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Abstract. We investigate a continuum Lagrangian p-alignment system given by a nonlocal mean-field sys-

tem of ordinary differential equations for interacting agents with weak initial data. We first establish global

well-posedness of the Lagrangian dynamics and derive quantitative flocking estimates. We next construct
Eulerian variables from the possibly non-injective Lagrangian flow via pushforward and disintegration, which

leads to an Euler–Reynolds–alignment system featuring a nonnegative Reynolds stress and, for p > 2, a non-
linear defect force induced by microscopic velocity fluctuations. Assuming only heavy-tailed interaction, we

then show that these defect terms vanish asymptotically, leading to asymptotic mono-kinetic closure in the

long-time limit. In the linear case p = 2, we further obtain global weak solutions to the Euler–alignment
system, including a sharp one-dimensional critical-threshold characterization and a global result in higher

dimensions under a large-coupling condition. Finally, we establish a uniform-in-time mean-field stability

estimate for the particle Cucker–Smale system in the linear regime and deduce uniform-in-time convergence
toward the mono-kinetic Eulerian limit; for general p ⩾ 2, we also obtain a finite-time mean-field convergence

result toward the associated kinetic/Lagrangian alignment dynamics.
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1. Introduction

We consider the following infinite-dimensional, measure-dependent system of ordinary differential equa-
tions describing the Lagrangian evolution of a continuum ensemble of interacting agents:

∂tηt = vt, (t, x) ∈ R+ × supp(ρ0),

∂tvt = κ

∫
Rd

ϕ(ηt(x)− ηt(y))Gp(vt(y)− vt(x)) ρ0(dy), Gp(ξ) := |ξ|p−2ξ,
(1.1)

which we call the Lagrangian p-alignment formulation. When p = 2, the interaction becomes linear in the
velocity difference, and we refer to (1.1) as the Lagrangian alignment formulation. Here κ > 0 denotes the
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coupling strength, ρ0 ∈ P(Rd) is a given probability measure describing the initial spatial distribution of
particles, and the initial data are prescribed as

(ηt(x), vt(x))|t=0 = (x, u0(x)), x ∈ supp(ρ0). (1.2)

Throughout the paper, we assume that the communication kernel ϕ ∈ C1 ∩W 1,∞(Rd;R+) is radially sym-
metric and non-increasing. In particular, ϕ(z) = ϕ(|z|) and ϕ is even, ensuring symmetry of pairwise
interactions.

The system (1.1) can be viewed as a nonlocal mean-field ODE posed on the space of measurable mappings
(ηt, vt) : supp(ρ0) → Rd, where each trajectory x 7→ (ηt(x), vt(x)) evolves according to a velocity field
depending nonlocally on the entire configuration through ρ0. Viewed from this perspective, the Lagrangian
system (1.1) provides a natural intermediate framework that will allow us to connect discrete alignment
models with their Eulerian continuum descriptions. Moreover, as will be seen later, it also admits a natural
kinetic representation in phase space, further linking the Lagrangian and kinetic viewpoints on alignment
dynamics.

Cucker–Smale flocking model and continuum limits. The celebrated Cucker–Smale (CS) model
describes the emergence of collective alignment in a system of N interacting agents, such as birds in a flock
or individuals in a crowd [33]. In its classical particle formulation, the dynamics are governed by

ẋi = vi, i = 1, . . . , N, t > 0,

v̇i =
κ

N

N∑
j=1

ϕ(xj − xi)Gp(vj − vi),
(1.3)

where xi, vi ∈ Rd denote the position and velocity of the i-th agent at t ⩾ 0. Under mild regularity and
decay assumptions on ϕ, the CS model exhibits velocity alignment : the velocity diameter decays to zero, often
resulting in asymptotic consensus or flocking behavior. For the classical case p = 2, this phenomenon and
its large-time behavior have been extensively studied, see for instance [33, 50, 51], while nonlinear velocity
couplings p ̸= 2 were investigated in [10, 46].

In the mean-field limit N → ∞, the empirical measure

µN
t :=

1

N

N∑
i=1

δ(xi(t),vi(t)),

associated to (1.3), is expected to converge to a kinetic distribution ft(x, v) solving the Vlasov-type equation

∂tft + v · ∇xft +∇v · (Fp[ft]ft) = 0, (1.4)

where the mean-field alignment force is given by

Fp[ft](x, v) = κ

∫∫
Rd×Rd

ϕ(x− y)Gp(w − v)ft(dy,dw).

The kinetic formulation (1.4) provides a statistical description of the collective dynamics, retaining the
full velocity distribution at each spatial location while averaging out individual particle labels. It thus serves
as a natural continuum limit of the particle system (1.3), allowing one to investigate alignment mechanisms
and large-time behavior at the level of phase-space measures, without imposing any a priori concentration
or mono-kinetic assumptions. From this perspective, the well-posedness and qualitative properties of kinetic
alignment equations of the form (1.4) have been extensively studied; we refer to [13, 19, 29, 32, 50, 53, 65]
and the references therein. The rigorous derivation of (1.4) from the particle dynamics (1.3) has also been
the subject of extensive research. Mean-field limits have been established for linear velocity coupling in, for
instance, [14, 19, 50]. Related quantitative mean-field limits and propagation of chaos estimates for flocking
models with nonlinear velocity couplings have also been obtained recently, see [68].

At the hydrodynamic level, assuming local velocity concentration ft(x, v) ≃ ρt(x)⊗δut(x)(v), one formally
obtains the macroscopic (mono-kinetic) Eulerian p-alignment system [61, 80]

∂tρt +∇ · (ρtut) = 0, t > 0, x ∈ Rd,

∂t(ρtut) +∇ · (ρtut ⊗ ut) = ρtAp[ρt, ut],
(1.5)
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where

Ap[ρt, ut](x) := κ

∫
Rd

ϕ(x− y)Gp(ut(y)− ut(x)) ρt(dy).

This system describes the evolution of the macroscopic density ρ and the mean velocity field u, incorporating
nonlocal alignment effects through ϕ.

The rigorous derivation of hydrodynamic equations of the form (1.5) from underlying kinetic models has
attracted considerable attention in recent years. Depending on the modeling assumptions and the relaxation
mechanisms involved, such limits may lead to Euler-type systems with or without additional pressure terms.
For linear velocity coupling (p = 2), hydrodynamic limits have been derived from kinetic equations with
local alignment or diffusion effects, yielding Euler–alignment systems possibly augmented by pressure, see
for instance [15, 28, 31, 43, 54]. Related results for nonlinear velocity couplings have been obtained more
recently, including models with local alignment interactions, cf. [5]. Complementary to the kinetic approach,
mean-field limits directly connecting particle systems (1.3) to hydrodynamic equations (1.5) have also been
established, both for regular communication kernels [1, 11, 73] and for singular kernels, covering linear and
nonlinear velocity couplings [26, 42].

Beyond derivation results, the Euler–alignment system (1.5) has been the subject of an extensive well-
posedness and large-time analysis. Global existence, uniqueness, and asymptotic flocking behavior have been
studied under various assumptions on the communication kernel and the initial configuration; see, among
many others, [22, 23, 24, 30, 34, 40, 51, 47, 55, 56, 58, 71, 72, 75, 76, 79, 80, 82, 84]. A particularly striking
feature of alignment models is the presence of critical threshold phenomena, whereby the global regularity
or finite-time breakdown of solutions is determined by delicate structural conditions on the initial data; we
refer to [18, 62, 81, 82, 83] and references therein. We also note that Lagrangian-based approaches have been
explored in related one-dimensional settings, including studies on Lagrangian trajectories [57] and sticky
particle dynamics for the one-dimensional Euler–alignment system [45, 59].

For a broader perspective on alignment models and their continuum descriptions, including particle, ki-
netic, and hydrodynamic viewpoints, as well as related multiscale passages between microscopic, mesoscopic,
and macroscopic descriptions, we refer to [17, 20, 27, 66, 65, 69, 73, 74, 79, 80], and the references therein.

1.1. Main results. The viewpoint adopted in this work differs in a fundamental way from the classical
Eulerian approaches to alignment dynamics. Traditionally, Lagrangian trajectories have been introduced a
posteriori as characteristics associated with a given Eulerian velocity field, primarily as a tool to analyze
long-time behavior. In this setting, to make sense of a characteristic description, one typically assumes that
the velocity field is bounded and Lipschitz, and a substantial part of the analysis is therefore devoted to
ensuring the well-posedness of the Eulerian system so that such a Lagrangian description is meaningful.

In contrast, we take the continuum Lagrangian system (1.1) as the primary object. Given an initial
configuration (ρ0, u0), the Lagrangian alignment formulation is naturally well-defined as a nonlocal mean-
field ODE, even for very weak initial data: the spatial distribution ρ0 may be an arbitrary probability
measure, and for the basic well-posedness theory, it suffices to assume u0 ∈ L∞(ρ0). Stronger regularity
assumptions on u0, such as u0 ∈ W 1,∞(ρ0), will be imposed later when studying finer properties of the
induced Eulerian dynamics, including injectivity of the flow and related closure mechanisms. In this way,
the existence of Lagrangian solutions follows directly from the structure of (1.1), without requiring a priori
regularity of an Eulerian velocity field. Thus, for example, our Lagrangian formulation enables us to trace

the alignment dynamics of a “blob” subject to a discontinuous initial configuration ρ0 =
1

|Ω|
1Ω supported

in Ω ⊂ Rd.

1.1.1. Existence and long-time dynamics of Lagrangian p-alignment. We begin by establishing global well-
posedness and alignment properties of the continuum Lagrangian p-alignment system (1.1). Our first result
shows that, for essentially bounded initial velocities, the Lagrangian dynamics admit a unique global solution
and satisfy quantitative bounds that describe their long-time flocking behavior.

We introduce the spatial and velocity diameters associated with solutions of (1.1) by

dη(t) := ess sup
x,y∈supp(ρ0)

|ηt(x)− ηt(y)|, dv(t) := ess sup
x,y∈supp(ρ0)

|vt(x)− vt(y)|.

The following theorem provides global well-posedness of the Lagrangian system and describes its long-time
alignment behavior under suitable conditions.
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Theorem 1.1. Let p ⩾ 2 and suppose that ϕ : Rd → [0,∞) is bounded and Lipschitz continuous. For any
u0 ∈ L∞(ρ0;Rd), the Lagrangian p-alignment system (1.1)–(1.2) admits a unique global solution

(η − id, v) ∈ C1([0,∞);L∞(ρ0)× L∞(ρ0)) (1.6)

satisfying
∥vt∥L∞(ρ0) ⩽ ∥u0∥L∞(ρ0), ∥ηt − id∥L∞(ρ0) ⩽ t∥u0∥L∞(ρ0) for all t ⩾ 0.

Moreover, assume that ρ0 is compactly supported and the communication kernel ϕ is “heavy-tailed” in the
sense that

∞∫
ϕ(r) dr = ∞. (1.7)

Then the velocity diameter asymptotically vanish, i.e., dv(t) → 0 as t→ ∞.

Remark 1.1. If suppρ0 is bounded, then id ∈ L∞(ρ0;Rd) and hence

η = id + (η − id) ∈ C1([0,∞);L∞(ρ0)).

In this case, one can state the result equivalently as

(η, v) ∈ C1([0,∞);L∞(ρ0)× L∞(ρ0)),

with the same a priori bounds.

Remark 1.2. The well-posedness result in Theorem 1.1 is established entirely within the Lagrangian frame-
work, without employing any Eulerian regularity theory. The solution class (1.6) involves only time regularity
and essential boundedness with respect to the Lagrangian variable x. In particular, no spatial derivatives with
respect to the Lagrangian coordinate (i.e., no assumptions on ∇xη or ∇xv) are required or generated in the
analysis.

All terms in (1.1) are well-defined for essentially bounded Lagrangian fields, since the alignment operator
depends only on velocity differences v(y)−v(x) and the composed interaction kernel ϕ(η(x)−η(y)), integrated
against ρ0(dy). Thus, the construction does not rely on the flow map η(t, ·) being differentiable or invertible.

In this sense, the solution of Theorem 1.1 should be regarded as a classical solution in the ODE sense: the
curves t 7→ ηt− id and t 7→ vt belong to C1([0,∞);L∞(ρ0)), and the Lagrangian system is satisfied pointwise
for ρ0-a.e. initial label x.

Remark 1.3. The Lipschitz continuity of ϕ in Theorem 1.1 is used only to guarantee that the alignment
operator is locally Lipschitz with respect to the Lagrangian variables (η, v), which in turn yields uniqueness
via the Picard–Lindelöf theorem. If the kernel ϕ is assumed to be merely bounded (or even just measurable),
all a priori estimates in the proof of Theorem 1.1 remain valid, since they rely only on the boundedness of ϕ
and the monotone structure of the alignment operator. In particular, the maximum principle for the velocity
and the global-in-time L∞ bounds for (η, v) continue to hold.

However, without Lipschitz regularity of ϕ, the alignment operator is no longer locally Lipschitz in (η, v);
hence classical ODE uniqueness theory does not apply. In this context of ODE dynamics “beyond-Lipschitz”,
it would be interesting to investigate the broader Sobolev/BV framework of DiPerna–Lions theory and its
later extensions [39, 2], and its implications in the nonlocal setting of (1.1) for non-Lipschitz kernels. Since
this lies beyond the scope of the present work, we do not pursue it here.

Remark 1.4. For p ⩾ 3, the flocking estimate in Theorem 1.1 does not, in general, yield a uniform-in-
time bound on the spatial diameter dη(t). In particular, dη(t) may grow in time; see, for instance, [4, 68].
Accordingly, for a general communication kernel, Theorem 1.1 only yields the “qualitative” alignment

dv(t) → 0 as t→ ∞,

without an explicit decay rate in terms of t.
On the other hand, when p ∈ [2, 3), if the initial data satisfy

1

3− p
d3−p
v (0) < 22−pκ

∫ ∞

dη(0)

ϕ(r) dr, (1.8)

then there exists d∞η > 0 uniquely determined by

1

3− p
d3−p
v (0) = 22−pκ

∫ d∞
η

dη(0)

ϕ(r) dr (1.9)
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such that

sup
t⩾0

dη(t) ⩽ d∞η

and the velocity diameter decays with the explicit bounds

dv(t) ⩽

 dv(0)e
−κϕ(d∞

η )t if p = 2,(
d2−p
v (0) + (p− 2)22−pκϕ(d∞η )t

)− 1
p−2 if p ∈ (2, 3).

(1.10)

Thus, for p ∈ [2, 3), the above threshold condition already yields both velocity alignment and a uniform-in-time
bound on the spatial diameter, without requiring the heavy-tail assumption (1.7). The latter simply secures
unconditional flocking in the sense that (1.8) and hence (1.9) hold for all initial configurations, independent
of how large dv(0) is. In particular, the heavy-tail condition is only a convenient sufficient condition in this
regime. See Remark 2.2 for a more detailed discussion.

More generally, for p > 2, the decay rate is governed by the growth of∫ t

0

ϕ(dη(s)) ds.

In particular, if ϕ is bounded from below by a positive constant on [0,∞), then∫ t

0

ϕ(dη(s)) ds ≳ t, and hence dv(t) ≲ (1 + t)−
1

p−2 .

For more slowly decaying kernels, for instance ϕ(r) = (1 + r)−β with β < 1, one correspondingly obtains
slower algebraic rates, such as

dv(t) ≲ (1 + t)−
1−β
p−2 . (1.11)

This is consistent with previously known algebraic flocking estimates for mono-kinetic p-alignment systems;
see, for instance, [80, 68], and the references therein. Indeed, introducing

δE (t) :=

∫∫
Rd×Rd

|vt(x)− vt(y)|2 ρ0(dx)ρ0(dy),

one obtains from [80, Proposition 5.2] an algebraic decay estimate for δE (t) under heavy-tail communication
kernels, which is compatible with the algebraic decay estimate for the velocity diameter in (1.11) appearing
in [68].

1.1.2. Lagrangian–Eulerian correspondence: Euler–Reynolds–alignment system. Our second main result con-
cerns the Eulerian description canonically induced by the global Lagrangian flow constructed in Theorem
1.1. The guiding principle is that Eulerian quantities should be obtained without imposing any a priori spa-
tial regularity on the flow map. Instead, they are defined through two purely measure-theoretic operations:
pushing forward the reference measure ρ0 by the flow map ηt, and disintegrating ρ0 along the fibres of ηt.

This viewpoint is essential in the present setting, since the global Lagrangian flow is constructed only in
an L∞ framework and may fail to be injective. As a consequence, classical pointwise Eulerian formulas are
no longer available. The disintegration of ρ0 provides a fundamental way to recover Eulerian quantities from
the Lagrangian dynamics, even in the presence of such non-injectivity. We develop this correspondence in
detail in Section 3.1; here we only recall the minimal definitions needed to state the result. We emphasize
that all objects introduced above are uniquely determined by the Lagrangian flow (ηt, vt) up to ρt-null sets,
and no additional closure assumptions are imposed at the Eulerian level.

Given the Lagrangian variables (ηt, vt), we define the Eulerian density and momentum by pushforward:

ρt := (ηt)#ρ0, mt := (ηt)#(vt ρ0),

so that mt ≪ ρt and the barycentric velocity

ut :=
dmt

dρt

is well defined. To account for the possible multiplicity of Lagrangian labels mapping to the same Eulerian
position, we disintegrate ρ0 along the fibres of ηt (in the sense of [3, Theorem 5.3.1]), yielding a family of
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probability measures {νt,z}z concentrated on η−1
t ({z}). This allows us to represent ut as the fibre average

of vt and to define a nonnegative Reynolds stress as the corresponding fibre variance:

τt := ρtθt, θt(z) :=

∫
Rd

(vt(x)− ut(z))⊗ (vt(x)− ut(z)) νt,z(dx) ⪰ 0.

In particular, the Reynolds stress τt is not an additional unknown: it is uniquely induced by the Lagrangian
flow (modulo ρt-null sets), and τt=0 = 0.

The next theorem shows that the Eulerian triple (ρt, ut, τt) satisfies an Euler–Reynolds–alignment (ERA)
system. Besides the Reynolds stress, a genuinely nonlinear defect force appears for p > 2, reflecting the
interaction between the nonlinearity Gp(ξ) = |ξ|p−2ξ and the fibre fluctuations of vt.

Theorem 1.2. Assume p ⩾ 2 and the hypotheses of Theorem 1.1. Let (ρt, ut, τt) be the Eulerian variables
induced by the Lagrangian solution (ηt, vt) through pushforward and disintegration as described above. Then
(ρt, ut, τt) is a global solution to

∂tρt +∇ · (ρtut) = 0,

∂t(ρtut) +∇ · (ρtut ⊗ ut + τt) = ρt (Ap[ρt, ut] +Rp[ρt, ut]) ,
(1.12)

in the sense of distributions on (0,∞)× Rd, with initial data

(ρt, ut, τt)|t=0 = (ρ0, u0, 0),

and satisfying1

ρ ∈ C([0,∞);P(Rd)), m = ρu ∈ C([0,∞);M(Rd;Rd)), τ ∈ L∞
loc([0,∞);M(Rd;Rd×d)).

Here, the nonlinear defect force is

Rp[ρt, ut](z) := κ

∫
Rd

ϕ(z − ζ)Kt(z, ζ) ρt(dζ),

where, denoting by {νt,z} any disintegration of ρ0 along ηt, and ωt(x) := vt(x) − ut(ηt(x)) which has zero
fibre mean, i.e.,

∫
Rd ωt νt,z(dx) = 0, we set

Kt(z, ζ) :=

∫∫
Rd×Rd

Gp(ut(ζ)− ut(z) + ωt(y)− ωt(x)) νt,ζ(dy)νt,z(dx)−Gp(ut(ζ)− ut(z)). (1.13)

Moreover, (ρ, u, τ) satisfies the global energy inequality: for all t ⩾ 0,

1

2

∫
Rd

(
|ut|2 + tr θt(z)

)
ρt(dz)

+
κ

2

∫ t

0

∫∫∫∫
Rd×Rd×Rd×Rd

ϕ(z − ζ) |vs(y)− vs(x)|p νs,z(dx)νs,ζ(dy)ρs(dz)ρs(dζ) ds

⩽
1

2

∫
Rd

|u0|2 ρ0(dz).

(1.14)

In the class of Eulerian triples arising from the Lagrangian flow of Theorem 1.1, this solution is unique.

In the classical theory of Euler equations, the appearance of a Reynolds-type stress tensor is reminiscent of
classical Euler–Reynolds formulations arising in the analysis of weak limits of nonlinear transport equations.
In the context of incompressible and compressible Euler equations, Reynolds stresses typically emerge either
as defect measures associated with oscillations and concentrations in sequences of approximate solutions, or as
auxiliary unknowns introduced to relax the Euler system in underdetermined formulations [9, 35, 36, 38, 60].
In such settings, the Reynolds stress is not prescribed by the dynamics itself, but reflects a lack of strong
compactness or is intentionally retained as a degree of freedom in the construction of weak solutions.

System (1.12) should be compared with the Eulerian p-alignment system developed in [80]. When p = 2,
(1.12) coincides with the hydrodynamic 2-alignment of [80] expressed in terms of (ρt, ut,Pt), where Pt ⪰ 0
is a pressure tensor corresponding to Reynolds stress τt, and initiated with mono-kinetic data, (ρ0, u0, 0).

1The continuity statements

ρ ∈ C([0,∞);P(Rd)), m ∈ C([0,∞);M(Rd;Rd))

refer to the narrow topology on P(Rd) and the weak∗ topology on the indicated spaces of Radon measures. In particular, a

strong time-regularity of ut or θt is not implied.
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When p > 2 there is an additional p-moment term (denoted I2 in [80, eq. (A.10)] and absorbed into the
“heat” term qϕ), which corresponds to the nonlinear defect forcing ρtRt[ρt, ut]. In particular, the global
energy inequality (1.14) is consistent with the notion of dissipative solution (or entropic pressure) of the total
energy E = 1

2 |ut|
2+eP in [80, eq. (1.12)], where tr θt coincides with the internal energy, tr τt → trPt = 2ρteP.

In this Eulerian framework, however, one lacks a closure for the pressure tensor Pt.
The ERA system (1.12) differs in a fundamental way from these Eulerian formulations. The Reynolds

stress τt is neither an independent unknown nor a modeling assumption: it is canonically generated by the
exact Lagrangian flow through fibrewise velocity fluctuations induced by possible non-injectivity of the flow
map. In particular, τt is uniquely determined by the Lagrangian dynamics (up to ρt-null sets), is nonnegative
by construction, and vanishes initially as a direct consequence of η0 = id. As a result, the ERA system is
not underdetermined and requires no additional closure or admissibility criteria at the Eulerian level.

In this respect, our formulation should also be compared with the recent work [84], where global measure
solutions to a pressureless Euler–alignment system are constructed through a vanishing-viscosity limit of
a degenerate Navier–Stokes approximation, and the lack of strong compactness in the convective term is
encoded by a matrix-valued concentration defect measure. In the linear case p = 2, this defect is reminiscent
of the Reynolds-type stress τt appearing in (1.12). However, the two viewpoints are conceptually different:
in [84], the defect arises as an a posteriori weak-limit object associated with the convergence of approximate
solutions, whereas in the present work the stress tensor is derived canonically from the exact Lagrangian flow
through fibrewise disintegration of the reference measure. In particular, our approach identifies the defect
as the fibre variance of the Lagrangian velocity explicitly, showing that it is not an additional unknown but
a uniquely induced quantity determined by the underlying Lagrangian dynamics. The measure-theoretic
construction of τt is established in Section 3.1; in particular, τt is nonnegative and does not depend on the
particular representative of the disintegration.

This structural distinction shifts the analytical focus from the construction of Reynolds stresses to their
dynamical evolution. The central question is therefore not how to select τt, but under which mechanisms
it disappears. In the present framework, the vanishing of τt is tied to the collapse of the fibrewise velocity
fluctuations in the disintegration of ρ0 along ηt. In particular, whenever the flow remains injective, the fibres
are singletons and τt vanishes identically. More generally, if the disintegration is Dirac for almost every time,
then τt = 0 for almost every t, and the Eulerian dynamics close to a mono-kinetic Euler–alignment system in
the distributional sense. In regimes where alignment mechanisms enforce such injectivity, the Reynolds stress
thus represents only a transient manifestation of microscopic velocity fluctuations, rather than a persistent
defect or a free relaxation variable.

Remark 1.5. For p = 2, the nonlinear defect force Rp vanishes identically. Indeed, since G2 is linear, we
have

Kt(z, ζ) =

∫∫
Rd×Rd

(ωt(y)− ωt(x)) νt,ζ(dy)νt,z(dx) = 0,

since the fibre fluctuations satisfy
∫
Rd ωt νt,z(dx) = 0. Hence, R2 ≡ 0 and (ρ, u, τ) satisfies the Euler–

alignment formulation with Reynolds stress:

∂tρt +∇ · (ρtut) = 0,

∂t(ρtut) +∇ · (ρtut ⊗ ut + τt) = κρ

∫
Rd

ϕ(z − ζ)(ut(ζ)− ut(z)) ρt(dζ),

in the sense of distributions on (0,∞)× Rd.
In this case, the dissipation also admits a particularly clean Eulerian decomposition. Writing vt(x) =

ut(ηt(x)) + ωt(x) with zero fibre mean
∫
Rd ωt νt,z(dx) = 0, the identity

|vt(x)− vt(y)|2 = |ut(z)− ut(ζ)|2 + 2(ut(z)− ut(ζ)) · (ωt(x)− ωt(y)) + |ωt(x)− ωt(y)|2

shows that the mixed term vanishes after integrating against νt,z(dx)νt,ζ(dy)ρt(dz)ρt(dζ). Hence, the total
dissipation splits into the sum of a macroscopic Euler–alignment part,

DEA(t) = κ

∫∫
Rd×Rd

ϕ(z − ζ)|ut(z)− ut(ζ)|2 ρt(dz)ρt(dζ),
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and a purely microscopic Reynolds contribution,

DRey(t) = κ

∫∫∫∫
Rd×Rd×Rd×Rd

ϕ(z − ζ)|ωt(x)− ωt(y)|2 νt,z(dx)νt,ζ(dy) ρt(dz)ρt(dζ).

Thus, when p = 2, both the forcing and the dissipation exhibit a clean separation between macroscopic
alignment effects and microscopic fibre fluctuations encoded in τt. In particular, we have

1

2

∫
Rd

|ut|2ρt(dz) +
κ

2

∫ t

0

∫∫
Rd×Rd

ϕ(z − ζ) |ut(z)− ut(ζ)|2ρt(dz)ρt(dζ)ds ⩽
1

2

∫
Rd

|u0|2ρ0(dz).

Remark 1.6. It is sometimes convenient to lift the Lagrangian dynamics to phase space by considering the
pushforward measure

µt := (ηt, vt)#ρ0 ∈ P(Rd × Rd).

By construction, ρt is the spatial marginal of µt, while its first and second velocity moments recover the
barycentric velocity ut and the Reynolds stress τt.

Moreover, µt satisfies a kinetic transport equation associated with the alignment dynamics, namely (1.4),
in the sense of distributions. This phase-space formulation provides a natural measure-valued description of
the ERA system.

While we postpone the detailed derivation of this kinetic formulation to Appendix A, we emphasize that the
lifted measures µt will play a crucial role in the subsequent asymptotic closure analysis. Their compactness
properties under time translation allow us to extract limiting kinetic measures, whose structure, together with
the decay of the velocity diameter, leads to the vanishing of the Reynolds stress and the nonlinear defect force
under flocking.

1.1.3. Asymptotic closure: from Euler–Reynolds–alignment to Euler–alignment under flocking. A central
issue in the hydrodynamic description of alignment dynamics is whether, and in what sense, the macroscopic
equations asymptotically reduce to a mono-kinetic Euler–alignment system. The ERA system obtained
in Theorem 1.2 is, in general, not closed at the macroscopic level: the momentum balance involves the
Reynolds stress τt and, for p > 2, a genuinely nonlinear defect force Rp[ρt, ut]. These two terms encode
complementary microscopic effects. The tensor τt measures the fibrewise velocity dispersion generated by
possible non-injectivity of the Lagrangian flow, while Rp quantifies the mismatch between the nonlinear
alignment interaction Gp(ξ) = |ξ|p−2ξ and its barycentric approximation.

Our third main result shows that both defect mechanisms are asymptotically suppressed by velocity flocking
alone. More precisely, we prove that the decay of the velocity diameter dv(t) forces both the Reynolds stress
and the nonlinear defect force to vanish as t → ∞, yielding an asymptotic closure of the ERA system to
the Eulerian p-alignment dynamics (1.5). Notably, this closure requires no spatial confinement, no global
injectivity of the Lagrangian flow map ηt, and no additional Eulerian regularity assumptions: the sole driving
mechanism is the large-time alignment of velocities.

Theorem 1.3. Let (ρt, ut, τt) be the Eulerian fields associated with a global Lagrangian solution constructed
in Theorem 1.1. Assume that ρ0 is compactly supported and the communication kernel satisfies the heavy-tail
condition (1.7). Then the following hold.

(Asymptotic closure) The Reynolds stress vanishes asymptotically:

∥τt∥M(Rd;Rd×d) → 0 as t→ ∞.

In addition, when p > 2, the nonlinear defect force also vanishes asymptotically:

∥ρtRp[ρt, ut]∥M(Rd;Rd) → 0 as t→ ∞.

Consequently, the defect terms in the ERA system vanish as t→ ∞, and the dynamics become asymptotically
consistent with the mono-kinetic Euler–alignment system (1.5).

(Asymptotic flocking) The diameter of Eulerian velocities decays to zero in the essential sense:

ess sup
(z,ζ)∈St×St

|ut(z)− ut(ζ)| → 0 as t→ ∞, St := supp ρt.
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(Asymptotic mono-kinetic dynamics) Let T > 0 and let µt = (ηt, vt)#ρ0 denote the lifted kinetic
measure. Then there exist a sequence Rn → ∞ and a family of probability measures {ρ∗t }t∈[0,T ] ⊂ P(Rd)
such that

µRn+t ⇀ ρ∗t (dz) δū(dξ) in Mloc(Rd × Rd)

for every t ∈ [0, T ], where

ū =

∫
Rd

u0(x)ρ0(dx).

Moreover,

ρ∗t = (z 7→ z + tū)#ρ
∗
0,

where ρ∗0 ∈ P(Rd) denotes the weak limit of the spatial marginals at the initial shifted time.

Remark 1.7. The limiting density is transported by the constant velocity ū so that

∂tρ
∗
t +∇ · (ρ∗t ū) = 0

holds in the sense of distributions. Moreover, since ū is spatially constant, the alignment interaction vanishes
identically:

Ap[ρ
∗
t , ū] = 0.

Hence (ρ∗t , ū) is a global distributional solution to the Eulerian p-alignment system (1.5).

Remark 1.8. The heavy-tail condition (1.7) in Theorem 1.3 is assumed only as a sufficient condition
ensuring, through Theorem 1.1, that the associated Lagrangian solution satisfies

dv(t) → 0 as t→ ∞.

Accordingly, the conclusions of Theorem 1.3 remain valid for any global Lagrangian solution enjoying this
asymptotic alignment property.

Remark 1.9. The asymptotic closure mechanism in Euler p-alignment systems was originally developed in
[80, Corollary 4.2] and [81, Theorem 4]. It states that if (ρt, ut,Pt) is a weak p-alignment solution satisfying
the dissipative energy inequality and the heavy-tail condition, then one obtains the asymptotic emergence of
monokinetic closure, namely, ∫

Rd

trPt dx→ 0 as t→ ∞.

The decay of velocity fluctuations in the linear velocity alignment case p = 2 has been further investigated
in [81] through an entropy-based approach, establishing convergence toward mono-kinetic closure under the
structural condition of uniform thickness. While the analysis in [80, 81] focuses on velocity fluctuations of
dissipative solutions, our approach is fundamentally different: the closure here is obtained at the level of weak,
measure-valued limits induced by the Lagrangian flow. In this sense, Theorem 1.3 provides a complementary
mechanism for mono-kinetic emergence, driven purely by alignment, which collapses the fibrewise velocity
fluctuations of both τt and ρtRp carried by the Lagrangian transport.

A key structural ingredient in our analysis is the measure-valued compactness framework introduced in
[38] and further developed in the kinetic formulation of [60]. In this perspective, weak limits of nonlinear
transport dynamics are naturally described by Young measures: possible microscopic oscillations in the
velocity variable are encoded by a probability kernel whose barycenter produces the limiting velocity, while
residual oscillations appear as a nonnegative covariance tensor of Reynolds type. This barycentric–covariance
decomposition is consistent with the structure emphasized in the computational theory of measure-valued
solutions developed in [44].

In the present setting, this viewpoint is naturally implemented by lifting the Lagrangian dynamics to
phase space through an associated kinetic measure µt, whose spatial and velocity moments recover the
Euler–Reynolds variables. This kinetic representation provides the compactness framework needed to pass
to the long-time limit. Under velocity flocking, the associated velocity Young measures collapse to Dirac
masses as t→ ∞, which forces both the Reynolds stress and the nonlinear defect force to vanish. As a result,
any such long-time limit is described by a mono-kinetic Eulerian p-alignment state of the form (ρ∗, ū).



10 CARRILLO, CHOI, AND TADMOR

1.1.4. Global weak solutions to the Euler–alignment system. Our next results concern global-in-time weak
solutions in the case of linear velocity alignment, that is, p = 2. In this regime, the ERA system simplifies
substantially, since the nonlinear defect force vanishes identically, R2 ≡ 0. As a consequence, the only
possible obstruction to a closed Eulerian description is the Reynolds stress τt, which encodes the loss of
injectivity of the Lagrangian flow through fibrewise velocity fluctuations.

Recall that any Lagrangian solution to the alignment dynamics induces, via pushforward and disintegra-
tion along the flow map ηt, an Eulerian triple (ρt, ut, τt) satisfying the ERA system (1.12). If the flow ηt
remains injective, then the fibres η−1

t ({z}) reduce to singletons and no microscopic velocity fluctuations can
occur. In this case, the Reynolds stress vanishes identically, τt ≡ 0, and the Eulerian dynamics close to the
classical Euler–alignment system

∂tρt +∇ · (ρtut) = 0,

∂t(ρtut) +∇ · (ρtut ⊗ ut) = κρt

∫
Rd

ϕ(z − ζ)(ut(ζ)− ut(z)) ρt(dζ).
(1.15)

We establish global weak solutions to (1.15) by exploiting two distinct mechanisms, depending on the
spatial dimension. In one spatial dimension, the Lagrangian formulation yields a sharp and complete char-
acterization of injectivity, leading to an exact subcritical–supercritical dichotomy. In higher dimensions, we
derive a conditional global existence result based on quantitative control of the Lagrangian deformation.

To state the one-dimensional result, let Φ be a C2 primitive of the communication kernel ϕ, and define
the effective initial velocity by

v̂(x) := u0(x)− κ

∫
R
Φ(y − x) ρ0(dy).

The following theorem provides a sharp dichotomy between global mono-kinetic Euler–alignment dynamics
and the non-injective regime in one dimension.

Theorem 1.4. Let d = 1, and assume p = 2 and u0 ∈ L∞(ρ0). Let (ρt, ut, τt) be the Eulerian variables
induced by the Lagrangian solution (ηt, vt) of (1.1) through pushforward and disintegration as in Section
1.1.2. Then the following hold.

(Subcritical region: mono-kinetic regime) If the effective velocity v̂ is non-decreasing, then (ρ, u) ∈
C([0,∞);P(R))×L∞([0,∞);L∞(ρ)) is a global weak solution of the mono-kinetic 1D Euler–alignment system

∂tρt + ∂x(ρtut) = 0,

∂t(ρtut) + ∂x(ρtu
2
t ) = κ ρt

∫
R
ϕ(z − ζ)(ut(ζ)− ut(z)) ρt(dζ),

(1.16)

for all t ⩾ 0.

(Supercritical region: collision-induced Reynolds regime) If v̂ is not non-decreasing, then collisions
occur in finite time, and the Lagrangian flow loses injectivity. In this regime, the associated Eulerian de-
scription is given by the Euler–Reynolds–alignment system of Theorem 1.2, and a nontrivial Reynolds stress
may occur.

Remark 1.10. If u0 is C1 on the support of ρ0, then

v̂′(x) = u′0(x) + κ(ϕ ∗ ρ0)(x).
Hence, the condition v̂′(x) ⩾ 0 coincides exactly with the sharp subcritical threshold for global C1 regularity
of the 1D Euler–alignment system established in [18]. When this condition fails, the Eulerian C1 theory
predicts finite-time blow-up of the velocity gradient ∂xu.

From the Lagrangian viewpoint, however, this loss of regularity is explained by the loss of injectivity of
the characteristic flow. The Lagrangian flow itself remains globally defined, but the associated Eulerian
description may develop nontrivial Reynolds defects once different Lagrangian labels reach the same Euler-
ian position with different velocities. Thus, failure of the subcritical condition does not destroy the global
Lagrangian dynamics, but it may prevent mono-kinetic closure at the Eulerian level.

Global weak solutions to (1.15) in one spatial dimension have been constructed in several settings beyond
the breakdown of classical solutions, that is, precisely in the super-critical 1D regime where collisions occur
and the mono-kinetic description can no longer be continued classically. For the Euler–alignment system,
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a global well-posedness theory for measure-valued weak solutions was established in [59] by introducing
an entropic selection principle through an associated scalar balance law, together with an approximation by
sticky particle Cucker–Smale dynamics. This entropy-based characterization was subsequently complemented
by a gradient-flow formulation in [45], where the same sticky particle dynamics were identified as the unique
L2-gradient flow and shown to be equivalent to entropy solutions in one dimension. Related gradient-flow
and Lagrangian formulations for pressureless Euler and Euler–Poisson systems were shown to be equivalent
to entropy solutions in [21] and references therein, providing canonical continuations beyond collisions.

Theorem 1.4 provides a complementary perspective in the one-dimensional setting. Rather than selecting
a distinguished weak solution among many admissible continuations in the super-critical 1D regime, it
identifies the subcritical regime in which the Lagrangian flow remains injective for all times, so that the
induced Eulerian dynamics is genuinely mono-kinetic. Outside this regime, collisions may occur, and the
Eulerian description is naturally given by the Euler–Reynolds–alignment system.

We next turn to the higher-dimensional case, where such a sharp characterization is no longer available.
Instead, under a sufficiently large coupling strength, we derive a conditional global existence result based on
quantitative control of the Lagrangian deformation.

Theorem 1.5. Let d ⩾ 1, and assume p = 2 and u0 ∈ W 1,∞(ρ0). Let (ρt, ut) be the Eulerian variables
induced by the Lagrangian solution (ηt, vt) of (1.1) through pushforward and disintegration as in Section
1.1.2. Suppose that:
(i) ρ0 is compactly supported;
(ii) ϕ satisfies the heavy-tail condition (1.7); and
(iii) the coupling strength κ > 0 is large enough so that

κ >
ϕ(d∞η )∥∇u0∥L∞(ρ0) + 2∥∇ϕ∥L∞dv(0)

ϕ2(d∞η )
, (1.17)

where d∞η > 0 is given by the relation (1.9).

Then (ρ, u) is a global-in-time solution to (1.15) in the sense of distributions on (0,∞) × Rd, with initial
data

(ρt, ut)|t=0 = (ρ0, u0).

Moreover, we have

ρ ∈ C([0,∞);P(Rd)) u ∈ L∞(0,∞;L∞(ρ)).

In the class of Eulerian pairs arising from the Lagrangian flow of Theorem 1.1, this solution is unique.

Remark 1.11. If ϕ is integrable, then the condition (1.17) should be modified to include the effect of its
“short tail”

κ > max

{
dv(0)∫∞

dη(0)
ϕ(r) dr

,
ϕ(d∞η )∥∇u0∥L∞(ρ0) + 2∥∇ϕ∥L∞dv(0)

ϕ2(d∞η )

}
.

Remark 1.12. The global result of Theorem 1.5 is specific to the case of linear velocity alignment p =
2. Nevertheless, for general nonlinear couplings p ⩾ 2 and initial data u0 ∈ W 1,∞(ρ0), the Lagrangian
formulation developed in this work still yields local-in-time weak solutions to the Eulerian p-alignment system,
as stated in Theorem 6.2.

The restriction to p = 2 in the global existence theory is not due to a lack of well-posedness of the underlying
Lagrangian dynamics, but rather to the difficulty of obtaining global-in-time control of the velocity gradient.
In the linear case, the gradient system closes with a constant damping rate and an integrable source term,
which allows us to prove that ∫ ∞

0

∥∇vt∥L∞(ρ0) dt <∞

under a sufficiently large coupling strength, and hence to enforce global injectivity of the flow.
By contrast, for nonlinear velocity couplings p ∈ (2, 3), although flocking and algebraic decay of the velocity

diameter still hold, the available estimates do not provide a uniform lower bound on the effective alignment
strength. As a consequence, the gradient system does not admit a time-integrable damping structure, and the
global-in-time injectivity of the flow remains open in this regime. A detailed discussion of this obstruction is
given in Remark 6.3 below.



12 CARRILLO, CHOI, AND TADMOR

At the level of strong solutions, multi-dimensional Euler alignment was recently treated in [81, Theorem
3], under the assumption of limited initial velocity fluctuations dv(0),

8∥∇ϕ∥L∞dv(0) ⩽ κϕ2(d∞η ), (1.18a)

and for sub-critical initial data satisfying

λmin(∇S
u0) + κϕ(d∞η ) > 0, (1.18b)

where ∇
S
denotes the symmetric part of the velocity gradient. Theorem 1.5 extends this strong existence

result to the weak regime, under the (slightly) stronger (1.17) compared with (1.18).
In higher dimensions, the theory of global weak solutions for the Euler–alignment system remains limited

outside regimes where strong structural or dissipative effects are present. A notable structural setting is
provided by the unidirectional velocity framework, in which global measure-valued and weak solutions in
arbitrary spatial dimensions were established in [56], allowing for the formation of mass concentrations.
There, the dynamics are governed by the scalar quantity e = ∇ · u+ ϕ ∗ ρ, and the analysis yields a refined
geometric description of concentration phenomena through the pushforward of singular measures along the
limiting Lagrangian flow.

Outside the unidirectional setting, global weak solution theories in multiple spatial dimensions remain
extremely limited. To the best of our knowledge, the only available results concern measure-valued solutions
constructed under strong singularity assumptions on the communication kernel. For linear velocity alignment
(p = 2), global measure-valued solutions were obtained in [42] under the assumption that the singularity
exponent exceeds the spatial dimension, exploiting the regularizing effect induced by the singular alignment
force. This approach was subsequently extended to nonlinear velocity couplings (p ̸= 2) in [26], again in a
strongly singular regime, where singular dissipation plays a crucial role in suppressing velocity dispersion
and ensuring compactness.

By contrast, Theorem 1.5 establishes global weak solutions for bounded and Lipschitz communication
kernels without relying on singular dissipation mechanisms. Instead of constructing solutions via compactness
arguments, we start from the globally well-posed Lagrangian dynamics and obtain a quantitative control
of the Lagrangian deformation under a sufficiently large coupling strength. This control enforces global
injectivity of the flow map ηt, and hence the Reynolds stress vanishes identically, τt ≡ 0. As a consequence,
the ERA system closes globally in time and yields a global-in-time distributional solution to the Euler–
alignment system.

Taken together, Theorems 1.4 and 1.5 place the Euler–alignment system with regular kernels into a
unified framework that connects sharp one-dimensional thresholds, global weak solvability, and the structural
role of Lagrangian injectivity across dimensions. They complement entropy-based one-dimensional theories
and kinetic approaches for singular interactions, while providing a transparent dynamical interpretation of
Reynolds defects and their disappearance.

1.1.5. Uniform-in-time mean-field limit and Euler–alignment. Our final result concerns a uniform-in-time
quantitative mean-field limit for the N -particle Cucker–Smale system (1.3) in the case of linear velocity
alignment, that is, p = 2, formulated in phase space and measured in Wasserstein distance. More precisely,
we establish a stability estimate that holds uniformly for all t ⩾ 0 and is independent of the number of
particles. Under additional structural conditions on the limiting dynamics, this phase-space convergence can
be further reduced to a mono-kinetic Eulerian description, yielding the Euler–alignment system (1.15).

To describe the limiting dynamics, let (ηt, vt) denote the global Lagrangian solution of the alignment
system (1.1) with p = 2 provided by Theorem 1.1, and let (ρt, ut) be the associated Eulerian pair constructed
in Theorem 1.2. The Lagrangian formulation plays a central role in our analysis, as it provides a natural
reference dynamics against which the particle system can be compared at all times.

We begin by studying a uniform-in-time mean-field limit from the particle system (1.3) to the limiting
Lagrangian dynamics (1.1). This first step is naturally formulated at the level of trajectories. From a broader
conceptual viewpoint, our approach is rooted in the classical deterministic coupling method developed in
[6, 41, 67] for the derivation of mean-field limits in kinetic theory. Under suitable smoothness assumptions
on the interaction kernel, these works establish stability estimates for particle approximations of general
initial measures, typically measured in bounded Lipschitz or Wasserstein-type distances; see also the reviews
[12, 52, 77] and references therein. The stochastic extensions of this framework, relevant in the presence
of diffusion or noise, were developed in [64, 78]. Uniform-in-time propagation of chaos implies that the
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continuum model describes the behavior of the particle system at all time scales with respect to the number
of particles, results that are important in different contexts, see for instance [37] and the references therein.

In the present work, we remain entirely within a deterministic setting and follow this classical trajectory-
based philosophy. We directly compare the N -particle Cucker–Smale dynamics with the limiting Lagrangian
flow associated with the Vlasov–alignment equation. This viewpoint is particularly natural in the mono-
kinetic regime relevant to pressureless Euler-type limits, where the macroscopic dynamics is most transpar-
ently described through Lagrangian characteristics.

The modulated Wasserstein quantities introduced below provide a quantitative measure of the discrepancy
between particle trajectories and the limiting Lagrangian flow. They play the role of a deterministic coupling
error and allow us to establish stability estimates that are uniform in time and independent of the number of
particles. In this sense, our analysis can be viewed as a Lagrangian, characteristic-based mean-field stability
theory tailored to alignment dynamics and Eulerian closure.

With this preparation, we now turn to the quantitative comparison between the particle system and
the limiting Lagrangian dynamics. To this end, we introduce suitable modulated quantities measuring the
discrepancy in phase space between the empirical measure µN

t and the reference Lagrangian flow. These
quantities will later allow us to control Wasserstein distances between the particle system and its macroscopic
limit.

Let q ⩾ 1 and define the modulated energies

Eq(X
N |η)(t) :=

(
1

N

N∑
i=1

∫
Rd

|xi(t)− ηt(x)|q ρ0(dx)

) 1
q

,

Eq(V
N |v)(t) :=

(
1

N

N∑
i=1

∫
Rd

|vi(t)− vt(x)|q ρ0(dx)

) 1
q

.

Here the integration with respect to ρ0 reflects the comparison of each particle trajectory with the entire
reference Lagrangian flow, in the spirit of a deterministic coupling.

Finally, without loss of generality, we may assume that the total momentum is matched at t = 0:

1

N

N∑
i=1

vi(0) =

∫
Rd

u0 ρ0(dx),

so that by conservation of momentum for the particle system and the Lagrangian model,

1

N

N∑
i=1

vi(t) =

∫
Rd

vt(x) ρ0(dx), ∀ t ⩾ 0.

The following theorem provides a uniform-in-time stability estimate for the modulated Wasserstein quan-
tities introduced above, comparing the N -particle Cucker–Smale dynamics with the limiting Lagrangian
alignment flow.

Theorem 1.6. Let p = 2 and q ∈ [1,∞]. Let {(xi, vi)}Ni=1 be a global classical solution to (1.3) satisfying

dV N ∈ L1(R+), dV N (t) := max
1⩽i,j⩽N

|vi(t)− vj(t)|.

Let (η, v) be a global solution to the system (1.1) satisfying

sup
t⩾0

dη(t) <∞.

Then there exists a constant C > 0, independent of N , q, and t, such that:

sup
t⩾0

(
Eq(X

N |η)(t) + Eq(V
N |v)(t)

)
⩽ C

(
Eq(X

N |η)(0) + Eq(V
N |v)(0)

)
,

and moreover

Eq(V
N |v)(t) → 0 as t→ ∞.

Remark 1.13. In Theorem 1.6, the assumptions p = 2,

dV N ∈ L1(R+), and sup
t⩾0

dη(t) <∞ (1.19)
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ensure a uniform (in time and N) Grönwall-type estimate. If these assumptions are not imposed, the above
argument still yields a stability bound of the form

E2(X
N |η)(t) + E2(V

N |v)(t) ⩽ C(t)
(
E2(X

N |η)(0) + E2(V
N |v)(0)

)
,

but the constant C(t) generally depends on time. In particular, for general p ⩾ 2, Appendix B establishes such
a finite-time stability estimate and the corresponding mean-field convergence toward the Lagrangian/kinetic
alignment dynamics. Thus, the assumptions in Theorem 1.6 are precisely those that upgrade finite-time
mean-field stability to a uniform-in-time estimate.

On the other hand, when both the particle system and the Lagrangian limit model exhibit flocking, the
assumptions (1.19) are automatically satisfied, and the stability estimate holds uniformly in time.

The stability estimate established in Theorem 1.6 provides a uniform-in-time control on the discrepancy
between the N -particle dynamics and the limiting nonlinear Lagrangian flow. Among rigorous mean-field
analyses of alignment models, a closely related framework is due to [11], where a general modulated-energy
method is developed to pass from Newtonian particle systems with alignment interactions (possibly com-
bined with damping and external or interparticle potentials) to pressureless Euler-type models with nonlocal
dissipation. Their approach builds on the idea of measuring the discrepancy between the particle system
and a macroscopic velocity field through a suitable modulated kinetic energy.

In the case where only alignment acts, namely in the absence of damping and external or interparticle
potentials, the central quantity in [11] is the discrete modulated kinetic energy

EN (ZN (t)|U(t)) =
1

2N

N∑
i=1

|vi(t)− ut(xi(t))|2 =
1

2

∫∫
Rd×Rd

|v − ut(x)|2µN
t (dx, dv)

which originates from the modulated energy concept introduced in [7, 8, 63, 70].
This quantity provides a metric-like control between the particle configuration (xi(t), vi(t))

N
i=1 and the

macroscopic velocity field ut, even in the absence of a convex pressure potential, as is typical in the pres-
sureless Euler regime.

Restricting to alignment-only dynamics, [11] derives a differential inequality of the form

d

dt
EN (t) + (alignment dissipation) ⩽ CEN (t) + Cd2BL(ρ

N
t , ρt), ρNt = πx#µ

N
t ,

together with a transport inequality which plays a crucial role in the pressureless setting. Indeed, in the
absence of any pressure term, there is no direct coercive control on the density ρt. The transport structure
of the dynamics, however, allows one to show that the discrepancy between the particle density ρNt and its
macroscopic counterpart ρt can still be controlled in terms of the modulated kinetic energy [25]:

d2BL(ρ
N
t , ρt) ⩽ Cd2BL(ρ

N
0 , ρ0) + C

∫ t

0

EN (s) ds,

where dBL denotes the bounded Lipschitz distance. Here the constant C > 0 depends on ∥∇u∥L∞ and on
the final time horizon T . A Grönwall argument then yields convergence toward mono-kinetic macroscopic
dynamics on finite time intervals, with constants that grow with ∥u∥L∞(0,T ;W 1,∞) and with T . In particular,
one obtains

d2BL(µ
N
t , ρt ⊗ δut

) ⩽ CEN (ZN (0)|U(0)) + Cd2BL(ρ
N
0 , ρ0),

for some C > 0 independent of N , but depending implicitly on T .
By contrast, the approach developed in the present work is formulated purely in Wasserstein geometry

and follows an intrinsically Lagrangian perspective. Rather than comparing the particle system directly
with an Eulerian velocity field, we measure the discrepancy between the particle dynamics and the limiting
alignment flow at the level of characteristics. This viewpoint allows us to bypass any reliance on a priori
W 1,∞ bounds for the Eulerian velocity u and to exploit instead the stability properties of the Lagrangian
dynamics.

A further distinction with respect to [11] lies in the choice of metric used to quantify convergence. The
analysis in [11] is formulated in terms of the bounded Lipschitz distance, which, on bounded domains,
is equivalent to the 1-Wasserstein distance and therefore captures only first-order transport effects. By
contrast, the present framework relies directly on Wasserstein distances of higher order. In the case of
linear velocity coupling (p = 2), the modulated estimates can be performed at arbitrary Wasserstein orders,
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yielding a significantly stronger notion of convergence. In particular, this allows for quantitative control of
higher-order moments as well as of the maximal displacement between the particle system and the limiting
dynamics, uniformly in time. Such a strengthening of the convergence topology is not accessible within the
bounded Lipschitz framework.

To turn the uniform-in-time stability bound of Theorem 1.6 into a mean-field convergence statement
for empirical measures, we now formulate the limit in Wasserstein distance. We recall that for probability
measures µ, ν on Rd with finite q-th moment, the q-Wasserstein distance is defined by

dq(µ, ν) := inf
π∈Π(µ,ν)

(∫∫
Rd×Rd

|x− y|q dπ(x, y)
) 1

q

,

where Π(µ, ν) denotes the set of all couplings of µ and ν. In particular, we denote by d∞(µ, ν) the ∞-
Wasserstein distance

d∞(µ, ν) := inf
π∈Π(µ,ν)

sup
(x,y)∈suppπ

|x− y|,

which measures the maximal displacement between supports of µ and ν.
We are now in a position to state the uniform-in-time mean-field convergence result toward the Eulerian

alignment dynamics.

Theorem 1.7. Let p = 2 and q ∈ (1,∞]. Assume that the hypotheses of Theorem 1.6 hold. Suppose in
addition that the disintegration of ρ0 along ηt is Dirac for almost every t ⩾ 0. Let (ρt, ut) be the Eulerian
pair associated with the Lagrangian flow (ηt, vt) through the Lagrangian–Eulerian correspondence described
in Section 1.1.2.

If the initial modulated energies satisfy

Eq(X
N |η)(0) + Eq(V

N |v)(0) → 0 as N → ∞,

the empirical measures µN
t converge uniformly in time toward the mono-kinetic measure ρt ⊗ δut

, in the
sense that

ess sup
t⩾0

dq(µ
N
t , ρt ⊗ δut

) → 0 as N → ∞.

Moreover, the pair (ρt, ut) is a distributional solution to the Euler–alignment system (1.15).

Remark 1.14. In the one-dimensional case, if u0 ∈ L∞(ρ0) and the effective velocity v̂ is non-decreasing,
then Theorem 1.4 implies that the Lagrangian flow remains injective for all times. Consequently, the disinte-
gration of ρ0 along ηt is Dirac for every t ⩾ 0, and under the assumptions of Theorem 1.6 the uniform-in-time
mean-field convergence holds toward a mono-kinetic Eulerian limit satisfying the Euler–alignment system in
the sense of distributions.

When d ⩾ 2, if the initial data satisfy the assumptions of Theorem 1.5, then the associated Lagrangian
flow enjoys global injectivity and boundedness properties. As a result, all the a priori assumptions required
in Theorem 1.7 are automatically satisfied.

Remark 1.15. A natural way to ensure the assumption

Eq(X
N |η)(0) + Eq(V

N |v)(0) → 0 as N → ∞

is to generate the initial particle configuration by sampling positions independently according to ρ0 and
assigning velocities consistently with the initial Lagrangian velocity field, namely

Xi(0) ∼ ρ0 i.i.d., vi(0) := u0(Xi(0)), 1 ⩽ i ⩽ N,

where u0 denotes the Eulerian velocity field associated with the initial Lagrangian data (1.2).
Then the random variables (Xi(0), vi(0)) are i.i.d. with common law ρ0 ⊗ δu0

, and the empirical measure

µN
0 :=

1

N

N∑
i=1

δ(Xi(0),vi(0))

converges almost surely toward ρ0 ⊗ δu0
as N → ∞. As a consequence, the initial modulated energies satisfy

Eq(X
N |η)(0) + Eq(V

N |v)(0) → 0, ∀ q > 1.
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Lagrangian system

(ηt, vt)

Particle system

{(xi(t), vi(t))}Ni=1

Kinetic equation

ft(x, v)

Euler–alignment system

(ρt, ut)

Euler–Reynolds system

(ρt, ut, τt)

ρt = ηt#ρ0,

mt = ηt#(vtρ0),

ut =
dmt

dρt
.

mean-field limit (N → ∞)

stability

mean-field limit
via Lagrangian closure

kinetic lift
(ηt, vt)#ρ0

disintegration
& moments

Dirac disintegration nontrivial fibres

Dirac disintegration ⇒ τt = 0

Figure 1. Schematic relations between the particle dynamics, the kinetic description, and
the Lagrangian continuum system. The Lagrangian system (ηt, vt) serves as a reference flow
(structurally close to the particle dynamics) and provides a push-forward representation of
the kinetic measure. When the disintegration of ρ0 along ηt is Dirac (for instance when the
flow is injective), the dynamics close to the Euler–alignment system; otherwise the induced
Eulerian description takes the form of an Euler–Reynolds system.

Remark 1.16. Independently of the injectivity of the Lagrangian flow map ηt, the argument developed
above yields a uniform-in-time mean-field convergence toward the kinetic measure (ηt, vt)#ρ0, which is a
distributional solution to the Vlasov–alignment equation (1.4) with p = 2.

The additional assumption is only required to identify this kinetic limit with a mono-kinetic Eulerian state.
Indeed, when the disintegration of ρ0 along ηt is Dirac, the Lagrangian–Eulerian correspondence implies that

(ηt, vt)#ρ0 = ρt ⊗ δut .

In particular, injectivity of ηt is a sufficient condition for this property, but not the only one.
We emphasize that this mono-kinetic structure is consistent with the choice of the initial particle approx-

imation. The condition

Eq(X
N |η)(0) + Eq(V

N |v)(0) → 0 as N → ∞
requires the particle system to approximate a single Lagrangian velocity field at the initial time. This setting
is therefore more restrictive than classical mean-field limits for general kinetic initial data, but it is precisely
tailored to capture the uniform-in-time convergence toward mono-kinetic Eulerian dynamics.

1.2. Organization of the paper. The rest of this paper is organized as follows. Section 2 is devoted to the
Lagrangian p-alignment system (1.1); in particular, it proves global well-posedness and quantitative flocking
estimates (Theorem 1.1). Section 3 develops the measure-theoretic Lagrangian–Eulerian correspondence and
shows that the induced Eulerian triple solves the ERA system, together with the energy inequality (Theorem
1.2). In Section 4, we establish the asymptotic closure mechanism under velocity flocking, showing that the
Reynolds stress and, for p > 2, the nonlinear defect force vanish in the long-time limit (Theorem 1.3).
Section 5 treats the one-dimensional linear case p = 2 and characterizes the injective mono-kinetic regime
through a sharp critical-threshold condition, while describing the loss of injectivity outside this regime
(Theorem 1.4). Section 6 addresses the multi-dimensional linear case p = 2, deriving global weak solutions
to the Euler–alignment system under a quantitative large-coupling condition that enforces closure (Theorem
1.5). Finally, Section 7 proves uniform-in-time mean-field stability and convergence results for the particle
Cucker–Smale dynamics in the linear regime, yielding a uniform-in-time mono-kinetic Eulerian limit under
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an almost everywhere Dirac disintegration condition for the fibres of the Lagrangian flow (Theorems 1.6 and
1.7). Appendix A collects the phase-space (kinetic) reformulation of the Lagrangian flow and its moment
relations with the Eulerian variables. Appendix B provides complementary mean-field estimates for general
p ⩾ 2 on finite time intervals and discusses the resulting kinetic and mono-kinetic limits under additional
structural assumptions.

2. Dynamics of Lagrangian p-alignment formulation

This section completes the proof of Theorem 1.1. We first prove global well-posedness of the Lagrangian
system and then derive diameter-based estimates leading to flocking and explicit decay rates.

2.1. Global existence and uniqueness. We prove the global existence and uniqueness part of Theorem
1.1. The argument is based on a fixed-point approach for the Lagrangian system and relies on uniform L∞

estimates.

Proof of Theorem 1.1: existence. We work with the displacement variable

wt(x) := ηt(x)− x,

so that w(0, x) = 0 and ∂tw = v. In terms of (w, v), the Lagrangian p-alignment system becomes

d

dt

(
w

v

)
=

(
v

Ap[w, v]

)
, (w, v)

∣∣
t=0

= (0, u0), (2.1)

where

Ap[w, v](x) := κ

∫
Rd

ϕ ((x+ w(x))− (y + w(y)))Gp(v(y)− v(x)) ρ0(dy), Gp(ξ) := |ξ|p−2ξ.

The natural phase space for (2.1) is

X := L∞(ρ0)× L∞(ρ0), ∥(w, v)∥X := ∥w∥L∞(ρ0) + ∥v∥L∞(ρ0).

We first verify that the vector field on the right-hand side of (2.1) is locally Lipschitz. Let R > 0 and
(wi, vi) ∈ X satisfy ∥(wi, vi)∥X ⩽ R, i = 1, 2. Since the first component (w, v) 7→ v is linear (hence
Lipschitz), it remains to control the alignment operator. Writing

Ap[w1, v1]−Ap[w2, v2] =: I + II,

with

I = κ

∫
Rd

{ϕ((x+ w1(x))− (y + w1(y)))− ϕ((x+ w2(x))− (y + w2(y)))}Gp(v1(y)− v1(x))ρ0(dy)

and

II = κ

∫
Rd

ϕ((x+ w2(x))− (y + w2(y))) (Gp(v1(y)− v1(x))−Gp(v2(y)− v2(x))) ρ0(dy),

we estimate, using Lipschitz continuity of ϕ,

|ϕ((x+ w1(x))− (y + w1(y)))− ϕ((x+ w2(x))− (y + w2(y)))| ⩽ 2∥ϕ∥Lip∥w1 − w2∥L∞(ρ0),

while |v1(y)− v1(x)| ⩽ 2∥v1∥L∞(ρ0) ⩽ 2R ensures

|I| ⩽ 2κ∥ϕ∥Lip(2R)p−1∥w1 − w2∥L∞(ρ0).

For p ⩾ 2, note that

∇Gp(ξ) = (p− 2)|ξ|p−4ξ ⊗ ξ + |ξ|p−2I,

and this gives

∥∇Gp(ξ)∥op ⩽ Cp|ξ|p−2,

for some constant Cp > 0 depending only on p. Applying the mean-value form of Taylor’s theorem, we get

|Gp(a)−Gp(b)| ⩽ sup
θ∈[0,1]

∥∇Gp(θa+ (1− θ)b)∥op|a− b| ⩽ Cp(|a|+ |b|)p−2|a− b|.

Thus, since ∥vi∥L∞(ρ0) ⩽ R,

|II| ⩽ 2κ∥ϕ∥L∞Cp(4R)
p−2∥v1 − v2∥L∞(ρ0).
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Hence, we have

∥Ap[w1, v1]−Ap[w2, v2]∥L∞(ρ0) ⩽ C(R, p, ϕ, κ)
(
∥w1 − w2∥L∞(ρ0) + ∥v1 − v2∥L∞(ρ0)

)
,

showing that the right-hand side of (2.1) is locally Lipschitz on X. By the Picard–Lindelöf theorem, there
exists a unique maximal solution

(w, v) ∈ C1([0, Tmax);X)

for some Tmax ∈ (0,∞].
We now establish an L∞ maximum principle for v using the upper Dini derivative. Fix a unit vector

e ∈ Rd and set st(x) := vt(x) · e. Then, s satisfies

∂tst(x) =

∫
Rd

Kt(x, y)(st(y)− st(x)) ρ0(dy),

where
Kt(x, y) := κϕ((x+ wt(x))− (y + wt(y)))|vt(y)− vt(x)|p−2.

Since κ ⩾ 0 and ϕ ⩾ 0, we have Kt ⩾ 0. For each fixed t, local existence guarantees ∥vt∥L∞(ρ0) < ∞, and
thus

∥Kt∥L∞(ρ0⊗ρ0) ⩽ κ∥ϕ∥L∞
(
2∥vt∥L∞(ρ0)

)p−2
<∞.

Define Me(t) := ess supx st(x), and let

D+Me(t) := lim sup
h↓0

Me(t+ h)−Me(t)

h

be its upper right Dini derivative. Fix t ⩾ 0 and ε > 0, and then choose xε such that st(xε) ⩾ Me(t) − ε.
Then

st(y)− st(xε) ⩽ ε for ρ0-a.e. y,

and hence,

∂tst(xε) =

∫
Rd

Kt(xε, y)(st(y)− st(xε)) ρ0(dy) ⩽ ε∥Kt∥L∞(ρ0⊗ρ0).

By the standard Dini envelope argument (letting ε ↓ 0 at fixed t), we conclude D+Me(t) ⩽ 0 for all t ⩾ 0
and unit vector e. Hence, we have

∥vt∥L∞(ρ0) = sup
|e|=1

Me(t) ⩽ sup
|e|=1

Me(0) ⩽ ∥u0∥L∞(ρ0) for all t < Tmax. (2.2)

Since ∂tw = v, the bound (2.2) yields

∥wt∥L∞(ρ0) ⩽ t∥u0∥L∞(ρ0), ∥∂tvt∥L∞(ρ0) ⩽ C(ϕ, p, κ)∥u0∥p−1
L∞(ρ0)

.

Thus (w, v) remains bounded and uniformly Lipschitz in time on every finite interval, hence the continuation
principle yields Tmax = ∞. Together with the local uniqueness from the Picard–Lindelöf theorem, this gives
a unique global solution. Restoring η = x + w, we obtain the desired solution of (1.1). This completes the
proof. □

Before proceeding to the flocking estimates, we record a few standard identities satisfied by sufficiently
regular solutions of (1.1), including conservation of momentum and dissipation of the kinetic energy.

Lemma 2.1. Let (η, v) be a global classical solution to the system (1.1). Then we have

d

dt

∫
Rd

ηt(x) ρ0(dx) =

∫
Rd

vt(x) ρ0(dx),
d

dt

∫
Rd

vt(x) ρ0(dx) = 0,

and
1

2

d

dt

∫
Rd

|vt(x)|2 ρ0(dx) +
κ

2

∫∫
Rd×Rd

ϕ(ηt(x)− ηt(y))|vt(x)− vt(y)|p ρ0(dx)ρ0(dy) = 0.

Remark 2.1. The center of mass can be explicitly given as∫
Rd

ηt(x) ρ0(dx) =

∫
Rd

x ρ0(dx) + t

∫
Rd

u0(x) ρ0(dx).

Thus, by Galilean invariance, without loss of generality, one may assume∫
Rd

ηt(x) ρ0(dx) =

∫
Rd

vt(x) ρ0(dx) = 0, ∀ t ⩾ 0.
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2.2. Flocking estimates. We now derive the quantitative flocking bounds in Theorem 1.1. Throughout
this subsection, (η, v) denotes the global Lagrangian solution constructed above. The argument follows the
standard diameter method (cf. [4, 13, 46, 68]), adapted to the present continuum Lagrangian setting.

Proof of Theorem 1.1: flocking dynamics. Since

∂t(ηt(x)− ηt(y)) = vt(x)− vt(y), x, y ∈ suppρ0,

the envelope property of Dini upper derivative gives

|D+dη(t)| ⩽ dv(t).

We next derive the differential inequality for dv(t). Let x, y ∈ suppρ0 maximize |vt(x)− vt(y)|, and set

n :=
vt(x)− vt(y)

|vt(x)− vt(y)|
.

Projecting the equations along n and using that r 7→ |r|p−2r is odd and increasing (p ⩾ 2), one obtains the
sign relations

n · (vt(z)− vt(x)) ⩽ 0, n · (vt(z)− vt(y)) ⩾ 0

for ρ0-a.e. z, and thus
n ·Gp(vt(z)− vt(x)) ⩽ 0, n ·Gp(vt(z)− vt(y)) ⩾ 0.

Now recall that ϕ is radial and nonincreasing in the distance. Since |ηt(x)−ηt(z)| ⩽ dη(t) and |ηt(y)−ηt(z)| ⩽
dη(t), we have

ϕ(ηt(x)− ηt(z)) ⩾ ϕ(dη(t)), ϕ(ηt(y)− ηt(z)) ⩾ ϕ(dη(t)) for ρ0-a.e. z.

Using the strong monotonicity of Gp (valid for all p ⩾ 2),(
Gp(ξ)−Gp(ζ)

)
· (ξ − ζ) ⩾ 2 2−p |ξ − ζ|p, ξ, ζ ∈ Rd,

we arrive at
D+dv(t) ⩽ −22−pκϕ(dη(t))d

p−1
v (t). (2.3)

When p = 2, Grönwall’s inequality yields

dv(t) ⩽ dv(0) exp

(
−κ
∫ t

0

ϕ(dη(s)) ds

)
.

When p > 2, integration of (2.3) gives

dv(t) ⩽

(
dv(0)

2−p + (p− 2)22−pκ

∫ t

0

ϕ(dη(s)) ds

)− 1
p−2

.

Hence, in either case, velocity alignment follows provided∫ ∞

0

ϕ(dη(s)) ds = ∞.

On the other hand, since dv(t) ⩽ dv(0), we have

dη(t) ⩽ dη(0) + tdv(0).

and therefore ∫ ∞

0

ϕ(dη(s)) ds ⩾
∫ ∞

0

ϕ(dη(0) + sdv(0)) ds =
1

dv(0)

∫ ∞

dη(0)

ϕ(r) dr.

Under the heavy-tail condition (1.7), the right-hand side diverges, and thus dv(t) → 0 as t → ∞. This
completes the proof. □

Remark 2.2 (A sharper flocking estimate for 2 ⩽ p < 3). Assume p ∈ [2, 3) and suppose that the initial
data satisfy

1

3− p
d3−p
v (0) < 22−pκ

∫ ∞

dη(0)

ϕ(r) dr.

This condition is clearly weaker than the heavy-tail assumption (1.7). Consider the Lyapunov functional

L̂p(t) :=
1

3− p
d3−p
v (t) + 22−pκ

∫ dη(t)

dη(0)

ϕ(r) dr.
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Then, using

D+dη(t) ⩽ dv(t), D+dv(t) ⩽ −22−pκϕ(dη(t))d
p−1
v (t),

one obtains

D+L̂p(t) ⩽ 0.

Hence

L̂p(t) ⩽ L̂p(0) for all t ⩾ 0.

By the assumption on the initial data, there exists a unique d∞η > 0 such that

1

3− p
d3−p
v (0) = 22−pκ

∫ d∞
η

dη(0)

ϕ(r) dr,

and consequently

0 ⩽
1

3− p
d3−p
v (t) ⩽ 22−pκ

∫ d∞
η

dη(t)

ϕ(r) dr.

In particular,

sup
t⩾0

dη(t) ⩽ d∞η .

Therefore, we have

D+dv(t) ⩽ −22−pκϕ(d∞η )dp−1
v (t),

which yields the explicit decay estimate (1.10). This argument is specific to the range 2 ⩽ p < 3, since for
p ⩾ 3 the coefficient (3 − p)−1 is nonpositive and the above Lyapunov structure no longer provides a useful
coercive control.

3. Euler–Reynolds–alignment system

This section develops the Lagrangian–Eulerian correspondence stated in the introduction for the global
L∞ Lagrangian flow (ηt, vt) constructed in Theorem 1.1. We first show how to associate to (ηt, vt) an
Eulerian density ρt, momentum mt, barycentric velocity ut, and a nonnegative Reynolds stress τt, using
only pushforward and disintegration of the reference measure ρ0. We then establish the basic time-regularity
of these objects and verify that the resulting triple (ρt, ut, τt) solves the ERA system (1.12) in the sense of
distributions, satisfies the global energy inequality (1.14), and is unique within the class of Eulerian triples
induced by Lagrangian solutions.

3.1. Lagrangian–Eulerian correspondence. Let (ηt, vt) be the global Lagrangian solution from Theorem
1.1. Since ηt is only available in an L∞ framework and may be non-injective, Eulerian quantities cannot
be recovered pointwise. We therefore use disintegration of ρ0 along the fibres of ηt to define the Eulerian
density and momentum by pushforward, the barycentric velocity by Radon–Nikodym differentiation, and
the Reynolds stress as the associated fibrewise covariance.

We begin by recalling the disintegration theorem of [3, Theorem 5.3.1] and then apply it to the flow map
ηt to define the Eulerian density, velocity, and Reynolds stress.

Theorem 3.1. Let X, X̄ be Radon separable metric spaces, µ ∈ P(X), let π : X → X̄ be a Borel map and
let ν = π#µ ∈ P(X̄). Then there exists a ν-a.e. uniquely determined Borel family of probability measures
{µx̄}x̄∈X̄ ⊂ P(X) such that

µx̄(X \ π−1({x̄})) = 0 for ν-a.e. x̄ ∈ X̄,

and for every Borel map f : X → [0,+∞),∫
X

f(x)µ(dx) =

∫
X̄

(∫
π−1(x̄)

f(x)µx̄(dx)

)
ν(dx̄).

In particular, if X = X1 × X2, X̄ = X1, and µ ∈ P(X1 × X2) with first marginal ν = π1#µ, then one

can identify each fibre π−1
1 (x1) = {x1} ×X2 with X2 and find a Borel family {µx1

}x1∈X1
⊂ P(X2) (unique

ν-a.e.) such that

µ =

∫
X1

µx1ν(dx1).
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Lemma 3.1. Assume p ⩾ 2 and the hypotheses of Theorem 1.1. For each t ⩾ 0, define

ρt := (ηt)#ρ0, mt := (ηt)#(vt ρ0).

Then the following holds:

(i) mt ≪ ρt and the barycentric (mean) velocity

ut :=
dmt

dρt

is well-defined and satisfies ut ∈ L∞(ρt;Rd).
(ii) There exists a (unique ρt-a.e.) family of probability measures {νt,z}z∈supp(ρt) concentrated on η−1

t ({z})
such that

ρ0 =

∫
Rd

νt,z ρt(dz),

that is, for every Borel set A ⊂ Rd,

ρ0(A) =

∫
Rd

νt,z(A) ρt(dz).

In particular, for ρt-a.e. z, the barycentric velocity admits the fibre-average representation

ut(z) =

∫
Rd

vt(x) νt,z(dx),

where the integral may be taken over Rd since νt,z is supported on η−1
t ({z}).

(iii) The Reynolds stress tensor is given by the fibre variance

τt := ρtθt, θt(z) :=

∫
Rd

(vt(x)− ut(z))⊗ (vt(x)− ut(z)) νt,z(dx),

and satisfies τt ⩾ 0 (as a matrix-valued measure with symmetric positive semidefinite density θt
ρt-a.e.) and τt=0 = 0. Moreover, for every T > 0, the Reynolds stress satisfies the uniform bound

sup
t∈[0,T ]

∥τt∥M(Rd;Rd×d) ⩽
∫
Rd

|u0(x)|2 ρ0(dx).

Remark 3.1. If the Lagrangian flow map ηt is injective (in fact, bi-measurable with measurable inverse on
its image), then each fibre η−1

t ({z}) is a singleton and hence νt,z = δη−1
t (z) for ρt-a.e. z. Consequently,

θt ≡ 0 and thus τt ≡ 0. Conversely, non-injectivity of ηt does not necessarily imply that τt is nonzero: if
all points in a fibre share the same velocity, the fibre variance still vanishes. Thus τt measures the velocity
dispersion within fibres, not the geometric injectivity of ηt. In particular, the vanishing of τt is equivalent
to the collapse of the disintegration to Dirac masses with zero fibre variance, whereas injectivity is only a
sufficient condition for this to occur.

Proof of Lemma 3.1. We proceed in several steps. Throughout, t ⩾ 0 is fixed.

Measurability and pushforwards. By Theorem 1.1, for each fixed t ⩾ 0 the maps x 7→ ηt(x) and
x 7→ vt(x) are Borel on (Rd, ρ0), and vt ∈ L∞(ρ0;Rd). Hence the pushforward

ρt(B) := ρ0(η
−1
t (B))

is a probability (Radon) measure on Rd for every Borel set B, and

mt(B) :=

∫
η−1
t (B)

vt(x) ρ0(dx)

defines a finite Rd-valued Radon measure.

Absolute continuity mt ≪ ρt and definition of ut. Let A ⊂ Rd be Borel with ρt(A) = 0. Then
ρ0(η

−1
t (A)) = 0 by definition of pushforward. Consequently,

|mt|(A) =
∫
η−1
t (A)

|vt(x)| ρ0(dx) ⩽ ∥vt∥L∞(ρ0)

∫
η−1
t (A)

ρ0(dx) = 0,
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due to vt ∈ L∞(ρ0). Thus mt ≪ ρt. By the Radon–Nikodym theorem, there exists a (class of) Borel
function(s) ut ∈ L1(ρt;Rd) such that

mt = ut ρt, i.e., ut =
dmt

dρt
ρt-a.e.

L∞ bound on ut and barycentric identity. Apply Theorem 3.1 with

X = Rd, X̄ = Rd, µ = ρ0, π = ηt,

so that the pushforward measure is ν = π#µ = ρt. This yields a ρt-a.e. uniquely determined Borel family of
probability measures {νt,z}z∈supp(ρt) such that

ρ0 =

∫
Rd

νt,z ρt(dz), supp νt,z ⊂ η−1
t ({z}).

Define the fibre barycentre

v̄t(z) :=

∫
Rd

vt(x) νt,z(dx), ρt-a.e. z.

Since vt ∈ L∞(ρ0), there exists a ρ0-null set Nt such that

|vt(x)| ⩽ ∥vt∥L∞(ρ0) ⩽ ∥u0∥L∞(ρ0) for all x ∈ Rd \Nt

due to (2.2). By the disintegration identity, we get

0 = ρ0(Nt) =

∫
Rd

νt,z(Nt) ρt(dz),

and thus, νt,z(Nt) = 0 for ρt-a.e. z. Hence, for ρt-a.e z

|v̄t(z)| ⩽
∫
Rd

|vt(x)| νt,z(dx) ⩽ ∥vt∥L∞(ρ0) ⩽ ∥u0∥L∞(ρ0).

In particular, v̄t ∈ L∞(ρt) and
∥v̄t(z)∥L∞(ρt) ⩽ ∥u0∥L∞(ρ0).

Next, for any F ∈ Cb(Rd), by Fubini and disintegration,∫
Rd

F (z) v̄t(z) ρt(dz) =

∫
Rd

(∫
Rd

F (z) vt(x) νt,z(dx)

)
ρt(dz) =

∫
Rd

F (ηt(x)) vt(x) ρ0(dx).

On the other hand, for the vector measure mt,∫
Rd

F (z)mt(dz) =

∫
Rd

F (ηt(x))vt(x) ρ0(dx).

Since mt = ut ρt and F is arbitrary in Cb, we conclude that ut = v̄t ρt-a.e., and∫
Rd

F (z)ut(z) ρt(dz) =

∫
Rd

F (ηt(x)) vt(x) ρ0(dx), ∀F ∈ Cb(Rd). (3.1)

Fibre covariance and definition of θt, τt. With the disintegration {νt,z} fixed as above, define for ρt-a.e.
z,

θt(z) :=

∫
Rd

(vt(x)− ut(z))⊗ (vt(x)− ut(z)) νt,z(dx) ∈ Rd×d.

Measurability of z 7→ θt(z) follows from the standard kernel measurability of disintegrations and the fact
that (z, x) 7→ (vt(x) − ut(z)) ⊗ (vt(x) − ut(z)) is Borel and integrably bounded. Define the matrix-valued
measure τt := ρt θt, i.e.,∫

Rd

Ψ : dτt :=

∫
Rd

Ψ(z) : θt(z) ρt(dz) for all Ψ ∈ Cb(Rd;Rd×d).

Each θt(z) is a covariance matrix, hence symmetric and positive semidefinite; therefore τt is a finite symmetric
positive semidefinite matrix-valued Radon measure.

Finiteness of τt and the variance identity. Finiteness follows from the trace estimate. Using the identity∫
Rd

tr θt(z) ρt(dz) =

∫∫
Rd×Rd

|vt(x)− ut(z)|2 νt,z(dx)ρt(dz),
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expand the square and use (3.1) with F ≡ 1 and F ≡ ut (the latter obtained by approximating ut with
its truncations uRt := ut1|ut|⩽R and passing to the limit via dominated convergence and the L2-isometry
∥g ◦ ηt∥L2(ρ0) = ∥g∥L2(ρt)) to obtain the variance decomposition∫

Rd

tr θt(z) ρt(dz) =

∫
Rd

|vt(x)|2 ρ0(dx)−
∫
Rd

|ut(z)|2 ρt(dz) ⩽
∫
Rd

|vt|2 ρ0(dx) <∞.

Thus τt is finite. More generally, for any Ψ ∈ Cb(Rd;Rd×d), expanding fibrewise yields∫
Rd

Ψ : θt ρt(dz) =

∫
Rd

Ψ(ηt(x)) : (vt ⊗ vt) ρ0(dx)−
∫
Rd

Ψ(z) : (ut(z)⊗ ut(z)) ρt(dz)

=

∫
Rd

Ψ(ηt(x)) : (vt ⊗ vt − ut(ηt(x))⊗ ut(ηt(x))) ρ0(dx),

which is the claimed identity (independence of the choice of disintegration follows from equality of all integrals
against test fields Ψ).

Initial traces and positivity. At t = 0, η0 = id; therefore each fibre η−1
0 ({z}) = {z} is a singleton and

ν0,z = δz. Hence,

ut=0(z) =

∫
Rd

v0(x) δz(dx) = v0(z) = u0(z),

θt=0(z) =

∫
Rd

(v0(x)− u0(z))⊗ (v0(x)− u0(z)) δz(dx) = 0,

and thus τt=0 = 0. Positivity of τt follows from positivity of θt(z) for ρt-a.e. z. □

We next provide the temporal regularity of the Eulerian quantities (ρt,mt) constructed in Lemma 3.1.
Since the Lagrangian flow map t 7→ ηt and velocity t 7→ vt are continuous in L∞(ρ0) by Theorem 1.1, one
expects the corresponding pushforward objects to vary continuously in time. This is essential for formulating
the Eulerian system in a weak sense.

Lemma 3.2. Assume p ⩾ 2 and the hypotheses of Theorem 1.1. Let (ρt,mt) be the Eulerian quantities
associated with the Lagrangian solution (ηt, vt) as in Lemma 3.1. Then the following properties hold:

t 7→ ρt is narrowly continuous in P(Rd),

t 7→ mt is weak∗ continuous in M(Rd;Rd).

Proof. Fix t > 0. Since t 7→ wt := ηt − id is continuous in L∞(ρ0), we have

lim
s→t

∥ws − wt∥L∞(ρ0) = 0,

hence for ρ0-a.e. x, ηs(x) = x+ ws(x) → x+ wt(x) = ηt(x). Let ξ ∈ Cb(Rd). Then∫
Rd

ξ ρs(dx) =

∫
Rd

ξ(ηs(x)) ρ0(dx).

Since ξ is bounded and ξ(ηs(x)) → ξ(ηt(x)) for ρ0-a.e. x, the dominated convergence theorem yields∫
Rd

ξ(ηs(x)) ρ0(dx) →
∫
Rd

ξ(ηt(x)) ρ0(dx), i.e., t 7→ ρt is narrowly continuous.

For mt, take φ ∈W 1,∞(Rd;Rd). Then, we obtain∣∣∣∣∫
Rd

φ · (ms(dx)−mt(dx))

∣∣∣∣ = ∣∣∣∣∫
Rd

(φ(ηs(x)) · vs(x)− φ(ηt(x)) · vt(x)) ρ0(dx)
∣∣∣∣

⩽
∫
Rd

|φ(ηs)− φ(ηt)| |vs| ρ0(dx) +
∫
Rd

|φ(ηt)| |vs − vt| ρ0(dx)

⩽ ∥φ∥Lip∥vs∥L∞(ρ0)∥ws − wt∥L∞(ρ0) + ∥φ∥L∞∥vs − vt∥L∞(ρ0)

→ 0 as s→ t.

Thus, t 7→ mt is weak
∗ continuous. This completes the proof. □
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3.2. Global Eulerian solutions. In this subsection, we verify that the Eulerian objects (ρt, ut, τt) con-
structed in Lemma 3.1 indeed satisfy the ERA system (1.12) in the sense of distributions. The construction
relies exclusively on the underlying Lagrangian flow (ηt, vt) provided by Theorem 1.1 without a priori Euler-
ian regularity assumptions. We also show that this Eulerian solution satisfies the corresponding global energy
inequality and is unique within the class of Eulerian triples induced by Lagrangian solutions of Theorem 1.1,
thereby completing the proof of Theorem 1.2.

Proof of Theorem 1.2. Let (ηt, vt) be the global Lagrangian solution provided by Theorem 1.1. All Eulerian
objects ρt, mt, ut, θt and τt := ρt θt are already constructed in Lemma 3.1, where we also recorded: mt ≪ ρt
with ut =

dmt

dρt
∈ L∞(ρt), τt is symmetric positive semidefinite and finite, and the barycentric identity∫

Rd

F (z)ut(z) ρt(dz) =

∫
Rd

F (ηt(x))vt(x) ρ0(dx) for all bounded Borel F : Rd → Rd, (3.2)

together with the fibre support property of the disintegration {νt,z}.
Fix T > 0. In what follows, we take test functions

ξ ∈ C∞
c ((0, T )× Rd), φ ∈ C∞

c ((0, T )× Rd;Rd),

so that no boundary terms in time appear.

Step 1: Continuity equation in the sense of distributions. By Theorem 1.1, t 7→ ηt − id and t 7→ vt
are C1 in L∞(ρ0), hence t 7→

∫
Rd ξ(t, ηt(x)) ρ0(dx) is absolutely continuous and

d

dt

∫
Rd

ξ(t, z) ρt(dz) =
d

dt

∫
Rd

ξ(t, ηt(x)) ρ0(dx) =

∫
Rd

(∂tξ +∇ξ · vt) (t, ηt(x)) ρ0(dx).

Using (3.2) with F = ∇ξ(t, ·), we obtain

d

dt

∫
Rd

ξ(t, z) ρt(dz) =

∫
Rd

(∂tξ)ρt(dz) +

∫
Rd

(∇ξ) · ut ρt(dz).

Integrating in time over (0, T ) and using ξ ∈ C∞
c ((0, T )× Rd) yield∫ T

0

∫
Rd

(∂tξ)ρt(dz)dt+

∫ T

0

∫
Rd

(∇ξ) · ut ρt(dz)dt = 0,

which is the distributional form of ∂tρ+∇ · (ρu) = 0 on (0, T )× Rd.

Step 2: Momentum equation in the sense of distributions. Define for t ∈ (0, T )

I(t) :=

∫
Rd

φ(t, ηt(x)) · vt(x) ρ0(dx) =
∫
Rd

φ(t, z) ·mt(dz).

Differentiating in t and using ∂tηt = vt and the Lagrangian equation for vt,

∂tvt(x) = κ

∫
Rd

ϕ(ηt(x)− ηt(y))Gp(vt(y)− vt(x)) ρ0(dy),

we get

d

dt
I(t) =

∫
Rd

∂tφ(t, ηt(x)) · vt(x) ρ0(dx) +
∫
Rd

∇φ(t, ηt(x)) : (vt(x)⊗ vt(x)) ρ0(dx)

+ κ

∫∫
Rd×Rd

φ(t, ηt(x)) · ϕ(ηt(x)− ηt(y))Gp(vt(y)− vt(x)) ρ0(dy)ρ0(dx).

Antisymmetrizing the last term via the evenness of ϕ (swap (x, y) and average) yields

1

2

∫∫
Rd×Rd

ϕ(ηt(x)− ηt(y)) (φ(t, ηt(x))− φ(t, ηt(y))) ·Gp(vt(y)− vt(x)) ρ0(dy)ρ0(dx). (3.3)

We now pass to Eulerian variables in each term.

Step 2.(a) Transport and quadratic terms. By (3.2) with F = ∂tφ(t, ·),∫
Rd

∂tφ(t, ηt) · vt ρ0(dx) =
∫
Rd

∂tφ(t, z) · ut(z) ρt(dz) =
∫
Rd

∂tφ ·mt(dz).
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For the quadratic term we use the macro/fluctuation decomposition (Lemma 3.1): writing

vt = ut ◦ ηt + ωt with

∫
Rd

ωt νt,z(dx) = 0

on each fibre, expanding vt ⊗ vt and integrating fibrewise gives∫
Rd

∇φ(t, ηt) : vt ⊗ vt ρ0(dx) =

∫
Rd

∇φ(t, z) : ut ⊗ ut ρt(dz) +

∫
Rd

∇φ(t, z) : τt(dz).

Step 2.(b) Nonlocal alignment term. Disintegrate the product measure

ρ0(dx)ρ0(dy) = νt,z(dx) νt,ζ(dy) ρt(dz)ρt(dζ)

and write, for x ∈ suppνt,z, y ∈ suppνt,ζ ,

vt(x) = ut(z) + ωt(x), vt(y) = ut(ζ) + ωt(y),

where the fibre fluctuations satisfy∫
Rd

ωt(x)νt,z(dx) = 0,

∫
Rd

ωt(y)νt,ζ(dy) = 0.

Then, on each pair of fibres (z, ζ),∫
η−1
t (z)

∫
η−1
t (ζ)

Gp(vt(y)− vt(x)) νt,z(dx)νt,ζ(dy)

=

∫
η−1
t (z)

∫
η−1
t (ζ)

Gp(ut(ζ)− ut(z) + ωt(y)− ωt(x)) νt,z(dx)νt,ζ(dy).

Adding and subtracting Gp(ut(ζ)− ut(z)) inside the integral, we get∫
η−1
t (z)

∫
η−1
t (ζ)

Gp(vt(y)− vt(x)) νt,z(dx)νt,ζ(dy) = Gp(ut(ζ)− ut(z)) +Kt(z, ζ),

where K is given as in (1.13). Hence, the antisymmetrized nonlocal term (3.3) equals tp∫
Rd

φ(t, z) ·
(
κ

∫
Rd

ϕ(z − ζ) (Gp(ut(ζ)− ut(z)) +Kt(z, ζ)) ρt(dζ)

)
ρt(dz).

Collecting (a)–(b) gives, for all φ ∈ C∞
c ((0, T )× Rd;Rd),

d

dt

∫
Rd

φ · mt(dz) =

∫
Rd

∂tφ ·mt(dz) +

∫
Rd

∇φ : ut ⊗ utρt(dz) +

∫
Rd

∇φ : τt(dz)

+

∫
Rd

φ(t, z) ·
(
κ

∫
Rd

ϕ(z − ζ) (Gp(ut(ζ)− ut(z)) +Kt(z, ζ)) ρt(dζ)

)
ρt(dz),

and integrating in time over (0, T ) yields the distributional form of

∂t(ρu) +∇ · (ρu⊗ u+ τ) = ρ(Ap[ρ, u] +Rp[ρ, u]).

Since T > 0 was arbitrary, both distributional identities hold on (0,∞).

Step 3: Energy inequality. Since (ηt, vt) is a global classical solution of the Lagrangian p-alignment
system (1.1), Lemma 2.1 yields for all t ⩾ 0,

1

2

∫
Rd

|vt|2 ρ0(dx) +
κ

2

∫ t

0

∫∫
Rd×Rd

ϕ(ηs(x)− ηs(y))|vs(x)− vs(y)|p ρ0(dx)ρ0(dy)ds

⩽
1

2

∫
Rd

|u0|2 ρ0(dx).
(3.4)

Using the fibre decomposition

vt(x) = ut(z) + ωt(x), z = ηt(x),

with zero fibre mean ∫
Rd

ωt(x) νt,z(dx) = 0,
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we compute

|vt(x)|2 = |ut(z)|2 + 2ut(z) · ωt(x) + |ωt(x)|2.
Integrating first with respect to νt,z and using the zero-mean property of ωt, we obtain∫

Rd

|vt(x)|2 νt,z(dx) = |ut(z)|2 +
∫
Rd

|ωt(x)|2 νt,z(dx).

Integrating next with respect to ρt(dz) and recalling that

tr θt(z) =

∫
Rd

|ωt(x)|2 νt,z(dx),

we arrive at ∫
Rd

tr θt(z) ρt(dz) =

∫
Rd

|vt(x)|2 ρ0(dx)−
∫
Rd

|ut(z)|2 ρt(dz), (3.5)

and thus, ∫
Rd

(
|ut|2 + tr θt(z)

)
ρt(dz) =

∫
Rd

|vt|2 ρ0(dx).

Using the fibre-variance identity from Lemma 3.1, we have∫
Rd

tr θt(z) ρt(dz) =

∫
Rd

|vt(x)|2 ρ0(dx)−
∫
Rd

|ut(z)|2 ρt(dz), (3.6)

and thus, ∫
Rd

(
|ut|2 + tr θt(z)

)
ρt(dz) =

∫
Rd

|vt|2 ρ0(dx).

Substituting this identity into (3.4), while writing ηr(x) = z and ηr(y) = ζ and disintegrating ρ0(dx)ρ0(dy)
along the fibres, yields the Eulerian energy inequality (1.14).

Step 4: Regularity and uniqueness in the Lagrangian–compatible class. By Theorem 1.1 and
Lemma 3.2, t 7→ ρt is narrowly continuous and t 7→ mt is weak

∗ continuous. All structural properties of ut
and τt are those listed in Lemma 3.1.

Finally, if (ρ̃, ũ, τ̃) is obtained from another Lagrangian solution with the same initial data (ρ0, u0),
uniqueness for the Lagrangian ODE (Theorem 1.1) gives (η, v) = (η̃, ṽ), hence ρ = ρ̃, m = m̃, and by the
barycentric/variance identities u = ũ, τ = τ̃ . This completes the proof. □

4. Asymptotic closure of Euler–Reynolds–alignment to Euler–alignment under flocking

In the previous sections, we derived the ERA system induced by the global Lagrangian flow and identified
the two defect terms preventing macroscopic closure: the Reynolds stress τt and, for p > 2, the nonlinear
defect force Rp[ρt, ut]. Both terms arise from microscopic velocity fluctuations along Lagrangian fibres.
Equivalently, they vanish precisely in the mono-kinetic regime, where the Eulerian velocity is uniquely
determined at each spatial point.

The purpose of this section is twofold. First, we show that under the sole assumption of velocity flocking,
the two defect terms in the Euler–Reynolds–alignment system, the Reynolds stress τt and the nonlinear defect
force Rp[ρt, ut], vanish asymptotically as t→ ∞. This yields an asymptotic suppression of the obstruction to
Eulerian macroscopic closure, without requiring injectivity of the flow map, spatial confinement, or additional
Eulerian regularity.

Second, using the kinetic lifting of the Lagrangian flow and a compactness argument for time-translates,
we show that any subsequential long-time limit is mono-kinetic and is transported by the conserved mean
velocity ū.

4.1. Decay of Reynolds stress and nonlinear defect force. We begin by showing that velocity flocking
forces the decay of both defect terms in the ERA system. More precisely, the uniform decay of the velocity
diameter implies that velocities along the same Lagrangian fibre become asymptotically indistinguishable.
As a consequence, the fibrewise velocity variance encoded in τt vanishes, and the nonlinear defect force Rp,
which measures the mismatch between nonlinear alignment interactions and their barycentric approximation,
disappears as well.

The following lemma provides the quantitative formulation of this decay at the level of distributions.
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Lemma 4.1. Let p ⩾ 2, assume the hypotheses of Theorem 1.1, and let (ρt, ut, τt) be the Eulerian objects
induced by the Lagrangian solution as in Theorem 1.2. Then the Reynolds stress vanishes asymptotically in
the sense that

∥τt∥M(Rd;Rd×d) → 0 as t→ ∞.

In addition, when p > 2, the nonlinear defect force also vanishes asymptotically:

∥ρtRp[ρt, ut]∥M(Rd;Rd) → 0 as t→ ∞.

Moreover, the Eulerian velocity diameter decays to zero in the essential sense:

ess sup
(z,ζ)∈St×St

|ut(z)− ut(ζ)| → 0 as t→ ∞, St = supp ρt.

Proof. We follow the systematization argument of [80, §4],[81, §3], expressing the energy balance stated in
Lemma 2.1, as an equivalent statement for the decay of velocity fluctuations

1

4

d

dt

∫∫
Rd×Rd

|vt(x)− vt(y)|2 ρ0(dx)ρ0(dy) +
κ

2

∫∫
Rd×Rd

ϕ(ηt(x)− ηt(y))|vt(x)− vt(y)|p ρ0(dx)ρ0(dy) = 0.

By Hölder inequality (recall that ρ0 is a probability measure)

d

dt
δE (t) ⩽ −2κϕ(dη(t))δE

p/2(t), δE (t) :=

∫∫
Rd×Rd

|vt(x)− vt(y)|2 ρ0(dx)ρ0(dy),

and in view of our assumption, δE (t)
t→∞−→ 0. The result follows by noting that δE (t) quantifies fluctuations

of the Eulerian velocities; specifically

δE (t) =

∫∫
Rd×Rd

(
|ut(x)− ut(y)|2 + tr θt(x) + tr θt(y)

)
ρt(dx)ρt(dy). (4.1)

Indeed, δE (t) =

∫
Rd

|vt(x)|2ρ0(dx)−2

∫
Rd

vt(x)ρ0(dx)

∫
Rd

vt(y)ρ0(dy)+

∫
Rd

|vt(y)|2ρ0(dy). For the two quadratic

terms we use the energy decomposition in (3.6)∫
Rd

|vt(z)|2ρ0(dz) =
∫
Rd

|ut(z)|2ρt(dz) +
∫
Rd

tr θt(z)ρt(dz),

while for the mixed term we use the barycentric identity (3.2) with F ≡ 1∫
Rd

vt(x)ρ0(dx)

∫
Rd

vt(y)ρ0(dy) =

∫
Rd

ut(x)ρt(dx)

∫
Rd

ut(y)ρt(dy),

and (4.1) follows. Hence, δE (t)
t→∞−→ 0 implies an asymptotic mono-kinetic closure, ∥τt∥M(Rd;Rd×d) =∫

Rd

tr θt(x)ρt(dx)
t→∞−→ 0 (as well as average asymptotic flocking

∫∫
Rd×Rd

|ut(x)−ut(y)|2ρt(dx)ρt(dy)
t→∞−→ 0).

For p > 2, there is an additional nonlinear defect kernel Kt(z, ζ) in (1.13)

Kt(z, ζ) =

∫∫
Rd×Rd

(
Gp(a+ b)−Gp(a)

)
νt,ζ(dy)νt,z(dx),

which involves the two terms a := ut(ζ)−ut(z) and b := ωt(y)−ωt(x). Since ut is the barycenter of vt along
each fibre,

|a| = |ut(ζ)− ut(z)| =
∣∣∣∣∫∫

Rd×Rd

(vt(y)− vt(x)) νt,ζ(dy)νt,z(dx)

∣∣∣∣ ⩽ dv(t).

Hence, we have
ess sup

(z,ζ)∈St×St

|ut(z)− ut(ζ)| → 0 as t→ ∞, St = supp ρt.

Likewise, for x ∈ suppνt,z and y ∈ suppνt,ζ , |ωt(x)| = |vt(x)− ut(z)| ⩽ dv(t), hence

|b| = |ωt(y)− ωt(x)| ⩽ 2dv(t).

By Theorem 1.1, we have dv(t)
t→∞−→ 0, and hence Gp(a + b) and Gp(a), each is of the vanishing order

dp−1
v (t)

t→∞−→ 0. Therefore,

|Kt(z, ζ)| ⩽ |Gp(a+ b)−Gp(a)| ⩽ Cp d
p−1
v (t),
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which in turn implies ∥ρtRp[ρt, ut]∥M(Rd;Rd) ⩽ ∥Rp[ρt, ut]∥L∞ ≲ dp−1
v (t)

t→∞−→ 0. □

4.2. Asymptotic mono-kinetic dynamics. Lemma 4.1 already proves the first assertion of Theorem 1.3,
namely the asymptotic vanishing of the Reynolds stress and the nonlinear defect force. It remains to establish
the second assertion, concerning the structure of subsequential long-time limits of the lifted kinetic measure.

To this end, we consider time-translates of the kinetic lifting and pass to the limit on a fixed time window.
The key point is that velocity flocking forces the velocity marginal to collapse to the Dirac mass δū, so that
every such long-time limit is mono-kinetic and transported by the conserved mean velocity.

Proof of Theorem 1.3. The first assertion is exactly Lemma 4.1. We therefore only prove the second asser-
tion. We proceed in several steps.

Step 1. Time translation and kinetic weak formulation on a fixed window. Fix T > 0. For each
R > 0, introduce the translated lifted measure

µ(R)
s := (ηR+s, vR+s)#ρ0, 0 ⩽ s ⩽ T.

By construction, µ
(R)
s ∈ P(Rd × Rd).

As shown in Appendix A, the lifted measure µt associated with the Lagrangian dynamics satisfies the
kinetic equation

∂tµt +∇z · (ξµt) +∇ξ ·
(
Fp[µt]µt

)
= 0 in D′((0,∞)× Rd × Rd),

where

Fp[f ](z, ξ) = κ

∫∫
Rd×Rd

ϕ(z − z′)Gp(ξ
′ − ξ) f(dz′, dξ′), Gp(w) = |w|p−2w.

Consequently, the translated measure µ(R) satisfies the weak formulation∫ T

0

∫∫
Rd×Rd

(−∂sΦ(s, z) · ξ −∇zΦ(s, z) : (ξ ⊗ ξ))µ(R)
s (dz, dξ) ds

=

∫ T

0

∫∫
Rd×Rd

Φ(s, z) · Fp[µ
(R)
s ](z, ξ)µ(R)

s (dz, dξ) ds

(4.2)

for every Φ ∈ C∞
c ((0, T )× Rd;Rd).

In particular, taking test functions depending only on (s, z) yields the spatial continuity equation∫ T

0

∫∫
Rd×Rd

(−∂sφ(s, z)− ξ · ∇zφ(s, z))µ
(R)
s (dz,dξ) ds = 0

for all φ ∈ C∞
c ((0, T )× Rd).

Step 2. Local compactness on the support of the test function. Let K ⊂ Rd be a compact set such
that suppΦ ⊂ (0, T )×K. Since we only test the kinetic formulation (4.2) against Φ, all space–time integrals
involve only (s, z) ∈ [0, T ]×K.

By the L∞ maximum principle established in the proof of Theorem 1.1 (see (2.2)), we have the uniform
bound

∥vt∥L∞(ρ0) ⩽ ∥u0∥L∞(ρ0) for all t ⩾ 0,

and hence |vt(x)| ⩽ M for ρ0-a.e. x with M := ∥u0∥L∞(ρ0). Consequently, for every R > 0 and s ∈ [0, T ],
the lifted measure

µ(R)
s = (ηR+s, vR+s)#ρ0

is supported in Rd ×B(0,M), namely

suppµ(R)
s ⊂ Rd ×B(0,M). (4.3)

In particular, for each s ∈ [0, T ], the restriction of µ
(R)
s toK×Rd is a finite positive Radon measure supported

in the compact set K ×B(0,M), and hence the family {µ(R)
s }R>0 is bounded in M(K ×B(0,M)).

Using (4.3) and the fact that µ
(R)
s are probability measures, we may extract a sequence Rn → ∞ and a

limit

µ∗ ∈ L∞(0, T ;M(K ×B(0,M))
)
,
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such that µ(Rn) ⇀ µ∗ weakly-∗ in L∞(0, T ;M(K × B(0,M))). That is, for every test function ψ ∈
L1(0, T ;C(K ×B(0,M))), we have∫ T

0

∫∫
Rd×Rd

ψ(s, z, ξ)µ(Rn)
s (dz, dξ) ds→

∫ T

0

∫∫
Rd×Rd

ψ(s, z, ξ)µ∗
s(dz, dξ) ds.

For a.e. s ∈ (0, T ), let ρ∗s denote the z–marginal of µ∗
s. By the disintegration theorem (Theorem 3.1),

there exists a ρ∗s–a.e. uniquely determined family of probability measures {ν̃∗s,z}z∈K ⊂ P(Rd) such that

µ∗
s(dz, dξ) = ρ∗s(dz) ν̃

∗
s,z(dξ).

Step 3. Equicontinuity in time and compactness. We show that the family {µ(R)}R>0 is equicontin-

uous in time in the dual space W−1,∞(K ×B(0,M)).

Let ψ ∈ C1(K ×B(0,M)). From the kinetic formulation (4.2), we obtain

d

ds

∫∫
Rd×Rd

ψ(z, ξ)µ(R)
s (dz, dξ) =

∫∫
Rd×Rd

ξ · ∇zψ(z, ξ)µ
(R)
s (dz, dξ)

+

∫∫
Rd×Rd

Fp[µ
(R)
s ](z, ξ) · ∇ξψ(z, ξ)µ

(R)
s (dz, dξ).

Since |ξ| ⩽M on the support of µ
(R)
s and the alignment force Fp[µ

(R)
s ] is uniformly bounded on K×B(0,M),

we deduce ∣∣∣∣ dds
∫∫

Rd×Rd

ψ(z, ξ)µ(R)
s (dz,dξ)

∣∣∣∣ ⩽ C∥ψ∥
W 1,∞(K×B(0,M))

,

with a constant C > 0 independent of R. Hence {µ(R)}R>0 is equicontinuous in W−1,∞(K ×B(0,M)).
Combining this equicontinuity with the weak-∗ compactness obtained in Step 2, an Arzelá–Ascoli argument

yields, up to extraction of a subsequence,

µ(Rn)
s ⇀ µ∗

s in M(K ×B(0,M)) for every s ∈ [0, T ].

Step 4. Collapse of the velocity marginal. For each R > 0 and t ∈ [0, T ], let

λ
(R)
t := (πξ)#µ

(R)
t = (vR+t)#ρ0 ∈ P(B(0,M))

be the velocity marginal of µ
(R)
t , where πξ(z, ξ) := ξ denotes the projection onto the velocity variable.

Since πξ is continuous and µ
(Rn)
t ⇀ µ∗

t narrowly in M(K ×B(0,M)) for every t ∈ [0, T ], it follows that

λ
(Rn)
t ⇀ λ∗t := (πξ)#µ

∗
t narrowly in P(B(0,M))

for every t ∈ [0, T ].

We now show that λ∗t is in fact a Dirac mass concentrated at the conserved mean velocity. Since λ
(Rn)
t =

(vRn+t)#ρ0, every two points in suppλ
(Rn)
t are of the form vRn+t(x) and vRn+t(y) for some x, y ∈ suppρ0.

Hence

diam(suppλ
(Rn)
t ) ⩽ dv(Rn + t).

Therefore, for every fixed t ∈ [0, T ],

diam(suppλ
(Rn)
t ) → 0 as n→ ∞.

Next we use conservation of total momentum to identify the center of concentration. By Lemma 2.1, the
total momentum is conserved along the Lagrangian dynamics:∫

Rd

vs(x) ρ0(dx) =

∫
Rd

u0(x) ρ0(dx) =: ū for all s ⩾ 0.

Equivalently, ∫
Rd

ξ λ
(Rn)
t (dξ) = ū for every n ∈ N, t ∈ [0, T ].

We claim that

λ
(Rn)
t ⇀ δū narrowly in P(B(0,M))
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for every fixed t ∈ [0, T ]. To prove this, let g ∈ C(B(0,M)) be arbitrary. Since ū is the barycenter of

λ
(Rn)
t , and the support of λ

(Rn)
t has diameter tending to zero, the whole support must concentrate around

ū. Indeed, for any ξ ∈ suppλ
(Rn)
t ,

|ξ − ū| =
∣∣∣∣ξ − ∫

Rd

ξ′ λ
(Rn)
t (dξ′)

∣∣∣∣ ⩽ ∫
Rd

|ξ − ξ′|λ(Rn)
t (dξ′) ⩽ diam(suppλ

(Rn)
t ).

Taking the supremum over ξ ∈ suppλ
(Rn)
t , we obtain

suppλ
(Rn)
t ⊂ B

(
ū, diam(suppλ

(Rn)
t )

)
.

Hence, ∣∣∣∣∫
Rd

g(ξ)λ
(Rn)
t (dξ)− g(ū)

∣∣∣∣ ⩽ sup
|ξ−ū|⩽diam(suppλ

(Rn)
t )

|g(ξ)− g(ū)|.

Since g is uniformly continuous on the compact set B(0,M) and diam(suppλ
(Rn)
t ) → 0, the right-hand side

converges to 0. Therefore, ∫
Rd

g(ξ)λ
(Rn)
t (dξ) → g(ū),

which proves the claim.
By the uniqueness of the narrow limit, we conclude that

λ∗t = δū for every t ∈ [0, T ].

Finally, since λ∗t = (πξ)#µ
∗
t is the ξ-marginal of µ∗

t and is equal to the Dirac mass δū, the measure µ∗
t

must be concentrated on the slice Rd × {ū}. Hence, we have

µ∗
t (dz, dξ) = ρ∗t (dz) δū(dξ) for every t ∈ [0, T ].

Step 5. Passage to the limit and identification of the limit dynamics. Let φ ∈ C∞
c ((0, T )×Rd) be

arbitrary, and let K ⊂ Rd be a compact set such that

suppφ ⊂ (0, T )×K.

Since µ(Rn) is a weak solution of the kinetic equation, testing against functions depending only on (s, z)
yields ∫ T

0

∫∫
Rd×Rd

(−∂sφ(s, z)− ξ · ∇zφ(s, z))µ
(Rn)
s (dz, dξ) ds = 0.

Indeed, the force term disappears because φ is independent of ξ.
Now the function

(s, z, ξ) 7→ −∂sφ(s, z)− ξ · ∇zφ(s, z)

belongs to L1(0, T ;C(K ×B(0,M))). Hence, by the weak-∗ convergence obtained in Step 2, we may pass to
the limit: ∫ T

0

∫∫
Rd×Rd

(−∂sφ(s, z)− ξ · ∇zφ(s, z))µ
∗
s(dz, dξ) ds = 0.

Using the monokinetic form from Step 4,

µ∗
s(dz, dξ) = ρ∗s(dz) δū(dξ),

we obtain ∫ T

0

∫
Rd

(−∂sφ(s, z)− ū · ∇zφ(s, z)) ρ
∗
s(dz) ds = 0.

Therefore, we have
∂tρ

∗ +∇z · (ρ∗ū) = 0 in D′((0, T )× Rd).

Settting
ρ∗0 := (πz)#µ

∗
0 ∈ P(Rd),

the above continuity equation with constant velocity ū yields

ρ∗t = (z 7→ z + tū)#ρ
∗
0 for all t ∈ [0, T ].

As T > 0 was arbitrary, the same representation holds for all t ⩾ 0. This completes the proof. □
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Remark 4.1 (On the relation between νt,z and ν̃t,z). Two different families of fibre measures appear in our
analysis and play distinct but related roles, corresponding to two different disintegration procedures.

The family {ν̃t,z}z∈Rd arises from the disintegration of the kinetic lifted measure (ηt, vt)#ρ0 with respect
to its spatial marginal ρt = (ηt)#ρ0, namely

(ηt, vt)#ρ0(dz, dξ) = ρt(dz) ν̃t,z(dξ).

The measure ν̃t,z ∈ P(Rd) represents the conditional distribution of velocities at the Eulerian position z.
On the other hand, the family {νt,z}z∈Rd is obtained from the disintegration of the reference measure ρ0

with respect to the flow map ηt, that is,

ρ0(dx) =

∫
Rd

νt,z(dx)ρt(dz),

and describes the distribution of Lagrangian labels x such that ηt(x) = z. These two families are related
through the velocity map by the pushforward identity

ν̃t,z = (vt)#νt,z.

In particular, if the Lagrangian flow map ηt is injective, then for ρt-a.e. z the fibre νt,z reduces to the Dirac
mass δη−1

t (z), and consequently

ν̃t,z = δvt(η−1
t (z)) = δut(z).

In this case the kinetic measure is mono-kinetic and the Reynolds stress vanishes. Thus injectivity of ηt is a
sufficient condition for mono-kinetic closure.

The converse implication, however, does not hold in general. It may happen that ν̃t,z is a Dirac mass
even though νt,z is not, corresponding to the situation where several Lagrangian labels collide in space while
carrying identical velocities. This distinction explains why mono-kinetic closure at the Eulerian level does
not necessarily imply injectivity of the underlying Lagrangian flow.

5. One-dimensional Lagrange–alignment formulation

In this section, we specialize the Lagrangian formulation of the alignment dynamics to the one-dimensional
case. We consider the system

∂tηt(x) = vt(x), t > 0, x ∈ R,

∂tvt(x) = κ

∫
R
ϕ(ηt(x)− ηt(y))(vt(y)− vt(x)) ρ0(dy).

(5.1)

Following [16, 32, 48], it is natural to write the above system in the equivalent “renormalized” form.
Recall the effective initial velocity

v̂(x) = u0(x)− κ

∫
R
Φ(y − x) ρ0(dy),

where Φ ∈ C2(R) is a primitive of ϕ. Then (5.1) rewrites as

∂tηt(x) = v̂(x) + κ

∫
R
Φ(ηt(y)− ηt(x)) ρ0(dy). (5.2)

By Theorem 1.1 the system (5.1)–(5.2) admits a unique global Lagrangian solution (ηt, vt).

5.1. Order preservation and injectivity. We now characterize the exact condition under which the
Lagrangian flow remains injective for all t ⩾ 0. Recall from Section 3 that injectivity of ηt implies that the
Reynolds stress tensor τt vanishes, so that the ERA system reduces to the mono-kinetic Euler–alignment
equations.

Proposition 5.1 (Characterization of injectivity). Let (ηt, vt) denote the global Lagrangian solution, whose
flow component ηt satisfies (5.2). Then the following are equivalent:

(i) ηt is injective for all t ⩾ 0; equivalently, the flow is order preserving:

x > y =⇒ ηt(x) > ηt(y) ∀ t ⩾ 0.

(ii) The effective velocity v̂ is non-decreasing:

x > y =⇒ v̂(x) ⩾ v̂(y).
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Proof. (ii)⇒ (i). Fix x > y. From (5.2), we find

∂t(ηt(x)− ηt(y)) = v̂(x)− v̂(y) + κ

∫
R
(Φ(ηt(z)− ηt(x))− Φ(ηt(z)− ηt(y))) ρ0(dz)

⩾ −κ(ηt(x)− ηt(y))

∫
R
ϕ(ξt(x, y, z)) ρ0(dz),

where ξt(x, y, z) is between ηt(z)− ηt(x) and ηt(z)− ηt(y). Then, applying Grönwall’s lemma gives

ηt(x)− ηt(y) ⩾ (x− y) exp

(
−κ
∫ t

0

∫
R
ϕ(ξs(x, y, z)) ρ0(dz)ds

)
⩾ (x− y)e−κ∥ϕ∥L∞ t.

Thus order is preserved.

(i)⇒ (ii). If v̂ is not non-decreasing, pick x > y with v̂(x) < v̂(y). For as long as ηt(x) − ηt(y) > 0, we
obtain

∂t(ηt(x)− ηt(y)) = v̂(x)− v̂(y) + κ

∫
R
(Φ(ηt(z)− ηt(x))− Φ(ηt(z)− ηt(y))) ρ0(dz)

⩽ v̂(x)− v̂(y),

since Φ is nondecreasing. This gives

ηt(x)− ηt(y) ⩽ (x− y) + (v̂(x)− v̂(y)) t,

and hence ηt(x)− ηt(y) must reach 0 in finite time, contradicting injectivity. This completes the proof. □

Remark 5.1 (At most one collision per pair). Assume that v̂ is not non-decreasing, and fix x > y with
v̂(x) < v̂(y). Set

d(t) := ηt(x)− ηt(y), ∆v̂ := v̂(x)− v̂(y) < 0.

Subtracting (5.2) at x and y and using the mean value theorem (with Φ′ = ϕ) yields, for all t ⩾ 0,

d′(t) = ∆v̂ − κ

(∫
R
ϕ(ξt(x, y, z)) ρ0(dz)

)
d(t) = ∆v̂ − κA(t) d(t),

where ξt(x, y, z) lies between ηt(z)− ηt(x) and ηt(z)− ηt(y), and

A(t) :=

∫
R
ϕ(ξt(x, y, z)) ρ0(dz) ∈ [0, ∥ϕ∥L∞ ].

Thus d solves the linear ODE

d′(t) + κA(t) d(t) = ∆v̂.

By the integrating factor formula, we get

d(t) = e−κ
∫ t
0
A(τ) dτ

(
d(0) + ∆v̂

∫ t

0

eκ
∫ s
0
A(τ) dτ ds

)
.

Since ∆v̂ < 0 and the integrand is strictly positive, the bracketed term is strictly decreasing in t. Consequently,
it can vanish at most once, and therefore

Cx,y := {t > 0 : ηt(x) = ηt(y)} = {t > 0 : d(t) = 0}

contains at most one point. In particular, a second collision cannot occur.
Moreover, as long as d(t) > 0 one has d′(t) = ∆v̂ − κA(t)d(t) ⩽ ∆v̂, and hence the first collision time tc

(if it exists) satisfies the explicit upper bound

tc ⩽
d(0)

−∆v̂
=

x− y

v̂(y)− v̂(x)
.
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5.2. Reduction to Euler–alignment in the injective regime. The one-dimensional structure allows a
complete characterization of when the Lagrangian flow remains injective, using Proposition 5.1. When the
effective velocity v̂ is non-decreasing, the flow remains injective for all times, and the induced Eulerian state
remains mono-kinetic, so that the Reynolds stress vanishes identically and the ERA system reduces to the
Euler–alignment equations.

When the monotonicity of v̂ fails, collisions may occur, and the flow may lose injectivity. Remark 5.1
shows that each ordered pair of Lagrangian labels can collide at most once. However, this property alone
does not imply that the disintegration of ρ0 along ηt remains Dirac for almost every time. In general, several
Lagrangian labels may map to the same Eulerian position while carrying different velocities, and the Eulerian
description is then given by the ERA system with a nontrivial Reynolds stress.

Proof of Theorem 1.4. If the effective velocity v̂ is non-decreasing, then by Proposition 5.1, the flow map
ηt is injective for all t ⩾ 0, the solution remains mono-kinetic, and the Reynolds stress vanishes identically.
Hence, by Theorem 1.2, the Eulerian pair (ρt, ut) satisfies the mono-kinetic one-dimensional Euler–alignment
system (1.16) in the sense of distributions. □

6. Euler–alignment system

This section is devoted to the construction of weak solutions to the Euler–alignment system

∂tρt +∇ · (ρtut) = 0,

∂t(ρtut) +∇ · (ρtut ⊗ ut) = ρtAp[ρt, ut]
(6.1)

starting from the Lagrangian p-alignment dynamics (1.1).
Given a Lagrangian solution (ηt, vt), the pushforward and disintegration procedure associates Eulerian

variables (ρt, ut, τt) solving the ERA system (1.12), where the Reynolds stress τt measures the fibrewise
velocity dispersion generated by the disintegration of ρ0 along the flow map ηt. In particular, injectivity
of ηt is a sufficient condition for τt to vanish, but the essential closure mechanism is the collapse of the
disintegration to Dirac masses. The vanishing of τt is therefore the key mechanism allowing the reduction
of (1.12) to the closed Eulerian system (6.1).

Our approach relies on quantitative control of the Lagrangian deformation. Since

∇ηt(x) = Id +

∫ t

0

∇vs(x) ds,

a sufficient condition for injectivity of the flow is that the deformation of the identity remains strictly smaller
than unity in operator norm, i.e., ∥∥∥∥∫ t

0

∇vs(·) ds
∥∥∥∥
L∞(ρ0)

< 1,

which implies that the flow map ηt is injective on this time interval. Consequently, the disintegration along
ηt is Dirac, so that both the Reynolds stress τt and the nonlinear defect force Rp vanish identically, and the
ERA system reduces to (6.1).

We proceed as follows. We first establish global well-posedness of the Lagrangian p-alignment system in
W 1,∞(ρ0) and derive a priori bounds on ∥∇ηt∥L∞(ρ0) and ∥∇vt∥L∞(ρ0) (Theorem 6.1 below). These bounds
yield local-in-time weak solutions to (6.1). We then specialize to the linear velocity coupling p = 2 and show
that, under a sufficiently large coupling strength, the injectivity condition holds globally in time, thereby
proving Theorem 1.5.

6.1. Global well-posedness for Lagrangian p-alignment formulation in W 1,∞(ρ0). We now prove
the global well-posedness result for the Lagrangian p-alignment system mentioned above.

Theorem 6.1. Let p ⩾ 2 and assume ϕ ∈ C1 ∩ W 1,∞(Rd). For any u0 ∈ W 1,∞(ρ0), the Lagrangian
p-alignment system (1.1)–(1.2) admits a unique global solution

(η − id, v) ∈ C1([0,∞);W 1,∞(ρ0)×W 1,∞(ρ0)).

Moreover, we have

∥∇ηt∥L∞(ρ0) + ∥∇vt∥L∞(ρ0) ⩽ (1 + ∥∇u0∥L∞(ρ0))e
C0t

for some C0 > 0 depending on κ, p, ∥ϕ∥W 1,∞ , and ∥u0∥L∞ .
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Proof. Local well-posedness in W 1,∞(ρ0) follows by the same argument as in Theorem 1.1, thus it suffices

to derive a priori estimates in Ẇ 1,∞(ρ0).
Let Gp(ξ) := |ξ|p−2ξ. For all p ⩾ 2, one has

|Gp(ξ)| ⩽ |ξ|p−1, |∇Gp(ξ)| ⩽ Cp|ξ|p−2 (with Cp ∼ p− 1).

By Theorem 1.1 (maximum principle), set

M := sup
t⩾0

∥vt∥L∞(ρ0) ⩽ ∥u0∥L∞(ρ0).

Thus, for all x, y ∈ suppρ0, we have

|vt(y)− vt(x)| ⩽ 2M, ∥(∇Gp)(vt(y)− vt(x))∥ ⩽ Cp(2M)p−2.

Differentiate the system (1.1) with respect to x, we find

∂t∇ηt = ∇vt,

∂t∇vt = κ

∫
Rd

∇ηt(x)∇ϕ(ηt(x)− ηt(y))Gp(vt(y)− vt(x)) ρ0(dy)

− κ

∫
Rd

ϕ(ηt(x)− ηt(y))(∇Gp)(vt(y)− vt(x))∇vt(x) ρ0(dy)

=: I + II.

(6.2)

We then estimate I and II as

|I| ⩽ κ∥∇ηt∥L∞(ρ0)∥∇ϕ∥L∞(2M)p−1,

|II| ⩽ κ∥∇vt∥L∞(ρ0)∥ϕ∥L∞Cp(2M)p−2.

This yields

∥∇ηt∥L∞(ρ0) + ∥∇vt∥L∞(ρ0) ⩽ 1 + ∥∇u0∥L∞(ρ0) + C0

∫ t

0

(∥∇ηs∥L∞(ρ0) + ∥∇vs∥L∞(ρ0)) ds,

and applying Grönwall’s lemma further gives

∥∇ηt∥L∞(ρ0) + ∥∇vt∥L∞(ρ0) ⩽ (1 + ∥∇u0∥L∞(ρ0))e
C0t

for some C0 > 0 depending on κ, p, ∥ϕ∥W 1,∞ ,M . This completes the proof. □

6.2. Local-in-time existence of Eulerian p-alignment formulation. As a direct consequence of the
gradient bounds obtained in Theorem 6.1, there exists a time T∗ > 0 such that∥∥∥∥∫ t

0

∇vs ds
∥∥∥∥
L∞(ρ0)

< 1 ∀ t ∈ [0, T∗).

On this time interval, the Lagrangian flow ηt remains injective and the ERA system reduces to the Eulerian
p-alignment equations (6.1). This yields the following local-in-time existence result.

Theorem 6.2. Assume p ⩾ 2 and the hypotheses of Theorem 6.1. Let (ρt, ut) be the Eulerian pair associated
with the Lagrangian flow (ηt, vt) through the Lagrangian–Eulerian correspondence described in Section 3.1.
Then (ρ, u) is a local-in-time solution to the Eulerian p-alignment system (6.1) in the sense of distributions
on (0, T∗)× Rd for some T∗ > 0, with initial data

(ρt, ut)|t=0 = (ρ0, u0).

Moreover, we have

ρ ∈ C([0, T∗);P(Rd)), u ∈ L∞(0, T∗;L
∞(ρ)).

In the class of Eulerian pairs arising from the Lagrangian flow of Theorem 6.1, this solution is unique.
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6.3. Global-in-time existence of Euler–alignment system. We now turn to the proof of global-in-time
existence for the Euler–alignment system in the case of linear velocity coupling p = 2. As discussed above,
global solvability at the Eulerian level reduces to establishing global injectivity of the Lagrangian flow ηt.
Our strategy is therefore to obtain an integrability-in-time estimate for ∥∇vt∥L∞(ρ0), which guarantees that
the deformation of the flow remains uniformly small for all times.

The argument proceeds in two steps. We first establish a technical Grönwall-type lemma for a coupled
system of differential inequalities. We then show that, under a sufficiently large coupling strength κ, the
gradient system associated with the Lagrangian dynamics fits precisely into this framework, yielding the
desired integrability. This proves Theorem 1.5.

Lemma 6.1. Let f, g ∈ C1(R+;R+) satisfy the following a system of differential inequalities:

f ′(t) ⩽ g(t), t > 0,

g′(t) ⩽ −ag(t) + bf(t)e−at,

where a, b > 0. If a >
√
b, we have ∫ ∞

0

g(t) dt ⩽
ag(0) + bf(0)

(a2 − b)
.

Remark 6.1. The same differential inequality was studied in [49, Lemma 3.1] to get the exponential decay

of g without the assumption a >
√
b. However, for simplicity, we obtain a sharper upper bound on g under

this assumption.

Proof of Lemma 6.1. Observe that f, g satisfy

f(t) ⩽ f(0) +

∫ t

0

g(s) ds, g(t) ⩽ g(0)e−at + be−at

∫ t

0

f(s) ds.

Thus, we obtain

g(t) ⩽ g(0)e−at + be−at

∫ t

0

(
f(0) +

∫ s

0

g(τ) dτ

)
ds

= g(0)e−at + bf(0)te−at + be−at

∫ t

0

(t− τ)g(τ) dτ.

Integrating the above over [0, t] gives∫ t

0

g(s) ds ⩽
g(0)

a
(1− e−at) +

bf(0)

a2
(1− e−at(1 + at)) + b

∫ t

0

e−as

∫ s

0

(s− τ)g(τ) dτds

=: It + IIt + IIIt,

where we estimate IIIt as

IIIt = b

∫ t

0

g(τ)

∫ t

τ

e−as(s− τ) dsdτ =
b

a2

∫ t

0

g(s)(e−as − e−at − a(t− s)e−at) ds ⩽
b

a2

∫ t

0

g(s) ds.

This gives (
1− b

a2

)∫ t

0

g(s) ds ⩽ It + IIt.

This together with

It →
g(0)

a
, IIt →

bf(0)

a2
as t→ ∞,

concludes the desired result. □

We now apply Lemma 6.1 to the gradient system associated with the Lagrangian p-alignment dynamics
in the linear case p = 2.

Lemma 6.2. Assume p = 2 and the hypotheses of Theorem 6.1. Suppose that the initial data satisfy

dv(0) < κ

∫ ∞

dη(0)

ϕ(r) dr, ∥∇ϕ∥L∞dv(0) < κϕ2(d∞η ),



36 CARRILLO, CHOI, AND TADMOR

where d∞η > 0 is given by the relation,

dv(0) = κ

∫ d∞
η

dη(0)

ϕ(r) dr.

Then we have ∫ ∞

0

∥∇vt∥L∞(ρ0) dt ⩽
ϕ(d∞η )∥∇u0∥L∞(ρ0) + ∥∇ϕ∥L∞dv(0)

κϕ2(d∞η )− ∥∇ϕ∥L∞dv(0)
.

Remark 6.2. Note that

dv(0) = κ

∫ d∞
η

dη(0)

ϕ(r) dr

implies that d∞η → dη(0) as κ→ ∞. On the other hand,

∥∇ϕ∥L∞dv(0) < κϕ2(d∞η ) =
dv(0)ϕ

2(d∞η )∫ d∞
η

dη(0)
ϕ(r) dr

,

and the right-hand side diverges to +∞ as κ→ ∞. This shows that the conditions in Lemma 6.2 are satisfied
for sufficiently large κ > 0.

Proof of Lemma 6.2. It follows from (6.2) that

∂t∇ηt = ∇vt,

∂t∇vt = κ

∫
Rd

∇ηt(x)∇ϕ(ηt(x)− ηt(y))(vt(y)− vt(x)) ρ0(dy)− κ

∫
Rd

ϕ(ηt(x)− η(y))ρ0(dy)∇vt(x) .

We first readily find
D+∥∇ηt∥L∞(ρ0) ⩽ ∥∇vt∥L∞(ρ0),

where D+ denotes the upper right Dini derivative. The justification of this L∞ estimate follows from the
same ε-maximizer argument used in the proof of Theorem 1.1.

For ∥∇vt∥L∞(ρ0), we note that∣∣∣∣∫
Rd

∇η(x)∇ϕ(η(x)− η(y))(v(y)− v(x)) ρ0(dy)

∣∣∣∣ ⩽ ∥∇ηt∥L∞(ρ0)∥∇ϕ∥L∞dv.

Moreover, since |η(x)− η(y)| ⩽ d∞η and ϕ is non-increasing,∫
Rd

ϕ(η(x)− η(y)) ρ0(dy) ⩾ ϕ(d∞η ),

so that the second term provides a linear damping of ∇v. This together with Theorem 1.1 yields

D+∥∇vt∥L∞(ρ0) ⩽ κ∥∇ϕ∥L∞∥∇ηt∥L∞(ρ0)dv(0)e
−κϕ(d∞

η )t − κϕ(d∞η )∥∇vt∥L∞(ρ0).

Thus, if we set c1 := ∥∇ϕ∥L∞dv(0), we arrive at

D+∥∇ηt∥L∞(ρ0) ⩽ ∥∇vt∥L∞(ρ0),

D+∥∇vt∥L∞(ρ0) ⩽ −κϕ(d∞η )∥∇vt∥L∞(ρ0) + κc1∥∇ηt∥L∞(ρ0)e
−κϕ(d∞

η )t.

Since the assumption on the initial data implies

κϕ(d∞η ) >
√
κc1,

applying Lemma 6.1, we have the desired bound estimate. □

Remark 6.3 (On the case p ∈ (2, 3)). The argument of Lemma 6.2 is specific to the linear velocity coupling
p = 2, where the gradient system for (∇ηt,∇vt) closes with a constant damping rate and an exponentially
decaying source term. This allows us to apply Lemma 6.1 and deduce that∫ ∞

0

∥∇vt∥L∞(ρ0) dt <∞

under suitable assumptions on the configurations.
When p ∈ (2, 3), Theorem 1.1 still provides flocking and the algebraic decay of the velocity diameter,

dv(t) ≲
(
1 + t

)− 1
p−2 .
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However, the proof of this flocking estimate only yields upper bounds on the averaged alignment modulus∫
Rd

ϕ(ηt(x)− ηt(y))|vt(y)− vt(x)|p−2 ρ0(dy),

and does not provide any uniform lower bound that could play the role of a time-dependent damping coefficient
in the gradient system. In particular, we are not able to deduce an inequality of the type

D+∥∇vt∥L∞(ρ0) ⩽ −µ(t)∥∇vt∥L∞(ρ0) + (integrable source), µ(t) ≳
1

1 + t
,

which would be the natural analogue of Lemma 6.1 in the nonlinear regime.
As a consequence, for p ∈ (2, 3) the flocking estimate alone does not allow us to decide whether∫ ∞

0

∥∇vt∥L∞(ρ0) dt

is finite or infinite in general. Establishing either integrability or non-integrability of ∥∇vt∥L∞(ρ0) for
p ∈ (2, 3) would require additional non-degeneracy assumptions on the distribution of velocities, beyond
the diameter decay provided by Theorem 1.1.

Proof of Theorem 1.5. Under the assumptions of Theorem 1.5, we obtain from Lemma 6.2 that∫ ∞

0

∥∇vt∥L∞(ρ0) dt ⩽
ϕ(d∞η )∥∇u0∥L∞(ρ0) + ∥∇ϕ∥L∞dv(0)

κϕ2(d∞η )− ∥∇ϕ∥L∞dv(0)
< 1.

Consequently, we have ∥∥∥∫ t

0

∇vs ds
∥∥∥
L∞(ρ0)

< 1 for all t ⩾ 0,

and the Lagrangian flow ηt remains injective for all times. Hence the induced disintegration is Dirac, the
Reynolds stress vanishes identically, and the associated Eulerian pair (ρt, ut) solves the Euler–alignment
system globally in time. This completes the proof. □

7. Uniform-in-time mean-field limits

This section is devoted to the proofs of Theorems 1.6 and 1.7. Our analysis proceeds in two steps.
First, we establish a uniform-in-time stability estimate between the N -particle Cucker–Smale system (1.3)

and the limiting nonlinear Lagrangian dynamics (1.1) in the case of linear velocity coupling, i.e. p = 2. This
step is formulated entirely at the level of characteristics and does not require any injectivity assumption
on the Lagrangian flow. The resulting estimate yields a quantitative, uniform-in-time control of the error
between the particle trajectories and the limiting Lagrangian flow.

Second, we combine this Lagrangian stability estimate with the Lagrangian–Eulerian correspondence of
Section 1.1.2 to obtain a uniform-in-time mean-field convergence toward a mono-kinetic Eulerian state. At
this stage, an almost everywhere Dirac disintegration condition along the Lagrangian flow is required in
order to identify the kinetic limit with an Eulerian pair (ρt, ut), which satisfies the Euler–alignment system
(1.15) in the sense of distributions.

7.1. Uniform-in-time stability to Lagrange–alignment flow. In this subsection, we prove the uniform-
in-time stability estimate at the level of Lagrangian characteristics, which constitutes the first step in the
proof of Theorem 1.6. The argument relies on a simple system of differential inequalities satisfied by the
modulated Lagrangian quantities, whose abstract structure is isolated in the following lemma.

Lemma 7.1. Let f, g ∈ C1(R+;R+) and h ∈ L1(R+;R+) satisfy the following system of differential inequal-
ities:

f ′(t) ⩽ g(t), t > 0,

g′(t) ⩽ −c0g(t) + h(t)f(t)

for some c0 > 0. Then there exists C = C(c0, ∥h∥L1) such that

f(t) + g(t) ⩽ C(f(0) + g(0)), t ⩾ 0.

Moreover, we have
g(t) → 0 as t→ ∞.
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Proof. We introduce the Lyapunov-type functional

L(t) := f(t) +
1

c0
g(t).

Using the differential inequalities satisfied by f and g, we compute

d

dt
L ⩽ g +

1

c0
(−c0g + hf) =

1

c0
hf ⩽

1

c0
hL.

An application of Grönwall’s inequality yields

f(t) +
1

c0
g(t) ⩽

(
f(0) +

1

c0
g(0)

)
e

1
c0

∥h∥L1 .

As a consequence, we have

f(t) + g(t) ⩽ max

{
c0,

1

c0

}
e

1
c0

∥h∥L1 (f(0) + g(0)) .

To analyze the large-time behavior of g, we first note that the above bound implies the uniform estimate

f(t) ⩽M0, t ⩾ 0,

for some constant M0 > 0. We then consider the auxiliary function

ℓ(t) := g(t) +

∫ ∞

t

h(s)f(s) ds.

Since f is uniformly bounded in time, g ∈ C1(R+), and h ∈ L1(R+), ℓ : R+ → R+ is well-defined and
differentiable. Moreover, we obtain

ℓ′(t) = g′(t)− h(t)f(t) ⩽ −c0g(t) ⩽ 0,

and thus, ℓ is decreasing, i.e. ℓ(t) ↓ ℓ∞ as t → ∞ for some ℓ∞ ⩾ 0. We claim that ℓ∞ = 0. Suppose not,
i.e., ℓ∞ > 0. Then for ℓ∞ > ε > 0, there exists T > 0 such that∫ ∞

T

h(t)f(t) dt ⩽
ε

2

since h ∈ L1(R+) and f is bounded. This gives that for t ⩾ T

g(t) = ℓ(t)−
∫ ∞

t

h(s)f(s) ds ⩾ ℓ∞ − ε

2
⩾
ℓ∞
2
.

Thus,

ℓ′(t) ⩽ −c0g(t) ⩽ −c0ℓ∞
2

.

This implies that ℓ(t) becomes negative in finite time, which contradicts the fact that ℓ(t) ⩾ 0 for all t ⩾ 0.
Therefore ℓ∞ = 0, and since g(t) ⩽ ℓ(t), we conclude that g(t) → 0 as t→ ∞. □

Remark 7.1. As mentioned in Remark 6.1, a similar estimate was obtained in [49, Lemma 3.1] for h(t) =
γe−c0t for γ > 0. For our purpose, we refine the proof and relax the assumption on h.

We now apply Lemma 7.1 to the modulated Lagrangian quantities introduced in Section 1.1.5, which
measure the discrepancy between the particle system and the limiting Lagrangian flow. For q ⩾ 1, these
quantities are defined by

Eq(X
N |η)(t) =

(
1

N

N∑
i=1

∫
Rd

|xi(t)− ηt(x)|q ρ0(dx)

) 1
q

,

Eq(V
N |v)(t) =

(
1

N

N∑
i=1

∫
Rd

|vi(t)− vt(x)|q ρ0(dx)

) 1
q

.

We also assume

1

N

N∑
i=1

vi(0) =

∫
Rd

u0 ρ0(dx).
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With these preparations in hand, we are ready to prove the uniform-in-time Lagrangian stability estimate
stated in Theorem 1.6.

Proof of Theorem 1.6. Differentiating and using Hölder’s inequality, we get

d

dt
E q
q (X

N |η)(t) = q

N

N∑
i=1

∫
Rd

|xi(t)− ηt(x)|q−2(xi(t)− ηt(x)) · (vi(t)− vt(x)) ρ0(dx)

⩽ qE q−1
q (XN |η)(t)Eq(V

N |v)(t),
and hence

d

dt
Eq(X

N |η)(t) ⩽ Eq(V
N |v)(t). (7.1)

We next estimate the velocity error. Differentiating E q
q (V

N |v) gives
d

dt
E q
q (V

N |v)(t)

= κ
q

N

N∑
i=1

∫
Rd

|vi − vt(x)|q−2(vi − vt(x))

·

 1

N

N∑
j=1

ϕ(xj − xi)(vj − vi)−
∫
Rd

ϕ(ηt(x)− ηt(y))(vt(y)− vt(x)) ρ0(dy)

 ρ0(dx)

= κ
q

N2

N∑
i,j=1

∫∫
Rd×Rd

|vi − vt(x)|q−2(vi − vt(x)) · (vj − vi)

× (ϕ(xi − xj)− ϕ(ηt(x)− ηt(y))) ρ0(dx)ρ0(dy)

+ κ
q

N2

N∑
i,j=1

∫∫
Rd×Rd

|vi − vt(x)|q−2(vi − vt(x))

· ϕ(ηt(x)− ηt(y)) {(vj − vi)− (vt(y)− vt(x))} ρ0(dx)ρ0(dy)
=: I + II,

where we use Lipschitz continuity of ϕ to obtain

|I| ⩽ κ∥ϕ∥LipdV N (t)
q

N2

N∑
i,j=1

∫∫
Rd×Rd

|vi − vt(x)|q−1 (|xi − ηt(x)|+ |xj − ηt(y)|) ρ0(dx)ρ0(dy)

⩽ κq∥ϕ∥LipdV N (t)Eq(X
N |η)(t)E q−1

q (V N |v)(t).

Symmetrizing in (i, j) and (x, y) the expression of II and using

ϕ ⩾ ϕm := inf
t⩾0

ϕ(dη(t)) > 0 ,

since by assumption (1.19), we can ensure that

sup
t⩾0

dη(t) <∞ ,

together with the monotonicity

(|x|q−2x− |y|q−2y) · (x− y) ⩾ 0, x, y ∈ Rd, q > 1,

we estimate II as

II = −κ q

2N2

N∑
i,j=1

∫∫
Rd×Rd

ϕ(ηt(x)− ηt(y)) {(vi − vt(x))− (vj − vt(y))}

·
{
(vi − vt(x))|vi − vt(x)|q−2 − (vj − vt(y))|vj − vt(y)|q−2

}
ρ0(dx)ρ0(dy)

⩽ −κqϕm
2N2

N∑
i,j=1

∫∫
Rd×Rd

{(vi − vt(x))− (vj − vt(y))}
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·
{
(vi − vt(x))|vi − vt(x)|q−2 − (vj − vt(y))|vj − vt(y)|q−2

}
ρ0(dx)ρ0(dy)

⩽ −κqϕm
N2

N∑
i,j=1

∫∫
Rd×Rd

{(vi − vt(x))− (vj − vt(y))} ·
{
(vi − vt(x))|vi − vt(x)|q−2

}
ρ0(dx)ρ0(dy)

= −κqϕmE q
q (V

N |v)(t).

Combining the above estimates yields

d

dt
Eq(V

N |v)(t) ⩽ −κϕmEq(V
N |v)(t) + κ∥ϕ∥LipdV N (t)Eq(X

N |η)(t).

Together with (7.1), and applying Lemma 7.1, we deduce

Eq(X
N |η)(t) + Eq(V

N |v)(t) ⩽ C
(
Eq(X

N |η)(0) + Eq(V
N |v)(0)

)
,

where C > 0 is independent of q, N , and t. This completes the proof. □

7.2. Uniform-in-time mean-field limit to Euler–alignment system. In this part, we convert the
uniform-in-time Lagrangian stability estimates established in the previous subsection into uniform-in-time
mean-field convergence results at the Eulerian level. The key step consists in relating the modulated La-
grangian quantities to Wasserstein distances between the empirical particle measure and the corresponding
Eulerian state.

We first derive a basic Wasserstein estimate under the mono-kinetic reduction induced by the Dirac struc-
ture of the disintegration along the Lagrangian flow map ηt, in which case the Eulerian state is represented
by the measure ρt ⊗ δut

.

Lemma 7.2. Let q ∈ [1,∞], and let (ρt, ut) be the Eulerian pair associated with the Lagrangian flow (ηt, vt)
through the Lagrangian–Eulerian correspondence described in Section 3.1. Assume that Eq(X

N |η)(t) < ∞
and Eq(V

N |v)(t) < ∞. Suppose in addition that the disintegration of ρ0 along ηt is Dirac ρt-a.e. Then we
have

dq
(
µN
t , ρt ⊗ δut

)
⩽ 21−

1
q
(
Eq(X

N |η)(t)q + Eq(V
N |v)(t)q

) 1
q ,

with the usual interpretation when q = ∞.

Proof. Consider the product coupling

π := (ρt ⊗ δut
)⊗ µN

t ∈ Π(ρt ⊗ δut
, µN

t ).

Since |(x− y, v − w)|q ⩽ 2q−1(|x− y|q + |v − w|q), we have

dqq
(
µN
t , ρt ⊗ δut

)
⩽ 2q−1

∫∫∫
Rd×Rd×Rd

(|x− y|q + |ut(x)− w|q) ρt(dx)µN
t (dy,dw)

⩽ 2q−1

∫∫
Rd×Rd

|ηt(x)− y|q ρ0(dx)ρNt (dy)

+ 2q−1

∫∫∫
Rd×Rd×Rd

|ut(ηt(x))− w|q ρ0(dx)µN
t (dy,dw)

= 2q−1
(
Eq(X

N |η)(t)q + Eq(V
N |v)(t)q

)
.

This completes the proof. □

Remark 7.2. Lemma 7.2 is specific to the mono-kinetic regime, in which the disintegration of ρ0 along ηt
is Dirac and the velocity field satisfies vt(x) = ut(ηt(x)) for ρ0-a.e. x. If the disintegration is not Dirac, the
fibre decomposition

vt(x) = ut(ηt(x)) + ωt(x),

∫
Rd

ωt νt,z(dx) = 0,

induces a nontrivial Reynolds stress τt = ρt θt and a nonlinear defect force Rp[ρt, ut] in the ERA system
of Theorem 1.2. In this general case, the microscopic state generated by the Lagrangian flow is the kinetic
measure (ηt, vt)#ρ0, rather than the mono-kinetic ansatz ρt ⊗ δut

, and the above argument cannot be used
directly to control dq(µ

N
t , ρt ⊗ δut

). Instead, one would need a stability estimate at the level of the full ERA
dynamics, where the stress tensor and defect force appear explicitly.
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Remark 7.3. The finiteness of the modulated quantities Eq(X
N |η)(t) and Eq(V

N |v)(t) is equivalent to the
moment conditions ρt ∈ Pq(Rd) and ut ∈ Lq(ρt).

Remark 7.4. As a direct consequence of the definition of Eq(X
N |η), the Wasserstein distance between the

particle density ρNt and its macroscopic counterpart ρt can be controlled as follows. Since

ρNt =

∫
Rd

µN
t (dw) =

1

N

N∑
i=1

δxi(t) ∈ Pq(Rd)

and π = ρNt ⊗ ρt belongs to Π(ρNt , ρt), we have

dqq(ρ
N
t , ρt) ⩽

∫∫
Rd×Rd

|x− y|q ρt(dx)ρNt (dy) = E q
q (X

N |η)(t).

We next estimate the discrepancy between the particle momentum density and its Eulerian counterpart
in the bounded Lipschitz distance.

Lemma 7.3. Let q ∈ [1,∞], mN
t :=

∫
Rd v µ

N
t (dv) = 1

N

∑N
i=1 vi(t) δxi(t), and mt := ρtut. Then we have

dBL(mt,m
N
t ) ⩽

(
1

N

N∑
i=1

|vi(t)|
q

q−1

)1− 1
q

Eq(X
N |η)(t) + Eq(V

N |v)(t).

Proof. For any φ ∈W 1,∞(Rd,Rd), we compute∫
Rd

φ(z) · (mN −m)(dz)

=
1

N

N∑
i=1

φ(xi) · vi −
∫
Rd

φ(η(x)) · v(x) ρ0(dx)

=
1

N

N∑
i=1

∫
Rd

(φ(xi)− φ(η(x))) · vi ρ0(dx) +
1

N

N∑
i=1

∫
Rd

φ(η(x)) · (vi − v(x)) ρ0(dx)

=: I + II.

For I, by Lipschitz continuity of φ and the kinetic energy bound, we get

|I| ⩽ ∥φ∥Lip

(
1

N

N∑
i=1

|vi|
q

q−1

)1− 1
q
(

1

N

N∑
i=1

∫
Rd

|xi − η(x)|q ρ0(dx)

) 1
q

= ∥φ∥Lip

(
1

N

N∑
i=1

|vi|
q

q−1

)1− 1
q

Eq(X
N |η).

For II, we find

|II| ⩽ ∥φ∥L∞
1

N

N∑
i=1

∫
Rd

|vi − v| ρ0(dx) ⩽ ∥φ∥L∞Eq(V
N |v).

Combining the above estimates concludes the desired result. □

We are now in a position to prove the uniform-in-time mean-field convergence result stated in Theorem
1.7. The proof combines the uniform-in-time Lagrangian stability estimate established in Theorem 1.6 with
the Wasserstein bounds derived above.

Proof of Theorem 1.7. By Theorem 1.6, there exists a constant C > 0, independent of N and t, such that

Eq(X
N |η)(t) + Eq(V

N |v)(t) ⩽ C
(
Eq(X

N |η)(0) + Eq(V
N |v)(0)

)
∀ t ⩾ 0.

Since the disintegration of ρ0 along ηt is Dirac for almost every t ⩾ 0, the Eulerian state associated with the
Lagrangian flow is mono-kinetic and given by ρt ⊗ δut . We may therefore apply Lemma 7.2 wtih arbitrary
order q which yields

dq
(
µN
t , ρt ⊗ δut

)
⩽ 21−

1
q
(
Eq(X

N |η)(t)q + Eq(V
N |v)(t)q

) 1
q a.e. t ⩾ 0.
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Taking the essential supremum over t ⩾ 0 gives

ess sup
t⩾0

dq
(
µN
t , ρt ⊗ δut

)
→ 0 as N → ∞.

Moreover, since the disintegration is Dirac for almost every t ⩾ 0, the associated Reynolds stress vanishes for
almost every time, and hence (ρt, ut) satisfies the Euler–alignment system (1.15) in the sense of distributions.
This completes the proof. □
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Appendix A. Kinetic formulation associated with the Lagrangian flow

This appendix provides a kinetic description of the dynamics generated by the Lagrangian flow (ηt, vt).
More precisely, we show that the phase-space lifting

µt := (ηt, vt)#ρ0 ∈ P(Rd × Rd)

satisfies the Vlasov–alignment model (1.4), without any injectivity assumption on the flow, and explain
how the ERA system is recovered from this kinetic equation by taking low-order velocity moments. This
formulation clarifies the role of fibre disintegration and highlights the origin of Reynolds-type defect terms
at the Eulerian level.

A.1. Weak formulation of the kinetic transport equation. Let Ψ ∈ C∞
c ([0, T )×Rd×Rd). By definition

of the pushforward, testing µt against Ψ corresponds to evaluating Ψ along the Lagrangian trajectories:∫∫
Rd×Rd

Ψ(t, z, ξ)µt(dz, dξ) =

∫
Rd

Ψ(t, ηt(x), vt(x)) ρ0(dx). (A.1)

Differentiating (A.1) in time and using that (ηt, vt) solves the Lagrangian p-alignment system (1.1) (with
the regularity ensured by Theorem 1.1), the chain rule yields

d

dt

∫∫
Rd×Rd

Ψµt(dz,dξ) =

∫
Rd

(
∂tΨ+ (∇zΨ) · vt(x) + (∇ξΨ) · Fp(ηt(x), vt(x))

)
ρ0(dx), (A.2)

where the force field is given by

Fp[µt](z, ξ) := κ

∫∫
Rd×Rd

ϕ(z − z′)Gp(ξ
′ − ξ)µt(dz

′, dξ′), Gp(ξ) = |ξ|p−2ξ.

Using again the identity µt = (ηt, vt)#ρ0, each term in (A.2) can be rewritten in kinetic (phase-space)
variables. Indeed,∫

Rd

(∇zΨ)(t, ηt(x), vt(x)) · vt(x) ρ0(dx) =
∫∫

Rd×Rd

(∇zΨ)(t, z, ξ) · ξ µt(dz, dξ),

and similarly,∫
Rd

(∇ξΨ)(t, ηt(x), vt(x)) · Fp[µt](ηt(x), vt(x)) ρ0(dx) =

∫∫
Rd×Rd

(∇ξΨ)(t, z, ξ) · Fp[µt](z, ξ)µt(dz, dξ).

Integrating (A.2) over t ∈ (0, T ) and using the compact support of Ψ in [0, T ), we obtain the weak
formulation∫ T

0

∫∫
Rd×Rd

(
∂tΨ+ (∇zΨ) · ξ + (∇ξΨ) · Fp[µt]

)
µt(dz,dξ) dt = −

∫∫
Rd×Rd

Ψ(0, z, ξ)µ0(dz,dξ). (A.3)
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In distributional form, (A.3) corresponds to the kinetic transport equation

∂tµt +∇z · (ξ µt) +∇ξ ·
(
Fp[µt]µt

)
= 0 in D′((0, T )× Rd × Rd), (A.4)

which holds for all p ⩾ 2.

A.2. Recovery of the ERA system by velocity moments. Let ρt = (πz)#µt denote the spatial marginal
of µt, and define the momentum measure as the first velocity moment

mt(dz) :=

∫
Rd

ξ µt(dz, dξ).

Disintegrating µt with respect to ρt,

µt(dz, dξ) = ρt(dz) ν̃t,z(dξ),

we introduce the barycentric velocity

ut(z) :=

∫
Rd

ξ ν̃t,z(dξ),

and the fibre covariance

θt(z) :=

∫
Rd

(ξ − ut(z))⊗ (ξ − ut(z)) ν̃t,z(dξ), τt := ρt θt.

With these definitions, taking the zeroth and first velocity moments of the kinetic equation (A.4) yields,
in the sense of distributions, the continuity equation for ρt and the momentum balance equation of the ERA
system, with Reynolds stress τt and defect force induced by the non-mono-kinetic structure of µt. The stress
tensor τt and the associated defect force encode the loss of closure at the Eulerian level when the kinetic
measure is not mono-kinetic.

Whenever the disintegration of ρ0 along ηt is Dirac, one has τt ≡ 0, and the defect force Rp[ρt, ut] also
vanishes identically. In particular, injectivity of the Lagrangian flow ηt is a sufficient condition for this to
occur. As a consequence, the ERA system closes and reduces to the Eulerian p-alignment equations.

Appendix B. Mean-field limit from Lagrangian to Vlasov/Eulerian p-alignment systems

This appendix is devoted to a general mean-field analysis of the p-alignment dynamics for p ⩾ 2. In
contrast to the linear case p = 2 treated in the main text, the estimates derived here yield stability bounds
with constants depending on time. As a consequence, the mean-field convergence is obtained only on finite
time intervals and naturally leads to kinetic limits for general initial data.

Theorem B.1. Let p ⩾ 2. Let {(xi, vi)}Ni=1 and (η, v) be global classical solutions to systems (1.3) and (1.1),
respectively. Assume that ρ0 has a compact support and u0 ∈ L∞(ρ0), so that the initial velocity diameter is
finite. Then there exists a constant C(t) > 0, independent of N , such that

E2(X
N |η)(t) + E2(V

N |v)(t) ⩽ C(t)
(
E2(X

N |η)(0) + E2(V
N |v)(0)

)
, t ⩾ 0.

Proof. We first observe from the maximum principle for the particle system (see, e.g. (2.3)) that

dV N (t) ⩽ dV N (0), t > 0.

Since the case p = 2 can be easily obtained by almost the same argument as in the proof of Theorem 1.6,
we only consider p > 2.

Note that the position estimate remains the same:

d

dt
E2(X

N |η)(t) ⩽ E2(V
N |v)(t).

For the velocity error, we differentiate E 2
2 (V

N |v) and use the nonlinear operator Gp(z) = |z|p−2z:

d

dt
E 2
2 (V

N |v)(t)

=
2κ

N

N∑
i=1

∫
Rd

(vi − vt(x)) ·
{

1

N

N∑
j=1

ϕ(xj − xi)Gp(vj − vi)

−
∫
Rd

ϕ(ηt(x)− ηt(y))Gp(vt(y)− vt(x)) ρ0(dy)

}
ρ0(dx)
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=
2κ

N2

N∑
i,j=1

∫∫
Rd×Rd

(vi − vt(x)) (ϕ(xi − xj)− ϕ(ηt(x)− ηt(y))) ·Gp(vj − vi) ρ0(dx)ρ0(dy)

+
2κ

N2

N∑
i,j=1

∫∫
Rd×Rd

(vi − vt(x))ϕ(ηt(x)− ηt(y))

· {Gp(vj − vi)−Gp(vt(y)− vt(x))} ρ0(dx)ρ0(dy)
=: I + II.

Using ∥ϕ∥Lip and dV N (t), we get

|I| ⩽ ∥ϕ∥Lipdp−1
V N (t)

2κ

N2

N∑
i,j=1

∫∫
Rd×Rd

|vi − vt(x)| (|xi − ηt(x)|+ |xj − ηt(y)|) ρ0(dx)ρ0(dy)

⩽ 4κ∥ϕ∥Lipdp−1
V N (0)E2(X

N |η)(t)E2(V
N |v)(t).

Using ϕ ⩾ 0 and the uniform monotonicity of Gp,

(Gp(x)−Gp(y)) · (x− y) ⩾ 22−p|x− y|p, p ⩾ 2,

we estimate II as

II = − κ

N2

N∑
i,j=1

∫∫
Rd×Rd

ϕ(ηt(x)− ηt(y)) {(vi − vt(x))− (vj − vt(y))}

· {Gp(vi − vj)−Gp(vt(x)− vt(y))} ρ0(dx)ρ0(dy)
⩽ 0.

Combining the above estimates gives

d

dt
E2(V

N |v)(t) ⩽ 2κ∥ϕ∥Lipdp−1
V N (0)E2(X

N |η)(t),

and subsequently,

d

dt

(
E2(X

N |η)(t) + E2(V
N |v)(t)

)
⩽ max

{
1, 2κ∥ϕ∥Lipdp−1

V N (0)
}(

E2(X
N |η)(t) + E2(V

N |v)(t)
)
.

Finally, applying Grönwall’s lemma yields the claimed time-dependent stability estimate. □

The time-dependent stability estimate of Theorem B.1 allows us to derive a corresponding mean-field
convergence result on finite time intervals. Since the argument follows the same steps as in the proof of
Theorem 1.7, with the uniform-in-time bound replaced by the estimate of Theorem B.1, we only state the
result and omit the proof.

Theorem B.2. Let T > 0 and p ⩾ 2. Assume that the hypotheses of Theorem B.1 hold. If the initial
modulated energies satisfy

E2(X
N |η)(0) + E2(V

N |v)(0) → 0 as N → ∞,

then the empirical measures µN
t associated with the particle system (1.3) converge to a kinetic measure

(ηt, vt)#ρ0, which is a distributional solution of the Vlasov–alignment equation (1.4) with p ⩾ 2, in the sense
that

sup
t∈[0,T ]

d2
(
µN
t , (ηt, vt)#ρ0

)
→ 0 as N → ∞.

Suppose in addition that the disintegration of ρ0 along ηt is Dirac for almost every t ∈ [0, T ]. Then the
kinetic limit (ηt, vt)#ρ0 is mono-kinetic for almost every t ∈ [0, T ], and the empirical measures µN

t converge
toward the associated Eulerian state ρt ⊗ δut in the sense that

ess sup
t∈[0,T ]

d2
(
µN
t , ρt ⊗ δut

)
→ 0 as N → ∞,

where (ρt, ut) denotes the Eulerian pair associated with the Lagrangian flow (ηt, vt) through the Lagrangian–
Eulerian correspondence described in Section 3.1, which satisfies (1.5) in the sense of distributions on (0, T )×
Rd.
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