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Introduction

The starting point of our discussion is the celebrated
Cucker-Smale (CS) model, [CS07a, CS07b], which de-
scribes the dynamics of N entities, referred to as
agents, with time-dependent positions and velocities
x;(0), v;() : Ry = (Q,R%) governed by

x;(1) = v;(0),

. T (1)
vi(t) = N Z $i;(O)(v; (1) — vi (1)),
j=1
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and subject to prescribed initial conditions, (x;(0), v;(0)) =
(Xi0» Vio) € (Q,R%). The ambient space of positions Q C
R? will refer to one of two main scenarios—either Q = R4
or Q = T4, System (1) is a canonical model for alignment
dynamics in which pairwise interactions steer towards av-
erage heading. Alignment originated in pioneering works
[Rey87, VCBCS95, CS07a, CS07b], as a key ingredient in
self-organization—a unity from within which leads to the
emergence of higher-order, large-scale patterns. It is found
in ecology—from flocking of birds and schooling of fish
to swarming bacteria and insects; in social dynamics of
human interactions—from alignment of pedestrians and
emerging consensus of opinions to markets and market-
ing; and in sensor-based networks—from swarming of mo-
bile robots and control of UAVs to macromolecules and
metallic rods.
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Figure 1. Flocking of birds.

Figure 2. Alignment of pedestrians.

The dynamics (1) governs pairwise interactions,
$ij(0) = ¢(x;(),x;(¢)), dictated by a scalar communica-
tion kernel, ¢(-,-) with amplitude x > 0. We assume that
#(-,-) € L*(Q x Q) is a nonnegative symmetric kernel,
properly normalized,

/ Px,x)dx' =1, ¢(x,x')=¢x',x)>0. (2)
Q

The role for the kernel ¢ is context-dependent: its ap-
proximate shape is either derived empirically, deduced
from higher-order principles, learned from the data, or
postulated based on phenomenological arguments, e.g.,
[Bal08, CFTV10, CDMBCO07, CS07a, KTIHC11, ST21, VZ12]
and the references therein. The specific structure of ¢, how-
ever, is not necessarily known. Instead, we ask how differ-
ent classes of communication kernels affect the emergent
behavior of (1). Here are a few examples for different com-
munication protocols.

A major part of current literature is devoted to the
generic class of metric-based kernels, ¢(x,x') = ¢(|x — X'|).
Another example is the class of topologically-based kernels,
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Figure 3. Swarming of drones.

[Bal08, ST20], where ¢(x,x") = @(u(x,x')) is dictated by
the size of the crowd in an intermediate domain of com-
munication €(x,x") enclosed between x and x’,

ux,x') = ]%]#{k DX, € C(x,x)} (3)

In particular, if the domain of communication € is
shifted to an R-ball centered at X, one ends up with
the nonsymmetric topological kernel [MT11] ¢(x,x') =
o(|x — x'|)/u(Br(x)). A still larger class of pairwise interac-
tions consists of symmetric matrix communication kernels,
e.g., [ST21]. Other important protocols of communication
which will not be analyzed here include the class of singu-
lar kernels,

px.X) = —

m, 0< ﬁ <d+2, (4)
in which communication heavily emphasizes near-by
neighbors over those farther away, e.g.,, [MMPZ19] and
the references therein, and communication based on vari-
ous random-based protocols found in chemo- and photo-
tactic dynamics, the Elo rating system, voter and related
opinion-based models, a random-batch method, and
consensus-based optimization, to name but a few.!

In addition to alignment, pairwise interactions may in-
clude repulsions and attractions,

X N 1 N
Vi = Zl¢ij(Vj - V) — N Z:l VU([x; — %)), (5)
J: J=

which are encoded here by a radial potential U. A gen-
eral protocol for rules of engagement, with pairwise in-
teractions driven by alignment, repulsion, and attraction
which are dominant in three different zones of proxim-
ity, was proposed in [Rey87]. We shall focus here on

L1n view of the limited bibliographic scope available for this article, we refer the
reader to [Tad21] for a complementary bibliography source.
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the emergent behavior of alignment dynamics, and refer
to [CFTV10, CDMBCO07, ST21, Tad21] and the references
therein for results related to more general protocols. To
date, we still lack a mathematical theory which analyzes
the emergent behavior of the general class of 3Zone mod-
els for collective dynamics.

Connectivity. The large-time behavior of (1) depends on
the time-dependent weighted graph with agents at the N
vertices V(t) = {i|x;(t)} and time-dependent edges E(t) =
{G, )i #]j: ¢i) > 0}. The energy fluctuations associ-
ated with (1),

1 N
55(0 = m .Zl |Vl(t) - V](t)|2’
i,j=

satisfy

d 2K

$5@@(t) =-N2 Do bi(OVi(0) — (D)

(i, )eE(®)

e N (6)

< —lz(t)m '21 Ivi(6) = v; ()]
i,j=

The first equality follows directly from (1) and the as-
sumed symmetry of the adjacency matrix ®(t) = {¢;;(£)}.
The second inequality is a sharp bound in terms of the
spectral gap, A,(t) = A;(Ag(r)), of the graph Laplacian as-
sociated with @(t). Here the graph Laplacian, (Ag)sg =
(Z#a Poy)dap — Pap(l — 8p), and its spectral gap coin-
cide with the Fiedler number which encodes the connec-
tivity properties of the weighted graph of agents (V(t), E(¢)),
e.g., [CS07a]. Indeed, (6) tells us that energy fluctuations
are depleted as long as the graph remains (algebraically)
connected,
t

8&(t) < EXP%—ZK/ AZ(T)dT] 6&(0). (7)

Connectivity, and hence the large time emergence of flocks
or swarms, is guaranteed with long-range kernels. In
many realistic configurations, however, the communica-
tion among “social particles” takes place in local neighbor-
hoods induced by short-range kernels.

Long- and short-range communication kernels will be
the topic of the next two sections. Long-range kernels
maintain connectivity which in turn imply decay of fluc-
tuations around an emergent cluster. The large-time
dynamics with short-range kernels is considerably more
complicated—in particular, algebraically connected initial
configurations, 4,(t = 0) > 0, may break down into
two or more disconnected clusters at a finite time so that
Ay(t.) = 0. That is, the dynamics with short-range ker-
nels may or may not be stable, which makes it difficult
to trace its flocking behavior. Instead, we study here the
flocking/swarming behavior with large crowds: large-crowd
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dynamics tends to stabilize the large-time behavior. As al-
ready noted by Immanuel Kant in 1784 “what seems com-
plex and chaotic in the single individual may be seen from the
standpoint of the human race as a whole to be a steady and
progressive though slow evolution of its original endowment.”

Hydrodynamic description. The large-crowd dynamics
of (1) can be encoded in terms of the empirical distribu-

tion fy(t,x,V) == % Zf\il Ox,(H)(X) ® Sy, (1(v), which is gov-
erned by the kinetic equation in state variables (¢,x,v) €
R, x Q x R4, eg., [HT08, HL09, CFTV10],

Ofn + V- Vifn = —xVy - Qp(fn, fn)- (8)

It is driven according to the pairwise communication pro-
tocol® on the right of (1),,

Qutr )= [[ ¢xxrw sy avex. (o)

For N > 1, the dynamics of fy(t,%,V) is captured by its
first two moments which we assume to exist—the density
p(t,x) = limy_ o Jpa [N (t,X,V)dv, and the momentum
pu(t,x) = limy_ s fpa VN (L, X, v)dv. They admit the hy-
drodynamic description in state variable (¢,x) € (R, X Q),

{ Pt+Vx‘(Pu):O:

(ou); + Vy - (pu ® u + P) = kA4 (0, ).
Here, the pressure P on the left of (10a), is a symmetric
positive-definite stress tensor,

P:= 1\1rim f(v —u)(v—u)" fy(t,x,v)dv,

and Ay on the right of (10a), is the communication pro-
tocol associated with ¢, corresponding to (9),

Ay, u)(t,x) = / B0x, X —wpp' dx'. (10)
Q

(10a)

(10b)

Observe that system (10) is not a purely hydrodynamic de-
scription at the macroscopic scale: while the density and
velocity, p = p(t,x) and u = u(t, x), are governed by the
macroscopic balances (10a),(10c), the pressure in (10b),
P = P(¢,x), still requires a closure of the v-dependent
second-order moments of fy. We recall that in the case
of physical particles, one encounters the canonical clo-
sure imposed by Maxwellian equilibrium and expressed in
terms of the density, velocity, and temperature, p,u, and
T,

__bh |v—ul?
Miou1)(t,X,V) = 2Ty exp (— T .

We mention in this context the special cases of monokinetic
closure, P = 0, associated with the vanishing temperature
Mo a0t X) = p8(|v — u]), [FK19], as well as examples
of an entropic-based closure with measured data and the

We abbreviate f = f(t,x,v),f" = f(t,x',v") and likewise O = [(t,x),
0" =0(t,x"), etc.
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isothermal closure P = pl,4 (corresponding to constant
temperature T); see [Tad21].

The general case of “social particles,” however, is differ-
ent: there is no universal closure. The question of closure
for the hydrodynamic description of alignment in (10) is
therefore left open. We shall revisit this question in the
last section of the article. At this stage, we highlight the
fact that the decay of energy fluctuations quantified in the
next section applies to general mesoscopic pressure stress
tensors (10b).

Fluctuations. The total energy of the large-crowd dynam-
ics associated with (1) is given by the second moment
(which is assumed to exist)

PE(t,X) := lirnf 1|v|2f]\,(t,x,v)dv.
N-oo Rd 2

It satisfies the energy equation

(PE); + V4 - ()Eu + Pu+q)
(11)
= —K/¢(X, x)(2E(t,x) —u-u')pp’ dx'.

The energy flux on the left of (11) is computed as the sec-
ond moment of (8),

. [v|?
lim —
N-oo 2

lim ﬂ dv + lim ﬂ(—) d
uN—»oo 2 fN v N-oo 2 v qu v

vin(t,x,v)dv

. [uf?
pEu+]\1]1£I;f[ > +(v—u)-u

lv—uf

T3

](v—u)fN dv
=pEu+Pu+q,

expressed in terms of the pressure P and the heat flux
q(t,x) == limy_ % JSv —u)|v—ul’fy(tx,v)dv. The en-
ergy production on the right of (11) is driven by the enstro-
phy

/] P, X)W (v—V)ff dv' dvdx’

= /dz(x, x’)(ZE(t,x) —-u- u’),op’ dx’.
The energy can be decomposed as the sum of kinetic
and internal energies, pE = pe, + pe, corresponding to
the first two terms in the decomposition of kinetic velocity
§|v|2 = §|u|2 + §|v— u?+(v-u)-u,

1
,oeK(t, X) = §P|u|2(t’ X)’

pe(t,X) := I\IIim % / [v —u(t,x)|*fx(t,x, v) dv.
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Let 5&(t) denote the total energy fluctuations at time” ¢,

5E(E) = ﬁ ff [%|u(t,x)—u(t,x’)|2

+e(t,x) + e(t,x’)]dmp(x, x").

The first integrand on the right quantifies local fluctuations
of macroscopic velocities, u(t, -), while the last two inte-
grands quantify microscopic fluctuations, [v —u(t, -)|?. Its
decay rate is given by

d
a&?(t)

= —Kﬂ¢(X,X')[%|u(t,X) —u(t,x)?

+e(t,x) + e(t,x’)]dmp(x, x').

(12)

This follows by integration of the energy equation
(11) and using the assumed symmetry of ¢(:,-) hence
% J pu(t,x)dx = 0 on the left, and the symmetric part of
the enstrophy on the right,

1 1
2E—u-u' = §|u—u'|2+e+e’ + §(|u|2—|u’|2)+(e—e').

Equation (12) quantifies the decay of energy fluctuations
on the left in terms of the total enstrophy on the right and
is a key ingredient in studying the emergent behavior of
(10).
Flocking/swarming. A main feature of the large-crowd
hydrodynamics (10) is flocking—modeled after the self-
organization of birds, as a prototype for swarming behav-
ior, characterized by the following two properties:

(i) Finite diameter—the “continuum” crowd supported
in 8(¢t) == supp{p(:, t)} forms a “flock” with a finite diameter

D(t):== sup (13a)
x,x’' €S(t)

x—x'| <D, < .

(ii) Alignment—velocity fluctuations inside the flock
vanish fort > 1,

ff [u(t, %) — u(t, x)2dm,(x,x') = 0.

Remark that one can combine (13b) with global time in-

variant of the momentum pu(t) := f, pu(t,x) dx and mass

m(t) == [ p(t,X) dX, to deduce emergence towards the av-
(Pu)o

erage velocity u, = ~—=,
mo

55(t)=/[%lu(t,X)—ﬁol2

(13b)

(14)
t—oo
+ e(t,x)]p(t,x) dx —> 0.
Thus, the large time decay of fluctuations takes place while

the dynamics is asymptotically aligned along straight par-
ticle paths x.(tf) ~ uyt. We mention in passing that the

3Here and below we abbreviate dm,(x,x') = p(t, x)p(t, x') dx dx’.
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Figure 4. Emergence of flocking as agents concentrate along a harmonic oscillator.

decay of fluctuations in the presence of more general pro-
tocol of interactions—repulsion, attraction, and external
forcing—leads to emergent behavior with different and
more “interesting” patterns. For example, when alignment
is augmented by pairwise attraction induced by quadratic
potential (5), it implies flocking of agents which are spa-
tially concentrated along a particle path of harmonic os-
cillators, (x.(t),u.(t), depicted in Figure 4, as pu(t,x)—

Mo (H)8(x — x,(1)) =S 0, [ST21]. A rich gallery of emerg-
ing swarming patterns is found in [CFTV10, CDMBCO07].
We shall continue with the notion of flocking. It is dic-
tated by the enstrophy on the right of (12), which in turn is
determined by the two types of fluctuations—the internal
energy and kinetic fluctuations. We shall discuss the large-
time behavior of these fluctuations in two separate cases
of long-range and short-range communications kernels.

Long-Range Interactions

Long-range kernels maintain global communication so
that each part of the crowd with mass distribution
p(t,x) dx communicates directly with every other part with
mass distribution p(t,x")dx’. Global communication is
quantified in terms of Pareto-type tail*

1
=P’ (13)

According to (12), the decay of energy fluctuations re-
quires that the diameter, D(¢t) := diam supp{p(-,t)}, does
not spread too fast.

Ppx,x) 2

Corollary 1 (Flocking with long-range kernels). Let
(p(t,),u(t, ), P(t,-)) be a strong solution of (2),(10), driven

4Denoting )=+ r3)V2,
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by long-range kernel (15). There holds

t
5E(t) < exp{ —x f (D(r))‘edr}éé"(O). (16)
0

The flocking behavior of dynamics driven by long-range
kernels is determined by two factors: (i) the assumed “fat-
tail” behavior (15); and (ii) the spread of supp{p(t,-)}.
Corollary 1 implies that

if D(t) < (t)#, then flocking follows for 68 < 1.

“Fat-tailed” kernels. A prototype example encountered
with uniformly bounded velocity fields, in which case
(D(t)) S 2|u|t and hence § = 1, implies unconditional
flocking for fat-tailed kernels satisfying (15) with 6 € (0, 1),
which in turn implies fluctuations decay rate of order <
exp{—t1~9}. This is the typical scenario for monokinetic clo-
sure P = 0. In this case, the momentum equation (10a),
decouples into d scalar transport equations for the compo-
nents of u,

0, +u-Vou; = /gb(x, x)(u; —upp(t,x)dx',  (17)

each satisfying the maximum principle in supp{o(-, t)}, e.g.,
[Tad21]. In fact, in this pressureless scenario, (17) implies
the uniform decay of velocity fluctuations is tied to the size

of supp{p(-, 1)},

d _ ’
avi(t) < =1 (D(O))YOV (1), Vi(t) ’;I(l}eagét) u; — ujl,

iD(t) < max V(t).
dt i

It follows that the functional, [HL09], H(t) == x(D(t))'~® +
(1 — ) max; V;(t) is nonincreasing; hence the spread of

NOTICES OF THE AMERICAN MATHEMATICAL SOCIETY 497



supp{p(-, t)} is, in fact, kept uniformly bounded in time,
D(t) <D,, (18)

which in turn implies exponential flocking < exp{—xD, t}.
This flocking result for fat-tailed metric-based kernels
$(x,x") = p(Jx—x'|) (with monokinetic closure) goes back
to Cucker-Smale [CS07a, CS07b, HT08, HL09], and here we
observe that it extends to general fat-tailed symmetric ker-
nels.

Another example for flocking occurs with long-range
matrix-valued kernels, corresponding to fat-tailed dynam-
ics (16) of order 6 < 2/3: in this case, the diameter of
supp{o(-, t)} grows no faster than D(t) < (t)f with g < ﬁ,
[ST21], leading to flocking decay rate of fractional order
< exp{—t17%}.

Remark (Internal energy). Let ,5¢ denote the averaged den-
sity

(19)

where ¢_(t) = miny ycg) (X, X’). We observe that the
contribution of the internal energy to the decay of fluctua-
tions in (12) admits the lower bound

f P(x, x’)(e + e’)dmp(x, x')

1 .= ' /
> e mxmp¢(t, x)/](e+ e’ )dmy(x,x").

Hence the decay of the internal energy portion of the fluc-
tuations is independent of the specifics of the closure rela-
tionship: any nonnegative internal energy is dissipated by
fat-tailed kernels ¢_(t) > (D(t))~¢ such that f(D(r))~®dr =

0.

ot = [ $xx)p )8 > mo_ (0,

(20)

Short-Range Interactions

We focus our attention on the more realistic scenario
of short-range communication kernels, and in particular,
when ¢(x,x’) is compactly supported in the vicinity of di-
agonal [x—x'| < Ry. This means that alignment takes place
in local neighborhoods of size < R, which is assumed
much smaller than the diameter of the ambient space Q.
We consider the case of 27-periodic torus Q = T¢.
Spectral analysis. We revisit the two ingredients involved
in the decay rate of the energy fluctuations stated in (12).

(i) Internal energy. We replace the lower bound (19)
with ﬁ¢(t,x) > p_(t) (recall the normalization (2)). The
decay bound of the internal energy portion in (12) for non-
vacuous flows then reads

ff $(x,x')(e + €' )dmy(x,x')
TdxTd

(ii) Kinetic energy. It remains to bound the contribu-
tion of the kinetic energy fluctuations to the enstrophy on
the right of (12),

// ¢(x,x")|u —u'|*dm,(x,x).
TdxTd

Given the symmetric communication kernel ¢(x,x’) =
¢(x',x) we set the weighted Laplacian as the Hilbert-
Schmidt operator .%, : I*(T9) — I*(T4),

Ziwo) = [ gtxx)[fpxowe
Td

—\/PEOW) |/ p(x) dx.

Let Ax(t) be the discrete eigenvalues of .Z,; starting with
the eigenpair 4, = 0 (corresponding to eigenfunction
\/p(t,x)c, where ¢ is any constant vector in T¢). The de-
sired lower bound on the kinetic energy fluctuations part
of the enstrophy is given by the spectral gap, 1,(Z(1)),

./../. ¢, x")[u—u'|Pdm,(x,x')
TdxTd

L(Z
> (L) ff lu—u'[*dm, (x, x').
my TdxTd

This corresponds to the decay of discrete energy fluctu-
ations, in (6),, quantified in terms of the spectral gap
A2(Ag(p))- The proof is outlined in the end of this section.

(22)

Remark. The spectral gap bound (22) generalizes the spec-
tral bound derived in [ST20, Theorem 1.1] which required
the spurious condition p(t,-) > (t)~'/2. Instead, (22) en-
codes the behavior of p through the weighted Laplacian
Zp(0)-

Inserting (21) and (22) into (12) yields the following.

Theorem 2 (Flocking with positive spectral gap). Let
(p(t, ), u(t, -)) be a strong solution of the hydrodynamic system
(2),(10) with a mesoscopic pressure P(t, -), subject to nonvacu-
ous initial data, (pg > 0,1y, Py). Then the following flocking
decay estimate holds:

t
5E(t) < exp {— 2% f min {A,(Ly(e), p_(r)}df}ag(m.
0
Thus, if 1,(Z,(;)) and p_(¢) have fat-tailed decay in time,

then they “communicate” strong enough alignment to im-
ply the flocking behavior sought in (14),

5E(t) = f [%|u(t,x)—ﬁ0|2 +e(t,x)]p(t,x)dx—> 0.
Td

It comes with the additional decay of the internal energy.

21
p_(t) , , (21) Proof of the spectral gap bound (22). Given the symmetric
>0 (e +e€)dmy(x,x"). . p ) corrd < Td
my  JJrasga communication kernel ¢(x,x') = ¢p(x',x) € L®(T* x T%)
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and the positive weight function p > 0, we set the weighted
Laplacian operator,
Lp = Np =,

where A, 1 L3(T%) — L2(T%) is a multiplication operator
and o/, : L2(T%) — L3(T%) is a Hilbert-Schmidt operator
on L4(T9) := {w t fra IWPpdx < oo},

ApWER) = B, GIW),
gy =[p0) [ 9t x o fot)
Td

The Laplacian .Z, is a symmetric nonnegative® operator in
L3(T%):

(iﬂp\/EW, \Vow)
= ff $(x, x")p(x)p(x)|W(x)|* dx dx’
TdxTd

- ffT . JPeo#(x x /o)

X (1/ pEIW(X'), 1/ pX)W(x)) dx dx’
- % ff $(x, X W(x) — W(x')2dm,(x, X').
TdxTd

Let (4, > 0, wy(x)) be the sequence of discrete eigenpairs
of £, starting with the zero eigenvalue 4, = 0 associated

with w;(x) = v/p(X)c, where c is any constant vector in T¢,

Low1 = N/ p(X)€) — Fp(1/ p(X)€)

=4/p(x)

x fT 40 o) = o fp0) dx xe
= 0.

We then have
,,? 1)
22(Z,) =_inf M
Jpwiype (ypw> yow)
> I $(x, X)W — W' 2dm,,(x, x)
= inf 2 .

Tow=0 — [f |w — w'[2dm(x,x")
2mg

(23)

The desired lower bound of the kinetic energy fluctuations
(22) follows. O

3In agreement with the standard convention of keeping positive graph Lapla-

cians, as opposed to the usual Laplacians being negative.
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Metric-based kernels. The main difficulty with Theorem
2 is access to the spectral gap 4,(Z)). To this end,
we restrict attention to the radial communication kernel,
#(x%,x') = p(|x—x'|). Short-range communication refers to
“thin-tailed” kernels and in particular to kernels with finite
support—much smaller than the diameter of the nonvac-
uous “crowd,” diam supp{p(-)} < diam supp{p(-,t)}, and
therefore lack direct global communication. Instead, de-
cay of energy fluctuations (and hence flocking) persists for
nonvacuous configurations quantified below. We denote
p—(0)

0= oo
Theorem 3 (Flocking with short-range kernels). Consider
the hydrodynamic system (10) over the 2m-periodic torus
T4, driven by a nonnegative radial communication kernel,
¢(x,X") = @(|x — X'|), with unit mass f;4 ¢(|X|)dx = 1. Let
(o, u, P) be a strong solution subject to nonvacuous initial data
(o > 0,uy, Py). There exists a constant o, > 0,

maxy

px(t) = min;p(t,X).

0, =1 — max x|)cos (k - x) dx,
o= 1= [ e cos(kc-x)

such that )
AZ(gp(t)) 2 zo'gocp(t)P—(t)s

and the following bound on the decay of energy fluctuations
holds:

(24)

t
5E(t) < exp{ — K0, f cp(r)p_(r)dr}ag(oy (25)
0

Remark (Optimality of the spectral gap bound?). The ob-
vious bound

(Zory) = mg - min $(x, x")

implies that when ¢ is a long-range communication ker-
nel, namely, when (15) holds with 6 < 1, then it in-
duces an unconditional flocking. The question of flocking
for short-range kernels is more subtle: Theorem 3 shifts
the burden of proving flocking in this case, to a question
of nonvacuous bounded density, p_(t) > (t)~2 (in which
case c,(t) 2 (1)"? and hence 6&(t) — 0). We raise the
question whether an improved bound of the spectral gap
holds—independent of the aspect ratio c,, 1,(ZLp) 2
p_(t). This would imply flocking for “fat-tailed” density
such that p_(t) = (¢)~1.

Proof of Theorem 3. We begin with the following Poincaré
inequality, corresponding to the bound of discrete energy

fluctuations in (6): for all 27z-periodic w € I?(T%) there
holds

I =it - wex ) axax
TdxTd (26)

> %o /] [w(x) — w(x')|? dx dx’.
N (271—)(1 TdxTd
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Indeed, expressed in terms of the Fourier expansion

= ) D W(k)elkx
k

w(x)

d .
with W(k) := 27) 2 fiq w(x)e~k* dx, the integral on the
right of (26) amounts to

1 [/ |w(x) — w(x')|? dx dx’
2 TdxTd

=Cn)? | wx)?dx— ‘/ w(x) dx|2
Td Td
= 2m)4 Y WEK).

k#0

(27)

Computing the convolution terms on the left of (26),
- d
(pxw)k) =

unit mass $(0) =

l// o(|x — x'|)|lw — W'|? dx dx’
2 JJyaxya

= f [w(x)|? dx — Ref (W(x), (p * w)(x)) dx
Td Td
=> (1 - Ref o(|x|)etkx dx) [W(k)|?

k0

> g, Z [W(k)|2.

k#0

(27)2 (p(k), w(k)), and using the assumed
d
(27)” 2, yields for the left of (26),

Using (26) we compute the lower bound

I, otx=xu-wpam,
TdxTd
Zpi(t)/] o(jx —x'|)ju —u'|? dx dx’
TdxTd
% 2 [/ 2 ’
> (3] u—u'|*dxdx
(2 )dp TdxTd | |

9 P2 (t) o
> s ] g PR 0K

GfP P (t) d/ 2
_(zﬂ)d et | et dx

> u—ul“dm
>0 G a7 e
P2 1 ff ju— ' Pdm,.
p+(t) 2VnO TdxTd

(Recall u = p—u so the fourth inequality follows from

Slu—cl?o> [ |u u|?p for all constant vectors ¢.) We now
deduce (24) from the optimality of 1,(-%,) in (23); ob-
serve that the eigenspace associated with /lz(fp(t)) remains
uniformly bounded away from the eigenspace of constants
20,Cap-(1) <
p_(t) < ,5¢(t) and (25) follows from Theorem 2. O

associated with 1;(Z,)) = 0. Moreover,
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Let my denote the average mass m; = Theorem

my
@myd”
3 tells us that as long as the density fluctuations remain
below the threshold,

p+(t) —p_(1) < (A —)my, (28)

then c,(t) > c and hence p_(t) > myc. We end up with the
exponential flocking bound

0&(t) < exp{—d0,t}6&£(0),

This echoes a similar result for first-order consensus dy-
namics encoded in terms of positions, {X;}, corresponding
to transported density p: if the variation of the density
remains below a specified ¢-dependent threshold, then
smooth solutions approach a consensus, [GPY17]. In both
cases, the threshold, quantified in terms of the Fourier
transform of ¢, dictates flocking/consensus for short-range
kernels.
We close the section with two examples.

c<l1,

8 = xkmyc?. (29)

Example 1. Consider the 1D dynamics over the 27-
torus T driven by the communication kernel® ¢(x,x’) =
%]ll(|x — x'|). The corresponding threshold is given by
o, = 1 —sin(1) ~ 0.158. It follows that if the density
has a finite variation so that (28) holds, then the 1D CS
dynamics (10) admits exponentially converging flocking
< 701588t [n fact, in a recent work of Dietert and Shvy-
dkoy (cf. [Tad21]) it was shown that in the special 1D
case, any discrete CS dynamics (1) with nontrivial commu-
nication kernel admits flocking rate of order < (ln(t)/t)l/5
Here, by restricting attention to large-crowd dynamics with
slowly varying density, we improve the flocking result to
exponential rate.

Example 2. Consider the 2D dynamics over the 27-
periodic torus T2 driven by the communication kernel

o(x,x') = l]ll(|x — X'|). The Fourier coefficients of the
radial ¢ are given by 27@(k) = —J1(|k|) and hence
a¢=1—‘¥ ~ 0.86.

It follows that if the density variation remains with the
range (28), then the 2D CS dynamics (10) admits expo-
nentially converging flocking < e~0-86%¢,

Global Smooth Solutions

The hydrodynamics (10) is driven by two competing mech-
anisms: a generic effect in Eulerian dynamics of steepen-
ing local fluctuations which may lead to finite-time blow-up
when lim; y1(z,.x.) Vx-a(t,X) = —co, and alignment which
prevents the formation of shock discontinuities,

VX . u(t, ') > _CO > —00, (30)

1, 0<r<R,

Owith 1 g denoting the characteristic function 1x(r) = { o roR
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as ff lu—w'|>dm,(x,x") % 0. The outcome of this com-
petition determines whether (10) admits strong solutions
sought in Theorems 2 and 3. The global existence results
available in current literature are almost exclusively de-
voted to monokinetic closure P = 0,

pr+ Vx-(pu) =0
(pw); + Vi - (pu®u)

(31)
= ‘Kf¢(X, x)(u' —u)pp’ dx'.

Although the repulsive forcing of pressure is missing,
system (31) is still driven by a competition between non-
linear advection and alignment. Indeed, the alignment hy-
drodynamics with or without pressure, (10) or (31), may
form finite-time shock-discontinuities, coupled with the
emergence of Dirac masses, which requires their interpre-
tation as weak solutions. A proper notion of weak solutions
which enforces uniqueness within an admissible class of
solutions is still missing.” Existence of global strong solu-
tions, on the other hand, depends on certain critical thresh-
olds in the space of initial configurations.

Critical thresholds. To motivate our choice for initial
thresholds, we turn to discuss the thermodynamics of the
general alignment system (10). The entities governed by
collective description (1) are fundamentally different than
physical particles. While physical particles are driven by
forces induced by the environment of other particles, the
“social particles” we consider here are driven by probing
the environment—Iliving organisms, human interactions,
and sensor-based agents have senses and sensors with
which they actively probe the environment. In particu-
lar, such social agents are often driven by outside pro-
cesses. This is particularly apparent in self-organization
of biological agents that receive energy from the outside,
thus forming thermodynamically open systems. Accord-
ingly, the mesoscopic description for flocking cannot be
expected to provide a self-contained notion of thermody-
namic closure sought in (10), and as such, there is no
universal Maxwellian for thermal equilibrium. As noted
in [VZ12, §1.1], “The source of energy making the motion
possible ... are not relevant.” Nevertheless, we argue that
lack of thermal equilibrium in the form of certain closure
equalities can be substituted with certain inequalities, which
are compatible with the decay of internal energy fluctua-
tions in (12). To this end, we trace the separate contribu-
tions of the kinetic and internal energies. Multiplying the

"We mention in this context related works (see [Tad21]) on dissipative and
measure-valued solutions with a weak-strong uniqueness principle.
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momentum (10a), by u, we find

9,(pee) + Vi (Pu|_ + Pu) Plj ax
7]

= —K/¢(X, x)(Ju? —u-u')pp’ dx'.

Subtracting the portion of kinetic energy from the bal-
ance of total energy in (11) we find the dynamics for the
internal energy, expressed in terms of the average density
(19), ,6¢ = [ ¢(x,x")p(t,x")dx’, and the d X d velocity gra-

. . du;
dient matrix Vu := {ﬁ},
a.XTj

0:(pe) + Vi -(upe + q) = —t race( PVu) - 21<,;e,o¢(t, X).

Since trace(P) = f |v —u|?f(v) dv = 2pe > 0, we find that
the equation governing the internal energy can be put into

a relaxation form,
9:(pe) + Vi -(upe + q) = —27pe, (32)

with J = J(t,x) given in terms of the normalized pressure
= 1

trace(P) !

Jt,x) = trace(ﬁVu)(t,x) + K,5¢(t,x). (33)

We do not enforce any specific form for closure of the in-
ternal energy. Instead, we explore the flocking dynam-
ics subject to a rather general set of thermodynamic con-
figurations with the minimal assumption that the total
amount of internal energy is nonincreasing, in agreement
with (12). Integration yields

t
f,oe(t, x)dx < exp{—z /ﬂ_(f)df] /(pe)g(x) dx,

where J_(t) :== min, J(t,x). Thus, a nonincreasing total
energy is tied to the inequality J_(¢t) > 0 (and in fact, if
there is no heat flux, q = 0, then (32) would yield a uniform
decay of internal energy in this case). A simple exercise
shows that since P is a symmetric positive definite matrix
with trace 1, then trace(PM) > Amin(Mg) for any matrix M
with symmetric part Mg := %(M + MT). In particular we
have the following lower bound in terms of the symmetric
gradient V,u := % (0ju; + du;):

trace (ﬁVu) > Amin(Vow). (34)

In summary, in view of (33),(34) we are motivated to pos-
tulate the following critical threshold requirement: there
exists 7). > 0 such that

N W(EX) = Amin(GW(EX) + 15,630 2 7. (35)

Observe that the threshold (35) is independent of the ther-
modynamic state of the system and it will guarantee the
decay [ pe(t,x)dx S e~2!. The key question is whether
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such threshold persists in time. At this point it is instruc-
tive to compare (35) with the known results of global reg-
ularity in dimension d = 1, 2. A global smooth solution in
the 1D case, and in the more general setup of unidirectional
flows, exists if and only if the initial configuration satisfies
the threshold uy(x) + xp * po(x) > 0, [LS20]; this corre-
sponds to (35);-¢ with ., = 0. A sufficient threshold for
2D regularity (consult [Tad21]) requires a lower bound on
the initial divergence and an upper bound on the spectral
gap (recall (18)),

Vi ug +xp *pg >0,

1
(A2 = 21)(Vyug) < 6, 8o = §m0¢(D+),

which imply that (35),-¢ holds with
1, .
Ne = 5(ming * pg — 5o).

Existence of strong solutions in d > 3 dimensions for
“small data” can be found in [Shv19]. The next result set-
tles the open question of existence of strong solutions in
d > 3 dimensions.

Theorem 4 ([Tad21] Existence of global strong solutions
of multiD Euler alignment system). Consider the Euler
alignment system (31) subject to nonvacuous initial data,
(0o, ug) € H™ x H™*L, with initial velocity of finite variation
maxy [ug—uo| < Cy. If the initial conditions satisfy the thresh-
old condition

— 1
/lmin(vsuo)(x) + K(po)gb(x) 2N Ne = E(;OO)— >0,
then this threshold persists in time,
Amin(VSu)(t’ X) + K5¢(t’ X) 2 Nes

and (31) admits global
C([0, T]; H™ x H™+1),

t>0,

smooth solution (p,u) €

The main feature here is that the initial threshold,
n(pg,Ug)(X) > 7., forms an invariant region in (p,u)-
configuration space,

17(Po> W)(X) Z 1~ o, W)(t,X) 2 7.,
and therefore
Vi -u(t,x) = ZA(VSu) > dApin(V,u)(t, %)
A

> d(n(p, w)(t,X) — 1B,5(1.%)).
It follows that (30) holds with a constant lower bound
Cy = d(K(E)d, - nc) which in turn implies the Sobolev
regularity of (o(t,-), u(t, -)) by standard energy estimates.
Singular kernels. We conclude by mentioning existence
results for the important class of singular kernels ¢g(r) :=
r~# with 8 < d +2: in this case, the communication frame-

work emphasizes short-range interactions over long-range
interactions, yet their global support still reflects global
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communication. For the regularity for 1D weakly singu-
lar kernels, ¢g with § < 1, and strongly singular kernels
with 1 < 8 < 3 we refer to [MMPZ19] and the references
therein. Here, alignment is structured as fractional diffu-
sion which was shown, at least in the one-dimensional
case, to enforce unconditional flocking behavior, indepen-
dent of any initial threshold. A typical result asserts that
(31) with strongly singular kernel, ¢;,, with 0 < a < 2
on T, any non-vacuous initial data evolves into a unique
global solution, (p,u) € IL*([0, 00); HST* x H*Y), s > 3,
which converges to a flocking traveling wave,

llu(t, ) = Uollas + 1ot ) = poo (- — futo) |51 S €77

Existence of strong solutions for multiD problems with
strongly singular kernels p(r) = r~@+9 1 < a < 2, in
d > 2 dimensions is open, except for “small data” results
for small initial data results for Holder spaces, [ug—ug|o S
(14 [loollwae + [Wg]|3.)~¢ with 0 < & < 2, and for Besov
data

IWollgzz + lloo = llgy, <& @€ (1,2)
There are fewer results on the existence of strong solu-
tions with short-range interactions and in particular, com-
pactly supported ¢’s. This include the class of strongly
singular kernels, pg, d < B < d + 2, with “thin tails,”
f1°°¢ﬁ(|x|)dx < oo—thinner than those sought for long-
range communication (16). We mention the 1D dynamics
driven by short-range topological kernels with singular pair-
wise interactions restricted to finite balls, (4), where com-
munication within the balls is dictated by the density in
the intermediate communication range, u,(x,X’), a con-
tinuum analogue of the discrete case (3), [ST20],

g, (Ix —x|) 1
x—x'F~7 " uh(x,x)

$(x,x') =

, 0<y<§B,

1/d
where (1, (x,X') = ( fe(x,x') ot z) dz) is the rescaled mass

in a communication region C(x,x’) enclosed between x
and x'.
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