msp






ANALYSIS AND PDE
Vol. 15, No. 6, 2022

https://doi.org/10.2140/apde.2022.15.1561

COMMUTATOR METHOD FOR AVERAGING LEMMAS

PIERRE-EMMANUEL JABIN, HSIN-YI LIN AND EITAN TADMOR

We introduce a commutator method with multiplier to prove averaging lemmas, the regularizing effect for
the velocity average of solutions for kinetic equations. Our method requires only elementary techniques
in Fourier analysis and highlights a new range of assumptions that are sufficient for the velocity average
to be in L2([0,T], H ;/ 2). Our result provides a direct proof (without interpolation) and improves the
regularizing result for the measure-valued solutions to scalar conservation laws in space dimension 1.

1. Introduction

1.1. Brief overview for averaging lemmas. Our goal in this paper is to introduce a commutator method
for the kinetic transport equations in the form

0, f +a()-Vof =(—=Ay)3g, (1)

where e >0, « >0, a: R} — R" and g: R; x R} x R? — R are given functions; ¢ is the macroscopic
scale often introduced when a hydrodynamic limit is considered. The nonlinear coefficient a(v) in our
setting appears for instance in the relativistic, quantum kinetic models [Escobedo et al. 2003; Golse and
Poupaud 1992] or the kinetic formulation of scalar conservation laws [Lions et al. 1994a].

We shall utilize a commutator method as a new approach to derive averaging lemmas, which state that
the velocity average pg of f in (1), defined by

pott.x)i= [ fxop@dv, pecs.

has a better regularity than f and g in the x-variable.

There is a vast literature of averaging lemmas and we only mention few of them that are relatively closer
to our discussion here. Averaging lemmas are famous for getting the compactness for kinetic models,
such as the Vlasov—Maxwell system [DiPerna and Lions 1989a], the renormalized solutions [DiPerna and
Lions 1989b] and the hydrodynamic limits for the Boltzmann equation [Golse and Saint-Raymond 2005],
and the renormalized solutions to the semiconductor Boltzmann—Poisson system [Masmoudi and Tayeb
2007]. Averaging lemmas also contribute to the regularizing effect of solutions when kinetic formulations
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exist. They were applied for this purpose to, for instance, the isentropic gas dynamics [Lions et al. 1994b],
the Ginzburg—Landau model [Jabin and Perthame 2001], and scalar conservation laws [Lions et al. 1994a].

The classical averaging lemma in the L2 framework was first introduced independently by [Agoshkov
1984] and [Golse et al. 1988]. The derivation in [Golse et al. 1988] involves the decomposition in the Fourier
space according to the order of @ (v)-&, and the singular part |a(v)-£| < ¢ is controlled by the nondegeneracy
conditions for all ¢ > 0. Combining with interpolation arguments, the averaging lemma was later extended
to general L? spaces with 1 < p < oo by [Bézard 1994; DiPerna et al. 1991]. The optimal Besov result
was then proved in [DeVore and Petrova 2001] with wavelet decomposition. More recently, the regularity
result for L? spaces has been further improved in the one-dimensional case, precisely from % tol— %
when p > 2 by [Arsénio and Masmoudi 2019] with the dispersive property of the kinetic transport operator.

The averaging lemmas under different assumptions on f and g were further investigated. For example,
in [Westdickenberg 2002] the author considered f and g in the same Besov space in x but with possibly
different integrability in v. The results for general mixed norm assumptions were obtained in [Jabin and
Vega 2003; 2004]. Their work inspired the work in [Arsénio and Masmoudi 2014] to consider the case
when f and g have less integrability in x than v. Besides the explorations in the direction of general
conditions, averaging results for a larger class of operators in the form a(v)-Vy —V)Jc--b(v)vx were obtained
by [Tadmor and Tao 2007], where several applications of their results were presented. In particular, they
improved the regularity of solutions to scalar conservation laws with general nondegeneracy conditions.

The limiting L! case for classical averaging lemmas in general is not true and a counterexample
was given in [Golse et al. 1988]. However, the L' compactness can be shown when assuming the
equi-integrability condition in the v-variable [Golse and Saint-Raymond 2002] and this type of results
has been extended to the transport equations in more general forms in [Arsénio and Saint-Raymond 2011;
Han-Kwan 2010].

1.2. Commutator method with multipliers. We use a commutator method with multipliers to transform
the dispersion of transport operator in Fourier space into a gain of regularity in the x-variable. Let us
introduce the commutator method in a general setting and narrow down to our case shortly. Assume

edi f +Bf =g, 2)

where B is a skew-adjoint operator, ¢ < 1 and g are given. For a time-independent operator Q, we
consider

eat/fQ_fdxdv:/[B,Q]ffdxdv+/gQ_fdxdv+/fQ_gdxdv.

By the fundamental theorem of calculus, we have

T
Re [B.O] f fdxdvdt < sup . 3
0

t=0,T

/fQ_fdxdv

+‘/gQ_fdxdvdt

+‘fo_gdxdvdt

The idea is to find an operator Q which is bounded in some L? spaces such that the commutator [B, O]
of B and Q is positive-definite and gains extra derivatives. Hence by applying these conditions on (3),
we get a desired bound on f.
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This method has been utilized, for example, for the local smoothing property of the Schrodinger
equations when B is taken to be of Schrodinger type, when commutators appear naturally from some
Hamilton vector field. Frequently, it involves constructing a proper symbol such that the Poisson bracket
implies a spacetime bound on f by Garding’s inequality; See for example [Colliander et al. 2006; Doi
1994; Kajitani 1998; Staffilani and Tataru 2002].

The operator B of our interest is the kinetic transport operator and Q is a bounded multiplier operator.
That is, we consider
edi f +a() Vi f =g, “4)
and

Fee(Qf)i=mE, O Fee(f),

where m is a bounded function and F ¢ is the Fourier transform in the x- and v-variables, with the
Fourier dual variables & and ¢ respectively. The subscripts indicate the target variables.

As m is bounded, there is a tempered distribution K(x, v) such that Q f = K xx y f, with F¢ ¢ (K) = m.
The commutator then can be written as

/[a(v)-Vx,K*x,v]ffdx dv = /(a(v)—a(w))-VxK(x—y,v—w)f(y,w) dy dw f(x,v)dxdv.

When a(v) = v, it is simply the quadratic form with the multiplier & - Vem. We shall take advantage of
this simple formula and show that the velocity average of f would gain regularity % in x when a(v) = v
and g is in some L7 space.

The multiplier we select for this purpose is

& &
El (141¢12)2

Notice that our multiplier corresponds to the inner product of Riesz transform in x and the convolution

mo(§.0) = )

with the gradient of Bessel potential of order 1 in v in physical space. Let us recall that the Riesz transform
in dimension 7 can be defined weakly as a convolution operator with

1 X
T((n+1)/2) [x[*+1°
where I' is the gamma function. On the other hand, the Bessel potential Gg of order B in dimension 7 is

defined as 5
1 0 |x]| ) —n+B_,
G" = — ——+—) ds. 7
p0 = [, oo ) @

With this notation, the corresponding kernel K¢ in physical space for myg is

R(x) := (6)

Ko =R-V,G.

From the results in Calderén—Zygmund theory (see for example [Stein 1970]), the convolution operator
with Ky is bounded on L? spaces for all 1 < p < oo. Therefore, the right-hand side of (3) is bounded as
long as f is in L*([0, T], L?>(R" x R")) and the dual space of g.
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Moreover, by the Plancherel identity

[0V Kowalf 7 dxavde = [ 6 Vemol7eg (1) g d

L2
://[ 1 i 1E/1ED ZL ]|§||fg,;(f)|2d§d§dt
(1+12»)2 (1422

// B g (P dcdeds
1+ [2)3

= ||f||L2([0 T1,H/2(RL,H-3/2(R})))

. . . . 1/ . .
For convenience, the conjugate index of p is denoted by p’ (where - >t ; = 1). From the discussion
above, we have shown:

Theorem 1. Let e < 1. If f € L>([0, T], (L? N LP)(R" x RY)) solves (4) with a(v) = v for some g €
L([0,T], LP(R" xR?)), where 1 < p <00, then, for all ¢ € H>?(R?), we have pye L2([0,T], H/2(R%)).
Moreover,

2 2
YIS 12 v S 1S Wgega 1 e, 1812,
Remark 2. By the Wigner transform, this result with p = 2 connects to the local smoothing effect for
the Schrédinger equation.

Remark 3. The exchange of regularity between the x- and v-variables is visible through the calculation
of the commutator, which shares its similarity with the hypoellipticity phenomenon. Roughly speaking, it
is a phenomenon that the degenerate directions can be recovered by commutators and was developed
systematically in [Hormander 1967] for Fokker—Planck-type operators. For the hypoellipticity of kinetic
transport equations, we refer to [Bouchut 2002].

The difference here is that we introduced a homogeneous zero multiplier m¢ as a buffer, which takes
on the direct impact from the transport operator. Therefore, the request for extra regularity in v goes to the
test function ¢, unlike the results in [Bouchut 2002], where an extra regularity in v was required for f.

Our setting is reminiscent of the multiplier method in [Gasser et al. 1999], where the moment and trace
lemmas for kinetic equations were proven. Their results were derived employing the dispersive nature of
solutions acquired by integrating along the characteristics in physical space. Here we utilize a similar
technique in the frequency space, and hence instead of moments, it results in a gain of regularity.

For the rest of this paper, we shall extend this commutator method to (1) with the variable coefficient
a(v) and the singular source term (—A,)%/2g, which introduce nontrivial technical issues. The advantage
of this approach is that the integrability of f and g can be of assistance to each other. This feature
distinguishes our results from the others in the previous literature and provides averaging results for a new
type of mixed integrability assumptions, which fits nicely for the conditions that the kinetic formulation
of scalar conservation law naturally attains.

Let us conclude with a brief introduction on our ideas for the extension. To include variable coefficients
in this method, the idea is to make an appropriate change of variables. Different change of variables
gives distinct conditions on a(v). Our main result will require conditions on the Jacobian matrix of @~
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With the same procedure but a different change of variables, we also recover the averaging results for the
nondegeneracy condition when v =1 (see (12)) in the L? setting.

On the other hand, we make this approach compatible with the singular term (—Av)“/ 2g with a
regularization for (1). Our regularization contains a rescaling in the v-variable and is inspired by the
regularization process utilized in [DiPerna and Lions 1989c], where the scaling is a constant going to zero
in a limiting process. Differently, our scaling depends on the frequency |£|. Because of this dependence,
the order « of singularity contributes to the resulting gain of regularity of the velocity average pgp.

This paper is organized as follows: We present our main theorems in Section 2 and an example of appli-
cation to scalar conservation laws in Section 3. Finally, the proofs of theorems are provided in Section 4.

Our focus in this article is on dealing with a broad range of L? exponents and fluxes a(v). We will
further elaborate in a coming work by considering nonhomogeneous fluxes a(x, v) that also depend on
the position. A summary of our results on the commutator method can be found in [Jabin et al. 2020],
announced in the Séminaire Laurent Schwartz in March 2020. Related interesting results, derived by a
different energy method approach, were later announced in [Arsénio and Lerner 2021].

2. Main results

2.1. Notation and functional framework. Our work relates to various topics in classical Fourier theory,
including the Littlewood—Paley decomposition and Besov spaces. This subsection briefly recalls some
definitions that will be used in our later discussion.

The Littlewood—Paley decomposition of f is described as follows: Consider a smooth radial bump
function y (&) with support on % < |&] <2 such that yo(§) + D ren x(27Kg) =1 for all £ # 0. We denote
by Py the convolution operator defined by

Prf =2"W@" )« o Pof =Wox f,
where y and ¢ are the Fourier transforms of W and Wy respectively. Then we have f = > 72, Pk f.
Note that this is a decomposition in the Fourier space, and each Py, restricts f to the places where its
frequency is of order 2.

One way to define the Besov spaces is through the above decomposition. The norm of the Besov spaces
B, , of a function f is defined by

o0 1
q
1/ 15y, = (Z 2’”q||Pkf||;{p) .
k=0

There are many excellent references for these classical materials. We refer to for instance [Klainerman
2011; Stein 1970].

2.2. Our main velocity averaging result. Our results make use of the dispersion of the kinetic transport
operator a(v) - Vy in the Fourier space. In order to have the dispersive property, one needs conditions on
the variable coefficient a(v). Indeed, there is no gain of regularity if @ is only constant for example.

In this section, we assume a(v) € Lip(R") with the conditions

a(v) is one-to-one, and J,-1 €LY, (8)
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where J,—1 = det(Da~'). The conditions in (8) quantify the nonlinearity of a(v) with the index y and
allow us to control the integrability of functions after the change of variables v — w = a(v). Note that
(8) will be utilized locally due to the compactly supported test functions ¢.

Our proof involves a regularization of (1) through various embeddings. The interaction between the
embedding and the singular term (—Ay)Y/? g will affect the resulting gain of regularity. This process
introduces several exponents and indices in the formulas. To simplify the notation, we denote max{C, 0}
by C for all C € R. The exponents and indices are collected below:

1 1 2 -2
d1=n(—+——e) : d2=n(——f) , withe=1"7% )
P2 42 n P2 n y—1
1 1 2
d3=n(—+——1) and d4=n(——1) . (10)
P11 q1 + P1 +

We denote the ball with center x¢ and radius R by B(xg, R). Our result is as follows:

Theorem 4. Givena >0, T > 0and 0 < & < 1. Assume a € Lip(R") satisfy (8) with y > 2. Let

f e L®([0,T], LPN (R, LP*(Ry)))
solve (1) for some

g€ L'([0,T], L7 (RL, L (R}))),

with 1 < p1, p2,q1.q2 < o0 and
1 —(d3—da) 0.
a+ 1+ (di —dp)

Then for any B(xg, R) C R} and ¢ € C°(RY}), one has

pe(t,x) € L*([0, T], H*(B(xo, R)))
foralls < S = %[(1 —d»)0 — d4], where

0= [min{ 1= (ds —da) 1}]
Ol+1+(d1—d2)’ ’

and d; are defined in (9) and (10) fori = 1,2, 3, 4. Moreover,

2 2 2
126 220,71, 115 (BGxo, ) = CUS Lo (0, 11,L71 @2 272 @2y F 18I L1 (0,77, (et Lo2 yy))-
where C only depends on R, ||¢| oo ||J,—1 L7, and Lip(a).
Remark 5. The restriction for y can be relaxed to y > 1, but the formula of S for 1 <y < 2 would be
changed to 3{[1—n(2/p2 +2/y — 1)]0 — d4}, with
1 —(d3—ds)
a+1+n(l/q2—1/p2)" )

Remark 6. The end point s = S can be included, when f € L°°([0,T], Bgl L ([RE, LP2(RY))), g €
LY([0,T], B (R}, LT(R}))) and 1 < p1, pa, g1, 42 < 0.

6 = min
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Remark 7. Because of the quadratic form in our method, our result bounds the velocity average in L?
and the upper bound always has the same weight on the norms of f and g, independent of p1, p2,¢1,¢>.

When a(v) = v, one has that y = oco. In this case, we have a simpler formula for Theorem 4 when f
and g are in the dual space of each other:

Corollary 8. Givena >0, T >0and0<e <1. If f belongs to the space L*°([0, T'], LP*(R%, LP2(RY)))
and solves (1) with a(v) = v for some g € L' ([0, T, L (R%, LPQ(Rﬁ))), where 2 < p1, pa <00, then, for
any B(xo, R) CR™ and ¢ € CZ°(R™), we have py € L2([0, T], H*(B(x¢, R))) forall s < 1/(2(a + 1)).

2.3. Comparison with previous literature. There is already a huge literature on averaging lemmas and
in some situations the existing results have been proven optimal. In order to provide the readers an idea
of when our method becomes effective and the potential advantages of our method, a comparison of the
regularity in x shall be presented between our result and the theorems in [Arsénio and Masmoudi 2019;
DiPerna et al. 1991; Westdickenberg 2002].

Because our resulting space has a different integrability from the previous results except for in the L?
case, our method may render a more appropriate tool under certain circumstances. We will point out the
regions where one theorem can imply the other through embedding or interpolation. The interpolation
is applied between the resulting space of pg and the assumption space of f, because py has the same
integrability in x as f when ¢ € C2°.

Notice that some theorems we quote here apply to more general conditions in the original papers, but
for simplicity we will only state the parts that concern our discussion and restrict to the special case
a(v) = v. We also assume for convenience that f and g are compactly supported in both the x- and
v-variables and ¢ € C2° for this entire discussion.

Let us begin with the classical averaging result in [DiPerna et al. 1991], where the case with different
integrabilities for f and g and « > 0 is available.

Theorem 9 [DiPerna et al. 1991]. If f € L?(R; x RY xR}) and g € LY(R; x R} x RY) satisfy (1) with
a(v) = v, then py € B} o (R; x RY), where
s 1—s

1 S , 1
s = —_(oz +—+ —) , p=max{p,p'}, ¢=min{q,q'}, -=-+
p P q = rogq p

Moreover, if p = q € (1,00), then pg € B; ,(R; x RY), where t = max{p, 2}.
Under the assumption of Theorem 9, we start our discussions for the cases when p = ¢.

o When p = q =2, both Theorems 4 and 9 reach the same regularity HY/@0+a),

e When p =q € (1,2), Theorem 9 implies Theorem 4: Indeed, Theorem 9 reaches B;,/Z(p /(Ha)), while

Theorem 4 gives H® for all

1 2
s<S=m|:l—n(2+oz)(;—l)].
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By the embedding theorem for Besov spaces, B; ’/z(p A+a) s , with

- 1 N (1 1 )
§=———+n{-——),
p'(l+a) 2 p
which is greater than or equal to S for all n > 1.

e When p = q € (2,00), the result by Theorem 4 has more differentiability but less integrability than
Theorem 9. Furthermore, when n = 1 and oo = 0, Theorem 4 implies Theorem 9: Theorem 9 reaches
B;’/ISP(HO‘)), while Theorem 4 has H 1/ (2(1+), By embedding H/CU+a) - Bls;,z’ where

. 1 n 1 1
S=——+4+nl——=).
2(1+ ) p 2
and § < 1/(p(1 + «)) except whenn =1 and o = 0.

Because of the quadratic form in our method, the more favorable type of conditions for our method is
when p > 2 and % + é = 1. We therefore compare Theorems 4 and 9 under this assumption:

o Under the assumption of Theorem 9 with % + é =1and p € (2,00), the result by Theorem 4 has
more differentiability but less integrability in x. Moreover, Theorem 4 implies Theorem 9 when a = 0 by
interpolation or when 0 < o < % and 2 < p <2n/(n(1 4+ a) — 1) by embedding: Under these conditions,
Theorem 4 results in H'/ (2(1"'0‘))([]%’;), while Theorem 9 reaches B},{,Ef’ (HO‘))([R’;), where

1 (1 2) L]
r p+a)\" p) p
By the interpolation between H/@(1+®) and L7, we derive py € W1/ (PA+0?).r Hence when o = 0,

Theorem 4 implies Theorem 9.
On the other hand, by embedding H 1/e+a) - Bi 5» Where

- 1 1 1
ST R (? 72 )'
Even with the dimension dependence, there are regions that embedding gives a better regularity than
interpolation. For example when n =1,
Ezm, whenp§2+§.
We compare § with the regularity obtained by Theorem 9. In general for each fixed n,
§ > b when p < o
“p(l+a) “n(l4+a)-1’
which is compatible with p > 2 only when o < % Hence Theorem 4 implies Theorem 9 when 0 < o <
and2 < p <2n/(n(14+a)—1).

1
n

We now compare our result with [Arsénio and Masmoudi 2019] and [Westdickenberg 2002], where
mixed norm conditions in general dimensions were considered for the stationary transport equation

v-Vyf=g. 1D

We shall take ¢ = 0, in order to compare our theorem with results for (11).
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Theorem 10 [Westdickenberg 2002]. For 1 < p <n/(n—1), if f € Bg’q(Rﬁ,Ll’z(Rﬁ)) and g €
BY (R}, L2 (RY)) satisfy (11), then pg € BY ,(R}), where
1 1 177! 1 n—17"
S:—n+1+—,[1+———] and P:[——” } :
14 q2 P2 )4 n

Theorem 11 [Arsénio and Masmoudi 2019]. When % <p<2if f.g € LP(R", L>(R?)) satisfy (11),
then py € WHP(R") forall s < S, where § = % whenn = 1,2, and

1 4 n 4
S=—-3——]+ — =21, whenn=>3.
2 p) 4mn—1D\p

For the comparison with Theorem 10, we take g = 2 for an easier discussion with our H* result. And

since Theorem 10 allows general integrabilities in v, let us consider p> = ¢/ > 2, which is the most
favorable condition for our method.

e Under the assumption of Theorem 10 withn =1, g =2 and p> = q5, > 2. Both Theorems 4 and 10
reach the same regularity when p = 2. Theorem 10 implies Theorem 4 when p # 2: Here Theorem 10

reaches B;’/zz, while Theorem 4 has H'/?" when p <2 and H'/? when p > 2, as was mentioned in
Remark 6. When p = 2, the two results are exactly the same. When p <2, 3117/22 cHYP by embedding

and for p > 2, B;,/zz c H/? locally.

Notice, for n > 2, Theorem 10 no longer applies to p > 2. The restriction p < 2 is not ideal for our
method, but the comparison is still interesting under these mixed norm conditions.

o Under the assumption of Theorem 10 with n > 2 (which forces 1 < p <2),q =2 and p» = q5 > 2, our

result implies Theorem 10: In this case, Theorem 10 reaches B;/ 22 " with

-
P n

and our method reaches H (1/211=27/p+n] 45 was stated in Remark 6. Our result has more differentiability
but less integrability. Moreover, by the embedding H (/211 —2n/p+n] B;’,/ 22 -,

e Under the assumption of Theorem 11, the result by Theorem 4 has more integrability but less differ-
entiability than Theorem 11. Furthermore, Theorem 11 implies Theorem 4 when n = 1 and 2, but the
implication does not hold for n > 3: Under this assumption, we again have H*® with

For both n = 1 and 2, le/z’p C H,gl/z)[l_zn/p+n] by Sobolev embedding. As for n > 3, we have

Wy C H)f, where
13 4 L 4 5
s=—-(3—— —=2]),
20 pJ Am=D\p

_1(,_4 n_ (4, 11
S‘E( _E)+4(n—1)(3_ )”(E_Z)'

Hence Theorem 11 cannot imply Theorem 4 in this case.
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In addition to the new regularity results, our method also renders the following properties:

* Our velocity-averaging result is independent of small €. This could have applications to the compactness
of solutions for rescaled kinetic equations, which frequently appear in the discussions of hydrodynamic
limits. We refer to for example [Golse 2014; Saint-Raymond 2009] for more details in this direction.

e Our argument does not perform the Fourier transform in time variable. Therefore, this method has
possible extensions to time-discretized and stochastic kinetic equations.

2.4. On the nondegeneracy conditions. The assumption (8) we imposed on a(v) is different from the
classical conditions in the previous literature, which are called the nondegeneracy conditions:

Definition 12. We say a € Lip(R"”, R™) satisfies the nondegeneracy condition of order v € (0, 1] if there
exists co > 0 such that for every compact set D C R”, o € ™! and 7 € R we have

L'(veD:|law)-o—1|<a/2}) <coa’, (12)

where £" is the Lebesgue measure in R”.

Our assumption (8) is stronger than (12) with v = 1 — % Indeed, when n = m, the assumption
J,—1 € L) implies (12) withv =1 — % but the other direction holds only when n = v = 1. Whenn > 1,
(12) only gives restrictions on the preimages of bands and when v < 1, one can construct a Lipschitz

function @, on R satisfying (12) and a sequence of measurable sets O’ such that
jay ! (O]
leli

which shows J,—1 ¢ L”. An example of such a construction can be found in the Appendix.

— 00 asi — 0o,

The dimension of interests is n < m for applications, especially when n = 1 for scalar conservation
laws. In an attempt to weaken our assumption to the nondegeneracy conditions with general n < m cases,
a different change of variables v — A = a(v) - £/|£| is performed, and the traditional result in the L?
setting for v = 1 is recovered with our method.

Theorem 13. Given n <m, « >0, T > 0and 0 < ¢ < 1. Assume a € Lip(R", R™) satisfies the
nondegeneracy condition (12) with v = 1. Let f € L°°([0,T], LZ(R;" x R7)) solve (1) for some g €
LY([0, T], L2(R™ x R™)). Then, for any ¢ € CZ(R?), one has pg(t, x) € L([0, T], H'/G@+D)(Rm))
and
2 2 2
”'O¢||L2([0,T],H1/(2(0‘+1))(R§”)) = C(”f”LOO([O,T],Lz(RTXR{f)) + ”g”Ll([O,T],Lz([R?XRﬁ)))’

where C only depends on ¢y, ||¢||co and Lip(a).

This L? theorem recovers the same regularity H'/2@+1) in x as in [DiPerna and Lions 1989a;
DiPerna et al. 1991]. Even though this regularity result is not new, we provide a different approach for

proving this theorem. As we mentioned in the discussion after Corollary 8, some interesting features
which are also inherited by Theorem 9 include:

* Due to the independence of ¢, our results have potential applications to the hydrodynamic limit type
of problems.
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e The absence of the Fourier transform in the time variable enables potential extensions of our method
to time-discretized or stochastic kinetic equations.

Remark 14. We were unable to obtain an L? statement as we did in Theorem 4, because our natural
choice of multiplier for the alternate proof is not a Calderén—Zygmund operator and we lose the bounds
in general L? spaces. In fact when a(v) = v, due to the change of variables A — v - £/|&|, our natural
multiplier would be in the form of S(¢-&/|&|), where S is a smooth function and ¢ is the Fourier dual
variable of v. Its inverse Fourier transform in dimension 2 is in the form of (v - x/ |x|3)§ (v-x1t/|x]),
which is not bounded on Lf,v.

Remark 15. Our proof is not directly applicable when v < 1. The nondegeneracy condition in our proof
is employed as a constraint on the determinant of Jacobian matrices. We were not able to derive this
connection for v < 1 and so the same proof was not extended immediately.

3. An example of future perspective: regularizing effects for measure-valued solutions to scalar
conservation law

Among several potential applications of the new method for averaging lemmas presented here, this section
focuses on the regularity of so-called measure-valued solutions to conservation laws and in particular
scalar conservation laws.

Scalar conservation laws can be viewed as a simplified model of hyperbolic systems which still captures
some of the basic singular structure. They read

dru + er'lzl axiAi(u) =0,

u(t =0,x) =up(x), (13)

where u(z, x) : RT™ x R* — R is the scalar unknown and 4 : R — R” is a given flux.

The concept of measure-valued solutions to hyperbolic systems such as (13) was introduced in [DiPerna
1985]. It has recently seen a significant revival of interest as measure-valued solutions offer a more
statistical description of the dynamics; see in particular [Fjordholm et al. 2016; 2017].

It is convenient to define a measure-valued solution through the kinetic formulation of (13), which
also allows for a straightforward application of our results. A scalar function u(z, x) € L2 (R4, L1(R"))
corresponds to a measure-valued solution if there exists f (¢, x, v) € L°° (R4 x R” x R) with the constraint

u(t, x) :/ ft, x,v)dv, —-1<f <1, (14)
R

and if f solves the kinetic equation
A0 f +a)-Vx f =dym 15)

for a(v) = A’(v) and any finite Radon measure m. If u is obtained as a weak-limit of a sequence u,, then
f includes some information on the oscillations of u,, since it can directly be obtained from the Young
measure u of the sequence

f(t,x,l))z/0 u(t,x,dz).
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The system (14)—(15) is hence immediately connected to the notion of kinetic formulation for scalar
conservation laws introduced in the seminal article [Lions et al. 1994a] and extended to isentropic gas
dynamics in [Lions et al. 1994b]. If u is an entropy solution to (13), then one may define

1 if0<v<u(,x),
flt,x,v)=49—-1 ifu(t,x)<v<0, (16)
0 otherwise,

and f solves the kinetic equation (15) with the additional constraint that m > 0, which corresponds to
the entropy inequality.

We refer for example to [Perthame 2002] for a thorough discussion of kinetic formulations and their
usefulness, such as recovering the uniqueness of the entropy solution first obtained in [Kruzhkov 1970].

The use of kinetic formulations has proved effective in particular in obtaining regularizing effects for
scalar conservation laws. In one dimension and for strictly convex flux, early on it was proven in [Oleinik
1957] that entropy solutions are regularized in BV. In more than one dimension and for more complex
flux that are still nonlinear in the sense of (12) with v = 1, a first regularizing effect was obtained in
[Lions et al. 1994a], yielding u € W*5? for all s < % and some p > 1.

Such regularizing effects actually do not use the sign of m and for this reason hold for any weak
solution to (13) with bounded entropy production. Among that wider class a counterexample constructed
in [De Lellis and Westdickenberg 2003] proves that solutions cannot in general be expected to have
more than % derivative. The optimal space (B31 /030) x.loc Was eventually derived in [Golse and Perthame
2013]. Whether a higher regularity actually holds for entropy solutions (instead of only bounded entropy
production) remains a major open problem though.

It was observed in [Jabin and Perthame 2002] that the regularizing effect for the kinetic formulation
relies in part on the regularity of the function f defined by (16): for example such an f belongs to
L°° (R4 x R", BV(R)). Unfortunately such additional regularity is lost for measure-valued solutions
since we only have f € L1 N L by (14).

A priori, one may hence only apply the standard averaging result from [DiPerna et al. 1991] directly
on (15). Assuming nondegeneracy of the flux, i.e., (12) with v = 1, we may apply Theorem 9 for any
a>1, ge L' and f € L? (the optimal space for this theorem). One then deduces that if u corresponds
s 1

5/3.00 for any s < z.

However we are then making no use of the additional integrability of f. Instead one may also apply

to a measure-valued solution with f compactly supported in v then u € B

our new result Theorem 4 to (15):

Theorem 16. Let f satisfy (14) and solve (15) for some finite Radon measure m and some a : R" — R”
with (8) for y = oo. Assume moreover that f € L*®([0, T], L1 (R" x R™)) and is compactly supported in
velocity. Then for any B(xg, R) C R", we have u € L*([0, T], H*(B(x¢, R))) for any s < %.

In dimension 1, Theorem 16 directly applies to measure-valued solutions and improve the regularity
from almost le//;j oo 1N x to almost H 1/4 1n higher dimensions, as we observed, we cannot directly
replace (8) with (12). Therefore a better understanding of the regularity of measure-valued solutions is

directly connected to further investigations of what should replace (8) if a : R™ — R" with m < n.
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4. Proofs

4.1. Proof of Theorem 4.

4.1.1. Main proof. The Fourier transform of f in x will be denoted by f for simplification in this proof
as it appears quit often.
The proof contains mainly three steps as follows:

Step 1: Preparations — localization, regularization and change of variables. Without loss of generality,
assume supp( f) C B(0,1) in x and fix ¢ € CZ° with supp(¢) < B(0,1) in v.
Take another smooth function ®(v) with supp(®) € B(0, 1). Consider

Fo = (f()b) *y Prescales

where
e 27k0 p(p2k0)  when 25K~ < |g] < 2K*1 forall k € N, an
V) =
rescale ®(v) when |&] < 1,
and 6 > 0 will be decided later.
Notice that

Supp(FQ) - Supp(¢) + Supp(q)rescale) - B(O’ 2)
for all £ and Fy satisfies

£d; Fg +ia(v)-£Fg = (—Ay)2 §¢) %y Prescale + Com, (18)

where

Com(v) =1 [ (@(v) = aw) & £ (1)) (v~ w) duv.
By the change of variables v — w = a(v), (18) can be rewritten as
edh+iw-Eh=k' +k? (19)
in the sense of distribution, where %, k1 and k2 are defined as
[ @ de = [ Fwvae)d
[ K@) dw= [[-57288) #s Ouscarl ) a(w)) do.
[ 1wy aw= [ comeypaeav

Step 2: Commutator method with my. Consider a smooth radial bump function y (&) with support on
1 <|E] <2suchthat Yy, x(27F€) = 1 for all £ # 0. Define

xoE) = > x@7*E) and xi(§) = x(@7*) forall k eN.
keZ\N
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For each k € N U {0}, we apply the commutator method with the multiplier m¢ defined in (5) to
h(w) xx (§). With the same structure as the proof of Theorem 1,

T , ok
I [ 1R on e dndt et ds

T
S// E‘Van(évn)|fn(h)|2Xk(5)d§dndt
/h( )(_E VG”*wh) +Re// h(w)E VG sy (K +k2) dw yy () dE dt

‘= Ay (20)

Recall that G7 is the Bessel potential of order 1 defined in (7). Ay is estimated as follows:

Lemma 17. Let 1 < p1, p2, 41,92 < 0o. For each fixed k € NU {0} and any small § > 0,

k(d4+0d 2
| Ak S 25EFORY £, 1125

T
+2k(dat0d1+ab+d) /0 1/ W20 pr2ligllpar paz di42K(@eF002H1=6) /0 1F1Z 1 podr, @D)

where
1 1 2 -2
d1=n(—+——), d2=n(——), with £ = ==

P2 42 4 P2 4 y—1
1 1 2

d3=n(—+——l), d4=}’l(——1),
P1 q1 + P1 +

To minimize the highest order of £ in (21), we choose

1 —(d3—ds) 1}
a+ 1+ (di—da)

0 =min{

and the highest order becomes 1 — S, where S = 0(1 —dz) — d4.
Dividing the whole inequality (20) by 2K(1=5+28) we attain

' 2 16177
[/ / Fa P2 s gy (6)ds
0 (1+1n]?)2

r T
< 2_k8|:||f||2p1Ll’2|t =0 +A ”fHLfC’ngZ ”gHL)qcngz dt +/(; ”f”i)lgngz dl:| (22)

for all k € N U {0}.

Notice that the additional 2% is added in case either of the pairs (p1.¢1) or (p2, p2) equals (1, 00)
or (0o, 1) and the additional logarithm growth appears from the weak boundedness of Calderén—Zygmund
operators.
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Summing (22) over all k € NU {0}, we obtain

T -
[ I teriwcze—wntn dwdvagdn 1P gy o 18 o

with
1—(d3—da)
o+ 14 (di—da)’

Step 3: Derive result back to f. The last step is to translate the quadratic form of 4 back to a norm of

s<S:(1—d2)min{ 1}—d4.

velocity average of f.
By the change of variables again,

/OT[V Fo)a()) do| I6° dg di = /OT/

T -
5/0// IEI*h(v)GE (v —w)h(w) dw dv d§ dt

2
[ hw)y (w) dw| [¢f° dé dr.

S ”f”ioo([(),T],Lﬁl L52) + ||g||il([0,T],Lglcl LZ2) (23)
forall v € H3? and s < S.
By the assumption that ¢ and ® are compactly supported in v, we show that:
Lemma 18. There exists € H 3/2 such that
T R 2 T 2
| [1] 7oav gragars [ [|[ Bowwaona] gt a . @)
0 0
With (23), (24) and the Poincaré inequality, we attain
2 2 2
10812 o1, 280,100 = W Tzooqio, .2 12y F 18 Lo,y 201 1229
for all s < S, which concludes our proof. O

Remark 19. Note that m(§, {) being homogeneous zero in { is essential for the commutator to be
positive-definite after interacting with the transport operator. In fact, if we consider

§ g

0T

with B > 1,

_IENQ + 12 = BIE/ 18D ¢ 1)
(1+]¢2)2+

When ¢ is parallel to & and |{] is large, & - Vem becomes negative and our argument does not work.

§~V§m

Remark 20. Our regularization recollects the regularization process in [DiPerna and Lions 1989c]. Here
the interaction between ®¢—» and (—Ay)*2g shows explicitly the exchange of regularity between x
and v.
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4.1.2. Proof of Lemma 17. Our estimation of A will use the following proposition:

Lemma 21. Let a € Lip(R"). If J,—1 € LY, the change of variables is bounded from L? to L@
Precisely, if [ £(w)y(w)dw = [ L(v)¥(a(v))dv,

€l Loy S L]

Proof of Lemma 21. By Holder’s inequality,

/|w<a(v>)|P dv —[|w<w>|1’ Tt () dw < | Tyt 10 (/ y (w)|?”’ dw)

1
7

Hence
el oy = / W)Y (w) dw‘ sup / L)Y (@) dv
||1/'||pr/—1 ||'(//||Lp/y/=l
< s LIl @)L < Ia-tliLr IL]Lo- 0

”d’”Lp’y/:l

We shall estimate Ay term by term for the case when p; > ¢;, y >2and d; > 0 foralli =1,2 and
Jj =1,2,3,4. All the results for the other cases can be derived by the same calculations and hence are
omitted here.

e For the first term: By the Cauchy—Schwarz inequality and since R - V, G is a Calder6n—Zygmund

operator:
[/ vereon

Denote by S the inverse Fourier transform F ! (y) in £ of . For notation simplification, we further
write the rescaled functions Sy, := 2" S(x2%) and OTRES 27k0 p(v2k?). By Lemma 21,

t=T

= PRGN (25)

t=0

kO
I B @Dl 2, < 1Sk % f %0 Pagll 2 2012 < 220G DHRG=ED) 1)y,

xw

Hence

// (E VG"*wh)dka@dsv e e VP

¢ For the second term:

[)T//ﬁ(%'vq w kl) dw i (§) d§ dt

T
k k6
< [log 2% |[log 2 |/0 ISk *x f *v CDk,GHLqi [ 2O=D/v=a))
X v

X ||2ka95k *x & *v ((—Av)a/zq))k,e “L‘“L‘Q(V D/(v—az) di,

T
Skn (G +gr =1 +kOn (55 + 55— 7=7) +kab+kS
M et v / Ifllpi 22 llgll a1 a2 dr

for any § > 0. It is only necessary to have [log 2% | when g1 = 1 and |log 2K9| when ¢2(y —1)/(y —g2) =1,
due to the weak boundedness of R and VG7 respectively.
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¢ For the last term:

/oT// h(% VG *w kz) dw yi () d§ dt

< / ISk *x f %0 Pregll 2 1 20-070-2) [ Sk *x Comxy P gl 2 20-1/0-2 d.
0

Because ® is compactly supported, ®x o(v — w) forces v —

w| < 27k As a is Lipschitz, we have
la(v) —a(w)] <27k, So

ISk *x Comxy @p g2 20-1/07-2)

- / 2 (a(v) — a(w)) - (f *x (VxS W) (w) B (v — w) dw

L%le)(y—l)/(y—Z)
S 2T f wx (Ve S)icl %o [@r gl 2 201702

kno +k +k(1—-6
<2 n6(55— 20— =) n(pr=3)+k( )||f||L”1L”2
Therefore,

" kbn 2=2)+k(1-6)
/// (E VG xy k )dw)(k(g‘)dfdt<2 n(Gr-)kon(GE 3= +ka /0 1F 12 01 o di

Combining all estimates,

kn —1)+k06
R A A e T LN

T
kn(L+ L D) +kon(L+L Y21 koh+ks
T T A P /0 1A oo ligll e oo dt

T
2 2 _y—2 —
_sz,,(p1 D+kon (5 —¥=7)+k(1 9)/ ||f||2p1L,,2 dt =

4.1.3. Proof of Lemma 18. Choose two smooth functions ¥ and v such that ¥ (a(v)) = 1 and ¥ (v) = 1
on v € B(0,3). The function ¥ serves as an auxiliary function and can replace ¥ (a(v)) since both their
values are 1 on the support of ¢. Recall that ¢ is the compact function used for localization in v. Then

[()T/‘/Fe(v)l/f(a(v))dv2|§|Sd§dt=/0T/ /Fe(v)lp(v)dv

- /0 T/ / Fe(f9)(0) Fe (@
- [0 T/ [0 @ i n iy av 2

Since ¥ = 1 on B(0, 3) and supp(®) C B(0, 1),

2
§1° d& di

dE dt

|E|° dEdt.

(cbrescale*v&)(v):/2nk9q>(wzk9)1}(u—w)dw:/2"k9q>(w2k9)dw: |®|,1 forall £ and |v| <1.



1578 PIERRE-EMMANUEL JABIN, HSIN-YI LIN AND EITAN TADMOR

/OT/’/ Fo(v)y(a(v)) dv ZIEIS dgdt = || @[3, /OT/‘/ Fédv 2

4.2. Proof of Theorem 13. This proof is essentially the same as Theorem 4, but with a different change
of variable. After Step 1, instead of v — w = a(v), we make v — A = a(v) - (§/|&|) for each fixed &.
Parallel to (19), we have

Therefore,

£ dEdt. O

edrh+iMElh =k + k2 (26)

in the sense of distribution, where %, k1 and k2 are defined as

/Fg(v)w(a(v) E) dv_/h(A)W(A)dk

/ KL )y () di = f [(=A0)% 20) %y d>rescale](v)w(a(v) é_|)

) _ £ )
/k (x)w(x)dx_/c()m(v)w(a(v) i

Owning to the nondegeneracy condition with v = 1, this change of variables preserves L? norms:
Proposition 22. Let a be Lipschitz and satisfy (12) withv = 1 and ¥ : R — R. Then for all 0 € ™!
and1 < p < o0, 1

¥ @@)-0)llpp <eg ¥z,
and hence if [ L(v)¥ (a(v)-0)dv = [£7(A)Y(1)dA,
1%Ly S ILILp-

Proof of Proposition 22. When p = oo, the result is straightforward. For 1 < p < oo, (12) with v =1
implies that for any interval 1,

m({ve B0,1):a(v)-oc€l}) <com(l).

By the standard approximation from intervals to measurable sets, we have that, for any measurable
set A4,
m({v e B(0,1):a(v)-c € A}) <com(A).
Therefore,
dy(aw)o)(s) =m{v € B:a()-o € {A:|[Yy(A)] > s}})
< com({A: [y (V)] > 5}) = cody (s)

and hence .

I (@) o)Ly = p7 (/0 [y a(w)0) () 75]7 %)”

oo 1
<o# ([t v L) = 1wy, @)
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By the duality of L? spaces,

/Zalﬁ d)t‘ = sup

vl =1
Ly

/L(v)w(a(v)-cr) dv

1Ny = sup
Il =1
A

1 1
< sup |Llppllyta)-o)ll ,» =cg  sup (Llpelvll» =cq ILlLz,
I, =1 1 1l pr=1 x
A A

where the first inequality is by Holder’s inequality and the second by (27). This concludes our proof of
Proposition 22. O

Let us come back to the proof of Theorem 13 by considering

// ﬁ(x)%(aAG})(/\ —a)h(e)dadA.

Procedures similar to those in Step 2 lead us to

T -
/ // 1|V @FDRONGE(A — a)h(e) da dA dE dt < oo.
0

We can then conclude the proof of Theorem 13 from here by following the computation in Step 3. O

Appendix: Example for the nondegeneracy condition
We say a(v) € Lip(R) satisfies (12) with v € (0, 1] on intervals if
{v:a(w)el}| <C|I|® forallintervals I, (28)
and a(v) satisfies the nondegeneracy condition on open sets with v € (0, 1],
[{v:a(v) € O} < C|O|" for all open set O. (29)

Here we give an example to show (28) cannot imply (29) with the same v when v = % In fact the
construction can be adapted to produce examples for all v < 1. Notice (28) and (29) are equivalent when
v=1.

Define a : [0, 3°72,1/3'] = [0.3°72,1/3%'] C Ras

aw)=a;(v)=1—(1—v)? on [0, 1] = Dy,

a)=az(v) =1+ %al((v —1)3) on [1, 1+ %] = Dy,

The general formula is

n—2 1 1 n—2 1 n—2 1 n—1 1
a(v):an(v):Zﬁ'i‘mal((v— §)3n—1) on [ 3 3_1] = Dy,
i=0 i=0 i=0 i=0
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A

1+3+5;

1+3 1

N >

11+3 14343

Figure 1. Graph of a(v).

We shall prove that a satisfies condition (28) with v = % but it fails (29) with the same v.

Proposition 23. There exists C > 0 such that, for any interval 1,

@M (D] = l{v:a@) e 1} < Cl1|2. (30)
Proof. Consider an interval
n—1 1 n—1 1
=T - Y -] =tea
i=0 i=0

inside some a(Dy,), where 0 < p; < p» <1/3"71.So |I| = p» — p1. Denote the preimages of ¢ and d
by v, and vq respectively. Then we have, for each k = 1, 2,

n—2 1 1 n—2 1 n—1 1
— n—1) _
a0 = ¥ 33+ g (- L 5 ) ) = Dz e
i=0 i=0 i=0

So

n—1 1 n—1 1
-1
ay (Z@—m) = Vg =Z§—\/Pk-
i=0 i
We therefore have

@™ (D = VP2—/P1 = VP2=P1 =12,
Ifl =Jc.d]C a(U?’:zm1 D,‘), separate [ into three subintervals: I = I U I, U I3, where
m—l m—l o me2 m=2
11=[c,;‘)ﬁ}, Izz[g)ﬁ;‘)ﬁ} 13=[2)ﬁ,d].
i= i= i= i=

The above case applies to /7 and I3, so |a= (I1)| < |I1|Y/? and |a~ 1 (13)| < |I3]"/2.
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For I,, we have

m2—2 r ma—my—1q
1 9 1 | A
1= 3 5= g3 | ()
mi - =
and
mo—2 2 r mo—mi;—1q2
1 9 1 "™
-1 2 _ _
la= (I)|” = ( > 37) = 1 32m 1—(5)
mi - =
9 1 1 moy—mi—1 1 moy—mi—1
w1 2() ()
So

_ o1
la™ ! (I2)| < 22| 12|,

Notice that this inequality is still true when m, goes to infinity, so there are no issues near the right
end point.
Combining the three inequalities we get

3 3 3 1
_ _ 1 1 1 2 1.1
m‘UN=§:MIUMS22§HM2S&(§HAO _ 6411)3. =
i=1 i=1 i=1

Proposition 24. There exists a sequence of set O™ such that

la=!(0™)]
————— —> 00 asm—> oo.
|O™|2
Proof. Let
m
0" = In.
n=1

where

n—1 1 1 n—1 1

In= [Zﬁ‘mzﬁ] forall 1 <n <m.

i=0 i=0

So
[1,| = m forall 1 <n <m,

and |

_ 1

la= (In)| = 1|2 = =1 forall 1 <n <m.
Therefore,
—1/mm m—1
o 3
la=1( 1)|= m/ oo asm— oo -
|om|2 (m/32m=1))3
Acknowledgement

The authors would like to thank M. Machedon for sharing his insight on our method.



1582 PIERRE-EMMANUEL JABIN, HSIN-YI LIN AND EITAN TADMOR

References

[Agoshkov 1984] V. I. Agoshkov, “Spaces of functions with differential-difference characteristics and the smoothness of
solutions of the transport equation”, Dokl. Akad. Nauk SSSR 276:6 (1984), 1289-1293. In Russian; translated in Soviet Math.
Dokl. 29:3 (1984), 662-666. MR Zbl

[Arsénio and Lerner 2021] D. Arsénio and N. Lerner, “An energy method for averaging lemmas”, Pure Appl. Anal. 3:2 (2021),
319-362. MR

[Arsénio and Masmoudi 2014] D. Arsénio and N. Masmoudi, “A new approach to velocity averaging lemmas in Besov spaces”,
J. Math. Pures Appl. (9) 101:4 (2014), 495-551. MR Zbl

[Arsénio and Masmoudi 2019] D. Arsénio and N. Masmoudi, “Maximal gain of regularity in velocity averaging lemmas”, Anal.
PDE 12:2 (2019), 333-388. MR Zbl

[Arsénio and Saint-Raymond 2011] D. Arsénio and L. Saint-Raymond, “Compactness in kinetic transport equations and
hypoellipticity”, J. Funct. Anal. 261:10 (2011), 3044-3098. MR Zbl

[Bézard 1994] M. Bézard, “Régularité L? précisée des moyennes dans les équations de transport”, Bull. Soc. Math. France
122:1 (1994), 29-76. MR Zbl

[Bouchut 2002] F. Bouchut, “Hypoelliptic regularity in kinetic equations”, J. Math. Pures Appl. (9) 81:11 (2002), 1135-1159.
MR Zbl

[Colliander et al. 2006] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, “Viriel, Morawetz, and interaction
Morawetz inequalities”, preprint, 2006, available at https://tinyurl.com/virielmora.

[De Lellis and Westdickenberg 2003] C. De Lellis and M. Westdickenberg, “On the optimality of velocity averaging lemmas”,
Ann. Inst. H. Poincaré Anal. Non Linéaire 20:6 (2003), 1075-1085. MR Zbl

[DeVore and Petrova 2001] R. DeVore and G. Petrova, “The averaging lemma”, J. Amer. Math. Soc. 14:2 (2001), 279-296. MR
Zbl

[DiPerna 1985] R.J. DiPerna, “Measure-valued solutions to conservation laws”, Arch. Ration. Mech. Anal. 88:3 (1985), 223-270.
MR Zbl

[DiPerna and Lions 1989a] R. J. DiPerna and P.-L. Lions, “Global weak solutions of Vlasov—-Maxwell systems”, Comm. Pure
Appl. Math. 42:6 (1989), 729-757. MR Zbl

[DiPerna and Lions 1989b] R. J. DiPerna and P.-L. Lions, “On the Cauchy problem for Boltzmann equations: global existence
and weak stability”, Ann. of Math. (2) 130:2 (1989), 321-366. MR Zbl

[DiPerna and Lions 1989¢] R. J. DiPerna and P.-L. Lions, “Ordinary differential equations, transport theory and Sobolev spaces”,
Invent. Math. 98:3 (1989), 511-547. MR Zbl

[DiPerna et al. 1991] R.J. DiPerna, P.-L. Lions, and Y. Meyer, “L? regularity of velocity averages”, Ann. Inst. H. Poincaré Anal.
Non Linéaire 8:3-4 (1991), 271-287. MR Zbl

[Doi 1994] S.-i. Doi, “On the Cauchy problem for Schrodinger type equations and the regularity of solutions”, J. Math. Kyoto
Univ. 34:2 (1994), 319-328. MR Zbl

[Escobedo et al. 2003] M. Escobedo, S. Mischler, and M. A. Valle, Homogeneous Boltzmann equation in quantum relativistic
kinetic theory, Elec. J. Differential Eq. Monogr. 4, Southwest Texas State Univ., San Marcos, TX, 2003. MR Zbl

[Fjordholm et al. 2016] U. S. Fjordholm, S. Mishra, and E. Tadmor, “On the computation of measure-valued solutions”, Acta
Numer. 25 (2016), 567-679. MR Zbl

[Fjordholm et al. 2017] U. S. Fjordholm, R. Kippeli, S. Mishra, and E. Tadmor, “Construction of approximate entropy
measure-valued solutions for hyperbolic systems of conservation laws”, Found. Comput. Math. 17:3 (2017), 763-827. MR Zbl

[Gasser et al. 1999] 1. Gasser, P. A. Markowich, and B. Perthame, “Dispersion and moment lemmas revisited”, J. Differential
Equations 156:2 (1999), 254-281. MR Zbl

[Golse 2014] F. Golse, “Fluid dynamic limits of the kinetic theory of gases”, pp. 3-91 in From particle systems to partial
differential equations, edited by C. Bernardin and P. Gongalves, Springer Proc. Math. Stat. 75, Springer, 2014. MR Zbl

[Golse and Perthame 2013] F. Golse and B. Perthame, “Optimal regularizing effect for scalar conservation laws”, Rev. Mat.
Iberoam. 29:4 (2013), 1477-1504. MR Zbl

[Golse and Poupaud 1992] F. Golse and F. Poupaud, “Limite fluide des équations de Boltzmann des semi-conducteurs pour une
statistique de Fermi—Dirac”, Asymptotic Anal. 6:2 (1992), 135-160. MR Zbl


http://mi.mathnet.ru/eng/dan9578
http://mi.mathnet.ru/eng/dan9578
http://msp.org/idx/mr/753365
http://msp.org/idx/zbl/0599.35009
http://dx.doi.org/10.2140/paa.2021.3.319
http://msp.org/idx/mr/4310333
http://dx.doi.org/10.1016/j.matpur.2013.06.012
http://msp.org/idx/mr/3179752
http://msp.org/idx/zbl/1293.35192
http://dx.doi.org/10.2140/apde.2019.12.333
http://msp.org/idx/mr/3861894
http://msp.org/idx/zbl/1404.35076
http://dx.doi.org/10.1016/j.jfa.2011.07.020
http://dx.doi.org/10.1016/j.jfa.2011.07.020
http://msp.org/idx/mr/2832590
http://msp.org/idx/zbl/1231.42023
http://dx.doi.org/10.24033/bsmf.2222
http://msp.org/idx/mr/1259108
http://msp.org/idx/zbl/0798.35025
http://dx.doi.org/10.1016/S0021-7824(02)01264-3
http://msp.org/idx/mr/1949176
http://msp.org/idx/zbl/1045.35093
https://tinyurl.com/virielmora
https://tinyurl.com/virielmora
http://dx.doi.org/10.1016/S0294-1449(03)00024-6
http://msp.org/idx/mr/2008689
http://msp.org/idx/zbl/1041.35019
http://dx.doi.org/10.1090/S0894-0347-00-00359-3
http://msp.org/idx/mr/1815213
http://msp.org/idx/zbl/1001.35079
http://dx.doi.org/10.1007/BF00752112
http://msp.org/idx/mr/775191
http://msp.org/idx/zbl/0616.35055
http://dx.doi.org/10.1002/cpa.3160420603
http://msp.org/idx/mr/1003433
http://msp.org/idx/zbl/0698.35128
http://dx.doi.org/10.2307/1971423
http://dx.doi.org/10.2307/1971423
http://msp.org/idx/mr/1014927
http://msp.org/idx/zbl/0698.45010
http://dx.doi.org/10.1007/BF01393835
http://msp.org/idx/mr/1022305
http://msp.org/idx/zbl/0696.34049
http://dx.doi.org/10.1016/S0294-1449(16)30264-5
http://msp.org/idx/mr/1127927
http://msp.org/idx/zbl/0763.35014
http://dx.doi.org/10.1215/kjm/1250519013
http://msp.org/idx/mr/1284428
http://msp.org/idx/zbl/0807.35026
http://ejde.math.unt.edu/Monographs/04/abstr.html
http://ejde.math.unt.edu/Monographs/04/abstr.html
http://msp.org/idx/mr/1958975
http://msp.org/idx/zbl/1103.82022
http://dx.doi.org/10.1017/S0962492916000088
http://msp.org/idx/mr/3509212
http://msp.org/idx/zbl/1382.76001
http://dx.doi.org/10.1007/s10208-015-9299-z
http://dx.doi.org/10.1007/s10208-015-9299-z
http://msp.org/idx/mr/3648106
http://msp.org/idx/zbl/1371.65080
http://dx.doi.org/10.1006/jdeq.1998.3595
http://msp.org/idx/mr/1705407
http://msp.org/idx/zbl/0931.35135
http://dx.doi.org/10.1007/978-3-642-54271-8_1
http://msp.org/idx/mr/3213476
http://msp.org/idx/zbl/1319.35155
http://dx.doi.org/10.4171/RMI/765
http://msp.org/idx/mr/3148612
http://msp.org/idx/zbl/1288.35343
http://dx.doi.org/10.3233/ASY-1992-6202
http://dx.doi.org/10.3233/ASY-1992-6202
http://msp.org/idx/mr/1193108
http://msp.org/idx/zbl/0784.35084

COMMUTATOR METHOD FOR AVERAGING LEMMAS 1583

[Golse and Saint-Raymond 2002] F. Golse and L. Saint-Raymond, “Velocity averaging in L! for the transport equation”, C. R.
Math. Acad. Sci. Paris 334:7 (2002), 557-562. MR Zbl

[Golse and Saint-Raymond 2005] F. Golse and L. Saint-Raymond, “Hydrodynamic limits for the Boltzmann equation”, Riv. Mat.
Univ. Parma (7) 4%* (2005), 1-144. MR Zbl

[Golse et al. 1988] F. Golse, P.-L. Lions, B. Perthame, and R. Sentis, “Regularity of the moments of the solution of a transport
equation”, J. Funct. Anal. 76:1 (1988), 110-125. MR Zbl

[Han-Kwan 2010] D. Han-Kwan, “L! averaging lemma for transport equations with Lipschitz force fields”, Kinet. Relat. Models
3:4 (2010), 669-683. MR Zbl

[Hormander 1967] L. Hormander, “Hypoelliptic second order differential equations”, Acta Math. 119 (1967), 147-171. MR Zbl

[Jabin and Perthame 2001] P.-E. Jabin and B. Perthame, “Compactness in Ginzburg—Landau energy by kinetic averaging”,
Comm. Pure Appl. Math. 54:9 (2001), 1096-1109. MR Zbl

[Jabin and Perthame 2002] P.-E. Jabin and B. Perthame, “Regularity in kinetic formulations via averaging lemmas”, ESAIM
Control Optim. Calc. Var. 8 (2002), 761-774. MR Zbl

[Jabin and Vega 2003] P-E. Jabin and L. Vega, “Averaging lemmas and the X-ray transform”, C. R. Math. Acad. Sci. Paris 337:8
(2003), 505-510. MR Zbl

[Jabin and Vega 2004] P.-E. Jabin and L. Vega, “A real space method for averaging lemmas”, J. Math. Pures Appl. (9) 83:11
(2004), 1309-1351. MR Zbl

[Jabin et al. 2020] P.-E. Jabin, H.-Y. Lin, and E. Tadmor, “A new commutator method for averaging lemmas”, preprint, 2020,
available at https://sites.psu.edu/pejabin/files/2020/12/Xseminarcommutator3.pdf.

[Kajitani 1998] K. Kajitani, “The Cauchy problem for Schrodinger type equations with variable coefficients”, J. Math. Soc.
Japan 50:1 (1998), 179-202. MR Zbl

[Klainerman 2011] S. Klainerman, “Lecture notes in analysis”, preprint, 2011, available at https://web.math.princeton.edu/
~seri/homepage/courses/Analysis2011.pdf.

[Kruzhkov 1970] S. N. Kruzhkov, “First order quasilinear equations with several independent variables”, Mat. Sb. (N.S.)
81(123):2 (1970), 228-255. In Russian; translated in Math. USSR-Sb. 10:2 (1970), 217-243. MR Zbl

[Lions et al. 1994a] P.-L. Lions, B. Perthame, and E. Tadmor, “A kinetic formulation of multidimensional scalar conservation
laws and related equations”, J. Amer. Math. Soc. 7:1 (1994), 169-191. MR Zbl

[Lions et al. 1994b] P.-L. Lions, B. Perthame, and E. Tadmor, “Kinetic formulation of the isentropic gas dynamics and
p-systems”, Comm. Math. Phys. 163:2 (1994), 415-431. MR Zbl

[Masmoudi and Tayeb 2007] N. Masmoudi and M. L. Tayeb, “Diffusion limit of a semiconductor Boltzmann—Poisson system”,
SIAM J. Math. Anal. 38:6 (2007), 1788-1807. MR Zbl

[Oleinik 1957] O. A. Oleinik, “Discontinuous solutions of non-linear differential equations”, Usp. Mat. Nauk (N.S.) 12:3(75)
(1957), 3-73. In Russian; translated as pp. 95-172 in Seventeen papers on analysis, Amer. Math. Soc. Transl. (2) 26, Amer.
Math. Soc., Providence, RI, 1963. MR

[Perthame 2002] B. Perthame, Kinetic formulation of conservation laws, Oxford Lect. Ser. Math. Appl. 21, Oxford Univ. Press,
2002. MR Zbl

[Saint-Raymond 2009] L. Saint-Raymond, Hydrodynamic limits of the Boltzmann equation, Lecture Notes in Math. 1971,
Springer, 2009. MR Zbl

[Staffilani and Tataru 2002] G. Staffilani and D. Tataru, “Strichartz estimates for a Schrodinger operator with nonsmooth
coefficients”, Comm. Partial Differential Equations 27:7-8 (2002), 1337-1372. MR Zbl

[Stein 1970] E. M. Stein, Singular integrals and differentiability properties of functions, Princeton Math. Ser. 30, Princeton Univ.
Press, 1970. MR Zbl

[Tadmor and Tao 2007] E. Tadmor and T. Tao, “Velocity averaging, kinetic formulations, and regularizing effects in quasi-linear
PDEs”, Comm. Pure Appl. Math. 60:10 (2007), 1488—-1521. MR Zbl

[Westdickenberg 2002] M. Westdickenberg, “Some new velocity averaging results”, SIAM J. Math. Anal. 33:5 (2002), 1007-1032.
MR Zbl

Received 12 May 2020. Revised 12 Nov 2020. Accepted 16 Feb 2021.


http://dx.doi.org/10.1016/S1631-073X(02)02302-6
http://msp.org/idx/mr/1903763
http://msp.org/idx/zbl/1154.35326
http://www.rivmat.unipr.it/vols/2005-4ss/01.html
http://msp.org/idx/mr/2197021
http://msp.org/idx/zbl/1109.35112
http://dx.doi.org/10.1016/0022-1236(88)90051-1
http://dx.doi.org/10.1016/0022-1236(88)90051-1
http://msp.org/idx/mr/923047
http://msp.org/idx/zbl/0652.47031
http://dx.doi.org/10.3934/krm.2010.3.669
http://msp.org/idx/mr/2735910
http://msp.org/idx/zbl/1209.35139
http://dx.doi.org/10.1007/BF02392081
http://msp.org/idx/mr/222474
http://msp.org/idx/zbl/0156.10701
http://dx.doi.org/10.1002/cpa.3005
http://msp.org/idx/mr/1835383
http://msp.org/idx/zbl/1124.35312
http://dx.doi.org/10.1051/cocv:2002033
http://msp.org/idx/mr/1932972
http://msp.org/idx/zbl/1065.35185
http://dx.doi.org/10.1016/j.crma.2003.09.004
http://msp.org/idx/mr/2017127
http://msp.org/idx/zbl/1030.35005
http://dx.doi.org/10.1016/j.matpur.2004.03.004
http://msp.org/idx/mr/2096303
http://msp.org/idx/zbl/1082.35043
https://sites.psu.edu/pejabin/files/2020/12/Xseminarcommutator3.pdf
http://dx.doi.org/10.2969/jmsj/05010179
http://msp.org/idx/mr/1484618
http://msp.org/idx/zbl/0917.35129
https://web.math.princeton.edu/~seri/homepage/courses/Analysis2011.pdf
http://mi.mathnet.ru/eng/msb3372
https://doi.org/10.1070%2FSM1970v010n02ABEH002156
http://msp.org/idx/mr/0267257
http://msp.org/idx/zbl/0215.16203
http://dx.doi.org/10.2307/2152725
http://dx.doi.org/10.2307/2152725
http://msp.org/idx/mr/1201239
http://msp.org/idx/zbl/0820.35094
http://dx.doi.org/10.1007/BF02102014
http://dx.doi.org/10.1007/BF02102014
http://msp.org/idx/mr/1284790
http://msp.org/idx/zbl/0799.35151
http://dx.doi.org/10.1137/050630763
http://msp.org/idx/mr/2299429
http://msp.org/idx/zbl/1206.82133
http://mi.mathnet.ru/eng/umn7611
http://dx.doi.org/10.1090/trans2/026/05
http://dx.doi.org/10.1090/trans2/026/05
http://msp.org/idx/mr/0094541
http://msp.org/idx/mr/2064166
http://msp.org/idx/zbl/1030.35002
http://dx.doi.org/10.1007/978-3-540-92847-8
http://msp.org/idx/mr/2683475
http://msp.org/idx/zbl/1171.82002
http://dx.doi.org/10.1081/PDE-120005841
http://dx.doi.org/10.1081/PDE-120005841
http://msp.org/idx/mr/1924470
http://msp.org/idx/zbl/1010.35015
https://www.jstor.org/stable/j.ctt1bpmb07
http://msp.org/idx/mr/0290095
http://msp.org/idx/zbl/0207.13501
http://dx.doi.org/10.1002/cpa.20180
http://dx.doi.org/10.1002/cpa.20180
http://msp.org/idx/mr/2342955
http://msp.org/idx/zbl/1131.35004
http://dx.doi.org/10.1137/S0036141000380760
http://msp.org/idx/mr/1897699
http://msp.org/idx/zbl/1067.35021

1584 PIERRE-EMMANUEL JABIN, HSIN-YI LIN AND EITAN TADMOR

PIERRE-EMMANUEL JABIN: pejabin@psu.edu
Department of Mathematics and Huck Institutes of the Lite Sciences, Pennsylvania State University, State College, PA,
United States

HSIN-YI LIN: hsinyi.lin13@gmail.com
CIRES, University of Colorado, Boulder, CO, United States

EITAN TADMOR: tadmor@umd.edu
Department of Mathematics and Institute for Physical Sciences and Technology, University of Maryland, College Park, MD,
United States

:'msp

mathematical sciences publishers


mailto:pejabin@psu.edu
mailto:hsinyi.lin13@gmail.com
mailto:tadmor@umd.edu
http://msp.org

Massimiliano Berti

Zbigniew Btocki

Charles Fefferman

Isabelle Gallagher

Colin Guillarmou

Ursula Hamenstaedt

Vadim Kaloshin

Izabella Laba

Anna L. Mazzucato

Richard B. Melrose

Frank Merle

William Minicozzi I

Analysis & PDE
msp.org/apde

EDITORS-IN-CHIEF

Patrick Gérard

Université Paris Sud XI, France

patrick.gerard @universite-paris-saclay.fr

Clément Mouhot

Cambridge University, UK

c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Uniwersytet Jagielloniski, Poland
zbigniew.blocki @uj.edu.pl

Princeton University, USA
cf@math.princeton.edu

Université Paris-Diderot, IMJ-PRG, France
gallagher @math.ens.fr

Université Paris-Saclay, France
colin.guillarmou @universite-paris-saclay.fr
Universitit Bonn, Germany
ursula@math.uni-bonn.de

University of Maryland, USA
vadim.kaloshin@gmail.com

University of British Columbia, Canada
ilaba@math.ubc.ca

Penn State University, USA

alm24 @psu.edu

Massachussets Inst. of Tech., USA
rbm@math.mit.edu

Université de Cergy-Pontoise, France
merle @ihes.fr

Johns Hopkins University, USA
minicozz@math.jhu.edu

Werner Miiller

Gilles Pisier

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Jim Wright

Maciej Zworski

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Universitit Bonn, Germany

mueller @math.uni-bonn.de

Texas A&M University, and Paris 6
pisier@math.tamu.edu

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

University of Edinburgh, UK
jr.wright@ed.ac.uk

University of California, Berkeley, USA
zworski @math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2022 is US $370/year for the electronic version, and $580/year (4+$60, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

:I mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2022 Mathematical Sciences Publishers


http://msp.org/apde
mailto:patrick.gerard@universite-paris-saclay.fr
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:gallagher@math.ens.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:pisier@math.tamu.edu
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 15 No.6 2022

Van der Waals—London interaction of atoms with pseudorelavistic kinetic energy
JEAN-MARIE BARBAROUX, MICHAEL C. HARTIG, DIRK HUNDERTMARK
and SEMJON VUGALTER

Optimal regularity of solutions to no-sign obstacle-type problems for the sub-Laplacian
VALENTINO MAGNANI and ANDREAS MINNE

Multichannel scattering theory for Toeplitz operators with piecewise continuous symbols
ALEXANDER V. SOBOLEV and DMITRI YAFAEV

Time optimal observability for Grushin Schrodinger equation
NICOLAS BURQ and CHENMIN SUN

Singular perturbation of manifold-valued maps with anisotropic energy
ANDRES CONTRERAS and XAVIER LAMY

Commutator method for averaging lemmas
PIERRE-EMMANUEL JABIN, HSIN-YT LIN and EITAN TADMOR

Optimal rate of condensation for trapped bosons in the Gross—Pitaevskii regime

PHAN THANH NAM, MARCIN NAPIORKOWSKI, JULIEN RICAUD and ARNAUD TRIAY

1375

1429

1457

1487

1531

1561

1585



	1. Introduction
	1.1. Brief overview for averaging lemmas
	1.2. Commutator method with multipliers

	2. Main results
	2.1. Notation and functional framework
	2.2. Our main velocity averaging result
	2.3. Comparison with previous literature
	2.4. On the nondegeneracy conditions

	3. An example of future perspective: regularizing effects for measure-valued solutions to scalar conservation law
	4. Proofs 
	4.1. Proof of Theorem 4
	4.1.1. Main proof
	4.1.2. Proof of Lemma 17
	4.1.3. Proof of Lemma 18

	4.2. Proof of Theorem 13

	Appendix: Example for the nondegeneracy condition
	Acknowledgement
	References
	
	

