e~ e “”‘)( 2 talé)mm)-
10 T o2m

As as shown in Figure[l} the coupling vectors are not negligible when —1 < x < 1, and hence hopping might occur.
We choose the initial condition to the two-state Schrodinger equation as
u(0,r,x) = ug (0, x) Yo (r; x) = (166) /*exp (l%x) exp (—16(x — 1)%) Wo(r; x).
this initial condition corresponds to a wave packet in the ground state energy surface localized at g = -1 traveling
to the right with speed p = 2.

Typical FGA trajectories with surface hopping are plotted in Figurefor £= % and € = ﬁ.

For € = {5, 35 and g;, and for the partition integer M = 1, 2, 4, 8, 16, we use the FGA algorithm to compute
the uo (¢, x) and u (¢, x) till £ = 1. At ¢ = 1, the wave packet has traveled across the hopping zone. We choose the
computation domain for y and for x to be [-, 7], and the computation domain for (g, p) to be [-7, ] x [0.5,3.5].
We choose the following mesh sizes in the FGA method for initial sampling and for reconstructing the solution.
(6.2) Ag=——y, Ap:g—g, Ax=Ay=——.

8 4
With this mesh, the initial error ej are summarized in Table|2} which is made significantly smaller than the other
parts of the error from the approximation. Also, we choose the step size to be very small At = 35 and apply the
forth order Runge-Kutta method to solve the FGA variables. Hence, the total error is dominated by the asymptotic
error and the sampling error in these tests. The reference solution is computed on [—7, 7] by a second order (in
time) TSSP method with sufficiently fine mesh
_ 2me £

Ax=——, At=—.
64 32
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£

L
16

L
32

L
64

eg 8.3178e-05

1.41

73e-07

1.1697e-07

et 1 1 1 . .
TABLE 2. Initial error for € = 6 3 and & with mesh given by (6.2).

=1 M=1 M=2 M=4 M=38 M=16
E(eg) | 6.9485e-02 | 5.5660e-02 | 4.4370e-02 | 3.3320e-02 | 2.6339e-02
Conv. Rate 0.3201 0.3271 0.4132 0.3391
Var(eg) | 4.9452e-04 | 2.3494e-04 | 1.5885€-04 | 8.7959¢-05 | 5.5006€-05
E(e;) | 5.7770e-02 | 4.6380e-02 | 3.8663e-02 | 3.0728e-02 | 2.5886€-02
Conv. Rate 0.3168 0.2626 0.3314 0.2474
Var(e) | 2.7984e-04 | 1.3865e-04 | 1.0308e-04 | 6.0901e-05 | 4.8058¢-05
=3 M=1 M=2 M=4 M=8 M=16
E(eg) | 5.6999e-02 | 4.6254e-02 | 3.5705€-02 | 2.6951e-02 | 2.0107e-02
Conv. Rate 0.3014 0.3735 0.4058 0.4227
Var(e) | 2.8623e-04 | 1.5798e-04 | 1.0331e-04 | 5.2099e-05 | 2.8266e-05
E(e;) | 5.2574e-02 | 4.2267e-02 | 3.3255€-02 | 2.5514e-02 | 2.0454e-02
Conv. Rate 0.3149 0.3460 0.3823 0.3189
Var(e) | 1.8928e-04 | 1.2575e-04 | 6.7133e-05 | 4.0982e-05 | 2.6102e-05
e=& M=1 M=2 M=4 M=8 M=16
E(ep) | 4.8308e-02 | 3.8534e-02 | 2.9118e-02 | 2.2112e-02 | 1.6811e-02
Conv. Rate 0.3261 0.4042 0.3970 0.3955
Var(eg) | 1.9927e-04 | 9.3424e-05 | 5.0794e-05 | 3.1704e-05 | 1.7614e-05
E(e;) | 4.6589e-02 | 3.6833e-02 | 2.8203e-02 | 2.1660e-02 | 1.6785€-02
Conv. Rate 0.3390 0.3852 0.3808 0.3678
Var(e;) | 1.5864e-04 | 8.1220e-05 | 5.4446e-05 | 2.6814e-05 | 1.5051e-05

TABLE 3. (Example 3) For various € and partition integers M, the empirical averages and sample
variance of the total numerical error based on 400 implementations for each test.

To quantify the sampling error, we repeat each test for 400 times and estimate the empirical average E(ey) and
its variance and Var(e;) are summarized in Table[3} where e; denotes the L? error of the k-th component of the
solution, and convergence rates for different M are estimated by
E(e%)

Eel)’
The errors with their 95% confidence intervals are plotted in Figure[6] From the numerical results, we see clearly

Conv. Rate :=1ogy»/psa

that increasing the partition integer M can effectively reduce the numerical error.

Finally, we aim to demonstrate the application of the FGA-SH method in calculating the transition rate versus
time. For € = % and Flg, we carry out the test with N, = 6400 trajectories, and calculate the transition rates at
different times till £ = 1.5. The results are plotted in Figure[7} from which we observe very nice agreements with the
reference calculations.

Example 4. In this example, the electronic Hamiltonian H,(x) is given by

L

10

_x |
5

(6.3) He(x) = (

ST
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FIGURE 6. (Example 3) For various ¢ and partition integers M, the empirical averages of the total
numerical error with 95% confidence intervals.
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FIGURE 7. (Example 3) For various ¢, the typical behavior of the FGA-SH method in calculating

1
128"

the transition rate versus time. Left: € = 1—16. Right: € =
This matrix potential is similar to the Example 2 in Section [5.2] except that the we have fixed a small § as ¢ varies.
Hence, as € goes to 0, the energy surfaces of the electronic Hamiltonian stay unchanged. Thus, the FGA method
applies to this case. We plot the energy surfaces, dy; and Dy; of this matrix potential in Figure 8, from which we
observe that the coupling vector is not negligible around x = 0.

We choose the same initial condition to the two-state Schrodinger equation
i2x 2
u(0,1,x) = up(0,x)Wo(r;x) = exp | — |exp (—16(x — 1)%) Yo (r;x),
€

and the same computation domain and meshing sizes for the FGA algorithm and reference solver as Example 3.

L L
16 128’

till £ =1.
The reference solution indicates that when ¢ = %, the transition portion is significant but when ¢ = % the

For e = = and and for the partition integer 16, we use the FGA algorithm to compute the (¢, x) and u; (¢, x)

transition between the surfaces is practically small. This is expected as the gap is finite and fixed, while ¢ — 0, so
that the non-adiabatic transition is approaching 0 (see e.g., [23,25]).
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FIGURE 8. (Example 4) Left: Eigenvalues of H,. Right: the coupling information of H,.

Whereas, in the FGA algorithm, the hopping rate is only related to the coupling vectors and the momentum

1
128’

the hopped trajectories on the exited state should average to 0, which is verified by the

along the FGA trajectory. Therefore, for € = 1—16 and

1
128’

numerical results plotted in Figure [J] together with the reference solution. Besides, we show by comparing the

the hopping probabilities are similar along the FGA tra-
jectory, but when € =

reference solutions in Figure [9] that the weighting factors in (3:15) are crucial in reconstructing the correct wave
functions.

7. CONVERGENCE PROOF

We now prove that the ansatz is a good approximation to the true solution of the matrix Schrédinger equation.
For simplicity of notations, we omit the appearance of § in the surface energy and coupling vectors. By Assumption
the boundedness of related quantities in the following analysis is uniform with respect to 4, and hence all the
estimates below are independent of §. In we study the trajectories, which follow Hamiltonian flows on each
energy surfaces with hopping between surfaces. The absolute convergence of the infinite sum used in the surface
hopping ansatz is shown in Finally, in §7.3] we prove the main convergence result Theorem[5.1]

7.1. Preliminaries. To study the absolute convergence of the FGA with surface hopping ansatz, we fix a time ¢ and
recall that

00 u(zk)
(7.1 UFGA(r,x)=kZ_O ek |-

For convenience of the readers, we also recall
72) uP(t,x) = ;/ dzO/ dTjn T (Ty1,20) -+ TV (T}, 20) X
@rel™2 [ Joctcmetyer ' .

. i ..
x AV(t, Ty, 20) exp | =0V (1, Tj1, 20, %) |,
£

which is an integration over all possible j hopping times #,--, ¢;. Notice that as discussed above Theorem we
restrict the domain of integration on the phase space to K.

Also recall that the FGA variables in the integrand of each u'/ are evolved piecewisely to final time t. To be
more specific, the hopping time sequence {fx}-1,.. j defines a partition of the interval [0,7],0< f; <--- < f; < ¥,
such that within each interval, the FGA trajectory and associated variables evolve on a single energy surface, and
at hopping times {f}-,.. j switch to another surface with the continuity conditions [2.14).
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FIGURE 9. (Example 4) Comparison between the FGA algorithm and the reference solutions.

Top: € = %, the FGA method is implemeted without the weighting factors. Middle: € = %. Bot-
tom: € = ﬁ, zoomed-in plots included.

We remark that since we study here the case with two energy surfaces, it suffices to specify the hopping times to
uniquely determine the trajectory. In general, for more energy surfaces, besides the hopping time, we also need to
track which surface the trajectory hops to (which makes the notations more complicated).

Let us first collect some properties of the Hamiltonian flow with surface hopping. Given the hopping times
Tj1 = {tj, -+, 11}, we denote the map on the phase space from initial time 0 to time ¢ by x £,Tja (t can be smaller



FROZEN GAUSSIAN APPROXIMATION WITH SURFACE HOPPING 27

than ¢; here):
Ke,Tjy ! R?>™ — R?™
(g, p)— (Q"""in (q,p), P*""i1 (q, p)),
such that
(Q9(t,q,p),PO(t,q,p), t<Ty;
73) Q" (q,p) P (q,p) =1 (QDt, Tia, 4, p), POt Ty, q,p)),  tEITy, Tinali€ll,..., j
(QYV(t, Tja1,q,p), PV (1, T, q,p), t=Tj,

where the trajectory follows the Hamiltonian flow on one of the energy surface and hops to the other at the hopping
times. Let us emphasize that, due to the continuity condition (2.14), even with surface hopping, the trajectory
(Q, P) is still continuous on the phase space as a function of ¢.

The following proposition states that for any possible number of hops and sequence of hopping time, the tra-
jectory under x ;7 remains (uniformly) in a compact set.

Proposition 7.1. Given t > 0 and a compact subset K c R*™, there exists a compact set K; ¢ R*™, such thatV j € N,
V6 > 0 and any sequence of hopping times Tj.; < [0, 1]

(7.4) Ky,1;, (K) € Ky,
namely, for any (q, p) € K and any s € [0, t]
(7.5) (Q“"i1(q, p), P**"i1 (q, p)) € Ky

Proof. Fix an arbitrary sequence of hopping time T;.; < [0, ¢]. For any time s € [0, £] which belongs to one of the
interval (fx, tx41) for k=0,---, j (we identify ) = 0 and ;41 = £). Denote the index of the energy surface during the

time interval (fy, fx+1) as I, we then have

K

Pl d Pt VoEy,

Ks, T Tig Ks, T
_|P l|_|PKs,Tj:1|'EP = |P7<5T | CE(lQ 1|+1)
|QKST | QKS i EQK&T]A = M < |PK3'Tj:1 |
|QKsT | ds |QKS'Tj:1| ’

where we have used the subquadraticity of the Hamiltonian by Assumption(A| (recall that Cg, is uniform with respect
to 6). Therefore,

%(|PK“J1| +|Q i |)S2(CE+1)|PKS'Tj:1|(lQK“11|+l)<2(CE+1)(|PK“11| Qe +1).

Here we emphasize that the constant on the right hand side is universal in the sense that it does not depend on the
particular hopping time sequence. The conclusion of the Proposition follows immediately from the differential
inequality. |

As a corollary, since the trajectory uniformly stays in a compact set, given the final time ¢, we can take a constant
C; such that the following estimate holds
(7.6) sup 17 (T1, 20)| < supmax{|p - d% (@)1, Ip- d3 (@)1} < Cr,
z0€K, Tp:1<[0,t],neN', i=0,1 zeK;
where the second inequality uses Assumption[Band recall that the constants are uniform with respect to §. Thus,
the coupling coefficient stays & (1) along all possible FGA trajectories.

For a transformation of the phase space x : R — R?>™, we denote its Jacobian matrix as

0,09 @ P (8,Q)" (@,

@) J(a,p) = .
TP\ 0,P @ p (0,P%) (@, p)
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We say the transform « is a canonical if J* is symplectic for any (g, p) € R?™, namely,
0 1 0 I
(7.8) u9)" " gx = ™.
Iy, 0 I,y 0

Here, I;; denotes the m x m identity matrix.
The map given by the FGA trajectories x ; is always canonical, as stated in the following proposition, which also
gives bounds of the Jacobian and its derivatives.

Proposition 7.2. Given t >0 and a compact subset K = R*™, the associated mapx , 1;, i a canonical transformation
Jfor any sequence of hopping times Tj.1, V j. Moreover, for any k € N, there exists a constant Cy, such that

(7.9) sup max
(q.p)eKlapl+laglsk

azqazp []Kt,szl (q, p)” < Cy,
uniformly for any j €N, any § and any sequence of hopping times T}.;.

Proof. Recall that the time evolution of (Q¥, P¥) is piecewisely defined in the time interval between hoppings,
and remains continuous at the hopping times. During each time interval, the symplectic condition is clearly
satisfied by the Hamiltonian flow. The continuity condition guarantees the validity of symplectic relation at the
hopping times. Therefore, the map x,r;, is a canonical transform.

For any time s € [0, ] which belongs to one of the interval (#, fi41) for k=0,---, j (we identify fo =0 and ;=
1). Denote the index of the energy surface during the time interval (#, fx+1) as I, we then have by differentiating
771 with respect to s

(7.10) A oy :(aPaQHlk dpdpHi, ) s Tja

ds —0@0qH;, —000pH,
Then, Assumption[Alimplies there exists a constant C such that

d 0p0oH, 0pOpH,
7.11) 4 ( pOQH], pOp lk)
—0@0qH;, —000pH,

S'szl | <

|]Ks,Tj:1 i < Ci]KS'Tj:l | .

ds

It is worth emphasizing that this constant C is independent of the hopping time sequence and §. The boundedness

K .
O,T]

of | JEeTj | then follows immediately from Gronwall’s inequality and the fact that |J" "/ | = 1 since Ko0,T}., isjust an

identity map. To get the estimate for derivatives of J, we differentiate the equation (7.10) with respect to (g, p) and
use an induction argument, and we omit the straightforward calculations here. (]

For a canonical transform «, we define

ZK(C]; p) = 6z (Qk(qy p) + iPK(qr p)) ’

where 8, = 04 — i0). Z¥ is a complex valued m x m matrix. By mimicking the proof of [22} Lemma 5.1] and the

above Proposition, we obtain the following properties of Z*.

Proposition 7.3. Given t > 0 and a compact subset K c R*™, for any sequence of hopping times Tj1, Vj, VALUSET
invertible. Moreover, for any k € N, there exists a constant Cy. such that

(7.12) wp  max
(g.p)eKlapl+lagl<k

0510, (2" (. )] <
uniformly for any j €N, any 6 > 0 and any sequence of hopping times T}.; .

For the frozen Gaussian approximation, it is useful to introduce the following Fourier integral operator. For
M € L®(R%2™;C), u € & (R™;C), and a FGA flow denoted by Kt,Tj with Tj;; < [0, 7], we define

_3m i (q
(7.13) (jf (M) u)(x) = (2me) "2 exp(—cb(” (t, %7, z))M(z) u(y)dzdy,
1 RrRm J R2m &€

K .
LT},
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where the phase function ®'/ is given by
. ) i . . . i
oV (t,x,y,2) = SV (¢, Tj1,2) + §|x— QU (L, Ti, 2)|° + PY (1, T, 2) - (x - QU (1, T}, 2)) + Sly- ar-p-(y-q),

where the FGA variables P/, Q\/, S4) are evolved as in the surface hopping ansatz, with given ¢ and the hopping
time sequence T.;. With this Fourier integral operator, we may rewrite the surface hopping ansatz (2.11) for u((]")

as
n
(m) ey — (n) )
uon 63) _/ dT,1 y,ft'Tm (ain HTi XK)uO(O),
0<ty<--<tp<T j=1

where y is the characteristic function on the set K, which restricts the initial zy in the FGA ansatz. This repre-
sentation is particularly convenient for our estimates, as we have the following proposition for the norm of the
Fourier integral operators. The version of Proposition without hopping was proved in [22, Proposition 3.7]. The
proofin fact can be almost verbatim used in the current situation (with some notational change), and thus we skip
the details here.

Proposition 7.4. For any t and any hopping time sequence {t1,1,---, t;} for V j € N, denoting the the symplec-
tic transform for the FGA with surface hopping flow as k., , the operator 7, - (M) can be extended to a linear
Tj,

bounded operator on L2(R™,C), and we have

(7.14) |7, o] <27 % | Mll o -

L(L2[R™;0)
7.2. Absolute convergence of surface hopping ansatz. Now we estimate the contribution of the terms in the FGA
ansatz.

Proposition 7.5. For a given time t, there exists a constant C,, depending only on t and the initial conditions of the
FGA variables, such that for any n € N and any hopping moment sequence Ty < [0, t], it holds

(7.15)

< Cq.
L2 (Rm)

1 R i
HW/ dzo [12V(Tj1, 200 A" (2, Ta, 20) eXp(EG(’”(t, T, 20, %))
K j=1

Proof. Recall that we have

1 n.. i
(27[8)3,”/2 / dZO HT(j)(szleO)A(n)(t, Tn;l,Zo)exp(EG(”)(T, Tn:lyZny))
K j=1

n .
= (7., (79T, 9a" (@, T, i o @) ).
A

Thus, using Propositionand the bound (7.6) for the hopping coefficient 7’s, it suffices to control a™(t, Tp1, 20)
for zg € K. Recall that
A ‘ )
AW (L, Ty, 20) = a® (8, Tir, 20) | up(0,y)ec TP D*+2ly=dD gy,
[Rm
and hence a® satisfies the same linear equation as those for C¥) with the continuity conditions at the hopping
times: Depending on whether k is even or odd

d 1
Ea(k’ = Ea(k) tr((z(k’)*1 (azp‘k) - iazQ(k)VZQEo(Q(k)))) —a®dy- PR, keven;

d 1

— k) 2 k) (k)y-1 (k) _ (k) g2 (k) _ 4 . pk)

sa¥=2a tr((Z ) (azp i0.QMV%E (Q ))) a®dy, - PP, fodd.

Note that the coefficients on the right hand side are all uniformly bounded along the trajectory thanks to (7.5),
@.6), (7.9), and (7.12) in the preliminaries. Therefore, a'™ is also bounded uniformly with respect to all hopping

sequences, which concludes the proof. ]

With Proposition we further estimate the contribution %" in the surface hopping ansatz.
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Theorem 7.6. Under Assumptions[A and|[B, given a fixed final time t, there exist constants C; and C, independent of
€ and b, such that for any n € N, we have

(Cr) (Cx)

||u (£, %) ”LZ([R{'”) <sC——, and HEVX (1, %) ||L2([Rm) <C——
In particular, the surface hopping ansatz is absolutely convergent.
Proof. Note that
u™ = / ATy 55, (ﬁ 9 (Tja,9a"™ (8, T, ) i o
0<ty<-<tp<t j=1

We estimate using Proposition

” u(n) “LZ(RI’VZ) < / dTn:l
0<fy<--<tp<t
(tCr)”

< C/ dTn;1 C.lr.l = C—'
0<t) < <tp<t n

The absolute convergence of Urga(t, x) then follows from dominated convergence.

jKtT (l_[ T(])(T 1 )a(”)(t Y )XK)MO

L2[R™)

The control of eV, u™ is quite similar, except that we shall use Lemmal2.2Jto control the term (x—Q"") resulting
from the gradient. Actually,

1
(716) eru(”)(t,x) = —3m/2/ dZo/ dTn;l T(l)(Tl;l,ZO)"'T(n)(Tnzl’ZO)x
(2me) K 0<f<-<ty<t

i
x i (P™ +i(x— Q™)) A" (¢, Tp.1, z0) exp (EG)(”)(I, Tp1, 20, %) |-

The control of the term involving P is the same as that of u"”. By Lemma the term involving (x — Q"”) is an
even smaller term, which follows from the estimate (7.12) and a slight variation of Proposition O

7.3. The analysis of approximation error. We now estimate the approximation error of the FGA approximation
with surface hopping to the matrix Schrodinger equation (2.3). We first state a consistency result by estimating the
error of substituting Urgp into (2.3). All the estimates and constants below are uniform in 6.

Theorem 7.7. Under Assumptions[A and|B, given a final time t, there exists a constant C;, such that

2

. € Ey Doy Do1 5 doo do1

i€0,Urga + —AxUrga + Urca — — Urca — € 0x; Urca
27" ( El) (DIO Dn) Z dio dn i K

L2R™)

Proof. We first consider the term arises from the time derivative and denote for j even
0
Ug
r+1 =ieo, ( 0 )

where
- 1 / V. DA [ 4 L o0)
. |ie—— dzo/ dTj W ...7U at[Af exp(-6Y ]
(7.17) d=|" @uerm [ Jochneryer (8 )
0

coming from the time derivative acting on the integrand, and for j > 1

/dz()/ delr (])A(f)exp( @éj))
0<ty<--<tj<t

0

. i€
(7.18) L= (2716)3'"/2 et

resulting from the time derivative acting on the upper limit of the integral. The expression for odd j is similar
except that the top and bottom rows are flipped: i€d;(,, (n )-
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We also write the terms from the right hand side of for even j as:

E() u(j) 82 D()() D()l Ll(j) 2 do() d()l Lt(j)
N 2 > oy,
Eif\ 0 2 \Dw Duj\o j=\do duf; 0

dat oS
st 27 o

where
2 . .
- 1 - (=5 Doou? — T
. b 0 ,
; 0
(7.20) L=, G2 ol
—& dOI'quf —7D01u]

Here, Ié contains all the terms which govern the inner-surface evolution on each energy surface, while I i contains
the coupling terms (note that the subscripts are swapped). The expressions for odd j is similar.

Denote UI?GA the sum of the first n terms in the FGA ansatz (7.1). Summing over the contributions up to um,
we have

2 2 d
, € Ey €” [Dgo Dox 2
zsatuglGA+3AxU1§GA+( El)UgGA—E(Dm . Ufga—€° Y.

=Y H+y -y 5= =Y (f-1)+
j=0  j=1 j=0 ~ j=0 j=0 j=0

We now estimate three terms on the right hand side.

Term I}}: By Theorem(7.6 we have

(Cy"

(7.21) 112 2@y < CelleV et || 2 gmy + Ce* 1| 2 gmy < Ce -

Term Z(I{ - I?{ ): The difference (I { - Ié ) contains all the formally O(£?) terms we have dropped in determining the
equation for AV, To estimate those, we use the Taylor expansions with respect the beam center Q

0, E

Ex(x)= ) L'(Q)(X_Q)Q‘FR&Q[EH;
lal<3 @
0qd

dig(x)= ) %f(@(x_Q)Q‘FRZ,Q[dkl],
la|<1 .

where Ry ol f] denotes the k-th order remainder in the Taylor expansion of the function f at Q.

I -1 ”LZ([R'") <, + I, + 1,
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where (k =0if j even and k =1 if j odd)

; 1 N ieW 0aEr(QY) ;
I{lz Z —3m/2/ dzo/ de:lT(D---T(’)AU)ef@ a—'(x—Q(]))a
lal=3 (2me) K 0<fy<-<tj<t a: 12
1 S il oy Oadie(QY) ;
€ 3m/2/ dZO/ dTjy 7V 7D A @0 P(/).%(x_()(ﬁ)a
la=1 || (27e) K 0<fy<--<tj<t a: 12
1 ; N i ; ;
te 3m/2/ dzO/ ATy 1V 1V AP e @ (QY) - (x - Q)
(2me) K 0<ty<-<tj<t 12
o= /dzo/ ATy 07D AP0 R, o [y
12 (2me)3miz [ 0<ty<-<tj<t ' « 12
1 / 1 DA ieW
+e|— dzo/ dTjq V-7V AV @ PO R, ) [di]
(2me)3m/? K 0<ty<--<tj<t ! < 12
1 / 1 7 i i@(f) i
+el| ——— dzo/ dT 11V AV ee® R, i ldir]l - (x— QW) |,
(2n£)3m/2 K 0<f<--<tj<t ! < 12

i _€ €
- J
L= 2 ”Dkku

2’

Here, I f , contains the next order Taylor expansion terms after asymptotic matching, I {2 contains the remainder
terms in the Taylor expansions, and I {3 contains the contribution from Dy.
To estimate I{ » hote that by Assumption@ Proposition and Lemma we have for || =3

1 igm 0gEr(Q)
) Lo Ja
” (2me)3m/2 /K dzo A™e al

Thus by a similar calculation as in the proof of Theorem 7.6} we obtain

< Cé>.

x-Q)“

12

J
<ce?
2 /!

1 o oo igl) OgE
w/ dzo/ dTj. T(U...T(])A(j)ege(])L'(Q)(X_Q)a\yk
(2me) K 0<fy<--<tj<t a:

We can similarly estimate the other two terms in / { 1» which can by controlled by the same bound, which yields
; c)/
(7.22) I < ce2 &
J!

The estimate of the term I {2 is similar as by Lemma the powers of (x—Q)® is of higher order in €. In particular,
we have
1

<C T —
(an)Sm/Z

L2 |al=4

=0(e?),

N LW i
/dZOA(])e*?@] |x_Q(])|(X
K

1 n gl
————— [ dzgAVes®" RyglE
’(2n£)3m/2/1< 20 4,Q[Ek] p

and hence,

j
< Cé? —(C.t) .
j!

1 / 1 ; P L@(j)
— dZo/ dTjq V.1V AV e Ry o[Ex]
(2me)3m/2 [ 0<r<-<1;<t ! 12

The other two terms in I {2 can be similarly bounded, and we arrive at
(7.23) I, <

The I {3 term can be estimated using Assumptionand Theorem which yields

j 20 () 2 (C)J
(7.24) 1y < Celulzqam < Ce* ==
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Now adding up (7.22), (7.23), and (7.24) from j =0 to n, we get

n
C
(7.25) S =l pgm < 0522( D) cezetr
rart

Term Z(Ig o Ii ): The difference (Ig o L{ ) contains all the formally O(¢?) terms we have dropped in specifying
the hopping coefficients 7). By Taylor expansion,

|Hg+1_lz{||L2(R"')<I +I] +I£3’

where (for j even, the formula for odd j is similar except that dy;, D1 change to djg, D1g respectively)

L )
=€) / dZO/ drj T(f)A(j)eée(])P(j)'—aadm(Q] )(x—Q(j))“
| (27T€)3m/2 0<f<-<tj<t a!

al=1

12

’

—1 i N ieW : .
£ 32 / dzo/ dTjq WD AW pe® d01(Q(])) . (x—Q(f))
(2me) K 0<f<-<tj<t o

Jj _
122

1 / 1 N () LeW (i
dzo/ dTjq 7V 7D AV ee®" pU. R, 0 [don]
(27[8)3'"/2 K 0<ty<m<tj<t g @

12

! j N ieW) .
¢ W/ dZo/ dTjq 707D AP0V R 1dy) - (- QD)
K 0<ty<--<tj<t

12

J e )
Iy = > ”Dmu(’

2’
The estimates of these terms are similar to that we have done for the terms arising from (I{ - 13] ), and hence we

omit the details. We get

n C )]
(726) Z ||I]+1 I] "LZ(RM) ~ Z d
] :

< Ce?e",

Therefore, putting together (7.21), (7.25), (7.26), we get

2 2 d
. £ Eyp e (Do Dox doo do1
i€0;Uggp + B AxUgga + ( El) Ugga — B ( ) FGA ~ Z ( 0y, Uk

Dy Dn j=1\dw du}, 2®M)
(Cy)
< Ce——— +Ce?e™
n!
Taking the limit # — oo and by increasing C; to absorb the constant C above, we arrive at the conclusion. ]

To control the propagation of the consistency error of the FGA solution in time, we need the next lemma.

Lemma 7.8. Suppose H¢ is a family of self-adjoint operators for € > 0. Suppose a time dependent wave function
¢ (1), which belongs to the domain of HE, is continuously differentiable in t. In addition, ¢° (t) satisfies the following
equation,

(7.27) ( g—H's) S =05
. lgat 0} = ,

where the remainder (¢ satisfying the following estimate
ICE (Ol 2 < e (B).
Then, let ¢¢ be the solution to the Schridinger equation with Hamiltonian HE, and

€ (0) — ¢° (0l 2 < ep.
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We have then

I e
~ (s)ds
(7.28) lpE () — P (D) 12 se0+f°“f.

Proof. Since HF is self-adjoint, it generates a unitary propagator ¢ (¢, s) = exp ( /. st —iH®ds'/ 6), such that
UE (1, 5)§° (5) = (D).
Therefore, we obtain,
9% (1) = ¢ (D 2 = 1§° (1) =% (1,004 (O) | 2
= 1% (0, ° (1) = ¢ (Ol 2.
Here, we have used (%¢)~!(¢,0) = %¢(0, t). Then, by triangle inequality, we have

o (£) — P (Ol 12 < 125 (0, £) P (1) — p (0) || 12 + o

+ €
12

t

0

/ s (%5(0,9)p°(s)) ds
0

t
ﬁ £ £ £ i £ )
/0 (as% 0,8)¢°(s)+%« (O,s)as(p (s)| ds

+ep.
12

Then, by using properties of the unitary propagator and equation (7.27), we get

+ e

. t
é / (=2€(0, ) H ¢ (5) + 2 (0, 5) (H ¢ (5) + {*(s))) ds
0 12

g€ (1) — P (Dl ;2 <

t
/ (%¢(0,9)¢5(s)) ds
0

+ €.
L2
We arrive at (7.28) by noticing that

t
/ (2¢(0,5)(%(s)) ds
0

t t
< / 2%, 9)¢8(9)| 2 ds < / i (s) ds.
12 0 0
O

In the lemma above, ¢¢ almost solves the Schrédinger equation with Hamiltonian H? in the sense of equation
(7.27), where the remainder term (¢ is controlled. Then, ¢* can be considered as an approximate solution to (ﬁe, if
the right hand side of the estimate (7.28) is small. Therefore, if we take ¢* to the approximation given by FGA with
surface hopping, then with the stability lemma, we can conclude the error estimate in Theorem

Proof of Theorem[5.1] Note that the initial error is given by €j, by definition. The theorem is then a corollary of
Theorem[7.7land Lemmal[Z.8| O
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