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ABSTRACT

We review the topic of entropy stability of discrete schemes, finite-difference and
finite-volume schemes, for the approximate solution of nonlinear systems of conserva-
tion laws. The question of entropy stability plays an important role in both, the theory
and computation of such systems, which is reflected by the extensive literature on this
topic. Here we focus on a several key ingredients in the study of entropy stable
schemes. Our main theme is the investigation of entropy stability using a comparison
principle. Thus for example, the entropy stability of scalar monotone schemes follows
from a comparison with constant solutions, and the more general E-schemes are stable
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by a comparison with Godunov solvers. For system of conservation laws, entropy sta-
bility is investigated by comparing the amount of their numerical viscosity with that
of certain entropy conservative fluxes. These ingredients are explored in the context
of first- and second-order schemes and lend themselves to higher-order methods and
multidimensional schemes on unstructured grids.

AMS Classification Codes: 65M12, 35165, 65M06, 35R06

Keywords: Entropy inequality, Entropy stability, Monotone schemes, E-schemes,
Entropy conservative schemes, Numerical viscosity, Euler and Navier—Stokes equa-
tions, High-order methods, Unstructured grids

1 ENTROPIC SYSTEMS OF CONSERVATION LAWS

We are concerned with discrete approximation to hyperbolic systems of con-
servation laws. These laws take the form,
§u+igfo)(u):0 X=(x1,....%) €Q, r€R, (1)
8t j:1 8xj b b b 2 b

governing the flow of n conservative variables,” u(x, 1) = (u(x, 0), ...,
u,(x, 1)), by their fluxes, f(u) = (f(l),...,f<d)), where fU)(u) : R"—R". We
consider the Cauchy problem, where a solution of (1) is sought subject to pre-
scribed initial data ug(x), in either the whole space, Q =R?, or the periodic

torus, Q= T in either case, there are no contributions from the boundaries.
The system is hyperbolic if the eigenvalues of the n x n symbol,
> i6AI ), Aj(u) := 9, (u), are real for all real & = (4, ..., &).

The progress in the development of mathematical theory for nonlinear sys-
tems of conservation laws was summarized over the years in a series of mono-
graphs and books, starting with the classical work by Courant and Hilbert
(1962) and followed by Lax (1973), Smoller (1983), Whitham (1999), Serre
(2000), Bressan (2000), Dafermos (2016), as well as a series of biannual
conferences devoted to the theory, numerics and applications of hyperbolic
problems (Hyp. series, 1984-2016).

The study of such systems was motivated, to a large extent, by the canoni-
cal example of the compressible Euler equations.

Example 1 (Euler equations). The compressible Euler equations given by

o1P G m;
g Ig +Za—xj vim+p | =0, 2)
=1 vi(E+p)

express the conservative flow of density p, the d-dimensional momentum
m := pv, and (total) energy E, in terms of the fluxes £’ (u) = (pvj, pviv+p,

“Here and later, scalars are distinguished from vectors which are denoted by bold letters.
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vj(E+p))T, where the closure for the pressure is determined by the y-law,
pi=@ — DE - plv[/2).

Euler equations (2) admit yet another conservation law which is expressed
in terms of the specific entropy S:= In(pp~"),

0 S -0 S)=0

5 (=P )+;8fxi(—pvj )=0. 3)
The last equality, which follows by formal manipulations of (2), asserts
the conservation of the entropy n(u) = —pS in terms of the entropy flux
F(u) = —pvS. This motivates the notion of entropy pairs for general system
of conservation laws.

1.1 Entropy Pairs

An entropy pair associated with (1) consists of a convex entropy 7:R"—R
and the corresponding entropy flux F= (F W, F (‘1)> :R"—RY, such that
the following compatibility relations hold”

7 (w)A;(w) =FD (),  Aj(u) :%f@(u), j=1,...d. “)
The existence of such compatible entropy pair allows us to proceed with the

following formal manipulation

d
(W), + Vi Flw) = o/ () + > (F ) w, )

) <n’<u>,uf+iA,-<u>uw> — (7 ()., + V- (1)) =0.
=1
(5)

Thus, if u is a classical C'-solution of the conservation law (1), then the pair
(n(u), F(u)) forms a conservative extension of it, in complete analogy to the
conservation of physical entropy in Euler equations (3). The convexity of n =
n(-) signifies that n(u) is a nontrivial extension, beyond the obvious conserved
linear combinations ¢ - u. Thus for example, the judicious minus sign in (3) is
chosen to make the corresponding Euler’s entropy, n(u) = —pS, a convex
entropy function of the conservative variables p, m and E.

Nonlinear conservation laws may admit one or more entropy pairs, or
none at all. This depends on whether there exists a Hessian 7" (u) which
symmetrizes the Jacobians A;(u) = 9.f“(u). Observe that systems which
do admit an entropic extension are necessarily (symmetric) hyperbolic: since
terms on the right of the identity (which follows by differentiation of (4)),

"We let prime denotes the gradient w.r.t. to specified variable, X'(u) := (X,,,...,X,, ).
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n'Aj=F] —1'Aj, are symmetric, the A;’s are symmetrizable and hence have a
complete set of real eigen-system. Scalar equations have all convex functions
as admissible entropy functions. One-dimensional system in n unknowns
admit entropy functions for n = 2, but the overdetermined symmerazibility
condition, n"A; :Aan” , may fail for n x n systems with n > 2 unknowns.
We focus our discussion on entropic systems of conservation laws—those
that are endowed with at least one entropy pair. Most “physically relevant”
systems, Euler equations, the shallow-water equations, MHD equations,
etc., are entropic.

1.2 Entropy Inequality

The generic phenomena associated with these nonlinear equations are the
finite-time breakdown of differentiability of their solutions. Thereafter, one
must admit weak solutions, where (1) are interpreted in distribution sense
(Dafermos, 2016). Among the possibly many weak solutions, physically rele-
vant solutions are postulated as those realized by vanishing viscosity limits,
u= limou‘, where

9 ¢ - 9 f(j) Y — eAu‘

P +;8_xj (u°) =eAu. 6)
In this context of weak solutions, one cannot proceed with the formal manipu-
lations (5) which led to the entropy equality n(u), + V4 -F(u) = 0. Instead,
arguing along the lines of (5) while using the convexity of 7(-), we end up with

n(u),+ V- F(u) = (1 (u),uf + Vy - £(u))
=—c(n (u), Au’) = cAn(u‘) — (Vyu',n" (u) Viu) < cAn(u).

It follows that boundedly a.e. limits of vanishing viscosity solutions satisfy the
entropy inequality,

n(u),+ Vx -F(u) <0. @)

A weak solution of (1) is entropic if it satisfies the entropy inequality (7) for
all admissible entropy pairs (1, F) associated with (1). This notion of entropy
solution is the cornerstone for the theory of hyperbolic systems of nonlinear
conservation laws. We mention here the pioneering contributions (Godunov,
1961; Kruzkhov, 1970, §7; Friedrichs and Lax, 1971; Lax, 1957, 1971).

1.3 The One-Dimensional Setup

The entropy inequality involves an entropy flux whose components, F = (F",
vy FYTare aligned with the Cartesian coordinates and sought to satisfy the
compatibility requirement (4), one component at the time. We can therefore
reduce the question of entropic solution to the one-dimensional case,



Entropy Stable Schemes Chapter | 18 471

where the conservative variables u = (uy, ..., un)T are balanced by the flux

fu) = (L), ..., f,a)',

5} 0
au(x,t)+af(u(x,t)):0, (x,1) eQxR,. (8

The system is augmented with (one or more) entropy inequalities

gn(u(x, N)+ %F(u(x,t)) <o, O]
which should hold for all admissible entropy pairs (1, F), satisfying the
compatibility condition (4), A = F’, realizing the boundedly a.e. limits of
vanishing viscosity limit (Bianchini and Bressan, 2005). Again, the prototype
example is the one-dimensional Euler equations, where the density, momen-
tum, m := pv, and energy, u = (p, m, E)T are balanced by the flux f(u) =
(pv, pv2+p, v(E+p))T. One seeks entropic solutions which satisfy, in addition,
the entropy inequality (—pS), + (—pvS), <O0.

2 DISCRETE APPROXIMATIONS AND ENTROPY STABILITY

Weak solutions of (8) can be observed in terms of their (sliding) averages,

1 A A
u(x,z) ::—/u(y,t)dy across the cell I, := [x—x,x+ x} . Integrating (8)
over the control volume Qp = I, x [t, t + Af] we find

u(x,r+Af) —ua(x) 1 [y Ax\ Ax

This reflects the balance between the difference of spatial averages on the left

~ Ax
and the temporal averages of fluxes on the right, f (x+ 7) =

t+At
/ f(u(x+g,r>)dr.
— 2

We are interested in computation of approximate entropy solutions of (8)
and (9). To this end we now fix the mesh ratio between a small time-step and

. . At . .
the size of spatial cells, 1 =y and we consider the corresponding class of
conservative schemes of the form

uy(t+ A) =uy (1) _%(fwl 1), (11a)

2 2

Here, u, () denotes the discrete solution, viewed as an approximate cell aver-
age u,(t) =u(x,,t) centred at (x,, 7). At the heart of matter are the numerical
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fluxes depending on 2p neighbouring gridvalues,” f  i:=f(u,_,. (),

2
.. Uy4p(1)), which approximate the differential flux, £, ~f(x 1, 7), and in
2 2
particular, are consistent with the differential flux in the sense that
f(u,u,...,u)=f(u). (11b)

The framework of conservative difference schemes (11) was initiated in the
seminal paper of Lax and Wendroff (1960).

2.1 Examples

We mention four canonical examples.
Use forward differencing in time and centred differencing in space to
discretize (8). The resulting so-called forward Euler scheme reads,

At
uv(t+At):u‘,(t)—E(f(uvH(t))—f(u‘,,l(t))), which is associated with
1
the numerical flux ffﬁlzi(f(uv)+f(uv+1)). It is a prototype example for
2

an unstable scheme due to amplification of high-modes and lack of numerical
dissipation to tame their unbounded growth.

The Lax—Friedrichs scheme is the canonical example for a robust numeri-
cal solver

wo () +u,_1 () At

uv(t+At)= ) —E(f(uvﬂ(t))—f(u‘,,1(t))). (12)
1 1
It is associated with numerical flux® f{fiF :E(f (u,) +f(u,41)) —ﬂAuv L
2 2

The Lax—Wendroff scheme is the pr(;totypical example of a second-order
accurate finite-difference scheme

A
w,(1+A1) = u, (1) _ﬁ(f(uv+ (D) — (w1 () "
2
RGY) S (A AR A Af‘,_1>.
2(Ax) v 2 2 2 2

Here, A, , 1 is the mid-value of the Jacobian such that Af .1 =A  i1Au . The
2 2 2

=
Vs

| )
corresponding flux is found to be fi“fr‘: :E(f(uv) +f(u,41)) f%Ai%AuH%.

Godunov’s scheme (Godunov, 1959) is the forerunner for the class of
finite-volume schemes. It evolves a piecewise-constant approximate solution

“Remark that the numerical flux involves a stencil of 2p neighbouring grid values centred at half-
indexed gridpoints, f( -, -,..., - )~f 1, and as such, could be clearly distinguished from the (same
notation of ) the differential flux taggzed at integer indexed gridpoints, f(-) ~f,.

YFor a given gridfunction {X,} we let AXH1 denote the forward difference, AXH| =X,41—X,,

2

centred at x, , 1. Thus for example, Af, 1 =f(u,,(f)) —f(u,(¢)) and Au, 1 =1, (£) —u,(2).
2 2 2
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up(x,7) == u,()1; (x), using the exact entropic solution operator. The

“pushed-forward” solution, {ua(x, 7), T > t} is then realized at T = t + At in
1

terms of its cell-averages, u,(7+ Ar) :E/ ua(y,t+ Ar)dy: appealing to (10)

Xy

we find that these cell averages, u, (¢ + Ar), satisfy

u,(t+Ar) =u,(¢) —2—; <f(uR <xv+;,t+ A;)) f<uR (xv;,t+ A;)))

(14)

2
Riemann fan which resolves the discontinuous jump from w,=u _: fto
2

Ar\ . . .
Here, ug (xv +Lt+—| is the centred value of the entropic solution for the
2

u =u,, at (xH%,t).

2.2 Entropy Stability

Let (n, F) be an entropy pair associated with the system (8). The scheme (11)
is entropy stable w.r.t. such a pair, if it satisfies a discrete entropy inequality
analogous to the entropy inequality n(u), +F(u), <0, namely, if

o (4 A) () 4 (Fp 1~ F, ). (15)

2 2
Here, FH% ::F(uv_,,H(t),...,uv+p(t)) is a numerical entropy flux which is

consistent with the differential one, F(u, u, ..., u) = F(u).

The development of numerical methods for approximate solution of non-
linear conservation laws paralleled the development of the analytical theory.
It was driven, to a large extent, by the need for scientific computation of
stable, high-resolution simulations which in many cases, superseded the ana-
Iytical theories at the time. We mention the pioneering work of von Neumann
(Lax, 2014; von Neumann and Richtmyer, 1950). The progress in the devel-
opment of numerical methods for nonlinear systems of conservation laws
was summarized over the years in a series of monographs and books, starting
with the classical work by Richtmyer and Morton (1967) and followed by
LeVeque (1992), Godlewski and Raviart (1996), Cockburn et al. (1997),
LeVeque (2002) and Gustafsson et al. (2013).

3 ENTROPY STABLE SCHEMES FOR SCALAR
CONSERVATION LAWS

3.1 Monotone Schemes

A main feature of scalar conservation laws is monotonicity. Let u,(-, ) and
u>(-, t) be two entropy solutions of the scalar law u, + f(u), = 0 subject to
two different initial data, u;¢o and u,g, and assume that u,, dominates ug,
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denoted usg = Uy, in the sense that uyg(x) > ujo(x) Vx. Then us(-, ) = u;(-, 1).
Namely, a relative ordering among entropy solutions propagates in time. This
follows at once from the corresponding ordering of the viscosity solutions,
U = uyg ~ us(-,t) = uf(-,t). We turn to the discrete case,

A
—Ei(ﬁ,+%—f‘,7%), Fror=F et (0.t (1), (16)

The scheme is monotone if u,(t + At) is an increasing function of its 2p + 1
arguments, (4,_,(t), ..., Uy4p()) on the right of (16). Let u(?) := (..., u,_1(?),
u,(1), u,1(2), ...) and v(¢) be two different discrete states at time level t. Mono-
tone schemes propagate their order, namely, if u(z) > v(¢) in the sense that
u,(t) >vy() Vv, then u(t + Ar) > v(t + Ar).

The entropy stability of monotone schemes, originally due to Harten et al.
(1976) and Sanders (1983), follows from a comparison with the constant
solution,” ¢ := (..., ¢, ¢, ¢, ...). We recall here the elegant argument of
Crandall and Majda (1980). Consider the discrete grid function (u() V ¢), :=
max {u,(¢),c}: since u(?) V ¢ dominates both — u(#) and ¢, monotonicity implies

uy(t+At) =u, (1)

(uy(t+ A1) V ¢) < (uy(1) V ) —g (fv%(u(t) v e)—f, (u(n) v c)),l

where we abbreviate f, 1(u V ¢):=f(uy_p+1 V C,...,uy1p V ¢). Similarly,
2
since (uAc¢), = min{u,,c} is dominated by both u(#) and ¢, it follows that

At

(i, (+ Ar) A €)= (,(1) A €)== (£, (ul0) A ©)—f, 1 (u(t) A ©)),

2
Taking the difference of the last two inequalities yields

At
s+ Ar) =]  fius (1) — | == (F 1 = F, ),

where FH% ::fH%(u(t) Ve) —fH%(u(t) A ¢) is a numerical flux consistent with

the entropy flux F(u;c) = f(u V ¢) — flu A ¢). We conclude that monotone schemes
are entropy stable with respect to the class of Kruzkov entropy pairs (Kruzkhov,
1970) n(u;c) = lu—c|, F(u;e)) =sign(u—c)(f(u) —f(c)).

Example 2 (3-point schemes). Consider the class of scalar schemes based on
3-point stencils,

1+ A1) = (1)~ 0,1 0) a1 0)0(0).

The scheme has monotone dependence on u,.(¢) if and only if its two-point
flux, f(u,, u,), is increasing in u, and respectively decreasing in u,, abbreviated
as f(T, ). The monotone dependence on u,(f) follows from a CFL condition

“Observe that ¢ is a steady solution of (16) for an arbitrary c.



Entropy Stable Schemes Chapter | 18 475

H (Ol ) = ufy s () ) S 1

Thus, the LxF scheme is monotone but LxW scheme is not. The scalar
Godunov scheme is monotone because it combines the exact entropic
evolution operator together with projection to cell averages, u(-,7+At)—
> ity (1)1, (x), which are both monotone. Indeed, the numerical flux of scalar
Godunov schemes is given by Osher (1984, lemma 1.1)

min f(u), if w,<uy,q,

Uy <u<uy 4

G
Uy, Uyyp1) =
S ten) max f(u), if uy>uy..
Uy 1 <u<u,

which is readily verified to be of monotone type fS(1, |).

3.2 E-Schemes

In the particular case of scalar conservation laws, all convex n’s are admissi-
ble entropy functions: the compatibility condition (4) n’f’ = F', merely
recovers the corresponding entropy flux as F' f v)dv. A discrete
scheme is an E-scheme (Osher, 1984, Tddmor 1984; Osher 1985) if it is
entropy stable w.r.t. all convex entropies. Godunov and Lax—Friedrichs
schemes are primary examples: they are entropy stable w.r.t. all entropy pairs
associated with an underlying conservation law, and in the particular case of
scalar laws—w.r.t. all convex entropies. Furthermore, in Example 7 we show
that Godunov scheme has the distinct feature of having the /east numerical
viscosity among those scalar schemes which are entropy stability w.r.t. all
convex entropies. The characterization of the scalar E-class is accomplished
by a comparison with Godunov scheme.

3.3 Numerical Viscosity |

To carry out this comparison (Tadmor, 1984), consider the class of discrete
schemes written in the viscosity form

u,(t+At) = u,(t )_—(f(uv+1() flu, (1))

ZAAtx ( 1A, qv,%Auv,%).

The role of {q,, 1} as the numerical viscosity coefficients is revealed
2

a7

once we view (17) as an approximation to the modified equation,

U +f(u)x =

Ax
T(QM«Y)X’ with vanishing viscosity amplitude of order qu( ).
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When compared with (16), we observe that these are conservative schemes with
numerical flux'

1 1
fri=5 s +f () =54, ,18u, 1. (18)

Conversely, every 3-point scheme admits a viscosity form (17) with a
numerical viscosity coefficient dictated by (18).% Thus, for example,

1
LxF —
qV+§:I and
fuyer) +f(uy) —2f (u
q?+1:uglgx1 ( = )M (7‘2{ ( )’
2 vix v+ 1 v (19)
CH; := [min {uy, uy 41}, max {uy,uy+1}].

The class of E-schemes consists of those schemes which contain more
numerical viscosity than Godunov’s, so that their numerical viscosity coeffi-
cient, ql:‘+1, satisfies, (Tadmor, 1984; Makridakis and Perthame, 2003)

2

G E
/qu% Slqwé <L

Indeed, such a scheme satisfies the discrete entropy inequality

80 < 1l ()~ 32 (=5 ).

for an arbitrary convex entropy 7(-). The numerical entropy flux FF is given
by a convex combination of the corresponding fluxes, F’ S+l and F vLﬁ

Example 3. (Engquist-Osher scheme (Engquist and Osher, : 1980)).
The Engquist—Osher scheme is an example for an E-scheme. Its numerical

. . 1 e .
viscosity coefficient, g%° := A / | £/ (u)|du, satisfies qf‘?l > q?+1, under
u u '3 '3

v+
2

the CFL condition /qufr)l <1I.
2

In certain references, the numerical viscosity coefficient is rescaled with the mesh-ration 4, so

At 1
that (17) reads u, (t+At) = u, (1) — —— (f (tty 41 (£) —f (-1 (2)) + = (q Au, 1 —q, 1Au _1) , with
2AX 2 vt vt V73 V73
1 1
a numerical flux f, 1 :i(f(qu +f(uy)) 7ﬂqv+1Auv+1.
2 2 2
Indeed, every essentially 3-point scheme in the sense that its flux satisfies Sy _pirs o uu,

Uyyp) = f(u), admits the viscosity form (17).
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4 SEMIDISCRETE SCHEMES FOR SYSTEMS
OF CONSERVATION LAWS

We focus our attention on the semidiscrete limit, At | 0, where (11) recasts
into the form (so-called method of lines)

d 1
== (f =1 0) =, (). Q0
We now fix an entropy pair, (1, F), and seek the corresponding entropy stabil-
ity, where

d 1
Snw(0) < == (F 0 —F,) @D

2 2

holds for a consistent numerical entropy flux F . In the particular case that

entropy equality holds in (21), we say that the scheme (20) is entropy
conservative.

To address the question on entropy stability w.r.t. to this pair, we seek
special schemes which do not dissipate this entropy. These are the entropy
conservative schemes constructed in Tadmor (1987). The study of entropy
stability then proceeds using two main ingredients: (i) the use of the entropy
variables which enables us to compare numerical viscosity matrix coeffi-
cients by the natural ordering of symmetric matrices; and (ii) comparison
with the appropriate entropy conservative schemes. We discuss these two
ingredients.

4.1 Entropy Variables (Godunov, 1961; Mock, 1980; see also
Godunov and Peshkov, 2008)

Define the entropy variables v = v(u) := 17/(u). Thanks to the convexity of
n(u), the mapping u—v is one-to-one and hence we can make the (local)
change of variables u, = u(v,). The scheme (11) then recasts into an equiva-
lent form expressed in terms of the discrete entropy variables v, = v,(%),

d 1
SuE ) = (fH% - fvf%), 22)
with a numerical flux" £ =f0 pi1,.tsp) =FU@pi1),..u®))),
2
consistent with the differential flux, f(v, v, ..., v) = f(u()).

"We shall often abuse the notation using the same f(-) as a vector function of the conservative
variables f(u) and of the entropy variables, f(u(®)) ~f(v), whenever their dependence is clear from
context and there is no ambiguity.
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4.2 Entropy Conservative Fluxes
We seek entropy conservative fluxes, denoted f:+1, such that
d L (. . 2 d 1
au‘v(t) + E <f"+; - f\y;) == O -~ &n(uv(f)) + E (F\7+% _FV7%) == 0 (23)
Premultiply both sides by 7 (u): we conclude that f 1‘_ 1 is an entropy conservative
2

numerical flux if preserves the structure of ‘perfect differences’ in the sense that

<n’(uv), ft+1—f:_,> = F,,1—F 1. Expressed in terms of the entropy
2 2 2

vt

variables, v, = /'(u,), the requirement that <vv f j+1 —f ’v‘,> is a ‘perfect differ-
2 2

ence’ holds iff <vv 10, f if+ 1 > is a perfect difference. Specifically, the follow-
ing identity holds,

d 1
b ()

1
~2Ax [<A” §> — AV, } 2Ax [<A" - fv*i> B A'pv*ﬂ '
Here F 1 is a numerical entropy flux expressed in terms of the corresponding
2
entropy flux potential,
Y(v):= (v, f(v)) - F(u(@)). (25)
This brings us to the following (Tadmor, 1987, §3).

(i) [Entropy conservative scheme]. The difference scheme (22) is entropy
conservative so that (23) holds, if its numerical flux, denoted f fj+l’
satisfies ?

(o1 =0,y ) ==t =l o)) ~Fae))  26)

(ii) [Entropy stable schemes]. Consider a numeral flux f 1 of the form
2

1
f . =f 1—§D\,+l(vv+l_vv)’ Dv+120; (27)
2 2

)+ L
vts Vs

Here, f* val is any entropy conservative flux satisfying (26) and D . is any
2

positive deflmte symmetric matrix. Then the resulting scheme (20) is entropy
stable,

d 1 £ *
St (£ )

1 1 (28)
= 4Ax<Av 1, V%A”\P%>_E<A”v+’ lAv 2><0
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Remark that a general framework for explicit construction of entropy
conservative fluxes (26) is outlined in Section 4.5. Together with (27), they pro-
vide an explicit recipe for constructing entropy stable schemes. In particular, the
fluxes (27) satisfy the entropy stability condition in Osher (1984, lemma 3.1).

4.3 How Much Numerical Viscosity

The entropy inequality n(u),+F(u), < 0 is imposed as a stability condition
which excludes nonphysically relevant shock discontinuities. In particular,
the entropy decay follows [n(u(x,t,))dx < [n(u(x,7;))dx, # > 1. The ques-
tion is to quantify the inequality, namely—how much entropy decay will suf-
fice? “physically relevant” entropy decay could be dictated by various
mechanisms. We mention the most important two:

(i) Physical diffusion. The canonical example of the conservative Euler
equations vs. the entropy decay dictated by Navier—Stokes equations.
However, in practical simulations one does not often fully resolve the
small scales governed by physical diffusion, and an “artificial” numeri-
cal viscosity is being used.

(i) Numerical viscosity. According to (28), one can add any amount of
numerical viscosity to enforce entropy stability. The goal is to add a judi-
cious amount of vanishing viscosity so that in the resulting scheme
admits additional desirable and often competing properties of high-
resolution and nonoscillatory behaviour. A recent discussion along these
lines with the arbitrarily high-order nonoscillatory ENO schemes can be
found in Fjordholm et al. (2012, 2015).

4.4 Scalar Entropy Stability Revisited

We discuss the question of entropy stability for semidiscrete scalar schemes
d 1

—uy(l) = —-— =/,
dtu ®) Ax (f‘”'% £y
form (17),

d 1

1
— Uy == ) - — e 1 11— 1 1 29
dl‘u‘ (t) 2A.X (f(l/tb.;_ 1) f(l/l\ 1)) + ZAX (QV+EAI'£V+E qvfiAuvfi) 4 ( )

_1), which is expressed in its equivalent viscosity
2

1
To simplify matters we now fix the quadratic entropy n(u) :iuz, where the

entropy variables coincide with the conservative variables, v = u. The
corresponding entropy conservative flux is now uniquely determined as

Y (uver) = ()

[\ =——————— which can be expressed as
Vi3 Uy — Uy
1
Y1) =P (uy) 2 /( )
= T = d
foas Uy — Uy i:_llp ty1(c) )dS
2

1 L,
:i(f(uv+l) +f(uy)) —EQH%A”H%-
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Recall (18): we recognize q’:+1 as the entropy conservative numerical viscos-
2

ity coefficient, which is given by

g _/f_ 2@‘( ())dé 1y (§) ;:%(uﬁum)%mwl

v

The resulting entropy conservative scheme then takes the viscosity form

d 1 1
Euv(t) = —m(f(u”l) —f(uy—r))+ 2Ax< ' Au,, ,7% A”vi)' (30)

The statement of entropy stability, (27) and (28), can be rephrased by stating
that the conservative scheme (17) is entropy stable if it contains more viscos-
ity than the entropy conservative scheme (30), in the sense that ¢, 1 > q;l

2 p

Indeed, the numerical flux associated with (29) can be expressed as

1 1 1
Jﬂ,+;=§(f(uv+1)+f(uv))—EqH;AMH;Efv+é+§(qv+; g )AM

and entropy stability follows from (27) with D, 1=gq, N q:+, >0.

The corollary above enables to verify the entropy stability of first- and
second-order accurate schemes. A host of examples can be found in Tadmor
(2003). We mention a couple of them.

Example 4 (Burgers’ equation). Consider the inviscid Burgers’ equation,

U+ (;uz) =0, augmented with the quadratic entropy inequality,

Guz) + (%Lﬁ) =0. The entropy variable v(¥) = u and entropy potential
t X

Y@):=vf —F :élf yield the entropy conservative flux which is the

d 2 u2,+ fu‘z_ 1 Uyl — Uy_
0= () -3 () Y= ks

661’7

-rule

Example 5 (Lax—Wendroff viscosity (Lax and Wendroff, 1960)). Consider

1
the case of a convex flux f{u) and fix the quadratic entropy 7(u) = Euz. To see

how much viscosity is required to guarantee the quadratic entropy stability, we
use the fact that the ' is increasing, leading to the upper bound

'We note in passing that quadratic entropy stability is sufficient to single out the unique physically
relevant solution in the case of convex flux, e.g., Chen (2000).
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€, = /C 267 (1,,1(9))dg <4 / S (0(0))ac
= 0 )~/ 0)

The resulting viscosity coefficient on the right is the second-order Lax—
Wendroff viscosity proposed in Lax and Wendroff (1960) with numerical vis-

cosity coefficient ¢/ i f—(f'(uw 1) —f"(uy)) ,. It follows that this version of

1d 1
LxW scheme is entropy stable, — v ul(t) + o (FH; —Fv_;) <0.

4.5 Numerical Viscosity Il

We extend the previous discussion to an arbitrary convex entropy. Let = 7/(u)
denote the corresponding entropy variables. The starting point is the
corresponding conservative entropy flux (26)

o= P - 2 g, (00)) 06 = 3 ) i) =550

1
5 Uyl — 0y 2 vty

which yields the entropy conservative schemes in its viscosity form

d 1 1 .
S (0) = =5 () = (i-1) + 5 (0], By 1= By ).

Observe that the viscosity term on the right is expressed in terms of the jump

in entropy variables, A,/ N }. (Of course, in the case of quadratic entropy v =u

hence p, P =y and p q* : recovering (29)). This motivates the gen-

U+-=
eral viscosity form

d 1 1
. Uy — T aaA y - y— ~ 1 11— 1 1. 31
(1) = =3 () =) + 55 (P8, —p, 1201 ). - GD)

2

Ax
corresponding to the vanishing viscosity u, +f(u), :7(pvx)x. The n-entropy
stability follows if and only if p, N p N We conclude with a couple of

examples.

Example 6 (Entropy conservative Toda flow). Consider the equation
u, + (¢"), = 0 augmented with exponential entropy pair, (¢“), + (¢**), = 0. The en-
tropy variable associated with n(u) = ¢" are v(u) = ¢", the entropy potential

1
isy@):=uf —F :502, and we end up with the entropy conservative flux:

Y1) =Y (v) lv‘2+l %U%
v

! 1
==+ =—(e" + "1,
2 Vyr1 — Uy Vort — 2(‘ V1) 2(e )

v
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This leads to the dispersive centred scheme, interesting for its own sake, e.g.,
Lax (1986) and Deift and McLaughlin (1998)

d euv+1(f) _ e”v—l(’)

—u,(t)+ —— =0,

a0 2Ax

which conserve the exponential entropy 7(u,(¢)) = e,

d w Uy + Uyl _ plly + Uy
=0 ~ Zn AX ZT) u,

Example 7 (On the optimality of Godunov flux (Tadmor, 2003, Example 4.4)).
We normalize the viscous term on the right of (31) in terms of the conservative

variables
1 Av _— Avv_l
_ — 2 |A = A ,
2o\ \Prmu o )5 T\ PrAu )
2 2

It follows that in order to maintain entropy stability w.r.t. all n’s, we need to
maximize the corresponding entropy viscous factors p:+% Av, N [Au, )

fluy) +f(uyer) =2F7

v Au v+%’ fv*+;/:1f<u<vv+;(é)>)df,

sup
vt

where the supremum is taken over all increasing v = v(u). This is precisely
the Godunov’s viscosity coefficient (19). Thus, the scalar schemes
which are entropy stable with respect to all convex entropies are precisely
those that contain at least as much numerical viscosity as the Godunov
scheme does.

4.6 Entropy Conservative Fluxes—Systems of Conservation Laws

Unlike the scalar case, there is more than one way to meet the requirement of
entropy conservative flux, (26), for systems of conservation laws. In particu-
lar, one can set (Tadmor, 1987),

fllZ/;_;f(u(vwl(é)))dé, (32)

1

3 (0, +0y41) + éAvH%. Observe
that when viewed as a function of the entropy variables, the v-dependent
flux f(v) = f(u(v)) becomes a gradient, f(v) = Vy, /(v) of the entropy potential,

V(@) := (v, f(v)) — F(u(v)). Hence, the value of f* is in fact, independent of the

integrated along the straight-path v, () :=
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path of integration. In particular, a more accessible recipe, amenable for
explicit evaluation of such fluxes is given by integration along a piecewise-
path in phase-space, connecting the two neighbouring values v, and v,,;. To
this end, we begin at v o= v,, and follow the intermediate steps

vt =0 + <€"'+1,Avv+l> riurl for j = 1, 2, ..., ending at v"*' = v,,,. Here,
3 2 3

{r’}j":l be an arbitrary set of n linearly independent n-directions, and let
{¢ };:1 denote the corresponding orthogonal set, (¢,r*)=3;. (since the
mapping u — v is one-to-one, the path is mirrored in the usual phase space

of conservative variables, starting with ui+, =u, and ending with

2
u:’: f =u,.). The entropy conservative flux f:+ 1 18 then given by the explicit
2 2

formula (Tadmor, 2003, theorem 6.1)

d _ * £3 >k lp VJ+1 (U/) j
5“»'0)— Ax(f 1= f ) fv+1 _Z <ejA > 7TV (33)

J=1

We demonstrate the above approach in the context of entropic Euler equa-
tions, with entropy pair (1, F) = (—pS, —pvS).
Example 8 (Entropy conservative Euler flux (Tadmor and Zhong, 2006)).
The entropy function n(u) = —pS induces the entropy variables,

v=n'(u)= (-5, —-S+y+19, — 1/9)T expressed in terms of the internal

1
energy e::E—EpvzszpH. The corresponding entropy flux potential

amounts to Yy () = (v, f)— F(u) = (y — 1)m and the entropy conservative

i+l —pd

Euler flux is then given by f* = ny:  ——
e Oy b =0 D R

Example 9 (An affordable recipe for entropy Conservative flux). An

“affordable” entropy conservative flux for Euler equations was derived in

by Ismail and Roe in 2009 by clever manipulation of the algebraic relations

(26). Expressed in terms of the normalized vector z:= \/—é(l,v,p)T, the
P

)

entropy conservative flux, f* ,:= (f1.f2#3)", is given by the explicit recipe,

1
in terms of the averages z .1 :==(z, +z, and 7" i =— 2
8O 2y 2( v+zve) v Alog(z), .1
2
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and

1 [y+1 1
Vs 2(21)v+% Y — 1 (Zl)

1 = 2
In fu+l+(22)v+lfv+l
1 T2 2 2

Vs

5 FULLY DISCRETE SCHEMES FOR SYSTEMS
OF CONSERVATION LAWS

Godunov scheme (14) is based on “pushing-forward” an exact entropic solution,
ux (-, 7) for T > ¢, subject to piecewise-constant data, u (x,7) = u, (1)1, (x).
As such, ua(x,') satisfies the entropy inequality O;n(up)+0F(us) <O.
Integrated across the control volume /I, X [£,#+ Az] we find the balance between
spatial and temporal averages,

(un) (et +Af) < (up) (. 1) — g (F<uR) (x) ~F(ug) (xv%) )

But n(ua) (x,,) = n(u,(¢)), and by Jensen’s inequality,

n(a,(t+ A1) =n(ap) (x, 1, t+At) <n(ua) (x,, 1+ A1),

NI
2

and we conclude that Godunov scheme is entropic for all admissible pairs,
At
(14 A0) <) =5 (Fra =, ).
1 t+ At
Fvi; :Kt/ F(uR(xvi;,r))dr.

=t

Lax—Friedrich scheme, (12), can be interpreted as a Godunov scheme, where a

piecewise-constant solution, ua(f) =, (uvl 01, (x)+ui (DI, (x)) is
v— V4o
being “pushed-forward by the exact entropy solution operator, and then realized at

1
t + At by its averages over the staggered grid, w,(t+ At) = E/ ua(x, 7+ Ar)dx.
Arguing along the above lines for Godunov scheme, we find that LxF is an
E-scheme (it is entropy stable w.r.t. all admissible entropy pairs 7, F),

At

1 (t+A7)) < 7w, (1)) = 5= (F (041 (1)) = F(w-1(1)), (34)

under the CFL condition’ Zp(A(u)) <

iWe let p(M) := max|/(M)| denote the spectral radius of a matrix M.
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5.1 Numerical Viscosity IlI

Godunov and LxF are the prototype for the class of (essentially) 3-point
schemes, which take the viscosity form

At At
(1 A1) =, (1) =3 (E(y 1 () = £, (1) # 51 (P Ao =P A, ).
(35)

In the case of systems of conservation law, P 1 are nxn matrix numerical
2

viscosity coefficients. The viscosity form for the entropy conservative schemes
(32) is given in Tadmor (2003, §5) in terms of the symmetric Jacobian
B0)=0yf(u(v)),

o=

1

le:E(f(u‘,ﬂ)—f(u‘,))—EPH% AU‘H%, PHI;:/g

2

2B (u(v\,+%(£)))df.

The key point is the expression of the viscosity on the right of (35) in terms of the

entropy variables which yields symmetric matrices, and which turn are amenable

to a comparison: (35) is entropy stable if P 1 > Pif+ ; in the usual sense of order-
2 T2

ing among symmetric matrices. For example, Lax—Friedrichs viscosity in (12),
. . . o 1

expressed in terms of the usual conservative variables is given by QvLiF, =—Ixn.
2 L

y,
. . _ . k
Translated into the entropy variables, Al)v+% = HH% AuH%, we find,

prr 20l L s [ e, o
T A, | T A ey T T [T R
2

It dominates P:+1 and hence LxF scheme entropy stable w.r.t. all admissible
2

entropy function associated with (8).
We demonstrate the derivation of entropy stability for the more general class
of schemes (35) by a comparison with the entropy conservative flux. We have

e+ 80) =n(w(0) = 3+ (s (0= 0] =€+

2 2

here, F:+1 is the entropy conservative flux, 85“) is the amount of spatial
p

entropy dissipation quoted in (28),

Av,

Vs
“We use abbreviated notation for [ A 2:| for any matrix such that Av, 1 = {

vl
2

Av,

+1
2

v+%

:| Auv+%' Hv+%

is such a matrix realized by integration along the usual straight path in phase space.
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= A A «
_55'):_Z<AUV7%’Dv%Avvf%>_Z<Avv+%’Dv+%Avv+%>’ D :=P %—PV L

and £ :%|uv(t+At) —u,(r)[* is the entropy production due to the forward

time-differencing. Thus, entropy stability is guaranteed if the former domi-
nates the latter, and to this end, one needs to employ large enough numerical
viscosity, D 1. How much is “enough”? observe that all the matrices
2
involved are symmetric, and one is led to the matrix inequality
Av

v+

1
=P H (36)
2

1
2

* * . px*
Qv+%2|Av+%|+2|Q‘,+%|’ QH%'—PH;

4l
v+

1
under CFL condition 4|0, 1| < T
2

An alternative approach of securing entropy stability is achieved by adding
a minimal amount of numerical viscosity correction of Khalfallah and Lerat
(1989): starting with a given viscosity matrix Q .1, we use the scalar correc-
tion wherever P 1 has a smaller entropy dissipafion then required by P:+l,
quantified by how ‘negative D, 1) is,
2

|
_[{ao (o) au,)

C 1= 1 © lIan’ =
Q0,1 =0, B (Av, 1. A1)

V4=
+2 Vo2
2

One can readily verify that (Av,Q° \Au) > (Av,P” | Av).
2 2

Roe scheme (Roe, 1981) is the canonical example for an “upwind

scheme™: one sets' ?261 =|A, 1| where A 1 is an averaged Jacobian such that
3 2 2

Af,| 4] =A, N Au, NE It has the attractive feature of keeping sharp resolution of

shock discontinuities, whether they are physical or not, and it therefore fails to
be entropy stable across steady rarefactions. The entropy stability condition
(36) shows that one needs to add a minimal amount of numerical viscosity
of order |Q" : |~ |Au,, ! | to enforce entropy stability.

'The function value of a diagonalizable matrix M = TAT ', is set as h(M)=

h(%y)
T ( T~'. In particular, a mid-value Jacobian of entropic system A, 1 is symme-
h(4y) :

..
trizable, hence diagonalizable (Barth, 1999) and |A, , | := T( T
2
[ 2]
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5.2 A Homotopy Method

The entropy stability of LxF scheme was derived in Lax (1971) using a homo-
topy method, independent of the existence of entropic solution for Riemann
problem. The general case (Tadmor, 2003, §8) implies entropy stability of

(35) provided Q, ,: is “large enough”, Q . 1> max¢|A (u(vv+1(é)))|, under
2 2 2
the CFL condition 40, 1 S%. Observe that in this version of the so-called
2
local Lax—Friedrichs scheme (Rusanov, 1961), the viscosity coefficient matrix

domains all intermediate states rather than the one state offered by the Roe
1

matrix A =B H 1, B, 1:f“i ]B(ll(l), 1(5)))(15
Ves v Ve vt &= vt

v

6 HIGHER-ORDER METHODS

The entropy conservative fluxes (32) and (33) are second-order accurate,
leading to second-order entropy stable semidiscrete schemes. Extension
to arbitrarily high-order entropy stable schemes was introduced in
Fjordholm et al. (2012). The question of entropy stability for fully-discrete
schemes is more intricate. Observe that the results in Section 5 compares
with the first-order Roe numerical viscosity. A rigorous entropy stability
analysis for fully-discrete second-order schemes can be found in Majda
and Osher (1978, 1979) for modified Lax—Wendroff scheme, in Nessyahu
and Tadmor (1990), Popov and Trifonov (2006) and Kurganov (2016) for
Nessyahu—Tadmor scheme, in Osher and Tadmor (1988), Bouchut et al.
(1996) and Coquel and LeFloch (1995) for the MUSCL scheme, in
LeFloch and Rohde (2000), Chalons and LeFloch (2001), LeFloch et al.
(2002) for high-order extensions based on caparison with entropy conserva-
tive fluxes, in Fjordholm et al. (2012) for the class of ENO-based schemes
developed in Harten et al. (1987), Shu and Osher (1989), and in Jiang and
Shu (1994), Qiu and Zhang (2016) and the references therein for DG
method.

In practical applications, one proceeds by discretization of the entropy sta-
ble semidiscrete schemes using Runge—Kutta (RK) time integrators (Gottlieb
and Ketcheso, 2016). The first- and second-order RK solvers are responsible
for entropy production, and require entropy dissipation to compete with
entropy production, making the overall fully-discrete scheme entropy stable.
In contrast, the generic cases of third- and higher-order RK time integrators
retain the entropy stability of the underlying semidiscrete scheme. The linear
stability of third- and higher-order RK methods is well known for diagonaliz-
able systems and was shown for general linear operators (Tadmor, 2002). This
question of nonlinear entropy stability was demonstrated in Fjordholm et al.
(2009, §4.2.5), but the rigorous entropy stability analysis for high-order RK
solvers is, to our knowledge, completely open.
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7 MULTIDIMENSIONAL SYSTEMS OF CONSERVATION LAWS
7.1 Cartesian Grids

When multidimensional conservation laws are discretized over grids which
are aligned with the Cartesian coordinates, the question of entropy stability
can be addressed along these coordinates, one dimension at the time. Thus,
our one-dimensional setup applies.

Example 10 (Well balanced shallow-water equations). We consider the 2D
shallow water equations, e.g., Xing (2017)

0 0 0
Zu+ — M @) (u) = — — T o 2
6[u+ 8x1f (u) + 6x2f (u) ghVb(x), w:=[hhv] , x=(x1,x) EQCR",

which govern the motion of shallow-water with height 4 above bottom topog-
raphy b(x), and velocity field, v = (vy, vy) ", driven by the convective fluxes,

. T
f(]) = (h\)j, hV]Vj +%gh251j, l’leVj +%gl’1252j) ,

/’lr + (hV] )Xl + (/’le)Xz =0

1
(hvy), + (hvf + Eghz) + (hviva),, = —ghbx,
X1

1
(hv2),+ (hvavi),, + (hv% + Eghz) = —ghb,,.

X2

1
The entropy function is the total energy, E(u):i(gh(h+b)+h|v|2) with
1
energy variables, v:(gh—§|v|2,v1,vz)T. Observe that the shallow-water

fluxes are quadratic in z:= (h,\/ﬁvl,\/ﬁvz)T. This enables a straightforward
“affordable” algebraic approach for satisfying the energy conservative com-

patibility relation (26), <vv+1,#—vv,u,f(1>* >:xp(vv+1,ﬂ)—lp(v‘,,,,). Here

\'+%,/,t
we use the usual indexing of two-dimensional grid-functions attached to grid
points X, , := (x1,,X2,). Using the average values, Z,,1:="/,(z,+z,+1), one
2

finds the x-entropy conservative flux (Fjordholm et al., 2011)

I A
£ =1 — _
! —\2 8 — —
VSl hv%u(vl )‘,_‘_%!ﬂ + 5 (hZ) v+%’u +gh(bx1 )hv%u(vl )‘,_'_%’#(Vz)v_'_%,,u
(37a)
Similar expression applies for the conservative flux fizl);l in the x,-direction.
M3

We end up with the energy conservative scheme
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d ! (D)* (1)* 1 (2) (2)%
wult) =— £ -1t — £ 7). 37b
dtu "“( ) Ax, ( VLU Ve p Axy \ vty vp— (37b)

These schemes recover the precise energy balance, E(“);"'F(l)(“)xl"'

. 1
F) (u),, =0, in terms of the energy fluxes FU)(u) = 3 (hvj|v|2 +gh(h+ b))

7.2 Unstructured Grids

We consider a computational domain which is partitioned to a set of nonover-
laping cells, Q, =J,C;. Let n;; = fac nac; ndo be the unit normal on the non-
empty interface pointing out of the control volume C;. Note that when we sum
the normals over all neighbouring cells \; then ZJE w1 =0. The semidis-
crete finite volume scheme of (1) reads,

t u, =— |C|Zf‘”’

where the 2-point numerical flux, f,, =f(u,(¢),u,(f),n,,), is assumed to con-
sistent, f(u, u, n) = f(u) - n. The scheme is conservative in the sense that
> |Gyl u,(2) is conserved in time, since f,,(n) = —f,,(—n).

The corresponding question of entropy stability for such schemes, satisfy-

d 1
ing the cell entropy inequality, a‘n(uv(t)) < _|C7V|Zu€ N\‘F”" was investi-

gated by extension of the tools outlined above. In particular, the question of
scalar entropy stability was studied in a long series of papers and we mention
here (Barth, 1999; Eymard et al., 2000; Kroner et al., 1995; Sonar, 2016) and
the references therein.

To design or investigate entropy stable fluxes for systems of conservation
laws, one may proceed by comparing their numerical viscosities with entropy
conservative schemes. A numerical flux ff,u =1"(u,,u,,n,,) is entropy conser-
vative if its components, projected along the normal directions,

f,. = f( )ns ) +f (2 ) f/ >, satisfy the compatibility relations,

<v,u vy, f* E{lz> = lps,/) - l//,l(l])’

where ‘”(u) is the usual entropy potential W <v fU)> —FW, j=12.

Entropy stable fluxes then take the form f,, = f * —3 D, (v, —v,) for positive-

definite entropy dissipation matrices D’s. The study of entropy stable schemes
on two-dimensional unstructured grids by comparing numerical viscosities
along these lines was carried out in Ray et al. (2016).
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