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Abstract

We consider large systems of particles interacting through rough but bounded
interaction kernels. We are able to control the relative entropy between the
N-particle distribution and the expected limit which solves the corresponding
Vlasov system. This implies the Mean Field limit to the Vlasov system together
with Propagation of Chaos through the strong convergence of all the marginals.
The method works at the level of the Liouville equation and relies on precise
combinatorics results.
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1 Introduction

Consider the classical Newton dynamics for N indistinguishable point-particles. De-
note by X; € Q and V; € R? the position and velocity of particle number i. The space
domain © may be the whole space R? or the periodic torus T¢. The evolution of the
system is given by the following ODEs, (in a precise and weak sense defined below in

subsection 1.1)
X; =V,
! 1Z (1.1)
where i = 1,--- , N. We use the so-called mean-field scaling which consists in keeping
the total mass (or charge) of order 1: this explains the 1/N factor in front of the force
terms.
Our method applies in an identical manner to stochastic models, hence we will
consider in general the system of stochastic differential equations
dX; = V;dt, (1.2)
AV = £ 3, K(X; — X;) dt + /2y AW, '
where the W} are N independent Wiener processes (Brownian motions), which may
model various type of random phenomena: For instance random collisions against a
given background. The stochastic part is scaled with the parameter . Our approach
is completely independent of the choice of €y so we will handle at the same time

e No randomness ey = 0 where (1.2) reduces to the deterministic (1.1).
e Fixed randomness ey — ¢ > 0 as N — +o0.

e Vanishing randomness ey — ¢ =0 as N — +oc.

The best known example of interaction kernel is the Coulombian or gravitational force,
K(x) = Cx/|z|%. In this article, we however consider bounded interaction kernels with
no additional regularity, meaning that we only assume that K € L°°. While this
does not cover the Coulombian case, it significantly expands the interaction kernels
for which one can prove the mean field limit and propagation of chaos, including for
very oscillatory kernels.

As N — o0, one expects that the system of particles will converge to a continuous
PDE model, the Vlasov or McKean-Vlasov (with diffusion) equation

Of+v-Vof+K*xp-Vof —cA,f =0, (1.3)

where f = f(t,x,v) is the phase space density while p(t,2) = [, f(t,z,v)dv is the
macroscopic density.

The main goal of this article is to derive the Vlasov Eq. (1.3) from the systems
(1.1) or (1.2) and quantify the convergence. We give the precise notions of conver-
gence (together with the definitions of Mean Field limit and propagation of chaos) in
subsection 1.4.

Notations: We denote X = (z1,---,2n5) and V = (v, -+ ,vy) while keeping
x € Q and v € R? for the variables at the limit. We also use z; = (z;,v;), z = (z, v)
and Z = (21, -, 2N).



1.1  Which solution for the ODE system: The Liouville Equa-
tion

Even before considering the limit N — oo, the first nontrivial question is which notion
of solution one can use for the system of ODEs (1.1) (and to a lesser degree for (1.2)).
Indeed as K is only bounded, we are quite far from the classical Cauchy-Lipschitz
theory, requiring K locally Lipschitz.

As usual for this type of question, we consider instead of (1.1), the Liouville equa-
tion

N
Ofx+ 3 (vi-Va fN+—ZK Y, fN)—sNZA Iy (14)
i=1 Ve i=1

Defining the Liouville operator as

N N
LN:ZUzvml'f' ZZK '—.’E] vi_ENZAvm
i=1

i=1 i=1 j#i

the Liouville equation can be written as

O fn + Lnfn =0.

One advantage of our approach is that we only need weak solutions to (1.4), i.e
solutions in the sense of distribution as per

Proposition 1 ( Existence of weak solution of Liouville equation (1.4)). Assume that
K € L™ and that the initial data f% > 0 satisfies the following assumptions

i) fY e LY(Q x RHN) with / dz =1,
(QXRA)N (L5)
1) / fylog Y dZ < oo,
(QxRA)N
together with the moment assumptions
ii1) / Z (L + [z + |0 %) fR dZ < o, (1.6)
(QXR)N 57

for some k > 0. Then there exists fy > 0 in L= (Ry, L*((Q x RHN)) solution to



(1.4) in the sense of distribution and satisfying

i) / Int,2)dZ =1, fora.e. t,
(QxR4)

¢ 2
Z’L) / fN(t,Z) long(t,Z)dZ+€N/ / Mdst
(QxRA)N o Jaxrayny  fn(s,Z)

S/ fylog fdz, fora.e. t,
(xRN

N
i) sup / Z (14 |2 + 0| **) fn(t, Z2) dZ < o0, for any T < oo.
tefo, ) J (@xra)N =
(1.7)

We omit the proof of Proposition 1. It is straightforward by approximating K by
a sequence of smooth kernels K. and then passing to limit.

It is important to emphasize here that we do not have uniqueness in Prop. 1: There
could very well be several such solutions. Uniqueness and in general the well-posedness
of the Cauchy problem for advection equations like (1.4) are usually handled through
the theory of renormalized solutions as introduced in [16] and improved in [1] (we refer
to [2] and [15] for a very good introduction to the theory).

Renormalized solutions not only give well-posedness to advection equations like
(1.4) but also provide the existence of a flow to the corresponding ODE system thus
giving a meaning to the ODE system (1.1).

In the case ey = 0, the general setting of [1] would require K € BV. That
may sometimes be improved for second order systems like (1.1), see [8], [9], [12], [34].
However for a system in large dimension like (1.1), it seems out of reach to obtain
renormalized solutions or a well posed flow with only K € L°. Therefore in that case,
it is actually critical to be able to work with only weak solutions to (1.4).

If one had a full diffusion, that is A, fy + A, fn in the Liouville Eq. (1.4), it would
in general be possible to obtain uniqueness together with a flow for the system (1.2)
in some sense , see for instance [13], [18], and [37]. Note though that even for ey > 0,
the diffusion in (1.4) is degenerate (diffusion only in the v; variables) so that even for
en > 0, well posedness for Eq. (1.4) does not seem easy with only K € L.

Of course our analysis also applies to more regular interactions K for which it may
be possible to have solutions to the ODE or SDE systems (1.1) or (1.2) even if only
for short times (a typical example would be K continuous).

1.2 The Vlasov equation (1.3): Weak-strong uniqueness

This article is inspired by a classical weak-strong uniqueness argument for the Vlasov
equation, based on the relative entropy of two solutions. Consider two non-negative
solutions f and f with total mass 1 to Eq. (1.3). If f is smooth enough then it is
possible to control the distance between them through the relative entropy of f with
respect to f or

H) = HENO = [ Fogthdra

QxR4



More precisely, one has the following result

Theorem 1 (Weak-strong Uniqueness). Assume that K € L°°, that f(t,z,v) €
L>(0, T), LY(Q x RY) N WLP) for any 1 < p < oo is a strong solution to (1.3)
with
0y = sup / AIVeloe Sl £z du < oo, (1.8)
telo, T] Jaxrd
for some \f > 0. Then for any f € L>®([0, T], L*(2 x R?)), weak solution to (1.3)
with mass 1, initial value f° and satisfying

2 ~ ~
/ flogfdxdv—i—e/ / Ve f' dxdvds</ 10 log O dz dv,
QxR QxRA

QxR4

one has for some constant C > 0 and any t € [0, T] that as long as H(f] f)(s) < 1
for any s € [0,1t],

H(f| £)(t) < exp (Ct||K|p (1+1ogby)) H(f| £)(t=0).
In particular if initially f(t = 0) = fO then f = f at any later time.

The short proof of Theorem 1 is given in subsection 2.1. It relies at the key step
on a weighted Csiszar-Kullback-Pinsker inequality (see [7]).

Theorem 1 requires enough smoothness on f. Fortunately such solutions are guar-
anteed to exist, at least on some bounded time interval as per

Proposition 2. Assume that K € L™, fO € L'(Q x RY)NWLP for every 1 < p < oo
and s.t. for some Ay > 0

/ MoV 108 171 £0 g dy < oo,
QxR4
Then there exists T depending on f and f € L>=([0, T], L'(Q2 x RY)NWLP) solution
o (1.3) s.t. (1.8) holds for some Ay > 0. Furthermore, if ¢ =0 and we assume that
V(e log £ < CL+ [ + o)
for some k > 0, then
sup V(o) log f(t, @, v)| < Ce (1 + [af* + ul).

telo, T

The proof of Prop. 2 is straightforward and given in the appendix.

It is tempting to try to use directly a result like Theorem 1 to prove the Mean Field
limit. In the case of the purely deterministic system (1.1), one may associate to each
solution the so-called empirical measure juy which is a probability measure on Q x R?

N (t, 2z, v) Zéx— (1)) (v — Vi(t)). (1.9)



If (X;, V;)i=1...n solves (1.1) in an appropriate sense (for instance it comes from a flow),
then ppy defined through (1.9) is a solution to Eq. (1.3) in the sense of distribution. If
one could then use a weak-strong uniqueness principle to compare uy to the expected
smooth limit f then the Mean Field limit and propagation of chaos would follow.

This general idea plays an important role in the recent [36] for instance (see also
[5, 35]), leading to an improved truncation parameter (see the discussion after the
main result). However Theorem 1 relies on a very different weak-strong uniqueness
principle than the one used in [36] and cannot be used directly as it is. There are
several reasons for that: In particular Theorem 1 requires the weak solution f to have
a bounded entropy, which cannot be the case of the empirical measure py.

Instead the main result in this article consists in extending Theorem 1 to the
Liouville Eq. (1.4).

The study of well-posedness for Vlasov-type systems is now classical and mostly
focused on the Vlasov-Poisson case (K = C z/|x|?). The existence of weak solutions
was obtained in [3] but global existence of strong solutions in dimension 3 had long
been difficult (see [4] for small initial data) before being obtained in [46]-[45] and
concurrently in [38] through the propagation of moments (see also [44] for more recent
estimates). The most general uniqueness result for the Vlasov-Poisson system was
obtained in [39].

1.3 Relative entropy estimate for the Liouville equation: The
need for combinatorics

Instead of trying to use directly Theorem 1, our approach is to try to mimic its relative
entropy estimate but at the level of the Liouville equation (1.4).
First define the tensor product of the expected limit f by

fN(taX7 V) = Hg\ilf(tamiavi)a

We can now directly compare fy to fy through the N dimensional relative entropy

Huv (| F)(1) = ~ fx 1og<j:N> az.

N N QN x (R4)N N

We will also write Hy (t) := Hy(fn|fn)(t) in short. The key difficulty is to find a
suitable replacement for the weighted Csiszar-Kullback-Pinsker inequality used in the
proof of Theorem 1. This turns out to be very delicate and it is the main technical
contribution of the article.

Define for any p > 1

M, = (/ IV, logf|pfdxdv> "
QxR4
then one has

Theorem 2. Assume that f € LN LY(Q x RY) with f >0 and [ f =1, that V, f €
VVllocp for every 1 < p < oo with sup; <, % < 00 and that | K || (Supp %) < @,



then

) 82 Kl (sup, 222
/ fnexp(|Ry|)dZ <5+6 5 < 00,
(xRN

1= (8e2K - (sup, 222))

where fx = TIN, f(t,2;,v;) and Ry is defined by

N
Ry = % Z Vo, log f(xi,vs) - {K(z; — ;) — K % p(a;)}. (1.10)

4,j=1

It is straightforward to see why Ry as defined in Eq. (1.10) is the key quantity.
Indeed since f solves the limit Eq. (1.3) then fy solves the Liouville Eq. with a
right-hand side given by Ry

N
Oifn + Ly fn =Ry fn+(e—en) D Au fr.

=1

Theorem 2 is a sort of modified law of large numbers, written at an exponential or
large deviation scale. Contrary to usual laws of large numbers, that have been used
for Mean Field limits recently in [26] with K € Wl{)fo , Ry here exhibits a double sum
so that a priori Ry = O(N) and the challenge in Theorem 2 is to prove that in fact
Ry = O(1).

Finally we observe that the assumption sup, % < oo is essentially equivalent to
the assumption (1.8) in Theorem 1. Indeed,

i) sup, % < A implies [ feMVelog fl 4z is finite for any A < % By Taylor expan-
sion for e”,

=1
/fe*'vvlogfldzg1+Z*Ap/flvv10gf|pdz
p!

p=1
o0 1 oo

ST =N(Ap)P <1+ (eAN).
=1 p=1

i) Assumption (1.8) implies sup,, % < f\—i;. Indeed, for any p = 1,2, - -,
/f|Vv log fIPdz < p!/\;p/fg\f IV log £l 4,
Since p! < pP,

M, 1
sup —£ < /\—sup(/fekf IV log f| dz)% < 00.
p D I



1.4 Main Result

From Theorem 2, it is indeed possible to obtain an explicit quantitative estimate on
the relative entropy

Theorem 3 (Propagation of Chaos). Assume K € L and that the limiting solution
ft,z,v) € L>([0, T], L*(Q x RY)NWLP) for every 1 < p < oo solves the Viasov Eq.
(1.3) with the bound (1.8) for some 6¢, Ay > 0. For the case of vanishing randomness,
that is in the case en — ¢ = 0, we further assume that

telo, T

Assume that the initial data f% of the Liowville equation (1.4) satisfies assumptions
(1.5) and (1.6) with k =1 and

N
1 1
sup — filog fdZ < oo, sup 7/ S0+ [2i?) f3 dZ < oo,
N>2 N (xRN N>2 IV (xRN
(1.12)
as well as
0|70 1 0 I
Hy(fylfn) = = frlog(%)dZ =0, as N — oo.
N Jaxrayn Iy
In the case eny — € = 0, we also assume that
N
sup i/ >+ |l A+ i) R dZ < oo (1.13)
N>2 N (QxRA)N im1

There exists a universal constant C' s.t. for any corresponding weak solution fy to the
Liouville Eq. (1.4) as given by Proposition 1 then for any t <T

Hy (fn)fn)(t) < eCtllElnee 05/ (HN(f?VIf?v) +an + J(\J,) — 0, as N — oo,

where ay = C (¢ —en)?/een ife >0 and ay = Cey ife = 0.
Hence for any fized k, the k—marginal fn 1 of fn converges to the k—tensor product
of fin L' as N — oo, i.e.

I fxge = FZ* s =0, as N = oo. (1.14)

We recall that the marginals are defined by
fN,k:/ fN(t,Z)de+1...dZN.
(UxRI)N—k

Theorem 3 has several consequences



e It implies a classical Mean Field limit. First note that the 1-particle distribution
fn,1 converges to f. Assume that one can obtain solutions to the ODE (1.1)
or SDE (1.2) system (at least for a short time independent of N) for almost all
initial data. Consider now a solution to (1.1) or (1.2) with random initial data
determined according to the law f3; the solution (X1 (t), Vi(t),..., Xn(t), VN (t))
is hence random as well (even the deterministic system (1.1) propagates any
initial randomness). Then the empirical measure as defined by (1.9) satisfies
that

Eun(t,z,v) = fn1(t, z,v).

Theorem 3 implies that with probability 1, puy will converge to f for the weak —
topology of measures. We refer to [24, 25, 33] for a more precise presentation of
this connection between the various concepts of Mean Field limit.

e Theorem 3 is a strong form of propagation of chaos. The usual definition of prop-
agation of chaos typically only require the weak convergence of the marginals,
i.e. for fixed k

fve — &% inD.

Here we not only have strong convergence in L' for all marginals but also an
explicit bound on the distance from the full law fy.

Such stronger notions of propagation of chaos have recently been more thoroughly
investigated and some of the connections between them elucidated, we refer to
[31, 40, 41] for example or to the survey [33].

e It is possible to be even more precise on the convergence of the marginals and
in fact, one controls the relative entropy of each of them as

I = F S 7551 (F8) e (115)
< Hn(fn| fn)(t) — 0.

Hy(fnk

The fact that the scaled entropy Hy actually controls any other scaled entropy
Hj, is critical for that and for the conclusion of Theorem 3. We refer to the
references above for the proof of this inequality.

The relative entropy method is widely used in the context of “diffusion limit”
or “scaling/hydrodynamic limit” context, see for instance [52], but it is the first
time (to our knowledge) to be applied in the mean field limit context. It has also
recently been applied to SDE’s, for example in [20].

e Theorem 3 is quite demanding on the expected limit f, in particular through
assumption (1.8). This is in line with the assumption (1.8) of Theorem 1 and
with the general idea of weak-strong estimates: The weak requirements on f%
and K are replaced by strong assumptions on the limit. The assumption (1.8)
is satisfied if f has Gaussian or any kind of exponential decay: f ~ e ¥I?I". In
general C* functions with compact support cannot satisfy (1.8) though Gevrey-
like regularity seems to be possible.



e Theorem 3 is really a conditional result: It holds on any time interval [0, T for
which one has existence of an appropriate solution f to the Vlasov Eq. (1.3).
Prop. 2 guarantees that such a time interval will exist but T could be larger
than what is given by Prop. 2. One may very well have T' = 400 for some initial
data or if additional regularity is known for K.

e We hope to be able to extend Theorem 3 to 1st order systems of the kind
1
NZ 5)dt +en dWY, (1.16)

provided that appropriate assumptions are made on K, in particular that div K €
L.

e The explicit estimate in Theorem 3 allows to handle interaction kernels Ky
depending on N provided that supy || Kn||re < oco. This is typical of numer-
ical settings (particle methods for instance) where K is typically truncated or
regularized.

The first proofs of the Mean Field limit for deterministic systems such as (1.1) were
performed in [10, 17, 42] (see also [49]). Those now classical results have introduced
the main concepts and questions for the Mean Field limit and propagation of chaos.
They demand that K € W and rely on the corresponding Gronwall estimates for
systems of ODEs (extended to infinite dimensional settings).

Obviously K € W1 is an important limitation which does not allow to treat many
interesting kernels, either from the physics point of view or for numerical methods. In
that last case it often makes sense to regularize or truncate K. Since in many settings,
K is only singular at the origin, = 0, this leads for instance to working with a smooth
Ky sit. Ky(z) = K(z) for |z| > en; en being some determined scale which typically
vanishes with N. The accuracy of the method depends on how small the scale e can
be taken; one critical scale is ey = N~/ which would be the minimal distance in
physical space of NV particles over a grid.

For Poisson kernels, K = C'z/|x|?, the Mean Field limit was obtained for particles
initially on a regular mesh in [22], [51] for ey >> N~'/¢. When the particles are not
initially regularly distributed, propagation of chaos was obtained in [23] but only for
eny ~ (log N)~!. As mentioned above, those results were recently improved in [36]
with much smaller truncation scales ey << N~1/4,

The only results for deterministic second order systems with singular, non-Lipschitz,
kernels without truncation are [29] and the more recent [30] for the propagation of
chaos. Those require that K satisfies for some a < 1

C c
K < .
VK@) < e

K (z)] <

|—W7

The result presented here does not require any regularity on K (any bound on |[VK]|)
but does not allow K to be unbounded either. It is therefore not directly comparable.

10



In fact Theorem 3 is interesting precisely because it introduced a new and unexpected
critical scale, K € L°.

The derivation of the Mean Field limit and the propagation of chaos is more ad-
vanced for 1st order deterministic systems (System (1.16) with ey = 0 for instance).
Systems like (1.16) with a kernel K non smooth only at the origin = 0 enjoy addi-
tional symmetries with respect to second order which makes the derivation easier. We
refer to [33] for a more thorough comparison.

The main example of such 1st order system is the point vortex method for the 2D
Euler equations. The Mean Field limit has been obtained for well distributed initial
conditions, see for example [14, 27, 32] while the proof of propagation of chaos can
be found in [47, 48]. We refer to [28] for the best results so far for general multi-
dimensional 1st order systems.

In comparison with the deterministic case, the stochastic case, ey > 0 in (1.2) or
(1.16), seems harder as many of the techniques developed in the deterministic setting
are not applicable. The Lipschitz case, K € Wlicoo can still be handled through
Gronwall like inequalities, see for instance [6, 11].

In the non degenerate case, ey — € > 0in (1.16) for instance, then the regularizing
properties of the stochastic part can actually be exploited to handle some singularity
in K (up to order 1/|x|). For 1st order systems, propagation of chaos can hence be
proved for the 2D viscous or stochastic vortex systems for the Euler equations, leading
to the 2D incompressible Navier-Stokes system; see [19, 21, 43].

However the system considered here (1.2) has a degenerate stochastic part (there
is no diffusion in the xz variable) which may in addition vanish at the limit if ey — 0.
Theorem 3 is the only result that we are aware of in such a degenerate setting for non
Lipschitz force terms.

2 The weak-strong arguments

We present here the simple proofs of our weak-strong argument, which illustrate the
similarity between the weak-strong uniqueness in Theorem 1 and the relative entropy
estimate in Theorem 3.

2.1 Weak-strong uniqueness on Eq. (1.3) and the proof of The-
orem 1

Assume that f and f solve Vlasov equation (1.3) in weak sense. Assume that f satisfies
(1.8). By density we may assume that f is smooth, C', and decays at infinity without
ever vanishing; just consider any such sequence f,, satisfying uniformly the bound (1.8)
and pass to the limit f,, — f at the end of the argument.

11



Consider for any ¢ € [0, T] and decompose

H(t) = /Q Rdflog<§>dxdv= / Flogf - / Flog f

< [r 1ogf05/0t/'v’;f'2 - [ frog s,

with fO = f (t = 0) and per the assumption of dissipation of entropy for f in Theorem
1.

By our assumption f is smooth and log f can hence be used as a test function.
Thus since f is a solution to the Vlasov equation (1.3) in the sense of distribution, one
has that

/ Flogf={  logf
QOxR4 QO xR4

t
+// f(s,z,v) (Olog f+v-Vilogf+ Kxp-V,logf+eA,log f).
0 JOxXRY

Since f is a strong solution to the Vlasov equation, this leads to

/flogf:/fo logfo—i-/ot/f(s,x,v)Rd:rdvds

+e /Ot/f(s,x,v) (A;f +Avlogf) dx dv ds,

where we define
R:=V,log f(z,v) - {K * p(x) — K x p(z)}.

Observe now that, with usual entropy estimates

_ ~ Avf v — ‘VQ)]EP
/f(s,x,v)( 7 +Avlogf> dzd /f dz dv

:/<_fvvf|2 +2vvavf _ |V}f|2> dz dv

f? f
= —/f|Vvlog§|2dxdv <0.

Therefore .
H(t) < H(0) —/ / fRdz dvds. (2.1)
0 JOxRd

Note that by the definition of R

/ fRdde:/va(K*ﬁ—K*p)dxdvzo,
QxR4

12



as K x p and K % p do not depend on v. Hence

/QX]Rdedxdv:/ (f = f) Rdz dv.

QxR4

Simply bound

/ fRdzdv
QxRe

Observe that

< IIK*(ﬁ—p)IILm/

Qx

Vo log f| |f = flda do.
Rd

1K * (5= p)llz= < 1K |l=1p = pllzs < 1K||ze=]lf = fllzs,

so that

t ~ ~
H(t>SH<0)+HKHLw/O 0 = Fllos [/Q | Vtog ] |ff|dxdv] ds.

X

Use the weighted Csiszar-Kullback-Pinsker inequality in Theorem 1 in [7] with ¢(z,v) =
|V, log f| to obtain

< 2 ) 1
/|Vvlogf||f—f\dscdv < oW (;—i—log/e)‘flv“logflfdxdv) (\/ﬁ—i- 2H>.
f

Recall the notation

0y = sup /BAHVI’ log fl £ dz dv < oo,
telo, T

by the assumption (1.8). This leads to

H(t) SH(O)+C(1+10g9f)HKHL°°/O If = Flle (\/EJFI;) ds.

Simply use now the classical Csiszar-Kullback-Pinsker inequality (see [50]) to find

¢ 3/2
H(t) <H()+C(1+logby) | K| L /O <H+ H2 ) ds. (2.2)

As long as H(t) < 1, then H3 < H. Eq. (2.2) gives a Gronwall’s inequality which
proves Theorem 1.

2.2 From Combinatorics and Theorem 2, to Theorem 3

Recall that f is a strong solution to the Vlasov Eq. (1.3). Therefore fy solves

N
Ofn+Lnfy=FnBy+(e—en) D> Ay fy, (2.3)
i=1

13



RNfZ ZK )

’Ui, log f(xiavi) -
i=1 ]757,

K xp(z;) - Vy, log f(x4,v;)

(2.4)
With the convention that K (0) = 0, this is equivalent to the definition (1.10)

From this point the initial calculations exactly follow the proof of Theorem 1. Since
fn is a weak solution to the Liouville Eq. according to Prop. 1

1 fN 1 1 _
H 1 dZ = — 1 - — 1
n(t) = N P In Og(fN N/fN og fn N/fN og fn
< 7/ £y "IV N
N

-~ [ fxlog fw,
0 In N /
per the assumption of dissipation of entropy for fy in Prop. 1

Since fy is smooth, log fy can be used as a test function against fy which is a
weak solution to the Liouville Eq. (1.4) so that

/fN log fn Z/fz% logf](iﬁ—/o /fN(57X7V) (0¢log fn + Liy log fn)dZ ds

where

N
P SIS S St
i=1 i=1 j#i
Since fy is a strong solution to (2.3), this leads to

/fN 10ng=/fR; logf?VJr/ot/fNRNdst
+en /Ot/fN (A}Z]\J:_N +Avlogﬁv> dst+(€€N)/Ot/fNA}ij

Hence,

— ;) Vo, +en ZAM

i=1

dZ ds.

HN(t)SHN(O)—* t/fNRNdZdS

//{|vazv|2+f (A}{fN
6*81\// /fNAVdeZd

We now treat the three types of the choices of e separately.

+Avlong)] dzds  (2.5)

Case I: ¢y = ¢ > 0. In this case, the last term in the right-hand side of (2.5) vanishes
Classical entropy estimates show that

VP [, (2 VfN+AV10ng> 4z = [ nivviog 2 az >0,

14



see the proof of Theorem 1 for detailed calculations.
Therefore we finally obtain that

Hy(t) < Hy(0) — ;[/Ot/fNRN dZ ds. (2.6)

Case II: ey — £ > 0. The terms in (2.5) induced by randomness can be bounded by
the entropy of f%,

2
N/ /[ VfN' +efNA}/fN+£NfNAvlong dZ ds

N
:_N /fN5|VV

_ 2

( f—:N //IvaNI 47 ds
(e —en)? / /|vaN2
L —dzd
=74 N J, T s

PR
S% |:]17/f10\710gf]% - ]b/fN(t)long(t)} .

Recalling the assumption (1.12) and Prop. 1, one has for any ¢ € [0, 7]

>dZds

1
sup — fnlog fndZ > Cy— sup / 1+ 21" fnt, 2)dZ > —C,
N>2 N Jioxrayw reo.r) N Z ) (0, 2)

where Cy is a universal constant only depending on the dimension d and C' > 0 is a
universal constant only depending on the uniform bound in (1.12), the time interval
T and the dimension d. Therefore, we obtain that

Hy(t) < Hy(0) — = / nRydZds + ay, (2.7)
where
B 2
ay = 545;: { /fN gfh - /fN )log [ (t )] <ol 4€EN)

goes to 0 as N — oo and again C only depends on the uniform bounds in (1.12) and
the time T and the dimension d.

Case III: ey — ¢ = 0. This is the vanishing randomness case, that is there is no
diffusion in the limit Vlasov equation. The terms in (2.5) induced by randomness in

15



N —particle system can also be bounded but by some moment bounds for f,

S(en) / /PVVfNF + I Avlong} 47 ds

//|vaN|2 7N/ /vaN-Vvlong

< 4N/ /fN\vvlongFdst

This is the reason why we add here extra moment restrictions. Recall that (1.11) and
the second part of Proposition 2, i.e.

Vo log f| < V(4 log f| < C(1+ |zf* + [v]*)).

Therefore,

Sen)<C Y ( A /Z (1+ faaf* + |vz|2’“>dest> 0,

as N — oo. Hence, we also obtain (2.7) in this case with ay < Cey — 0 as N — oc.

Now we can proceed to prove the estimate for Hy(t). Recall the Frenchel’s in-
equality for the function u(xz) = xlogx: For all z, y > 0

zy < zlogx + exp(y — 1).
Hence for v > 0

fwRy <X 2 (L0 iyl) < 2 (Prog ) + exptv i) )

Therefore Eq. (2.7) becomes
1 t
Ha(®) gHN(0)+aN+;/ Hy(s) ds+f—/ /fNeXp By dZ ds. (2.8)
0

Now define K = v K and take v s.t.

~ Mp Mp 1
K| Lo sup == =v | K| oo sup — = SVIKlpe08/2s < 755

We may apply Theorem 2 to K and Ry = v Ry. This implies that

L =sup sup /fNexp |Rn|)dZ < 10.
N tefo, T

Inserting this in (2.8) gives

10¢

1 t
H < H — H —
N(t)_ N(O)—FQN—FV/O N(S) ds + N’

16



and up to time T > 0, by Gronwall’s inequality
- - 10
Hn(fn|fn)(t) < (HN(fN|fN)(0) +oan + N) exp(t/v), (2.9)

which gives the first part of Theorem 3 taking v=! = 16 €? || K| 1 07 /As.

Next apply the estimates in [31], [40] and [41]. In particular by the properties of
relative entropy functional, see for instance Lemma 3.3 in [31] and also Proposition 21
and its following remark in [33], we have for any fixed k > 1,

Hi(fn ok

fEF) = ]1,/(9 i Ik log <J;N,]:> dzy -+ dzi < Hy(fn|fn) — 0,

as N — oo.
The classical Csiszar-Kullback-Pinsker inequality (see chapter 22 in [50]) then im-

plies that
v = FE5 o <\ 2kHy(fy k| FEF) — 0

as N — oo. This completes the proof of Theorem 3.

2.3 The scaling of Ry

The full proof of Theorem 2 is given in the next section but we present here some of
the basic scaling properties of Ry .
A trivial bound for |Ry| is simply

[Bn| < 2K L= [IVylog fllL<) N. (2.10)

However inserting this bound in (2.8) would only give that Hy(t) = O(1) without any
chance of converging. Instead Theorem 2 essentially proves that Ry is of order 1 and
not of order N.

To get

/ fvexp(|Ry|)dZ < C < o0,

(QxR4)NV

where C' doesn’t depend on N, we expand exp(|Ry|) by Taylor expansion. Note though
that

1 2k +1 1
R 2k+1< R 2k R 2
(N < oy >t amEa B

X 1
f‘RNFk + m'RN|2k+2a

(oo}

= 1 1
exp(|Rl) =D lRn 1" <33 il R
=0 ’

ES
Il

o
~
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Consequently, we have
_ 1 _
[ ivesplirn)az <33 g [ 1Rn Pz (2.11)
k=0 ’

The basic idea of the proof for Theorem 2 is to expand the sum defining Ry in R3F
and show that a large number of terms vanish under integral with respect to fu.

For the moment we just present two basic calculations, indicative of the type of
cancellations that we use

Lemma 1. Assume that f € L= N LY (Q x R?) with f >0 and [ f = 1. Assume that
K € L* and that V, f € Lj,., then

/ RnfndZ =0.
QN x (R4)N

Proof. Simply expanding Ry, we get

_ 1 X
/RNfN dz = N Z /Vui log f (s, vs){K(x; — ;) — K * p(x;)}

ij=1
flx1,v1) - flan,vn)dZ.

For fixed (4, ), notice that f(z;,v;)V,, log f(x;,v;) = V,, f(zi,v;), and no other terms
depend on v;. Integration by parts thus implies that the integral vanishes. Indeed, by
Fubini’s Theorem, without loss of generality, we only need to check

/va(x,v) Kxp(z)dzdv=0 (2.12)

and
/Vvlf(xl, vi){K(x1 — x3) — K % p(x1)} p(x2) dzq dvy dzy = 0. (2.13)

Both (2.12) and (2.13) are easily proved by truncating the integral with some ¢, such
as

1, if |(z,v)| < L,
er(z,v) =< €(0,1) if L < |(z,v)| < 2L,
0, if |(z,v)| > 2L,

and letting L go to oo.
O

Lemma 1 only illustrates the simplest cancellation in Ry . It is also straightforward
to show some orthogonality property between the terms in the sum defining Ry. This
leads to the first indication that indeed Ry is of order 1 and not N.

Lemma 2. Assume that f € L= N LY (Q x R?) with f >0 and [ f = 1. Assume that
K € L™ and that V,f € L? , then

loc?

/ Ry[2fx dZ < 4| K3~ / 1V, log £/ da do.
QN x (R9)N QxR

18



Proof. For convenience we denote
F, =V, log f(xi,vi), kij=K(x;—x;) — K*p(z;).
Simply expand the left-hand side
_ 1 X N _
/|RN\2fN Z=—= > > /F iy Fiy - Kiy o v dZ.

i1,i2=1 j1,j2=1

If 41 # 42, then by integration by parts,
/Fil ckiy jy Fiy - kig jo fn dZ = 0.
Indeed, without loss of generality, let i1 = 1 and is = 2, then
/Fi “kiy gy Eiy - kig,jsz dz
- /(Qde) Vo, [(@1,01) - k1j, Vi f (22, 02) - ko j, dzy dzg = 0,

by integration by parts since kq ;, and ks j, do not depend any v variables.

If i1 = i while j; # ja, then at least one of {j1, jo} is not equal to i1, then this type
of integral vanishes by the definition of convolution. Indeed, without lost of generality,
let assume that i; =i = 1 and j; = 2 while js # 2, then

/(Q Rd)N Fyy - kiy j Fiy - kiy o fn dZ
X

= /(Qdew [V, log f(z1,v1) - {K (21 — 22) — K * p(a1)}]
[V, log f(zr,01) - {K (21 — 25,) — K % p(a1)}] fv dZ

- /(Q ) [V, log f(z1,v1) - {K(x1 — x;,) — K % p(x1)}] Wiz f (24, v;) dz;
«RA)N -1

(Vo8 arson) - [ (o1 = 22) = K x pla) bz i
Q
f— ()7
where we used that

/Q (K (1 — 22) — K % plarn)}plaes) daes = 0,

by the definition of convolution, and since p has integral 1.
Hence after integration only those terms with indices 7; = i3 and j; = jo contribute
to the summation. That is

1 KL X B
= 2 2 [ FukugFa ki fydZ

i1,i2=1 j1,j2=1

N N
1
—r 22 [k hwaz < 41K

i=1j=1 Qx

|V, log f|*f dz dv,
Rd
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which completes the proof. O

3 Main Estimates: Proof of Theorem 2

From the remark (2.11), it is enough to bound

k=0

which we divide in two different cases: k is small compared to N or k is comparable
or larger than N. The first part, 3k < N, is more delicate and requires some prepara-
tory combinatorics work. The second part, 3k > N, is almost trivial since now the
coeflicients % dominates. The trivial bound for |Ry| is good enough in this case.
Accordingly Theorem 2 is a consequence of the following two propositions

Proposition 3. For 3k < N, we have

L5

w|Z

J

M 2k
k <862||K||Loo (sup p>) .
1 p P
Proposition 4. For 3k > N, we have

oo 1 o [ Mp 2k
S [ Islivazs S0 (st (s ) )

k=41 k=541

1
(2k)!

/|RN\2kadZ <142

k=0 k

Let us briefly explain how we can prove Theorem 2 from Proposition 3 and Propo-
sition 4.

Proof of Theorem 2. Recall that

Zkr’“:r—Zrk: .
— 2
= dr = (1-r)

1
8e2”

Under the assumption || K|z sup, % < we have that

L

w|z

J 2k oo 2k
M M
k (8€2||K||Loo (sup p)) < E k (8€2||K||Loo (sup p))
1 p P k=1 pP
2

(821K~ (sup, 22))

k

= N < 00,
<1 — (82| |~ (sup, 222)) )
and 2k 2k 2
oo 00 5
Z <5e2||K||Loo (sup JMZ))) < Z (g) < % < 00.
k=¥ ]+1 A k=1 1-(3)
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Hence, by (2.11), Proposition 3 and Proposition 4 we have that

_ | _
/ feplIRal) a2 <33 o / Ry[?*fy dZ

o) M 2k e’} 5 2k
<3142 k(83K oo(su p)) + ()
( > ( I (0 > (§

2
M,
2 (8€2||K||Loo (Supp 7‘“))

=31+ 5 + 5
w)Y - ()
<1 - (862“KHL00 (supp f)) ) 8
u 2
82| K |1 (sup, 22)
<5+6 5
M,
1-— (8€2||K||Loe (supp 7”))
This completes the proof. O

We now proceed to establish the above propositions. For convenience we will keep
on using the notations of Lemma 2

Fi = Vvi IOg f(fﬂ“ Ui), ki,j = K(l’z — l‘j) — K*p(.%l)

3.1 The case 3k < N: Proof of Proposition 3

We start with the general rule for cancellation in Ry

Lemma 3 (General Cancellation Rule). Fiz an integer p > 1. Take any pair of multi-
indices (Ip, Jp), where I, = (i1,i2, -+ ,ip) and Jp, = (j1,J2, -, Jp). All components
of I, and J,, are taken from the set {1,2,--- ,N}. Then

/ (Vo 10g F(@sy00) - {K (@i, — 5,) — K p(as)})
(xR (3.1)

: (V’Uip 1Og f(ajipvvip> : {K(l‘lp - xjp) — K p(xzp)}) fN dZ =20
provided that one of the following statements is satisfied:

1) there exists one i, such that i, & {i1, - ,iy—1,%, ,ip};
2) there exists one j,, such that j, & {i1,i2, - ,ip} U{j1, s Ju—1sJvs ", Jp}-

Proof. The proof of the this lemma is essentially the same as Lemma 1 and Lemma
2. For completeness, we give a short proof here. Let us first check the case 1) above.
Without loss of generality, we can assume 4, = iy = 1 while i3 # 1,--- ,4, # 1. Now
use the conventions F; and k; ; to simplify notations. Hence the integral becomes

/ (Fyy - k1gy) - (Fiy - kiggo) - (B, - ki j,) [N dZ
(QxRI)N

:/vvlf(xlavl) : k17j1 (Fiz : kiz;jz) t (Fi : kip;jp) Hf\;2f(xiavi) dZ,
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where the only term depending on vy is f(x1,v1). Integration by parts shows that
(3.1) holds.

In the second case, without loss of generality, we can assume that j; = 1, while
Jo#L - ,jpF#Lland iy #1, - 4, # 1. Hence the integral becomes

/Fil AK (25, — 1) — K % p(i))} (Fiy - kiygy) -+ (Fy, - ki g,) fndZ
:/ (Fiy - kiygo) -+ (Fiy - ki) T o f (24, 05) dzg - - - dan
(@xRA)N-1
. / ) le 1Og f(ziuvh) : {K([Eh - 1’1) — K% p(xil)}f(zlavl)da:l dvl
OxR
Z/ (Fiy - Kig o) - (B - Fiyg,) Lo f (i, 03) dza - - daw
(QxRI)N—1
: (le log f(xi,,vi,) / B (@i, — 1) = Ko plaq,)} f (a1, 01) da dv1> :
QxR

where only K(z;, —x1) and f(z1,v1) are (x1,v1)-dependent. As in Lemma 2

/ {K(zi, —21) — K = p(z,) } f(21,01) doy dvy =0,
QxR
and hence again (3.1) holds, completing the proof.
O

To make easier use of Lemma 3, we introduce some definitions, formalizing the set
of indices over which the expansion of Ry does not vanish.

Definitions In this subsection, we always assume that 3k < N. Recall that we write
I, = (i1, ,ip) and J, = (J1, - - ,jp). For positive integers ¢ and p,

o the overall set 7, is defined as

Top ={Ip = (i1, ,ip)[1 <4, < g forall 1 <wv < p}.

Then we define

e the multiplicity function ®4, : T4, — {0,1,--- ,p}?, with ®,,(I,) = Ag, where
A, = (a1,a2, - ,a4) and a; = |[{1 < v < pli, =1}].

With the multiplicity function @, ,, we can proceed to define
o the “effective set” &, of index I, as
Eqp ={Ip € Tgp| Pgp(lp) = Ag = (a1,--- ,aq) with a, # 1 for any 1 <v < g}.

We can restate case 1) in Lemma 3 by using the notation Ey o5. That is
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o If ng ¢ 5N’2]€, then
/(FZ k'LlJl)(F'Qk 'kizk,jzk)fN dz =0. (32)
However, even for an I, € En 2 , the integral

/(Fi 'kihjl)"'(FiQk . ki2ka.j2k)-fN dz

can still vanish for some choices of Jo in Ty 2k according to the case 2) in Lemma 3.
Hence, for Io;, € En ok, we define

e the “effective set” 771]\}"7’“% of Jyy, as

either for all 1 < v <2k, j, € {i1, -+ ,iak};
’PII\?"% =< Jop € T2k ‘ or for any v such that j, & {i1,--- ,iar},
' # v, such that j, = j,.

Then the case 2) in Lemma (3) can be represented as

o If Iny, € Enor and Joi, ¢ PJI\}“”“%, then
/(Fz' ki i) (Fig - Kigy o) v dZ = 0. (3.3)

To simplify the notations in the following proofs, we also define

e the set of all components of I, = (i1,42, -+ ,ip) € Tqp as
S(Ip) = {i17i27 T ’ip}'

The set S(I,) only captures distinct integers in I,. Hence, the cardinality of S(I,)
equals the number of distinct integers in I,.

We start by bounding |& |
Lemma 4. Assume that 1 < p <gq. Then
%

< i (?)zp <2 (ng) (18))" < Befiqr (£)" (3.4)

Proof. Pick any multi-index I, = (i1, ,4p) € & p. Recall that S(I,) = {i1, -+ ,ip}.
The fact that I, € &, implies that the multiplicity of each integer cannot be one.
Hence 1 < |S(1p)| < [5]. Indeed, if |S(1p)| > [5] + 1, then

€90

p

p22(|_2

J+1)>2(5-1+1) =p,
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which is impossible.

If p =1, then &, = 0. The estimate (3.4) holds trivially. In the following we
assume that p > 2. We proceed by discussing the cardinality of S(I},).

Denote [S(I,)| = I, where 1 <1 < |Z]. We count step by step

{Ip € Eq,pl1S(Ip)| = 1}

Step I: Choose [ distinct integers out of {1,2,---,¢q}. We have (?) choices in this
step. Without loss of generality, in the following, we assume these [ integers are
1,2,---, 0 ie. S(Ip) ={1,2,---,1}.

Step II: For an I, € &, with S(I;) = {1,2,---,1}, recall that the multiplicity
function reads

&, (1) = (a1, ,a1,0,--- ,0).
ap(Ip) = ( )
q—1 times
For a fixed [—tuple (a1,a2, - ,a;) with a1 + a2 + ... + a; = p, we must choose I, =

(41,...,1p) s.t. all 4 € {1,...,1} and the number m € {1,...,1} is chosen exactly a,,
times, which means calculating

|{[P € ngP‘ (1)4710([?) = (a‘17 e, ar, 07 e 30)}|
We may choose a; times the number 1 among all possible p positions, then as times

the number 2 among all remaining p — ay positions and so on. The total number of
choices is ﬁ'(al)” that is

‘{Ip € 5q,p| (I)qyp(—rp) = (a’la a0, 70)}‘ =

Step III: The definition of &, implies that in Step II,
a1 +as+---+a =p, and a, > 2 forany 1 <v <.

Hence, Step II and Step III gives that

p!
W, = [{I, € &) S(I) = {12, I}}| = @l @
ap P q,p p aﬁ_';“:p (a)! - (a)!
CL122,'~~111227
which is bounded by
p!
Z 7:(1+...+1)p:l‘n.
1. .. | —
ai+---+a;=p, (al)- (CL[). [ times

a120,:--a; 20

Combining all those three steps together, we have that

L) L5 L5
q q
sl = - 0y € Eupl IS0 =01 = 3= (1), < 3 ()
=1 =1 =1
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J. Hence, for 1 <1 < |[£], we have

leading to,

ot (e < 2() (8)

The last inequality in (3.4) is now ensured by Stirling’s formula. Indeed, write [£| = £,
then Stirling’s formula gives

<q)_ ¢ Av/2mq (2)° 7
k (g —k)'E! Aq—km(%y%/\k\/ﬂ(f)k

where A\;, A\j_r and Ay all lie in (1,1.1). Hence,

54 G =) < R 5 () e 69

k
q—k e
1
(q 4 k) - (1 + H) < ek, (3.6)
k

and for any 1 <k < {4,

Since

we have for p even,

p q PP k kpk P2 /(D
— — < = —ez2qg2 | =
51(()) (151)" = VRetatns = et (5)

For p odd, write instead p = 2k + 1 > 3, then by (3.7), we have that
b, a PP q\ 2k k Kok k kLB
— — frd < = 2
L2J<L§J)(L2J) kz(k(k)k )_k(\/Eeqk) kek bk

7 (3)

This finishes the proof of Lemma 4. O

NS
(NS

< =e

N3

We now turn to bounding the number of choices of Joi in 73]1\%‘“2,6 with oy € En,2k-
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Lemma 5. (Choices of the multi-indices Jo) Assume that 3k < N and Is, € En ok
with |S(I2x)| = 1. Recall that 1 <1< k. Then we have

2k ok
I _
[Pl = 12 Y 12t ( A ) EN-—tnl- (38)
h=2
Furthermore,
[Pl < Py oi i= 2keF22FKENT. (3.9)

Proof. Without loss of generality, we assume that S(Izx) = {1,2,---,l}. By the
definition of the set PJI\?Z > we have two cases. The first case is that all j, lie in the set
S(Iax) = {1,2,--- ,1}. The total number of such Joy, is I2* since each j, can be any
integer from 1 to [.

In the second case, there exists some j, in {I+1,--- , N} and for each such j, > I+1,
there exists v/ # v such that j, = j,». That is to say, each component j, > [ + 1 is
repeated. Denote by

h=[{1<v<2k[j, >1+1}

the number of components of Jop, which are larger than [. We thus have 2 < h < 2k.

For a fixed h, we need to choose h positions in Joi to put integers bigger than [ for
(%f) choices.

The remaining (2k—h) positions of Jo, can be filled with any integer in {1,2,--- 1},
for 12#=" choices.

Finally, we choose h integers from the set {{+1,--- , N} for each of the h positions
in Joi, that we chose initially. Again, the multiplicity for each integer chosen is at least
two and the order is taken into account. This coincides with the definition of En_j 4.
Hence, in this step, the total number is just |Ex—_ip|-

Therefore for a fixed h, one has that

2k
[{Jar € Pﬁ’ék\h components of Jo, are larger than }| = (h )l%_thl,h|-

Adding all the cases together, we obtain

2%k
\77]]\?”“2“ =% 4 Z {Jar € levz,kzkm components of Jy, are larger than (}|
h=2
2%
2k
_ l2k l2k—h Env_
+ ; ( h) [EN—1.nl;

which is exactly (3.8).
Now we simplify the bound for |77]I\,2,’“2k . Applying Lemma 4, we have

hoa b (B ?
<TeENopnE(2)
<Ber(v ) (2)

IEN_1.n
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Therefore
h
2k h n (B2
I <12k l2kh hez (N — )2 n
Pl +Z (3 )netev =% (5
< 1%k 4 2ke® Z [2k=h (2k> (N —1)zk*
h=2 h

2k 2
< 2ke” {Z <2}f) RN — z)’ék’;} = ke (z + VE(N — 1))
h=0
< 2keF 22k NE

This completes the proof.

We are now ready to prove Prop. 3 by combining Lemma 4 and Lemma 5.

Proof of Prop. 3. By the definition of 7, , for ¢ = N and p = 2k, we have by expanding
Ry as defined in (1.10)

/ Ry i d2

1
:Nzk/ Z Z (F3, 'kihjl)“‘(Fizk' ok J2k)fN dz

1<i1,j1 <N 1<iok,j2 <N

1
:ﬁ Z Z /(Fll .kilvjl)”.(FiZk' 12k7]2k)fN dz.

Iop €T, 2k J2k €TN 2k

Applying Lemma 3 ( i.e. facts (3.2) and (3.3)), the previous equality becomes

- 1
/lRN|2ka dZ = o5 > > /(Fil ki) (Figy - Kigg o) fv dZ.

TLop€EN 2k g, k€7’f\?’§k

(3.10)
For fixed indices Iy, € En 2k and Joy, € ’PJI\',ZE,W we have

/(Fil : kil’jl)...(FiQk ’ 12k,j2k)fN dz

§(2||K||L°°)2k/|vv1 log f(z1,v1)|" -+ [V log f(an, on)|*™ fydZ,

where we recall that a, is the multiplicity of integer v in the multi-index Iy, i.e.
(I)N,Qk(12k) =An = (al, cee ,CLN). On the other hand

/|VU1 logf(xl’vl)rll e |V7JN logf(xNvUN)‘aN fN dz

M\ %
— ai az an - P ai an
= MalMaz--.MaN§<bupp) ajt---aly,
P
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with the convention that 0° = 1.
Hence, combining (3.10) with the previous inequalities and the second part of
Lemma 5, we have that

1 _
iy [ 1l

1 1 & _
:@WZ Z Z /(FZ .kil’jl)...(FiZk.ki2k»]‘2k)fN

=1 Ik €En 2is |S(L2k) =L g,y izl

1 1 & M, 2k . N
ST ST Puae (20K~ (s 22 ) ) ag ety
) =1 I3x€EN 2k, |S(T2k)|=1 p D

(3.11)

where we recall that Py o = 2 k ek 22k k& N* which is the bound obtained on |7311\,2"2,€
in Lemma 5. 7

Observe that for a given [ and given multiplicities aq, ..., a;, the number of I €
EnN,2r, with such multiplicities is bounded by

(2Kk)!
(an)! (@)

This is the argument in Lemma 4, just by choosing first a; times the number 1 among
all 2k positions, then as times the number 2 among the remaining 2k — a; and so on.

Thus i i
N
) ) a?%w:Z(J%%
=1 I3p€EN, 2k, |ST2k)|=1 =1
where okl
Uk = > ) ajt -l

(a)!- - (ay)!

a + -+ a; = 2k,
ar = 2,---ap > 2

Combining this estimate with (3.11), we get

k
1 . QIIK||=)* 1 M, \** N\
(2k)!/|RN| IvdZ = = e (PP Prowd () JUha
=1

(3.12)

It only remains to simplify the right-hand side of (3.12). Since n™ < e"nl,

Ul or, < €2 (2K)! ( 3 1) = et (2%)! <2k - 1). (3.13)

!
ay+---+a;=2k,
a122,a; 22

Indeed, the equality in (3.13), i.e.

2k—-1-1
(ol 2 2> 2t =20 = (1Y)
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comes from the following classical Combinatorics result where we take p = [ and
b, =a, —1for 1 <v <p, with q=2k—1,

Lemma 6. For integer-valued p—tuples By, = (b1, -+ ,b,) € Tq.p, we have
q—1
{Bp € Tqplb1 +--- =q}| = _1)
Proof of Lemma 6. We give a quick proof for the sake of completeness. Let ¢; = by,
cg = by +bg, -+, cpo1 = by + -+ bp_1. Since (by,---,bp) uniquely determines
(c1,---,cp—1) and reciprocally, we only need to check

-1
Hlctr, - sepmill < <ecp <+ <1 < qg— 1} = (;_1).

This is simply obtained by choosing any p—1 distinct integers from the set {1,2,--- , g—
1} and assigning the smallest to ¢, the second smallest to ca, etc. O

Coming back to the proof of Proposition 3, since 1 <[ < k, one has that

21 1) _ (2K _ 1
-1 k vk
by Stirling’s formula. Hence, inserting this bound in (3.13),

1
Ul on < —=(2¢)%(2k)L.
N2k < \/E( )7 (2k)
Insert into (3.12) this bound for U}ng, and the definition (3.9) of Py o5 to obtain that
S [ Ry v dz
I NI N

< (2I((2kL)O!O)2k Nl% <s1;p ]\Z/-?o>2k (2k ¢F 22F P NP

( _ (2)%* (2k) >§( ) (3.14)
o (8||K||L«> (p)) o K ; (ZZV )
ot (o (2] ()

Now we use Stirling’s formula again to simplify the binomial coefficient above,

KN _ KN 1 [N N \VF
NE\k) ™ NE(N =k = Vak VN —k \N —k '
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Furthermore, the assumption 3k < N gives that N% < 2. Thus

k

BN B
NNk ) — V2nk

Using this bound in (3.14), we get that for 1 <k < | ],

L/|R]\;|2kj?1\de <2k <8€2||K||Loo <sup M))%
(2k)! - p D ’

finishing the proof of Prop 3. O

[SI[98)

3.2 The case 3k > N: Proof of Proposition 4
Now we establish the estimate for large k.

Proof of Proposition 4. We only need the trivial bound for Ry, that is

N

By | < 2|Kllz= ) [V, log f1-
=1

Hence, for k > %, we have

2k
1 . mwm%<N )-
e [ Ry fydz < ) [N, dog fxs )] | FvdZ
(M/N N %!/#1 N

2%k (3.15)
CILIPS M e e
| ... |7 Tan an’
(2k)! I (a)!- - (an)!
a12>0,---an>0
with still the convention that 0! = 1 = 0° and where we recall that
My = / |V, log f(z,v)|* f(z,v) dz dv.
‘ QxR4
We use again the bound M,, < a; sup,, (%) and hence for 1 <i < N,
M\ M\
g < (sup 22 ) < et (sup 22 )
) p P p D
Hence,
Mo\ 2
Amwm@ﬂmp)MMWﬂ
p D
Therefore the estimate (3.15) becomes
L/|RN|2ka 4z < (26||K||Lm (sup M”))Qk Viv o (3.16)
(2k)! - p P -
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where Vi o = [{(a1,--- ,an)|ar + -+ +any = 2k,a; > 0 for 1 <i < N}|.
We can also write Vyor = [{(b1,--- ,bn)|b1 + --- + by = 2k + N,b; > 1,i =
1,---,N}|. By Lemma 6, we have

2k+ N —1
VN,%:( N1 )

We can write N — 1 = 2ks, where s < %, yielding

<2k+N— 1) _(2k(1+ s))!
N-1 C(2ks)!(2k)!

Apply Stirling’s formula to the factorials above, and notice that (1+ %)S < efors>0.
This shows that for N > 2 and 3k > N,

2%+ N —1 A
< e .
VN,Zk( N_1 )(2> e

From this inequality, one obtains that (3.16) leads to

1 _ M 2k
—— [ IRN|**fn dZ < | 5€?|| K || 1o ' J )
(2k:)!/ N fvdZ < < e | KL <81;p ) )>

Summation over all k > % completes the proof. O

4 Appendix: Proof of Proposition 2
We first denote the linear operator for a fixed p(t, z) as
L=v -V, f+Kxp-V,.

To show the existence of a smooth solution over a short time, it is sufficient to propa-
gates some norms of |V f].

Step I: Propagate ||V f||z: and ||V f||Le. It is easy to check that

at<va:f) + L(V:vf) = EAv(vmf) - (K* va:p) : vvf7
8t(vvf) + L(vvf) = 5Av(vvf) - me

In the following, we also write

w(%}c).

Hence the equation (4.1) can be written as

OV F) + L(VS) = Ay (Vf) — ( (K*%f}-v1,f )
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The evolution of |V f|1: is given by

d
VAl < (1K * Voplre + D) [V Fllr (1K= Vol + 1) IV fllzs
< (KN IV £l + D) IV F 2

This is a closed inequality as the right-hand side only depends on ||V f]|r1. This may
blow-up in finite time because of the ||V f||3,. However there exists 7 > 0 which
depends only on |V £ s.t. sup,<p ||V f]z1 < oo. This is the time interval over
which Prop. 2 holds. B

By the maximum principle, we can now bound ||V f|| L~ up to this time 7. Indeed

d
VAl < (Kl [V Fllzr + DIV fllze S IV Fllze.

Observe that there cannot be any blow-up in ||V||z~ before there is blow-up in || V|| 1.
To conclude this step, we have obtained a time T' > 0, s.t.

IVfller <C, IVFllze <C, VELT,

where C' depends on [|K||e, ||V f9| 12 and |V £ Lo
Step II: Define the variable quantity

0, (t ) ::/ Fexp(A|[V log f]) dz do.
QxRd

The main object below is to bound © ;(t, A) in [0, T for some A as the estimate required
for weak-strong uniqueness argument is

sup /fexp(MVU log f])dz < oc.

t€[0,T)

First, we derive the equation for exp(A|V log f|). Denote

- N, V. log f ) N
N = VIO = —»‘I; = * s n=-—_.
ef ( N, ) ( V, log f V|
By Eq. (4.1), one has that

(01 + L) exp(A|V log f|) = Aexp(A|V log f|)7i - (3 + L)N

_ (—(KxVagp) - Vylog f + £ (Ay(Vaf) — Vi log fA,f)
= Aexp(A|V log f|)7i - ( v 1ogf+ (A (fvvf) Vlog fA,S) )
< CXexp(A[Vlog f)|V log f]

1
+ el exp(A|V1og f|)7i - <

Av(vmf) - Vm IOg fAvf >
f .

Av(vvf) - Vv IOg fAvf
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Thus

9y (f exp(A[Vlog f[)) + L(f exp(A|V log f1))
< OAfexp(A|Vlog f[)|Vlog f| + e exp(A|V log f[) A f

+ edexp(A|Vlog f|)7 - < iigi% : gz }33}{@:]{ > .

Hence, by integration by parts,

d

G LTIV Ion )z < O [ fesp(VIog I log 1 + Qe

where Q. is an extra term due to the diffusion,

_ exp(A[Vlog f]) 2
@ =er [ SRR (V. dos - AV )~ V. Tog [P+

Vilog [ Au(Vof) — [Volog FPALf) += / exp(A|V log f)A, f.

Notice that

(Vzlog f) - Ay(Vaf) =V, log f|2Avf +2(Velog f) - (Vo f - Vo) (Ve log f)
+ fvw Ing : Av(vx Ing)a

and

(Volog f) - Ay(Vof) =|Vylog fPALf +2(Vylog f) - (Vo f - Vo) (Ve log f)
+ fVylog f- A, (Vylog f).

‘We hence obtain that
Q. = 2)\5/fexp()\|V10gf|)ﬁ~ (N, ~VU)JVJr/\s/fexp()\\Vlogﬂ)ﬁAU]\_f
+e [expViog f)a,f

= )\E/fexp()\|V10gf\) N, (V,Nit) + /\E/fexp()\|V10g fNit- AN

2d
:Aeffexp()\Wlogf\) N, (V,N) —/\eZ/fexp(MVlogf\)V”Ni-ani
=1

2d
—xe ) / fexp(A\[Vlog ) (N, + AV N7)n;V,N;
=1

= —)\26/fexp()\|V10gf|)|VUNﬁ|2—)\5/fexp()\\VlongVU]\_f-Vvﬁ

<0.
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Hence,

d

A rep(\Viog f)dz < CA/fexp<A|v1ogf|>|v10gf|.
dt Joxra

That is

at@f — C)\a)\@f <0.

The characteristic equation is given by A(t) = A\oe~¢* which implies

O/(£ A1) < ©5(0.%) = [ Fexp(holVlog 1) < o.

Hence we get

/fexp()\oe_Ct|Vlogf\) < 04(0) < 0.

Consequently (1.8) holds for Ay < A\ge=7, where C = ||K % V,p||p= + 1 < .

In the case e = 0, we can easily propagate the bound for |V log f| by tracing back

the characteristics.
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