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ABSTRACT. We introduce a new swarm-based gradient descent (SBGD) method for
non-convex optimization. The swarm consists of agents, each is identified with a posi-
tion, X, and mass, m. The key to their dynamics is communication: masses are being
transferred from agents at high ground to low(-est) ground. At the same time, agents
change positions with step size adjusted to their relative mass. Accordingly, the crowd
of agents is dynamically divided between heavier ‘leaders’, which proceed with small
time steps and are expected to approach local minima, and lighter ‘explorers’ which
proceed with larger-step protocol and are expected to encounter improved position for
the swarm. If they do, then they assume the role of heavy swarm leaders and so on.
We prove local convergence and we present convincing numerical simulations which
demonstrate that the added layer of SBGD explorers performs well in improving its
global convergence behavior in one-, two-, and 20-dimensional benchmarks.
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1. INTRODUCTION

The classical gradient descent (GD) methods for optimization, argmin__, na F(X),
explore the ambient space by marching along the directions dictated by local gradi-
ents, VF(x). Once the marching direction is determined, the remaining key aspect is a
choice of step size. More often than not, however, GD protocols get trapped in basins
of attraction of local minima, and therefore are not suitable for global optimization of
non-convex functions.

Received by the editors October 26, 2023, and, in revised form, April 8, 2024, April 17, 2024, July 24, 2024,
and September 1, 2024.

2020 Mathematics Subject Classification. Primary 90C26, 65K10, 92D25.

Key words and phrases. Optimization, gradient descent, swarming, backtracking, convergence analysis.

Research was supported in part by ONR grants N00014-2112773 and N00014-2412659.

©2024 by the author(s) under Creative Commons Attribution-NonCommercial 3.0 License (CC BY NC 3.0)

787


https://doi.org/10.1090/cams/42

788 JINGCHENG LU, EITAN TADMOR, AND ANIL ZENGINOGLU

In this work we introduce a swarm-based GD approach with improved global behav-
ior. Communication between agents of the swarm plays a key role in dictating their
step size. Here, the usual ambient space of positions is embedded in R¢ x [0, 1]: each
agent is characterized by its time-dependent position, x;(t*) € Q c R, and its rel-
ative weight, m;(t") € [0,1]. An interplay between positions and weights proceeds
by communicating a dynamic mass transition from high to low, thus our protocol fa-
vors agents positioned on lower grounds. Looking ahead, the time-stepping protocol
is then adjusted according to the distinction between ‘heavy’ agents taking small time
steps, and ‘light’ agents taking large(-r) time steps. While heavy agents take smaller
time steps, expecting their convergence toward a local minimum, light agents proceed
with larger time steps, so that they explore larger regions, away from local basins of at-
traction; they are expected to improve the global position of the swarm. In the sequel,
those light ‘explorers’ are expected to encounter a better minimizing ground. Then,
these light explorers are gradually converted into heavier agents leading the swarm.
Here, the dynamic distinction between ‘heavy leaders’ and ‘light explorers’ enables a
simultaneous approach of the heavy leaders towards local minimizers, while light ex-
plorers keep the global search for even better minimizers.

Let us recall other well-known multi-agent optimization algorithms based on ‘wis-
dom of the crowd’—particle swarm optimization [[10,[16], 2-agent simulated annealing
[8], ant colony optimization [B2], genetic algorithms [4,13] and consensus-based op-
timization [5-[7,22]. Our swarm-based gradient descent (SBGD) method is proved to
converge as a local optimizer, while numerical simulations reported in Sections f—-§
provide convincing evidence for the improved SBGD convergence to global minima
away from the initial swarm. Visiting larger portions of the ambient space, using ex-
plorers based on the communication in swarm dynamics, proved an essential feature
for such optimization of remote minimizers. Equally important role is played by the
leading agents of the swarm: using the backtracking we prove the sequence of leaders
must converge to a minimizer with a quantified rate.

Description of the SBGD method, given in Section P, highlights the decisive role
of communication; indeed, the SBGD can be viewed as alignment dynamics towards
minimal heading. A precise time-stepping protocol based on backtracking line search
is outlined in Section B. Detouring the general paradigm of our swarm-based optimiza-
tion, we note in Section [ that our recipe for dynamically adjusting the weights can
be extended to more general protocols. In particular, our implementation of SBGD
enforces elimination of ‘worst’ agent at each iteration. This ‘survival of the fittest’
approach can be relaxed, increasing the exploring capabilities at the expense of ad-
ditional computational time. In Section § we present convergence and error analysis
of SBGD. The time-stepping protocol of backtracking implies that the time sequence of
SBGD minimizers has a limit set of one (or more) equi-height minima, and depending
on the ‘flatness’ of F, expressed in terms of Lojasiewicz bound, there follows conver-
gence rate estimate of the corresponding polynomial order. Finally, in Sections f, 4
and § we present a series of numerical experiments, comparing the SBGD with vari-
ous GD methods in one-, two- and respectively 20-dimensional problems. These in-
clude GD methods with time-stepping protocol based on a fixed time step, backtrack-
ing and momentum-based Adam protocol [17]. These single-agent methods were im-
plemented using N agents with randomly distributed positions. Of course, having N



SWARM-BASED GRADIENT DESCENT 789

such agents exploring the region of interest is expected to be “N times better” than
their single-agent versions. Still, when compared with our N-based swarm method,
we found superior performance of SBGD. Specifically, the communication-based ap-
proach in SBGD avoids local minima traps, providing better performance when the
search for global minimum requires exploration away from the initial ‘blob’ of ran-
domly distributed positions.

2. THE SWARM-BASED GRADIENT DESCENT (SBGD) ALGORITHM

The SBGD dynamics consists of three main ingredients.

= Agents. Each agent is identified by its position, x;(t) € R4, and its mass,
m;(t) € (0,1]. The total mass is kept constant in time, Zi m;(t) = 1.

= Protocol for time step. The position of each agent is dynamically adjusted
by taking a time step h; in the gradient direction, VF(x;(t))

The time step, h;, depends on the position of the agent at, x;(¢), and on its

relative mass, 71;(t),

m;(t)

my(t)’
The precise dynamic protocol for choosing the step size, based on backtrack-
ing, is outlined below. A key aspect is choosing h; as a decreasing function
of the relative mass, 7;: ‘heavier’ agents move slower, while ‘lighter’ agents
take larger time steps. An alternative point of view is to interpret the i;’s
as the probabilities of agents to identify minimal positions: those with mass
m;(t) < m(t) take large time steps to explore the region of interest, since
their probability of identifying a minimal position at their current position,
x;(t), is low.

= Communication. Let F,,(f) = max; F(x;(t)) and Fyn () = min; F(x;(¢))
denote the maximal and respectively, minimal heights of the swarm at time ¢.
The mass of each agent, m;(t), is dynamically adjusted according to its relative
height, n;(t),

my(t) =

m, (t) = maxm;(t).

GmO==mOImi(©), i #i() ()= EO)=Fnin(©)
mi(t) = 1= 3 iy M), i=i(t):=argmin; F(x;(1), g Bnax(H)=Fpin(t)
Thus, each agent ‘sheds’ a fraction of its mass, ¢, (7;(¢)) € (0, 1], which is trans-
ferred to the current global minimizer at x;;)(here we allow to adjust the mass
transition, ¢,(n) = 7P, using a user choice of a fine-tuning parameter p > 0,
with the default choice p = 1). As the global minimizer becomes ‘heavier’, it
will be ‘cautious’, taking smaller time steps while enabling the other, ‘lighter’
agents, to take larger time steps. As the lighter agents explore the ambient
space with larger time steps, it will increase their likelihood to encounter a
new neighborhood of an even lower minimum, which in turn may place one
of them as the new heaviest global minimizer and so on. Observe that the

larger p is, the more tamed the mass transition of ¢, (7;(?)).
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The discrete time marching of SBGD is realized by agents positioned at x'*! =
x;(¢t"*1) with masses m'*! = m;(t"*!) at discrete time steps t"+! = t" + At. We use
the simple forward time discretization with time step At = 1, acting on all non-empty
agents, m]' > 0,

(2.1)

mi*t = mj! — ¢, ym, i # i

m?,—lﬂ 4 Z Sorm, in = argmin; F(x{")

i#iy
< q m:”' > 0.
mt! = max mf*!
' ]
Xt = X' — h(xP, 2, (AT VERY), mit! = W )
+

Initially, the agents are placed at random positions, {x)} with equi-distributed masses
{m? = Yn}. At each iteration, masses of agents are exchanged according to their rel-
ative heights, and the positions of agents are updated in the direction of the local gra-
dient, with time step, h]' = h(xf‘, /11pq(n’7z{’+1)), depending on these relative mass. Note
that the agent with the worst configuration, positioned at x, = argmax F(x}"), is elimi-
nated from the computation; consequently, the size of the swarm decreases, one agent
at a time, until it remains with the one heaviest agent. Our choice for the time-stepping
protocol, h(x, A, (7)), is the backtracking line search outlined in Section B2, which is
weighted by the relative masses, wq(ffz?“) (again, here we allow fine-tuning the de-
pendence on the relative mass, z,bq(fﬁ) = m1, based on a user choice of g > 0, with the
default choice q = 1). The backtracking enforces a descent property for the SBGD iter-
ations x[', and the parameter, 1 € (0, 1), dictates how much the descent property holds
in the sense that (B.4) is fulfilled. The communication is designed so that the total mass
of the swarm gradually concentrates with the agents most likely to become the global
minimizers, that is—the agents which will most likely to reach the global minimum
of the region explored so far by the swarm. Such ‘heavy’ agents are assigned with rel-
atively small step sizes, as they are suspected to be close to ’‘good’ minimizers, hence
their subsequent explorations should be sufficiently cautious. On the other hand, the
‘lighter’ agents should not be trapped in basins of attraction of local minimizers, so
they proceed with larger step sizes, allowing them to explore a larger regions, during
which they may encounter ‘better’ minimizers; then they may be gradually converted
from ‘light explorers’ into ‘heavy leaders’ and so on.

We note the flexibility of the SBGD communication protocol, depending on frac-
tional mass transition, ¢,(»;'), and the mass-dependent step size, h(xi",/hpq(ﬁ{’“)).
Their detailed construction is outlined in Section B. The algorithm (R.1)) then forms
a family of swarm-based methods, denoted SBGD,, whenever we want to empha-
size its dependence on the parameters (p, q); the ‘vanilla’ version corresponding to
(p,q) = (1,1) is denoted simply by SBGD.

2.1. Why communication is important. Consider the particular scenario in which
all agents are assigned with the same constant mass, i.e., mi" = /N and n? = 0, so that
Pq(m}") = 1yields

(2.2) X = xI — h(x?, )VF(xD), i=1,2,...,N.
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FIGURE 2.1. Plot of the objective function (2.3)

In this case, there is no mass transition and the dynamics is reduced to a crowd of
non-communicating agents. In particular, each agent makes its own decision to pro-
ceed with variable step size based on the backtracking protocol outlined in Section
B-2. We refer to this as the backtracking GD, or GD(BT) method. There is also the
vanilla version of gradient descent, denoted GD(h), which proceeds with a fixed step
size h(x]',A) = h. In either case, we have N agents, exploring the region of interest
independently of each other. Of course, if there are N such agents exploring the region
of interest, the corresponding GD (h) and GD(BT) method are expected to be “N times
better” than their the single-agent versions. However, compared with the swarm of N
communicating agents, we find that the SBGD dynamics has a superior global behav-
ior. Specifically, the advantage of communication in SBGD dynamics becomes appar-
ent in exploring larger regions for potential global minimum. This will be borne out in
the numerical results presented in Sections B, and §. Here, we demonstrate the bene-
fit of communication with a simple example of an objective function shown in Figure

21,
— psin(2x?) L7
(2.3) F(x)=e + 1O(x 2) .

The function admits multiple local minima, with a unique global minimum (x* =
1.5355). We compare the performance of SBGDp,, (B.1)) vs. the non-communicating
GD(BT) iterations, (2.2), the GD(h) iterations with a fixed step size h, and the Adam
method with initial step size h,, denoted Adam(h,), [17]. We report on the results of
SBGD,, which seems to perform slightly better than the ‘vanilla’ version SBGD,;, and
both offer a more robust optimizer than all other non-communicating methods.

At first, we initialize the positions of agents uniformly in the interval [—3, 3]. In this
case, the global minimum is included in the support of initial data. We implemented
1000 independent simulations and observe the results of SBGD, GD(h), GD(BT) and
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TABLE 2.1. Success rates of SBGD, GD(h), GD(BT) and Adam meth-
ods for optimization of (B.3), based on m = 1000 runs with uniformly
generated initial data in [—3, 3]. Backtracking parameters (see Algo-
rithm B.I), 1 = 0.2 and y = 0.9.

N 5 10 15 20 30

SBGDy, 64.3% | 96.5% | 99.8% | 99.9% | 100%

SBGD,; 68.2% | 97.7% | 99.7% | 100% | 100%

GD(0.8) 75.2% | 93.5% | 98.7% | 100% | 100%

GD(BT) || 73.6% | 96.7% | 99.5% | 100% | 100%

Adam(1.1) || 19.6% | 35.0% | 64.9% | 77.1% | 89%

Adam(0.1) || 58.3% | 65.6% | 85.8% | 95.2% | 95.7%

Adam. Table P.J] presents the success rates for an increasing number of agents. All
methods perform equally well in locating the global minimum, except for Adam(1.1): a
large initial step size in Adam method may take it outside the initial region that already
contains the global minimum.

The situation is different, however, if we initialize the agents to be uniformly dis-
tributed in [—3, —1]. The results shown in Table P.2 indicate that the performance of the
non-communicating GD(h), GD(BT) and Adam(0.1) is significantly worse, whereas
the SBGD still identifies the global minimum with high success rates. In particular,
the GD (h) and Adam with small time steps are trapped inside an initial basin of attrac-
tion, unable to get out of that neighborhood of local minimum. This is also depicted
in Figure P.2 where each local minimum sheds its local basin of attraction for GD(0.8)
and Adam(0.1). In particular, the initial data outside [1, 2] will necessarily fail to reach
the global minimum at x* = 1.5355. Only when combined with a larger initial step,
Adam(1.1) leads to substantial improvement.

This is further clarified when we examine the distribution of m = 1000 solutions
by SBGD vs. GD(BT) in Figure B.3. Observe that in most of the 1000 experiments,
the iterations of GD(BT) are blocked by the relatively flat basin near the origin, and
subsequently they end at the local minimizer lying in the interval [-2, —1]. In contrast,
the SBGD iterations, thanks to the ‘aggressive’ exploration of light agents, are much
more likely to avoid getting trapped in the local flat basin of attraction and eventually
accumulate enough mass nearby a global minimum.

The example shows the advantage of communication-based SBGD as an algorithm
that is more resilient to the initial guess. Specifically, in complicated applications it
may not be realistic to ‘guess’ an initial configuration that encloses the unknown loca-
tion of the global minimum, and consequently, GD(h), GD(BT) and Adam iterations
may be trapped near a local minimizer dictated by ill-conceived initial guesses. In con-
trast, the final outcome of SBGD is more resilient with respect to the initial configura-
tion, in exploring regions outside the enclosure of initial guesses. More can be found in
numerical simulations recorded for one-, two- and 20-dimensional benchmark prob-
lems presented, respectively, in Sections f, [ and B.
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TABLE 2.2. Success rates of SBGD, GD(h), GD(BT) and Adam meth-
ods for optimization of (£.3) based on m = 1000 runs of uniformly
generated initial data in [—3, —1]. Backtracking parameters (see Al-
gorithm 1)), A = 0.2 and y = 0.9.

N 5 10 15 20 30

SBGDy, 36.5% | 83.1% | 97.2% | 99.5% | 100%

SBGD,; 42.4% | 91.4% | 99.0% | 99.8% | 100%

GD(0.8) || 0.0% | 0.0% | 0.0% | 0.0% | 0.0%

GD(BT) || 1.8% | 5.2% | 8.5% | 12.8% | 21.8%

Adam(1.1) || 40.2% | 47.9% | 82.7% | 88.7% | 93.9%

Adam(0.1) || 0.0% | 0.0% | 0.0% | 0.0% | 0.0%

Basins of attraction for Adam(0.1)

FIGURE 2.2. Basins of attraction for GD(0.8) and Adam(0.1) method

2.2. Alignment towards minimal heading. The dynamic adjustment of masses in
SBGD leads to a gradual distinction between ‘leaders’ and ‘explorers’, according to their
relative masses. This adjustment of masses (or probabilities), m}, is dictated by the
communication among agents. The SBGD method (B.1)) can be also interpreted as a
particular case of alignment dynamics, e.g., [27], in which agents steer towards the
minimal heading, instead of steering towards the average heading [24]. In the context
of alignment for opinion dynamics, for example, the parameter i}’ can be viewed as
fraction of the population supporting ‘opinion’ x}'.

This is reminiscent of the consensus-based optimization (CBO) method, first pro-
posed in [22] and further modified and analyzed in [5,6,11,12]; see recent survey [29].
The CBO method lets a swarm of agents evolve their positions, {x{ }, by a stochastic
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FIGURE 2.3. Histograms of problem (2-3) by m = 200 experiments.
Initial data is generated uniformly in [—3,—1]. Global minimum at
x* = 1.5355.

motion in search of a global minimizer,

(2.4) dx! = —A(x] —mM)dr + o(x} —mM)dW/, 1,0> 0.

Agents are driven by two types of motions: the drift towards an exponentially weighted
average, m} := ( le\;l(Fe){)_l 27:1 x](E)], ()] := exp(—aF(x})), and the stochastic
diffusion, thj (implemented by independent Brownian motion different components,
Zizl(x{ —mM), dw/ ’ke?k). By the Laplace principle, [2], the exponentially weighted



SWARM-BASED GRADIENT DESCENT 795

average, ml , concentrates most of its weight with agents of minimal height (or smallest
loss). Thus, the drift in (2.4) aligns towards those agents with minimal heading, while
the stochastic diffusion is responsible for enhancing the other agents to explore a larger
portion of the domain. This should be compared with the deterministic SBGD method,
where explorers are driven by communication with lightweight agents.

Unlike gradient-based methods, the CBO has the advantage of avoiding computa-
tion of gradients, which are replaced here by a drift towards the a-weighted average.
In actual computation, however, in particular in high-dimensional problems, the CBO
method is sensitive to the application of the a-weighted Laplace principle, requiring
a > 1, which is likely to significantly damage the quality of the solution. It is also
sensitive to the choice of parameters A and o, [6].

3. IMPLEMENTATION OF THE SBGqu ALGORITHM

The success of the SBGD,, method relies heavily on two main procedures: (i) a prop-
erly defined communication protocol which dictates mass transition factors, {¢,(n;")};
and (ii) an effective strategy for taking step size, h(xi", %(ﬁa{‘“)), which is adjusted
to the position and the relative mass of a given agent. In this section, we discuss the
details of these procedures, which are summarized in corresponding pseudo-codes.

3.1. Communications and mass transition. Let i; = argminF(x]') denote the

1
global minimizer at iteration number n or time level t". All other agents will shed
part (or all) of their mass, ¢,(n;")m{', i # iy, which will be transitioned to the mass
of the global minimizer mi> — mj. + Z ¢p(mi)mi'. The fraction of mass loss, 7}’ is

i#in
determined by the relative height
F&M —EL
(3.1) n=
Flax —El +¢

where Fil;, = min F(x}') and Fj,x = max F(x}') are the current global extremes.J In
J J

this fashion, the ‘higher’ the agent is, the more mass it will lose, and indeed, the high-
est agent in each iteration will be eliminated.? The function ¢ is user-dependent; for
example ¢,(n) = 7P, p > 0 enables adjusting the amount of mass transition, with mass
transition tamed as p 1 oo. This usage of a relative height keeps a minimal amount
of global communication necessary to calibrate each agent relative to the current ex-
tremes of the crowd, while being invariant under the transition and dilation of the
target function. Therefore, the computation of the relative height is more stable.

3.2. Backtracking—a protocol for time stepping. Consider the vanilla gradient
descent (GD) iteration

X" = x" — hVF(x").
The new position, x"*! = x"*+1(h), is viewed as a function of the step size, h. A proper
strategy for choosing the step size is now the key for the success of GD iterations. We

1To prevent vanishing denominator in the extreme case Fyax = Fpin, We introduce a small e-correction,
say € = 10719; the effect on the numerical performance is minimal.

2To be precise, the worst agent is eliminated whenever its relative height nit = 1. This can be realized
only when € = 0. When € > 0, elimination of worst agents takes place whenever 1 — nf' = O(¢) < 1.
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recall the classical backtracking line search, [21, §3], which is a computational real-
ization of the well-known Wolfe conditions [[Il, 31] for inexact line searches. The idea
is to secure an acceptable step length, h, that enforces a sufficient amount of height
reduction (or loss) in the target function

(3.2) Fx™1(h)) < F(X") — Ah|VEEM?, 2 € (0,1).

Of course, since F((x"*1(h)) = F(x!') — h|VF(x™)|?* + {higher order terms}, then (B-2)
holds for any fixed 0 < 4 < 1, provided the time step is small enough, 7 <« 1. The
purpose is to secure (B.2) for large enough h, so that we maximize the size of descent,
Ah|VF(x™)|. To this end, one employs a dynamic adjustment, starting with a relatively
large h (for which one expects F(x" — hVF(x")) > F(x") — Ah|VF(x")|?) and then
repeatedly shrink the step size h — yh, y < 1 until (B.2) is observed. At this stage, we
have a final step size, h = h(x", 1), which secure (B.2)

F(x"*1(h)) < F(x") — Ah(x", 1)|VF(x")|?.

Thus, the protocol for step size hinges on the choice of the parameter A which dictates
the amount of descent property (B.2). One expects that as the iterations approach a
potentially global minimum then their descent property is ‘tamed’ with a larger 4, yet
they should be able to avoid getting trapped in local basins of attraction by allowing
smaller 4 <« 1. This is exactly where we take advantage of our swarm-based approach:
as a compromise between these two conflicting requirements, we offer to use the rel-
ative mass of different agents, iﬁ{‘“, as an indicator which distinguishes between the
‘heavier’ agents who are potentially close to the global minimizer, and the ‘lighter’
agents which are allowed to take large(r) time steps. We therefore adjust the descent
parameter 4 to each SBGD 4 agent positioned at x}', according to its relative mass mt
n+1

m
(3.3) hl' = h(x, 2y (mpth))  mptt = mi‘“’ mitl = max mi*l, 0<a<1
+

The parameter ¢ > 0 tunes the role of the relative mass #'*!: as q increases then
gbq(r?zi”“) decreases, and backtracking allows intermediate agents to take larger time
steps. The pseudo-code for computing the SBGD,, steps based on backtracking line
search is given in Algorithm B.1]. The results reported in Section [/.3 show that although
fine-tuning the parameter, g, can lead to improved results, it has a limited effect on the
overall performance of SBGD, iterations.

Algorithm 3.1 Backtracking Line Search

% Determine h}': the SBGD step size of the agent positioned at x; at time ¢"
Set the descent parameter, 4 € (0, 1), and shrinkage parameter, y € (0, 1)
Set ¢, withg > 0

mh+l
Set the relative mass r?z{‘“ = 1
m

Initialize the step size, h = h,, with large enough h, (see (5.2)).
while F(x}' — hVF(x}")) > F(x]") — A, (@] )h|VF(x]")|* do
h « yh.
end while
Set hj' < h % sets h* as the step size depending on x! and Ay, (m}*1))
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Observe that the successive shrinking of step size in backtracking involves a shrinking
factor y € (0,1): a small y corresponds to a ‘crude’ line search while y ~ 1 corresponds
to a more refined search. Again, although fine-tuning the shrinkage parameter y may
lead to improved results, it does not seem to have a substantial effect on the overall
performance of SBGD,,. It does, however, comes at a substantial cost: a fine-tuning of
y ~ 1 may end up with many function calls of F-evaluations, before its descent bound,
analyzed in Lemma B.1), is fulfilled. On the other hand, such tighter ‘screening’ of the
ambient space is more likely to lead to better, i.e., lower minima values.

The final output of Algorithm B.J yields, for each agent, an adjusted step size, h]' =
h(x}, 2, (A]'*1)), which secures the descent property (B.2) with i, (m}*") substi-
tuted for A,

(34) F&"™) < F(x!) — A (A DO VEED)?, X = x — WPVE(xD).

Moreover, as we shall see in Lemma B.], the step sizes, h}', admit a lower bound in
terms of the corresponding relative masses of the different agents. The scaling of the
step size using relative masses encodes the communication of different agents, which is
the key to the success of the SBGD,, algorithm. Roughly speaking, we can distinguish
between two types of agents. The SBGD,, iterations are led by the heavier agents,
m* ~ m!{*!, which tend to recover a maximal local descent rate of order 4, (B-2). On
the other hand, there are the lighter agents where m{‘“ < m’i“, which are less driven
by the steepness of their decent, and are therefore better equipped as explorers of large
areal search for the global minimizer. In this way, the mass-dependent adjustment of
step size captures both the descent property of the target function while allowing the
lighter explorers to pull away from local minimizers.

3.3. SBGDp, pseudo-code. The pseudo-code of the SBGD,, method is given in Al-
gorithm B.2. The initial setup consists of N randomly distributed agents x?, ..., x3,
associated with masses m?, ..., m%. At the beginning, all agents are assigned equal
masses, m;-) =1/N, j=1,...,N. At each iteration step, the agent x;- = argminx? F(x}')
attains the minimal value, while the other agents transfer part of their masses to the
current optimal minimizer x;-. Then all the agents are updated with the gradient de-
scent method using the step lengths obtained with (B.3).
To further improve efficiency, we use three tolerance factors:

- If the mass of an agent is lower than a minimal threshold tolm, then this agent will
be eliminated and its remaining mass will be transferred to the optimal agent at x;..

- “Sticking particles”. Agents that are sufficiently close to each other below a threshold
tolmerge, are merged into a new agent, and their masses are combined into the newly
generated agent.

- The iterations stop when the minimizer’s descent in two consecutive iterations is
below a minimal threshold tolres.

Unless otherwise specified, all simulations reported in this paper employ the same
thresholds

(3.5) tolm = 107%, tolmerge = 1073, tolres = 107*.

The optimal choices of these thresholds are experimental. With smaller thresholds,
tolm and tolmerge, the SBGD algorithm will explore a larger part of the ambient space
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ending with a better solution, at the expense of reduced efficiency. A balance between
the quality of the solution and the computational cost should be explored.

Algorithm 3.2 Swarm-Based Gradient Descent

Set three tolerance parameters, tolm, tolmerge and tolres
Set the adjustment parameters p,q > 0

Initialization:
Set N—the number of agents
Set initial positions x?, ..., x% randomly generated under initial distribution p,
Set initial mass m) = --- = m% = Yn

Set the optimal agent, iy = argmin F(x))
i

forn=0,1,2,... do
Set F* = F(X?ﬁ), F% = max F(x}")
1

fori=1,...,Nandi#i, do % Mass transitions
if m* < YN = tolm then
set m*t =0
reduce the # of active agents: N « N — 1
X}’l
else m* = m]' — ¢,(n]")m]' where 5} = Lﬁ?m
Fmax len
end if
end for
m”-+1 =m- + Z ¢p(ni)mi* % The mass of the overall crowd is conserved
i#iy

Compute m, = max mitl

fori=1,...,.N do % Gradient descent
n+1
m;
my

Compute the step size h = h(x]", 1, (m}*!)) according to Algorithm Bl

March: x['*! = xI — hVF(x}).
end for
Merge the agents if their distance < tolmerge.

Set the new optimal agent i, ; = argmln F(xh).

Compute relative masses i ! =

Compute the residual res = |x”+1

if res < tolres then
n+1
«— X:=
XSOL X rl+1
break
end if

end for

in|2

4. A GENERAL OUTLOOK

We are aware that there are many possible extensions that can be worked out in con-
nection with the SBGD algorithm, leading to a large class of swarm-based optimizers
(SBO) with better communication protocols. We mention three of them.
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- General gradient descent directions. Our SBGD approach can be used with a more
general set of gradient descent directions, p}

X[ = xI + h(xP, Ay (mfth))pl, (p, VF(x!")) < 0.

The convergence results in Section [, with appropriate adjustments, remain valid. More-
over, the variety in choice of directions, other than local gradients, may offer a better
‘covering’ of the ambient space Q c R?. This swarm-based descent approach with
randomly chosen descent directions satisfying (p}', VF(x}')) < 0 was pursued in our
recent work [2§].
- Swarm-based optimization—a general paradigm. The general paradigm for our
swarm-based optimization is realized by embedding the d-dimensional ambient space
in (x, M) € R? x [0, 1]; here 7 is an additional parameter space of masses/weights (or
probabilities, or ‘fractional population’, ...) which serves as a communication platform
for the crowd of agents positioned at {x;} € R<. In this context, one can combine such
communication-based swarm iterations with any single agent time-marching protocol.
As examples we refer to the recent adaptive GD method [[18] and the references therein.
In the present work we use the time-marching protocol of gradient descent, based on
backtracking search. Other time marching protocols can be used.
- Survival of the fittest. The communication in SBGD is designed so that in each
iteration, the ‘worst’ agent, positioned at x;+ := argmax F(x}'), is eliminated, as it loses
Xj
all of its mass (/% = 1). This policy of ‘survival of the fittest’ implies that the number
of N initial active agents decreases in each iteration until the SBGD remains with only
a single, ‘heaviest’ agent, which proceeds by the GD (BT) protocol. In particular, this
policy implies that for small swarms, say N ~ 10, the performance of SBGD iterations is
expected to be similar or only slightly better than GD (BT) iterations, as borne out in the
numerical simulations reported in Sections [jand §. Alternatively, one can design a less
restrictive evolutionary policy that will allow ‘worst’ agents below a certain threshold
to survive. This will evolve a larger set of explorers for longer times, with a greater
chance of exploring new and better minima unseen before. Our numerical experiments
show that a balanced policy for the “fittest’ can indeed have a substantial effect on the
final result, at the expense of increased computational time. The main target of these
different policies is to computational efficiency; we emphasize that the convergence
analysis carried out on Section fj is independent of the ‘evolutionary policy’.

5. CONVERGENCE AND ERROR ANALYSIS

The study of convergence and error estimates for the SBGD method requires to
quantify the behavior of F. Here we emphasize that the required smoothness prop-
erties of F are only sought in the region explored by the SBGD iterations. We assume
that there exists a bounded region, Q > x{' for all agents. Since the SBGD allows light
agents to explore the ambient space with large step size (starting with k), we do not
have apriori bound on Q; in particular, the footprint of the SBGD crowd, U,, conv;{x}'},
may expand well beyond its initial convex hull conv;{x?}. We let x* := argmin__., F(x)
denote the global minimum value in that region. This is the minimum that we would
wish to converge to.

We consider the class of loss functions, F € C%(Q), with Lipschitz bound

(5.1 |VF(x) - VF(y)| < Llx—y|, Vx,yeQ.
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We begin by recalling the lower bound on the step size, secured by the backtracking
line search in Algorithm B.1].

Lemma 5.1. Consider the SBGD, iterations (2.1), with step size h' = h(x}', g (/] +1))
determined by the backtracking line search in Algorithm, B.1, with shrinkage factor y €
(0,1) and initial step size, hy, large enough so that

2
(5.2) hy > I
Then we have the descent bound

2 _ _
(5.3) F(x"*h) < F(xi")—Ty(l—/lmi”+1)/lmi”+1|VF(x{’)|2, Xt = x"—hPVF(xP).

We make two comments before turning to the proof of the lemma.
First we note that if one employs a step size h small enough then there holds

(5.4) F(x} — hVF(x) < FE) = 2L 0 | VE G

However, in this case the ‘amount of descent’, %lnﬁ?“hWF(x?)F, is comparably
small with 7 <« 1. In contrast, (5.3) secures the amount of descent which depends
on the relative mass, but otherwise is independent of the smallness of h. To this end,
we need to secure a step size h' large enough; this is the goal of the backtracking algo-
rithm B.1].

Second—it is customary to find stability results which state that “if 4 is small enough
then such and such”; typically in this case, e.g., (5.4), “smallness” is measured by 1/L
and the difficulty is that in general we have no access to how large L is. The point
of Lemma p.]] is that the descant (5.3) holds without access to L (to be precise, (5.2)
requires 1/L; however, here h, needs to be large relative to 1/L).

Proof of Lemma B.1. We claim that the descent bound holds
(5.52) F(x{"™) < F(}) = A (DRI VEDP,

with step size satisfying the lower bound
(5.5b) hl' > 2%(1 — Apg(mp™h)).

Clearly, (B.3) follows from (5.3).

Now, it may happen that (5.5d) holds for our initial choice of a step size h, which
already tuned to satisfy (5.5H), in which case we are done. But in general, i, need not
secure any descent at all and we appeal to the backtracking iterations. By the Lipschitz
continuity of VF,

F(x]' — hVF(x]")) < F(x") — h|VF(x]")|* + %h2|VF(x?)|2

=F(x) - (1- %h)hWF(x{’)lz,

and hence, if h is small enough

2

L

The backtracking line search iterations tell us that the inequality on the right holds for
n

h< (1= 2Apg(mfth))  ~  F&I— hVF(x!) < F(x) — 2 (A )| VF(D)2.

X
h = h}, that is (.54) holds; but it does not hold for 71 (the stopping criterion fails with
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n
hi*/y). In particular, therefore, 71 must satisfy the reverse inequality on the left, that

is, (B.50) holds. O

5.1. Convergence to aband oflocal minima. Our next proposition provides a rather
precise quantitative description for the convergence of the SBGD method. The conver-
gence is determined by the time series of SBGD minimizers, {X" },

X" = xi”z, iy = argmin F(x}"),
i

and the time series of parents of the heaviest agents, {X"}},

n+1

] o
Xt =x% Iy = argmaxm
1

Note that X'} is the “parent” of X[

n+1
t = t"*1. The interplay between minimizers and communication of masses leads to

a gradual shift of mass, from higher ground to the minimizers. Eventually, when the
SBGD minimizers gain enough mass to assume the role of heaviest agents, the two
sequences coincide. Convergence is independent of the lighter agents.

We introduce the scaling M = max; F(x})) — F(x*); since F(x]') are decreasing, we
conclude that the SBGD iterations remain within that range, namely

which is, by definition, the heaviest agent at

(5.6) vn,i mjaxF(x]'-‘) —-F(x") < M, M := max F(x)) — F(x*).

To simplify matters we restrict our attention to the vanilla version of SBGD, (p,q) =

(1,1).

Proposition 5.2. Fix A € (0,1) and consider the SBGD iterations (R.1]) with step size
h' = h(x?, Am}'*") determined by backtracking line search of Algorithm B4 in (B-3). Let
{X"}50 and {X1},50 denote the time sequence of SBGD minimizers and, respectively,
(parent of) heaviest agents, at t". Then, there exists a constant, C = C(y,L, M, 1) given
in (5.13), such that

(5.7) D IVFXD)]? x min {1, |[VF(X™)]?} < CM.
n=0
Proof. By Lemma B.7], the descent property (5.3) of different agents is dictated by their
relative mass
n+l1 n 2}’ s+l 1 ~n+l ny|2 s+l m;H—l
(5.8) FEMYH<KFEM- f(l — Am ) Amt \ VE(x!)?, mptt = —T

+
lpy1

In particular, application with i = i;},; implies the descent of the heaviest agent posi-
tioned at X%} = x}
n+1
2

(5.9) P < FXT) — 2L (1= DAVFED).

lny1 L
We also need to quantify the descent of the minimizer positioned at X" = x?z; this
requires a lower bound on its relative mass m/:*! on the right of (5.8). To this end, we

in

consider two sub-cases, depending on the size of F(X) — F(X") > 0.
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Case (i). Assume
(5.10) FX1) - Fx") < L L - pavExpP.
Appealing to the descent property (5.9) for the heaviest agent i = i;\, ;, then

F(X"1) F(x”+1 < F(X1) (1 - MAVFXD)?
(5.11)
n Y
<FXM) - (1 - )AWF(X ).

The inequality on the left follows since X! is the global minimizer at t**+!; the middle
inequality is the descent property for the heaviest agent, (5.9), and the last inequality
follows from the assumed bound (5.10).

Case (ii). We remain with the case

(5.12) F(X)— F(X") > y(l—/l)MVF(X NE

In this case, the (parent of the) heaviest agent positioned at X'} = x. it , must be dif-
ferent from the minimizer positioned at X" = x! ir> OF else F(X%) = F (X”) which is
already covered by case (i), (5.10). Therefore, the heav1est agent had to shed a fraction
of its mass, nﬁm?zﬂ, which will be transferred to that minimizer:

F(X1) - F(X1)
+1 +1 +1 + —
M i, meml e, g = T TP,
n+1 lnt1 Fmax — F in
m2*t = mlL +ntm% + (mass from other heavier agents)..., mittl = m"+1

It follows that the relative mass of that minimizer is at least as large as

n n+l1 n
N+ n+l —n+l _ M- N+
T+ MMy

mt+l > pimht = = —
Z 1 n
N+ mit 1-n%

Recall that the transition factors, ni", are determined by the relative heights, (B.1). Using
the assumed bound of case (ii), (5.17), we conclude
FX FxX"
M > L( DAVEXD)P.
Frax — Fmin ML

As before, the descent property (B.8) for X = xi_ together with the lower bound we

~n+1

secured for m;=" " in this case, imply

F(Xn+1) F(X"+1) F(x ") 2)/(1_/1 "+1)7177ln+1|VF(X )|2
(5.13)
SFXL) -

Combining (5.11) and (b.13), we find
F(X"1) < F(X™) — lrmn{|VF(X )2 [VEXD)]? x [VE(X™)[2}

ML2(1 A2\ VEX)12 x [VF(X™).

(5.14)
< FX") - —|VF(X )I? x min{1,|VF(X")|?},
with
L MI?
(5.15) C= max{y(1 ~ 7 3770 = AP0 },
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and a telescoping sum of (5.13) implies the desired bound on the right of (5.7) with
F(X%) - F(x*) < M. O

Remark 5.3. We observe that the summability bound (5.7) is driven by a worst case
scenario alluded in case (ii) above. In this case, there is a potentially large difference of
heights between the minimizing agent and heaviest agent; consequently, the descent
property of the relatively lighter minimizer could be small and we had to rely on the
descent property of the heaviest agent in (5.11]), which led to (5.13).

The descent rates of different agents can be arbitrarily slow, due to their time-depen-
dent mass. The summability bound (b.7) depends solely on the time sequence of SBGD
minimizers, {X" }, and (the parents of the) heaviest agents, {X} }, but it is independent
of the lightweight agents. Eventually, for large enough n, the minimizers and heav-
iest agents of SBGD,, coincide into one time sequence, {X"}. The key point is that
time sub-sequences, {X"«}, satisfy a Palais-Smale condition [23, §II.2]: by monotonic-

ity, F(X"=) < max; F(x) while VF(X"«) = 0,

Theorem 5.4. Consider the loss function F € C%(Q) such that the Lip bound (5.1)) holds
and let {X" },,».o denote the time sequence of SBGD minimizers, (2.1)),(B.3). Then {X"},.50
consists of one or more sub-sequences, {X"«, a = 1,2,...,}, that converge to a band of
local minima with equal heights,

xre 7%, Xx such that VF(X3) = 0, and F(X) = F(X3).
In particular, if F admits only distinct local minima in Q (i.e., different local minima have
different heights), then the whole sequence X" converges to a minimum.

Proof. Since we assume the sequence {X"} is bounded in Q, it has a converging sub-
sequences. Take any such converging sub-sequence X"« — X% € Q. By (5.7), VF(X"«)
— 0 for all sub-sequences, and hence X}, are local minimizers, VF(X},) = 0. Moreover,
since F(X") is a decreasing, all F(X}) must have the same ‘height’. The collection of
equi-height minimizers {X}, | F(X}) = F (X}})} is the limit set of {X" }. O

Remark 5.5. We reiterate our earlier comment that the convergence analysis does not
take into account the finitely many agents in the ‘survival of the fittest’ policy. Putting
efficiency aside, Theorem p.4 applies to the general case where all agents from initial
crowd survive the SBGD iterations.

5.2. Flatness and convergence rate. Theorem p.4 indicates the convergence of
SBGD without imposing any convexity condition on the loss function F, and there-
fore it comes without any rate. To quantify convergence rate, we need access to the
fact that F should be ‘curved up’, at least within a sufficiently small neighborhood of a
local minimum X% . In the simplest case, F may be assumed to be locally convex. How-
ever, one must take into account that F may be more flat than just quadratic convexity.
Indeed, these relatively flat local minima are the main hurdle in non-convex optimiza-
tion. A precise classification for the level of ‘flatness’ is offered by the Lojasiewicz
condition. According to Lojasiewicz inequality, [3,19,20], if F is analytic in Q then for
every critical point of F, x* € Q, there exists a neighborhood NV, > x* surrounding x*,
an exponent 8 € (1,2] and a constant u > 0 such that

(5.16) ulF(x) — F(x*)| < |[VF(x)|?, Vx € N,.



804 JINGCHENG LU, EITAN TADMOR, AND ANIL ZENGINOGLU

The exponent f3 is tied to the flatness of VF at x = x*: if VF(x) vanishes of order
1

matx = x*, then § = &. In the particular case of local convexity, x* is a simple
minimum and (B.16) is reduced to the Polyak-Lojasiewicz condition [23] corresponding
tof =2

(5.17) u(F(x) — F(x*)) < [VF(x)[%, Vx € N(x*).

A smaller value of § < 2 indicates a more flat configuration of F in a region N, 3 x*.
In the theorem below, we restrict attention to SBGD; ; and we assume that n is large

enough which allows us to treat only the canonical scenario where minimizers and
heaviest agents coincide, X"} = X".

Theorem 5.6. Consider the loss function F € C?(@) such that the Lip bound (5.1)) holds,
with minimal flatness 5. Let {X"},., denote the time sequence of SBGD minimizers,
(B1)),(B.3). Then, there exists a constant, C = C(y, A, ), such that

<(1- W)n(mmF(x?) ~F(x*), B=2
(5.18) F(X")— F(X%) L ks ’
< c(-)z‘ﬁ, Be@,2).

nO{
Observe that as ‘flatness’, increases, 8 is decreasing and the exponential decay in
(B-18), is replaced by a polynomial decay which may slow down all the way to first-
order decay, Vn,.

Proof. We limit ourselves to the canonical scenario in which the heaviest agent at X}
coincides with the minimizer at X" . The descent property for the heaviest agent (B.11])
then reads

FX"™1) < F(X") = Ah_[VEXD),  h_ = ZL—ya _ ).
We focus on the converging sub-sequence {X"«},
F(X"atl) < F(X"«) — Ah_|VF(X"))|2.
Let us first discuss the quadratic case, § = 2, of Polyak-Lojasiewicz condition (5.17),
which yields
F(X"a*1) < F(X"«) — uAh_(F(X") — F(X3)), X"« € Ng.
Rearranging we find
(5.19) F(X"a*1) — F(X%) < (1 — uah_) (F(X") — F(X3)),
which yields exponential rate, [15,23]
F(X") — F(X3) < (1 - uAh)" (F(x°) = F(X3)).
The case of general Lojasiewicz bound (B.16) with § < 2 yields that the error, E,  :=
F(X"«) — F(X%), satisfies
Eng1 < Eny = Ah_(uE, Y, X0« € N,
The solution of this Riccati inequality (e.g., [26, Theorem 3.1] for the limiting case
B =1)yields

-8
F(X") — F(X%) Sy, {| miinF(x?) — F(X%)| =Y +/1h_,uz/’3na} , B = B > 1,
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FIGURE 6.1. Benchmark functions
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8
and (5-13) follows with C = (m>2“3 (1/@% _ 0

6. NUMERICAL RESULTS—ONE DIMENSIONAL PROBLEMS

We use the swarm-based gradient descent method to search for the global minimiz-
ers of the 1D functions

Ackley function : Fyge,(X) = —20e~ 028l — ¢0s@n(8) 4 20 + ¢+ C, xp:==x— B
Rastrigin function : Fggrgn(x) = (xg)? — 10 cos(2(xp)) + 10 + C,

with shift parameters B, C. Figure p.]] shows that both the Ackley and the Rastrigin
function attain multiple local minimizers.

We implemented the ‘vanilla’ version of SBGD method (p, q) = (1,1) (i.e., $,(n) =7
and Y,(m) = m), and with parameters 1 = 0.2, y = 0.9, hy = 1. Here 4,y are the
descent and shrinkage parameters, and hq is the initial step length for backtracking
line search. We record the results of m = 200 independent simulations of Algorithm
B.2 with initial positions of the agents uniformly distributed in the interval [—3, 3].

To illustrate the behavior of the algorithm, we present the evolution of agents in
one representative simulation for the Ackley function and the Rastrigin function in
Figures p.2 and p.3, where N = 20 agents are applied to search the domain. The blue
line depicts the target function, the red circles represent the agents. It is seen that
as the iterations progress, the agents flock towards different minima. The agents get-
ting stuck at local minimizers are gradually removed due to the mass transition, while
those approaching the global minimizer are eventually merged into one agent. Table
shows the results for the Ackley and the Rastrigin functions with a varying num-
ber of agents. The algorithm gives accurate solutions in all the test cases. With more
agents applied the quality of the approximation is improved. However, we notice that
improvement is significant as N increases from 5 to 10, whereas increasing the number
of agents from 10 to 20 does not result in much enhancement.

The key feature of the SBGD algorithm is communication, reflected by the mass
transitions between the agents. Such a mechanism dynamically adjusts the search
strategies of different individuals. It is of interest to verify the benefit of communica-
tion. We compare the results by the SBGD method with those by the non-communicating
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TABLE 6.1. Results of SBGD for 1D Ackley and Rastrigin functions, m = 200

B=0 N=5 N=10 N=20

Ackley function Fy ey success rate || 99.50% 100% 100%
E|xsor — x*|* || 4.70e™> 8.21e7'% 6.89¢710

Rastrigin function Frggn | Success rate 97.00% 100% 100%

E|lxsor — x*|? || 4.45¢72 5.18¢710 1.89¢~10

TABLE 6.2. Shifted 1D Ackley, results by SBGD, m = 200

Xx*=B N=10 N=20 N=30
success rate 100% 100% 100%
B=0
Elxsor — x*|? || 8.42¢710 8.37¢710 3.38¢710
success rate 100% 100% 100%
B=5
E|lxsor — x*|? || 8.41e710 7.58¢710 501710
success rate 98.5% 100% 100%
B=15
Elxsor — x*|? || 1.41e72  4.69¢=3 8.27¢710
success rate 45.5% 89.0% 98.5%
B =25
Elxsor — x*|? || 1.48¢*2  1.49¢*!  3.28¢7!

multi-agents gradient descent, GD(BT), of which all the agents conduct gradient de-
scent search independently. Tables.2 and p.3 present the results by SBGD and GD (BT)
methods obtained from m =200 experiments computed with varying shift parameter
B and different numbers of agents. We observe that when the initial distribution cen-
ters at x* or is moderately shifted, both SBGD and GD (BT) methods are able to find the
global minimizer. However, the advantage of SBGD is more pronounced as x* is shifted
farther away from the center of initial data, and the non-communicating GD (BT) fails
to give correct solutions since its exploration is restricted to the neighborhood of its
initial data. Figure .4 displays the scenario B = 25, where the initial distribution is
strongly shifted away from the global minimizer. The GD(BT) fails to find the global
minimum. In contrast, the SBGD method employs light agents to conduct a more ag-
gressive search in a larger area, and the algorithm ends at the correct minimizer at a
surprisingly high success rate.

Remark 6.1. Observe that when the initial data are placed far from the global min-
imum, the presence of a strong shift, B = 25, requires sufficiently many swarming
agents N > 20, in order to secure a success rate > 90% and drive the expected value of
the error, E[xgo;, — X*|2 < 0.5.
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TABLE 6.3. Shifted 1D Ackley, results by GD(BT) (no communica-

tion), m = 200

x*=8B N=10 N=20 N=30

B=0 success rate 100% 100% 100%
Elxsor — x*|? || 8.60e71° 1.36e™° 1.29¢~°

B=s success rate 100% 100% 100%
Elxsor — x*|? || 8.51e710 1.25¢7° 1.21e7°

B =15 success rate 46.5% 75.0% 85.5%
Elxsor — x*|* || 6.44e™!  2.26eT! 1.14e*!

B =25 success rate 0% 0% 0%
Elxsor, — x*|? || 4.86e™2  4.50e*? 4.38¢t?

Swarm Search in Ackley

F(x)

lter=12,N=4

F(x)

FIGURE 6.2. 1D Ackley with B = C = 0. Four iterations of the SBGD
visualized on the Ackley landscape show the dynamics of merged
agents and convergence patterns.

7. NUMERICAL RESULTS—TWO-DIMENSIONAL PROBLEMS

7.1. Optimization of parameters. Let us first comment on the general issue of opti-
mization of parameter space. As noted in [30], once the parameterization of an adap-
tive GD method is fixed, it may not yield as good as or better results as simpler GD meth-
ods, yet adaptivity should be ‘judged’ after being optimized in space parameter, [J]. In
this context, one can argue that optimizing a single agent method in parameter space is
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Swarm Search in Rastrigin

25 lter = 2, N = 18

F(x)

25 Iter=12,N=4

F(x)

FIGURE 6.3. 1D Rastrigin with B = C = 0. Four iterations of SBGD
visualized on the Rastrigin landscape show show the dynamics of
merged agents and convergence patterns.

equivalent to a selective choice among many simulations of non-communicating multi-
agent dynamics, whereas the swarm-based approach provides a dynamic, ‘on the fly’
selection of optimized parameters, which is precisely the type of comparisons we make
below.

On the other hand, our SBGD method depends on several parameters: the initial
step hy, the descent parameter 4 and shrinkage parameter y tied to the backtracking,
the tolerance parameters (B.3) and the (p, q) parameters. In the multi-dimensional
computations reported below, we do not optimize these SBGD parameters. Thus, un-
less otherwise stated, we examine the performance of the SBGD method in Algorithm
B2 with initial step size i, = 1, a descent parameter A = 0.2, a shrinkage parameter
y = 0.9 and the threshold parameters (B.5). We begin here with the ‘vanilla’ version
of SBGD, (p, q) = (1, 1), although later we shall find out that the choice (p,q) = (2,1)
seems universally better. We run m number of independent simulations, initiated with
uniformly distributed positions, {X?} and measure the success of the SBGD according
to the proportion of its successful end results.

We illustrate the performance of the SBGD algorithm in multiple dimensions on
three benchmark test cases, [[14]. First, the Ackley function

d

d 12
(7.1) Fpcxiey(x) = —20 exp{— %{ Z(XB)iZ} }—exp {% Z cos(27r(xB)l-)}+20+e+ C.
i=1 i=1
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FIGURE 6.4. Histograms of the shifted 1D Ackley function by 200 ex-
periments. B = 25, C = 5. Global minimum min Fygjey = 5 is

attained at x* = 25.

Second, the Rastrigin function

d
(7.2) Frotgin(X) = % > {a)? — 10c0s 2m(xg)) + 10} + C.
i=1

Here d is the dimension of the ambient space, Xg := (x; — B, ..., X4 — B) is the shifted
variable in R? and B, C € R are the shift parameters. Both functions attain the global
minimum C at the unique global minimizer x* = B.
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FIGURE 6.5. Histograms of 1-D optimization, B = C = 0, 200 simu-
lations, bin width = 10~*
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(c) Rastrigin: B = 2, C = 5, argmin Fz = 2. (d) Rastrigin: B =5, C = 5, argmin Fg = 7.

FIGURE 6.6. Histograms of 1D optimization with shifting, 200 simu-
lations, bin width = 10~*

Third, we consider the drop-wave function
1+ cos(12]x|)
0.5)x]2+2

with SBGD parameters A = 0.3, y = 0.9, hy = 1. The agents are initialized with
uniform distribution of positions in the hypercube [—3, 3]¢.

(7.3) FDrop(X) =
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(a) 2-D Ackley (b) 2-D Rastrigin

(c) 2-D drop-wave function (d) zoom into 2-D drop-wave function

FIGURE 7.1. Landscapes of benchmark functions in two dimensions

To evaluate the quality of the solution, we make use of the success rate among m
independent simulations. We consider a simulation to be successful if xg5; is within
the d-dimensional cube [x* — 0.25,x* + 0.25]4, e.g., [6, §4.2]. This condition ensures
that the approximate solution lies in the basin of attraction of the global minimizer. In
fact, in a successful experiment the solution will lie in a much smaller neighborhood
of x*.

7.2. SBGD compared with non-communicating GD(BT). We verify the advan-
tage of the SBGD method in comparison to the non-communicating GD(BT) algo-
rithm. We consider the three benchmarks of Ackley, Rastrigin and drop-wave func-
tions in two dimensions. The landscapes are as shown in Figure /1. All functions
have multiple local minimums. While the global minimum of the Ackley function is
obviously lower than the other local minimums, the global minimum of the Rastrigin
function is much less distinguishable. The drop-wave function has complex geometry
with high frequency local minima and sharp basins of attractions. Its global minimum
F(x*) = —1is attained at the unique global minimizer x* = 0.

Table [71] compares the success rates of SBGD and GD(BT) methods in the Ack-
ley test cases with varying function shifts B and different numbers of agents N. It is
observed that the two methods perform comparably well when the initial distribu-
tion is centered at x* or moderately shifted. But as the shift parameter B increases,
the SBGD method still achieves high success rates whereas the non-communicating
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TABLE 7.1. 2D Ackley, success rates of SBGD vs. GD(BT), m = 500

x* =B N=25 N=50 N=100
s_o |SBGD | 980% 100% 100%
GD(BT) || 100% 100% 100%
s_s |SBGD | 936% 98.6% 99.8%
GD(BT) || 71.2% 87.0% 99.2%
SBGD || 66.2% 90.8% 98.4%
B=10
GD(BT) || 0% 0%  0.6%

TABLE 7.2. 2D Rastrigin, success rates of SBGD vs. GD(BT), m = 500

x* =B N=25 N=50 N=100
5o SBGD || 73.6% 95.2% 100%
GD(BT) || 53.0% 76.4% 96.40%
Bos SBGD || 44.4% 80.4% 99.2%
GD(BT) || 15.8% 28.4% 56.4%
SBGD || 14.8% 44.0% 78.4%
B=10
GD(BT) || 13.0% 304% 56.2%

TABLE 7.3. 2D drop-wave, success rates of SBGD vs. GD(BT), m = 500

N=10 | N=20 | N=30

SBGD 90.5% | 99.5% | 100%

GD(BT) || 15.0% | 21.5% | 35.5%

GD(BT) method fails. The results for the Rastrigin function, given in Table [/.2, echo
the same advantage of SBGD in shifted scenarios.

Table [7.3 compares the success rates of SBGD and GD (BT) methods in the test case
of the 2D drop-wave function, (7.3). We compare the success rates of SBGD with A = 0.3
vs. the non-communicating GD(BT) using m = 200 simulations randomly initiated
with uniform distribution at [—3, 3]2. The SBGD results reported in Table 7.3 show a
remarkable improvement over the performance of GD(BT); communication helps.



TABLE 7.4. Average error for 2D Rosenbrock function SBGD vs.
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GD(BT), m = 500 simulations equi-distributed at [—4, —2]?

Elxgor, —x*|*> || A=03|1=05|1=0.7
SBGD 2.07e-1 | 6.18e-2 | 1.29¢-1
GD(BT) 4.25e-2 | 6.08e-2 | 1.29e-1

The SBGD does not always offer such a decisive lead over GD(BT). In Table [7.4 we
compare the error of SBGD vs. GD(BT) for the 2D Rosenbrock function

(7-4) FRsnbrk(X) = (1 - x1)2 + 100(x2 - x% 2.
The stiffness of Frgpprk Near its global minimum at x* = (1,1) produces comparable
results of the swarm dynamics and non-communicating GD(BT).

7.3. SBGDp, method—dependence of (p, q) parameters. We now turn to discuss
the effect of adjusting the mass transition with ¢, (n;") and backtracking with gbq(rﬁi”“).
We implemented the SBGD,,, for shifted 2D Rastrigin function (7.J) with shift B = 5,
and drop-wave function ([7.3) using SBGD,,, with descent parameter 4 = 0.3, using N
agents uniformly initialized at [—3, 3]2. The success rate m = 500 simulations with
different (p, q) are recorded in Table [/.3.

In both cases, the results for the ‘vanilla’ SBGD, (p, q) = (1, 1), with a success rate of
80% and respectively 90%, are substantially improved to 97%, once we use SBGD,,, with
(p,q) = (2,1/2). In this case, the use of p = 2 enforces more moderate mass transitions
which seems to play a key role whenever F has steep basins of attractions, while g = 1/2
enforces a slower marching protocol for intermediate agents.

TABLE 7.5. SBGD,,, for shifted 2D Rastrigin and drop-wave with dif-
ferent (p, q)

(a) 2D Rastrigin function; N = 50 agents (b) 2D Drop-wave function; N = 10 agents

b | V| | e I N
\Vn 77.2% | 43.0% | 40.0% \n 93.6% | 83.0% | 79.8%
7 94.8% | 80.4% | 73.4% 7 97.2% | 90.4% | 85.2%
7 97.8% | 94.0% | 88.4% 7 97.6% | 96.0% | 90.2%
7?0 83.4% | 95.4% | 98.2% 70 80.8% | 98.8% | 97.4%
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TABLE 7.6. SBGDp,, simulation of 2D Rosenbrock Fggnprx With dif-
ferent (p,q). A larger 1 enforces a stronger descent property. The
parameter p = 2 is a most effective parameterization of SBGD .

(a) SBGD,, with A = 0.3. (b) SBGD,, with 4 = 0.5.
pq pq

o | Vm | | i I R
n 2.53e-1 | 2.07e-1 | 1.78e-1 n 6.79¢-2 | 6.18e-2 | 6.05e-2
7 8.51e-2 | 3.07e-1 | 1.70e-1 n 4.97e-2 | 7.10e-2 | 6.08e-2
7% 6.39e-2 | 2.0le-1 | 2.74e-1 7% 4.65e-2 | 5.95e-2 | 6.74e-2
70 5.75e-2 | 1.88e-1 | 2.61e-1 70 4.98e-2 | 6.02e-2 | 6.87e-2

(¢) SBGD,,, with 1 = 0.7.

A) Wl VE | om | o
n 7.11e-2 | 1.51e-1 | 1.29%-1
n 6.83e-2 | 1.22e-1 | 1.29%e-1
7% 1.21e-1 | 6.45e-2 | 1.48¢e-1
70 1.26e-1 | 6.76e-2 | 1.37e-1

As a further example we consider the 2D Rosenbrock function Frgnpek in (7:4).
The difficulty arises when the iterations approach the neighborhood of a global min-
imum F(x*) = 0 attained at x* = (1,1). This is due to the severe “skew-ness” of F
which is sensitive to the descent parameter .. We employ N = 30 agents initialized
with randomly distributed positions at [—4, —2]2. Success rates are computed among
m = 500 experiments. Table .4 records the GD (BT) and SBGD,, errors, measured by
E|xgor — X*|?, for different values of descent parameter, A, and for different protocols
of (p, q). The sensitive dependence on A is observed with both the non-communicating
GD(BT) and the SBGD,,. Once again, the parameters (p, q) = (2,1/2) yield the most
stable performance of SBGD,,,, whereas other scaling of GD(BT) and SBGD are more
sensitive to the choice of 1.

In summary, Tables 7. and [7.§ indicate that while the results of SBGD,, are mostly
comparable, SBGD; 1,y seems to provide optimal results, with main emphasize on p =
2. At the same time, we conclude that the tuning parameters, (pq), have a limited effect
on the overall performance of SBGD,,, method. Accordingly, we did not optimize these
parameters. Motivated by these findings, we focus below on two versions of SBGD (see
also Tables P.T and R.2): the vanilla version, SBGD; ; with ¢,(n) = 7 and ¢,(m) = m,
and SBGD,; with ¢,(n) = n? which seems to be a universally better.

pq’

7.4. 2D comparison with the Adam method. We report on the results of SBGD,,;,
compared with the Adam method for the 2D Rastrigin function (7.2). We also include
results for the GD (h) and GD (BT) methods. As in the case of the 1D objective function
(B:3), we distinguish between two cases: initial data uniformly distributed in [—3, 3]?
enclosing the global minimum at the origin, vs. initial data uniformly distributed at
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[-3,—1]%. The SBGD),, variants with (p,q) = (1,1) and (p, q) = (2, 1) were computed
for m = 1000 simulations with random with descent parameter 1 = 0.8, and using
tolerance parameters, tolmerge = 0.1, tolm = 0.01 and tolres = 10~4.

Again, as we explored in Section [7.3, the SBGD,, variant with (p,q) = (2,1) seems
consistently better than the vanilla version (p, q) = (1, 1). When the methods are initi-
ated at [—3, 3]%, the SBGD variants reported in Table [7.7, provide comparable or better
results than GD(h), GD(BT) and Adams methods. When initiated at [—3, —1]*> which
does not enclose x*, the SBGD variants reported in Table [/.§, provide distinctively bet-
ter results than GD(h), GD(BT) and Adam methods. The Adam iterations with the
smaller initial step size hy = 0.2 remain trapped in local basins of attraction.

TABLE 7.7. Success rates of SBGD compared with GD(h), GD(BT)
and Adam methods for optimization of (7.2)(B = 0), based on m =
1000 runs with uniformly generated initial data in [—3, 3]2

N 5 10 15 20 30

SBGD,, || 34.4% | 52.1% | 62.6% | 70.0% | 75.8%

SBGD,; 34.5% | 60.1% | 75.3% | 84.3% | 91.0%

GD(0.004) || 36.3% | 50.5% | 60.0% | 70.0% | 78.1%

GD(BT) 35.0% | 51.0% | 62.0% | 70.8% | 79.3%

Adam(0.8) || 23.7% | 29.6% | 39.1% | 46.8% | 65.5%

Adam(0.2) || 32.1% | 40.9% | 55.9% | 65.3% | 79.4%

TABLE 7.8. Success rates of SBGD compared with GD(h), GD(BT)
and Adam methods for optimization of 2D Rastrigin (7.2)(B = 0)
based on m = 1000 runs of uniformly generated initial data in
[_3’ _1]2

N 5 10 15 20 30

SBGDy; || 17.0% | 49.2% | 61.7% | 67.0% | 72.7%

SBGD,; 14.2% | 46.7% | 68.4% | 81.9% | 89.6%

GD(0.004) || 0.0% | 0.0% | 0.0% | 0.0% | 0.0%

GD(BT) || 1.8% | 2.4% | 3.4% | 43% | 5.9%

Adam(0.8) || 24.5% | 31.3% | 41.4% | 49.2% | 66.9%

Adam(0.2) | 0.0% | 0.0% | 0.0% | 0.0% | 0.0%

8. NUMERICAL RESULTS—20-DIMENSIONAL PROBLEMS

We now turn attention to the computation of the global minimizer for the 20-dimen-
sional Rastrigin and Ackley functions. As the dimension of the ambient space to be
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explored increases, so does the number of agents, N, necessary to explore that space in
order to secure a ‘faithful’ approximate minimizer. The increase of N dependence on
the dimension d is intimately related to the way one quantifies the quality of such an
approximation .

8.1. Success rate—N vs. d. One approach to measure success that was used in one-
and two-dimensional problems is to secure a computed solution within a pre-determined
neighborhood of the global minimizer, [x* —0.25, x* +0.25]%. This approach places se-
vere restrictions in the case of high-dimensional data. Specifically, Table and even
more so, Table B.1l, show the rapid growth in the number of SBGD agents, N = N(d),
which are required to ensure 80% success rate in m = 500 tests of high-dimensional
Ackley, and respectively, 70% success rate in Rastrigin benchmark functions. In both
cases, one observes a rather small critical dimension, d,, such that N(d) > N(d,.) for
d>d..

TABLE 8.1. Success rate of xgo, € [x* — 0.25,x* + 0.25]%°

(a) 80% success rate with Ackley function (b) 70% success rate with Rastrigin function
d 10 (11|12 |13 | 14 15 16 d 1 2 3 4
N | 15|18 | 23 | 42 | 120 | 540 | 3000 N |l 4|23 180 | 2900

TABLE 8.2. E[xgo; — Xx*] for 20-dimensional shifted Ackley. m = 1000

x"=B N=50 N=100 N=200

SBGD,,; 9.00e-07 2.02e-07 1.43e-07
B=0 | GD(BT) 1.18e-01 6.90e-02 1.88e-02
Adam(0.5) || 3.37e-03 4.03e-03 4.96e-03

SBGD,; 1.65e-06 1.51e-06 7.96e-07
B=3 GD(BT) 7.64 6.72 5.67
Adam(0.5) || 2.14e-01 1.22e-01 1.27e-01

SBGD,, 415 1.07 2.36e-01
B=5 | GD(BT) | 17.99  17.59  17.11
Adam(0.5) || 11.01  9.27 7.52
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TABLE 8.3. E[xg0; — Xx*| for 20-dimensional shifted Rastrigin. m = 1000

x* =B N=50 N=100 N=200

SBGDy; 4.03e-01 4.98e-01 3.91e-01
B=0 | GD(BT) 2.96e-01 3.25e-01 4.35e-01
Adam(0.5) || 3.75e-01 2.86e-01 4.14e-01

SBGD,, 5.07 3.71 2.92
B=3 | GD(BT) | 943 9.02 8.57
Adam(0.5) || 9.02 8.63 8.15
SBGD,, 3.53 2.45 1.29

B=5 | GD(BT) 1802  17.64  17.18
Adam(0.5) || 17.13 16.73 16.3

An alternative approach to quantify the quality of computed minimizers is to mea-
sure the expected (average) error in position, E[xgo;, — x*|. The results recorded in
Tables B.7 and B.§ for 20-dimensional Ackley and, respectively, Rastrigin functions, in-
dicate the advantage of SBGD,, as the shift B increases. But the main point to observe
is that even for relatively large N = 100, 200, the results fail to faithfully capture the
global minimizer. Indeed, we claim that going beyond the two examples of Ackley and
Rastrigin, measuring the (average) distance of the computed minimizers is not neces-
sarily an effective quantifier for the quality of an optimizer: one might need a large
N = N(d) before approaching a small neighborhood of the global minimizer.

8.2. Measuring the loss. A more ‘faithful’ way to measure the quality of numerical
optimizers in high-dimensional data is to measure the average loss (height), E[F(Xso71)]-
After all, the underlying goal is to minimize the value of F. In particular, one might
argue that xgo; will provide a faithful approximation whenever F(xgpr) — F(x*) is
small, even if Xgo;, remains far from x}'. This approach of ‘looking from above’ masks
the increasing complexity with the increasing dimension.

We begin, in Table B.4, where we record the average ‘loss’ obtained by SBGD,,,
GD(BT) and Adam(0.5) with initial data equi-distributed in [—3, 3]? for the 20-dimen-
sional Rastrigin function. SBGD,; was used with descent parameter A = 0.8, shrinkage
parameter y = 0.5 and thresholds

tolmerge =1e—1, tolm=1e—3, tolres=1e—2.

The reason for the smaller shrinkage parameter y = 0.5 was efficiency: backtracking is
accelerated with more rough backtracking steps, yet this does not seem to deteriorate
the quality of SBGD results. As indicated before, the results for SBGD,; were only
slightly worse than but otherwise comparable to SBGD,; and therefore are not recorded
here. We make two observations.

(i) For asmall number of agents, N < 10, the results, particularly SBGD,; and GD(BT)
are comparable. Indeed, we recall that SBGD eliminates the lightest agents, so that
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TABLE 8.4. 20D Rastrigin. Average loss with m = 1000 simulations

x*=B N=5 N=10 N=20 N=50 N=100 N=200
SBGD,; 5430 43.74 3934 34,55 32.01 33.95
B=0 | GD(BT) 5343 44.62 3943 3455 31.85 29.53
Adam(0.5) || 48.66 44.02 37.35 32.65 30.46 27.76
SBGD,; 65.75 53.24 47.14 4090 37.20 33.95
B=1 | GD(BT) 64.86 53.98 471 40.77  37.06 33.57
Adam(0.5) || 56.02 50.35 42.56 37.69 34.58 31.79
SBGD,; 189.24 166.46 149.14 121.45 102.98 94.77
B=3 | GD(BT) 187.8 167.58 152.46 122.35 125.44 115.83
Adam(0.5) || 164.46 146.82 137.16 122.84 115.16 105.5
SBGD,; 463.09 387.88 254.23 200.34 160.62 142.22
B=5 | GD(BT) 465.42 4349 409.11 38142 362.54 345.52
Adam(0.5) || 411.77 381.19 364.68 339.81 325.86 309.99

TABLE 8.5. 20D Ackley. Average loss with m = 1000 simulations

x* =B N=10 N=20 N=50 N=100 N=200
SBGD,, 0.89  2.62e-05 1.17e-05 9.72¢-07 1.82e-07
B=0 |GD(BT) || 276 1.92 0.97 0.41 7.73e-02
Adam(0.5) || 037  0.073 0061  0.061  0.061
SBGD,, 238 027 3.9e-05 6e-06  1e-06
B=1 | GD(BT) 3.01  2.00 0.92 0.31 0.061
Adam(0.5) || 0.87  0.17 0.061  0.061 5,45¢-02
SBGD,, 767 441 0.72 0.06 5.4e-05
B=3 | GD(BT) 791 7.47 6.81 6.13 5.37
Adam(0.5) || 3.74  2.65 1.70 1.22 0.79
SBGD,, 12.01 11.49 10.01 8.47 7.09
B=5 | GD(BT) 11.98 11.8 11.53 11.36 11.17
Adam(0.5) || 10.72  9.70 8.45 7.58 6.67
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TABLE 8.6. Errors of the expectation and the corrected solution in
d=20,B=C=0

N=50 N=100 N=200

E[xsor] — x* 8.29¢7% 7.28¢72  6.79¢72
Ackley function [ElxsoL] o
[Xeorr — X*|co 2.07¢713 1.96e713 2.18¢713

o _ |E[xsor] — X*| || 2.07e7!  7.86e7%  7.36e72
Rastrigin function
Xeorr — X*|oo 9.06e7% 2.29¢76  2.05¢76

after N — 1 iterations, it is left with a single agent which explores the large, uncharted
ambient space, much like a single-agent method.
There is a clear trend that we saw before: SBGD,; outperforms the non-communicating
GD(BT) and Adam when the global minimum is not enclosed within the initial domain
of initial data. While the results are comparable for B = 0,1 and/or small N’s, there is
an increasing difference for B = 3,5 and N > 20.

Finally, in Table B.3 we report on the corresponding comparison of average loss for the
20-dimensional Ackley function. Here, one encounters a much more sensitive depen-
dence on the initial step size: we had to increase h, = 2 (instead of h, = 1 used before)
in order to realize the advantage of SBGD,;. We maintain the usual backtracking pa-
rameters 4 = 0.2 and y = 0.9, and threshold parameters

tolmerge = le — 3, tolm =1le—4, tolres=1le—4.

8.3. SBGD as pre-conditioner. A more practical strategy is to take the expected value,
E[xs01], varying overall SBGD solutions resulted from m randomly generated initial
configurations, as a good initial guess and then iterate it with the steepest descent cor-
rection. In this way, the algorithm is expected to mimic the convergence in expectation

Elxsor] 7%, x*. Table B.g records the L*—distance between the expectation E[xg0; |
and the global minimizer x* for the 20-dimensional Ackley and Rastrigin functions.
The expectation is computed with m = 1000 runs. We also present the error of the
corrected solution X.,,,, which is obtained by iterating E[x¢o; | with gradient descent
until |VF(X¢or)|2 < 1073, For both benchmark functions, this strategy gives very good
solutions with a reasonable amount of agents. The quality of E[Xg0; ] is improved with
more agents applied.

We also investigate the effect of shifting in the initial distribution. The solution
Xcorr 1S considered to be a correct approximation of global minimizer if it lies in the
20d cube [x* —0.25, x* +0.25]%°. Tables B.7 and B.§ show the results for the Ackley and
the Rastrigin function under varying shift parameters and different agent numbers. It
turns out that the quality of the solution is very sensitive to the initial data in high
dimension. The algorithm fails to work correctly in the Ackley test cases when B = 2.
The situation is even worse for the Rastrigin test cases due to the unclear difference
between different minimums. The method gives wrong solutions in all the test cases
when B is 1.5.
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TABLE 8.7. Solutions for the shifted Ackley function by SBGD, d =

20, m = 1000

x* =B N=50 N=100 N=200
E[Xsor] = X*| || 3.97e71  3.53¢™1  3.36e72

B 1 SO.
[Xeorr — X*|oo 2.10e713  1.29¢713  1.15¢713
E[x —x*| || 745¢71  6.78¢7!  5.43¢7!

B 1.5 SOL
Xeorr — X oo 9.69¢~!  1.27¢713 1.60e13

CO.

B> |E[xs0r] — X*| || 1.20 1.09 1.01

Xeorr — X*| o 9.69¢7!  9.69¢7! 9.68¢7!

TABLE 8.8. Solutions for the shifted Rastrigin function by SBGD, d =

20, m = 1000

x* =B N=50 N=100 N=200

B os |E[Xg0r] — X*|eo || 22171 2.38e7! 2.24e7!
[Xeorr — X*| o 5.86e7% 1.06e™> 6.53¢7°

Bl |E[Xs0r] — X*|e || 5.97¢™! 4.80e™! 4.19¢7!
[Xeorr — X0 1.99 5.89¢7% 1.11e

Bels |E[Xs0r] — X*|eo || 7.92¢7! 7.00e™! 6.34e7!
[Xeorr — X*| o 9.95¢7! 9.95¢7! 1.99

The results above indicate that the solutions obtained for high-dimensional prob-
lems can be significantly affected by the shifting in the target function, especially when
the global minimum is not very distinguishable from the other minima.
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