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Keywords:
Entropy conservative scheme
Entropy stable scheme
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Finite difference scheme bottom and Janhunen source terms, and to find the affordable EC fluxes of the second-
Shallow water magnetohydrodynamics order EC schemes. Next, by using the second-order EC schemes as building block, high-

order accurate well-balanced semi-discrete EC schemes are proposed. Then, the high-
order accurate well-balanced semi-discrete ES schemes are derived by adding a suitable
dissipation term to the EC scheme with the WENO reconstruction of the scaled entropy
variables in order to suppress the numerical oscillations of the EC schemes. After that,
the semi-discrete schemes are integrated in time by using the high-order strong stability
preserving explicit Runge-Kutta schemes to obtain the fully-discrete high-order well-
balanced schemes. The ES property of the Lax-Friedrichs flux is also proved and then
the positivity-preserving ES schemes are studied by using the positivity-preserving flux
limiters. Finally, extensive numerical tests are conducted to validate the accuracy, the well-
balanced, ES and positivity-preserving properties, and the ability to capture discontinuities
of our schemes.

© 2021 Elsevier Inc. All rights reserved.

1. Introduction

The shallow water equations are widely used in atmospheric flows, tides, storm surges, river and coastal flows, lake
flows, tsunamis, etc. They describe the flow with free surface under the influence of gravity and the bottom topology, where
the vertical dimension is much smaller than any typical horizontal scale. Numerical simulation is an effective tool to solve
them and a great variety of numerical methods are available in the literature, e.g. [4,32,38,48,49,53-55] and the references
therein.

Here we are concerned with numerical methods for the shallow water magnetohydrodynamic (SWMHD) equations,
which take into account the effect of the magnetic field, originally proposed in [24] for studying the global dynamics of
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the solar tachocline. The two-dimensional (2D) SWMHD equations with non-flat bottom topography [24,44] read the fol-
lowing quasi-linear hyperbolic balance laws

2
ou BFZ(U)__
o T T, = O ()

with the divergence-free condition

V. (hB) =0, (1.2)

where U is the conservative variables vector, and F and F, are respectively the flux vectors along the x;- and x; directions
and defined by

U=(h, hv", hB")',
1 T
F,= (hv@, hvev' —hByB" + Eghze{, h(v¢B — BgV)T> =12, (1.3)

G =(0,ghvb, 0})", 0] = (0,0),

with the height of conducting fluid h, the fluid velocity vector v = (v1, v2)T, the magnetic field vector B = (B1, B)T, the
gravitational acceleration constant g, the bottom topography b = b(x, y), and e, denotes the ¢th column of the 2 x 2 unit
matrix.

Existing numerical studies for the SWMHD equations include the evolution Galerkin scheme [31], space-time conser-
vation element solution element (CESE) method [43], central-upwind schemes [59], Roe-type schemes [30], second-order
entropy stable (ES) finite volume scheme (satisfying the semi-discrete entropy inequality) [51], high-order CESE scheme up
to 4th-order [1], etc. Some have dealt with the non-flat topography [51,59], and are well-balanced in the sense that the
schemes can preserve the lake at rest. For the numerical solutions of the SWMHD equations, we need to deal carefully with
the divergence-free constraint (1.2). In the ideal magnetohydrodynamic (MHD) case, many works have focused on this is-
sue, for example, the projection method [8], the constrained transport method and its variants [2,18,37,45], the eight-wave
formulation of the MHD equations [42], the hyperbolic divergence cleaning method [13], the locally divergence-free DG
method [35], the “exactly” divergence-free central DG method [36], and so on.

For the quasi-linear hyperbolic conservation laws or balance laws, it may be the case that no classical solution exists
so that the weak solution should be defined in the sense of distributions. Unfortunately, such weak solutions might be
non-unique. The entropy condition plays an essential role in choosing the physically relevant solution from the collection of
all possible weak solutions.

Definition 1 (Entropy function). A strictly convex function n(U) is called an entropy function for the system (1.1)-(1.3) if there
are associated entropy fluxes q1(U) and q»(U) such that

q,U)=V'F,U), ¢=1,2, (14)

where V = #/(U)T is called the entropy variables, and (1, q¢) is an entropy pair.

For the smooth solutions of (1.1)-(1.3) with the entropy pair (1, q¢), multiplying (1.1) by VT gives the entropy identity

2
an(U) age(U) _ _p
- + = VCw). (15)

(=1

However, if the solutions contain discontinuities, then the above identity does not hold.

Definition 2 (Entropy solution). A weak solution U of (1.1) is called an entropy solution or a physically relevant solution if for
all entropy pairs (7, q¢), the entropy inequality or condition
2
anU aqe(U
nU) 4 Z qe(U)

<-VTG), 16
T: oxe (U))] (1.6)

=1

holds in the sense of distributions.

The entropy conditions are of great importance in the well-posedness of hyperbolic conservation laws or balance laws,
e.g. (1.1), and may improve the robustness of the numerical schemes, thus it is meaningful to seek their numerical schemes
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satisfying the discrete entropy inequality. For the scalar conservation laws, the conservative monotone schemes are nonlin-
early stable and satisfy the discrete entropy conditions so that their solutions can converge to the entropy solution [11,25];
the E-schemes satisfy the semi-discrete entropy condition for any convex entropy [40,41]. However, those schemes are only
first-order accurate. Generally, it is very hard to prove that the high-order accurate schemes of the scalar conservation
laws and the schemes for the system of hyperbolic conservation laws satisfy the entropy inequality for any convex entropy
function. Two relative works are presented in [7] and [28]. The former is second-order accurate and not in the standard
finite volume form, while the latter approximates the entropy variables and needs solving nonlinear equations at each time
step. In view of this, the researchers usually try to study the high-order accurate entropy conservative (EC) (resp. entropy
stable (ES)) schemes, which satisfy the discrete entropy identity (resp. inequality) for a given entropy pair. The second-order
EC schemes were built in [46,47], and their higher-order extension was studied in [33]. It is known that EC schemes may
become oscillatory near the shock waves, thus additional dissipation terms have to be added into the EC schemes to obtain
the ES schemes. Combining the EC flux of the EC schemes with the “sign” property of the ENO reconstructions, the arbitrary
high-order ES schemes were constructed by using high-order dissipation terms [21]. Some ES schemes based on the dis-
continuous Galerkin (DG) framework were also studied, e.g. the ES space-time DG formulation [3,26] and the ES nodal DG
schemes using suitable quadrature rules [10]. The ES schemes based on summation-by-parts (SBP) operators were developed
for the Navier-Stokes equations [19]. As a base of those works, the construction of the affordable two-point EC flux is one
of the key parts, and has been extended to the shallow water equations [20,23], the MHD equations [9,50], the relativistic
(magneto-)hydrodynamic equations [15-17,52], and so on. Those ES MHD schemes are built on the modified MHD equa-
tions with the non-conservative source terms, e.g. the Powell source terms [9,14,42] or the Janhunen source terms [29,50].
The Powell source term can be used to obtain the symmetrizable MHD equations, but cannot preserve the conservation of
the momentum and energy, while the Janhunen source term can preserve the conservation of the momentum and energy
but cannot be used to obtain the symmetrizable MHD equations. Due to the adding source terms, the sufficient condition
proposed in [46] for a finite difference scheme satisfying an entropy identity should be modified, see [9]. One should also
take care of the discretization of the source terms, to match it to the discretization of the flux gradients and ensure that the
final schemes satisfy the semi-discrete entropy inequality.

The paper aims at constructing the high-order accurate ES finite difference schemes for the SWMHD equations (1.1)
for a given entropy pair. With suitable discretization of the non-flat bottom topography and Janhunen source terms in the
modified SWMHD equations, a two-point EC flux is derived for constructing the semi-discrete second-order accurate well-
balanced EC schemes satisfying the entropy identity. Our discretization of the source terms is essential to achieve both
high-order accuracy and well-balance, and does not meet the computational issue in [51] when the magnetic field is zero.
The high-order well-balanced EC schemes are constructed by using the above two-point EC schemes as building blocks. In
order to avoid the numerical oscillation produced by the EC schemes around the discontinuities, some suitable dissipation
terms utilizing the weighted essentially non-oscillatory (WENO) reconstruction in the scaled entropy variables are added
to the EC fluxes to get the high-order accurate well-balanced ES schemes satisfying the semi-discrete entropy inequality.
The above semi-discrete EC and ES schemes are integrated in time by using the high-order accurate explicit strong-stability
preserving Runge-Kutta schemes to obtain the fully-discrete high-order accurate well-balanced schemes. The ES property of
the Lax-Friedrichs flux is also proved and then the positivity-preserving ES schemes are developed by using the positivity-
preserving flux limiters.

The rest of the paper is organized as follows. Section 2 presents the modified SWMHD equations, the entropy pair and
necessary notations. Section 3 constructs the affordable two-point EC flux and the semi-discrete EC and ES schemes for
the 1D SWMHD equations, and proves the well-balanced properties of the EC and ES schemes. The positivity-preserving ES
scheme is also studied. Section 4 gives the 2D well-balanced EC and ES schemes. Extensive numerical tests are conducted
in Section 5 to validate the effectiveness and performance of our schemes. Section 6 gives some conclusions.

2. Modified SWMHD equations

This section gives an entropy analysis of the SWMHD equations with the non-flat bottom topography.
If the solutions are smooth, then the SWMHD equations (1.1)-(1.3) can be equivalently cast into the primitive variable
form

oh +V-(hv)=0

at 7

E;—:—l—(v-V)v—(B-V)B—l—thT:—gthT+V~(hB)B/h, 21)
B

S, HW-VIB—(B-V)v=V(hB)v/h,

V. (hB) =0.

Defining the mathematical entropy as the total energy [20,51]

1 1
n(U,b) = 5h(|v|2 +|B?) + Egh2 + ghb, (2.2)
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and using (2.1) gives

2
1
an+Yy oy, [<§(|v|2 +|BI*) + gh + gb) hve —hBy(v - B)} —(v-B)V - (hB)=0
(=1
which means that under the constraint V - (hB) =0, the following quantities

n(U,b), q.U,b):= (%(lvl2 +|B*) + gh +gb> hvy —hB¢(v - B), (2.3)

satisfy an additional conservation law. However, unfortunately, the pair (1, q¢) defined in (2.2)-(2.3) does not satisfy (1.4),
since

3q¢(U,b)/3U = VTF,(U) + (v - B)(hB,) (U),

where the vector V = (31/0U)T is explicitly given by

T
(g(h+b)—f(IV| +|B|) vT,BT) .

It is not difficult to verify that the matrix 0U /9V is symmetric and positive definite.
Similar to the Janhunen source term for the ideal MHD equations [29], one needs to add some non-conservative source
terms to get a modified SWMHD system for (1.1)-(1.3) as follows

ou aF 1
— V'V . (hB) = — 24
ot +§ 5%, + (hB) = —G(U), (2.4)

where

¥ =(0,0,0,v"),

and satisfies YV = ®(V) := v - B. Note that the modified SWMHD equations without bottom topography have been dis-
cussed in the literature, see e.g. [51].

Taking the dot product of V with (2.4) yields

2

ou 8Fg a(hBZ)
T T T
v EJFZZ_] (V au TPV >8x@ VG

2
Z(aﬂ +(@(V) = (v-B)) a(hB‘)) S HVIEw) =0

=1 v
ie.
o + 22: dar =0, (2.5)
at = Xy

where we have used the identity

2

0qe(U,b) 0U d
Z qe( ) T VTG(U)_ (M.
= ou ax — Xy

Notice that the identity (2.5) is obtained without using the divergence-free condition, and will be useful in constructing
an entropy stable (ES) scheme because the numerical divergence of hB may not be zero. Moreover, we define the “entropy
potential” ¥, from the given (n(U,b), q¢(U, b)) by

1
Y= VIF((U) + (V) (hBy) — e (U) = S gh?ve,

which makes the following identity true
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d

/ o 9qe dx
ot 3X@

Q

< 3Fe(U)
at

+v'V. (hB) + G(U)) dx
Xy

o e B—F(U)Jrv (®hB) — V- (hB) + VTG(U)

+V . (dhB)

<8n(U> I(VTF(U)) B 3W(U)) dx
ot X 0xg

Q
/(3;7(0) AWVTF,(U)) avT )
Q
/

The “entropy potential” plays an important role in obtaining the sufficient condition for the two-point entropy conservative
(EC) fluxes.

Remark 2.1. Notice that the entropy identity (2.5) is slightly different from (1.5), since the source terms in the SWMHD
equations have special structure, and then VTG(U) in (1.5) can be absorbed into the left-hand side by using

a(ghb) N i a(ghbw)

=1

=VvTGW).

In other words, the difference between the entropy pair (7, q¢) in (2.5) and that in (1.5) is (ghb, ghbv,).
3. One-dimensional schemes

This section constructs the high-order accurate well-balanced EC and ES schemes for the x-split system of (2.4), i.e

U  9F\(U) __ 3(hB1) _ 4db

= G;—, 3.1

at 0x ax 1ax (3D
where G; = (0, gh, 0, 0, 0).
3.1. Second-order EC schemes

Let us consider a uniform mesh in x: x; <Xz < --- < xn,, with the spatial step size Ax=x; —x;_1, i=2,---, Ny and the

semi-discrete conservative finite difference scheme for (3.1) as follows

d 1 AhB1,y — @hB1Y; RIS

&= 5 (Frey =Fiy) -9 Ax - @ 52

where {{a}}H_1 denotes the mean value of a at Xip 1o ie., {{a}}H_% = (a; +aj+1)/2, U;i(t) and V;(t) approximate the point
values of U(x;,t), V(x;,t), respectlvely, it %(t) is the numerical flux approximating F1(x,t) at x; = X; + Ax/2, and the
second-order central difference is used to approximate d(hB1)/dx and db/dx in the source terms.

Definition 3 (Entropy conservative scheme). The scheme (3.2) is entropy conservative (EC) and corresponding numerical flux
F,-+% (t) is called the EC flux, if the solution of (3.2) satisfies a semi-discrete entropy identity

i)+ 1 (G0 -7y w) =0, (33)

for some numerical entropy flux g; +1 consistent with the given physical entropy flux q;.

The following lemma gives a sufficient condition for the semi-discrete scheme (3.2) to be EC, with the discretization of
the source terms.

Lemma 3.1. If a symmetric consistent two-point flux ?i+1 = Fq(U;, U;1) satisfying

2

[VI"-Fi = [yi1] — [®]{hB1} + g[hbv1] — g[hv1]4bY, (3.4)

is used in (3.2), where [a] and {{a}} denote the jump and mean of a, respectively, then the semi-discrete scheme (3.2) is second-order
accurate and EC, with the numerical entropy flux

Gy = WV, Fopy + @D g (0B — (0l g + gUAVD g (D) g — glhbVAly, (3.5)

5
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Proof. Left multiplying (3.2) by Vl.T and using ®(V) = ¥V gives
dn; 1 ~ ~
2t = VI (Fiy —Fioy) + oo ((hBuhy g — WhB1_y ) + ghitvai (100 — 0B,y ) |-

The right-hand side term can be further rearranged as follows

VI (Fiyy = Fiy) + oV ((hB1) g — By ) + ghivos (0,3 — (b))

1 T 1 T
= ({{V}},-+% - EHV]],-+%) Fioy— ({{V}},-_% + EM,-_Q Fiy

1 1
+ ({{@}H% - 5[[<I>1]i+%> (hB1Y, ) - ({{d>}}i,% + 5[@&,9 (Bl

1 1
+g <{{hV1 Biag - EﬂhV1]],»+%> )iy — ¢ ({{hw}},-_l + 5[[’W1]],-_%> (),

2

=V, o Fipy + 0@y (hB1y + gllhvil, (00,

— (VT By (@ 0By — glhval_y ()
1 1 1 1
- 5[[‘/”]],4% - 5[[1/’1]]1‘—% - Eg[[hbhﬂ,ur% - Eg[[hbvlﬂi_%
= (VO] Foyy + 09N (B, g + 201D, (00 ) = (1D g — glhbVA)
— (VT By Ny (hBaY_y + 80V, (B ) + [y + sllhbva),_y

1
2

where a; = {{a}},.+% — %[[a]]H% and a; = {{a}},-f% + %[[a]]F% have been used in the first equality, the condition (3.4) has been
used in the second equality, and %[[a]]H% + %[[a]],',% = {{a}}H% — {{a}}ii% has been used in the third equality. Thus the
scheme (3.2) with fi+% = fl(Ui, Ui;1) is EC in the sense of

e
ar  ax \Jiey 743 )=
The discretization of the source terms is second-order accurate since the second-order central difference is used, and the

results in [46] show that the discretization of the flux gradient is second-order accurate, therefore the scheme (3.2) with
Fi+% = F1(U;, U;yy) is second-order accurate. O

Remark 3.1. Since the central difference is used for approximating the non-flat river bed bottom and Janhunen source terms,
the sufficient condition (3.4) is different from that in [20,51]. Moreover, such discretization of the source terms is essential
to achieve high-order accuracy and well-balance, see the subsection 3.2.

Below we present such EC flux satisfying (3.4).

Theorem 3.2. For the x-split SWMHD equations (3.1), the following flux F1 Ui, Uit1)

{hyv)
[+ %{{hz}} — {hB1}HIB1Y + g ({thbY — {hNHIbY)
Fi1= {hHv I V2l — {hB1HIB2 ) (36)

{hvi BB} — {hB1h{{vi Y
{hivi B2} — (hB1}{v2}}

is an EC flux, consistent with the physical flux F1(U) defined in (1.3).

Proof. The key is to use the identity

[ab] = {{a}} [b] + {b} [a]. (3.7)
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and rewrite the jumps of the entropy variables V, the potential ¥+, ®, hvy and hbv; as some linear combinations
of the jumps of a specially chosen parameter vector. For simplicity in derivation, the parameter vector is chosen as
(h,b, vy, vy, By, By), then

[VI"=(glh] + gIb] — (v V1] — {vahIval — {B1BIB1] — (B2HIBa,
il [val. [Bal. [Ba).

[v1] =g} (1D A] + %g{{hz}}ﬂvlﬂ,
[@] ={B1}[vi] + B2} [va] + {vaB[B1] + {{v2}[B2].
g[hbv1] — glhv1]{b} =g{th}{{v1}[b] + gl{hb}[v1].
Substituting them into (3.4), and equating the coefficients of the same jump terms gives the numerical flux in (3.6).

If letting U; = U;44, it is easy to see the consistency of the numerical flux in (3.6). O

Remark 3.2. For the y-split system of (2.4), the rotational invariance may be used to get the EC fluxes consistent to F(U)
defined in (1.3). The EC flux (3.6) is the same as the one in [51].

Remark 3.3. The present discretization of the source terms is different from that in [51], and does not meet the computa-
tional issue in [51] if {B1}} =0 or {{B}} =0.

Remark 3.4. If the magnetic field B = 0, then the SWMHD equations reduce to the shallow water equations (SWEs) and
the above SWMHD scheme (3.2) with F,-+% =F1(U;,U;41) defined in (3.6) reduces to the well-balanced EC scheme for the
SWEs with the EC flux

{hivah
Fi= {{h}}{{v1}}2+g{{hz}}+g({{hb}}—{{h}}{{b}}) )
{hpviifival)

which is the same as the EC flux in [20], except for the second component due to the different approximation of the source
terms.

Lemma 3.1 and Theorem 3.2 tell us that the SWMHD scheme (3.2) for (3.1) with le = Fl(U,', Ui;1) defined in (3.6) is
second-order accurate and EC. Moreover, we can show that it is well-balanced.

Nl

Theorem 3.3. The scheme (3.2) with the EC flux (3.6) is well-balanced, in the sense that when the magnetic field is zero, it preserves
the lake at rest, that is to say, for the given initial data

(v1)i=(v2)i=0, hj+b;=C, Vi,
the solutions of (3.2) satisfy

d

d d
—h;j=0, —(hvy); =0, —(hvy); =0
a s dt( V1) , dt( V2)i

d d
Proof. Under the hypotheses, one can verify that the scheme (3.2) satisfies ah,- =0, E(h“)" =0 and

d 8 ) 5
Thvni=- AX[( 2Dy — 502, %)+({{hb}}i+%—{{hb}}i,%)

E ({{h}},-+l{{b}},-+l - {{h}},-_l{{b}},-_%) i (UBD;4g — 00,4 ]

== £ 2 (g I+ Uy DD,y ) + (K g b — 0 ybicn)

— (U 3 00Dy — 0,y 0y ]

= B (g Iy + Oy Ty ) + 5 (U0 DDy + Oy L) ]

7
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g
T 2Ax [{{h}}i+% [h+b]; s + (k1 [h+ b]]ii%]
=0.

Therefore the scheme (3.2) preserves the lake at rest. O
Remark 3.5. The second-order EC scheme (3.2) satisfies the 1D moving equilibrium state [20]

m 1= {1 Vil =Cro pi= (v0)f /2 + g(hi +bi) = Cp, Vi.

i+3
In fact, it is easy to verify that

d 1

1

A= T Ax (m i+ _mi—%) =0,

%(hvl)i — |5 (s Ip1 ey + 00y [Py ) + i (g —myy) ] =0

—

2
3.2. High-order EC schemes

To develop the high-order well-balanced EC schemes, our task is to get the high-order numerical fluxes and conduct the
matched high-order discretization of the source term related to the non-flat river bed bottom and the Janhunen source term
n (3.1).

Following the way in [33], the EC flux of the 2pth-order (p € NT) accurate scheme can be obtained by using the linear
combinations of the “second-order accurate” EC flux (3.6) as follows

""2 h
. Zar ZFI(UI s, Ui—s1r), (3.8)

+1_

which satisfies

1 =2pth  %2pth dFq 2
— (Fry-FrY) = ‘ O(AXPP
ax (Pl =) OB
The readers are referred to [21,33] for more details on constructing the “high-order accurate” EC flux.

To make the resulting schemes high-order accurate, well-balanced and EC, it is essential that the high-order finite dif-
ference approximations of the spatial derivatives d(hB1)/dx and db/dx in the source terms should match the “high-order
accurate” EC flux (3.8). To this end, based on the observation that the second-order central differences for the source terms

(hBDit1 — (hBy)i—q  WhBilliy — (Bl 1 by — by Oy — (b}

- )

- )

2Ax AX 2Ax AX

used in the second-order EC scheme (3.2), have the same form as the discretization of the flux gradient, using those second-
order central differences as a building block can obtain the high-order approximations of the source terms as follows

r—1 p r—1
~ 1
(hB )2””‘ §:ar > [hB)is + hBi—sir]. By =5 D & Y (hivs +bisir).
r=1 s=0 2 r=1 =

where the linear combination coefficients are the same as those in the “high-order accurate EC flux” (3.8). Similarly, it is
not difficult to verify

| +o@),
1

—~——2pth N2pth d(hB
((h31),+1 — (hB1);_1 )= (ax”

2pth  ~=2pth ab
(BB = 5| roaen),

Such treatment can also be found in [14].
In summary, by approximating (3.1), we obtain the following 2pth order semi-discrete EC scheme

d 1 /~opth  ~2pth Wl /——2pth NZPth (Gl) 2pth  ~=2pth
GUi=—5 (B -Fr) - (hB1)i,y — (hB1); s — (@7 - ®7). (3.9)
which satisfies the entropy identity (3.3) with the numerical entropy flux

8
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h
zﬁtl —Zar ZQ(UI —s: Ui—s1r).

It is a linear combmatlon of the two-point numerical entropy flux (3.5). For example, when p = 3, the expression of the
“6th-order accurate” EC flux is explicitly given as follows

Fom —3F Ui, U; 3 F Uiy, Uisn) + F1 (UL, U;
i+% =-F1(U;, 1+])__0[ 1(Ui—1,Uiy1) + F1(U;, 1+2)]
1
+%[F1(Uz 2, Uiy) + F1(Ui1, Uiyo) + F1(U;, Uips)]. (3.10)

It can also be verified that the scheme (3.9) is well-balanced in the sense of Theorem 3.3, since the numerical fluxes
and the numerical source terms in (3.9) are formed by the linear combinations of the fluxes and the source terms in the
second-order scheme (3.2) with the same coefficients, specifically, the second equation in (3.9) is written as follows

1+1r

p
hipr +hi
S P[P (4 )iy — (h b)) +

d(hv )i =
de VT T 2Ax & 2

((h+b)i = (h+ b)) |-

For the 1D moving equilibrium states discussed in Remark 3.5, one needs to impose very restrictive conditions

(hi + hixr) (V)i + (VDizr) =Cq, Vi, r=1,---, p,
pi = (v1)?/2 + g(hi + bi) = C, Vi.

3.3. ES schemes

It is known that for the quasi-linear hyperbolic conservation laws or balance laws, the entropy identity is available only if
the solution is smooth. In other words, the entropy is not conserved if the discontinuities such as the shock waves appear in
the solution. Moreover, the EC scheme may produce serious unphysical oscillations near the discontinuities. Those motivate
us to develop the ES scheme in this section by adding a suitable dissipation term to the EC scheme to avoid the unphysical
oscillations produced by the EC scheme and to satisfy the entropy inequality for the given entropy pair.

Following [46], adding a dissipation term to the EC flux F,-Jr% gives the ES flux

FH; —F ;Di+%[[vﬂi+%’ (3.11)
satisfying
[VI"-Fyy — 1]+ [@](thB1)) — glhbva] + g[hva] (b} <O, (3.12)

where D, 1 is a symmetric positive semi-definite matrix. It is easy to prove that the scheme (3.2) or (3.9) with the numer-
ical flux (3.11) is ES, i.e., satisfying the semi-discrete entropy inequality

d 1
TN + = (@40 =T, ) <O

for some numerical entropy flux function g, +1 consistent with the physical entropy flux q;.
Motivated by the Cholesky decomposition and the dissipation term in the (local) Lax-Friedrichs flux

1 ou
3%y Uiy ¥ =5 5y

the matrix Di+% in (3.11) can be chosen as

1 T
o VI= 3% Ry R TV

T
DH—% _a1+;Rl+%Ri+%

U
Here Oy 1 = MaXm=i i+1 {l(v”)m| + o+ (B”)m and RRT is the Cholesky decomposition of the matrix WV with

1/ 0 0
vi/J/g ~h 0
R=|v/J/2 O 0
0 vh

0
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and %y and Ri+% are calculated by using the arithmetic mean values {{h}}i+%, {{v}},.+%, and {{B}}i+%.
To obtain the arbitrary high-order accurate ES scheme, the dissipation term in (3.11) has to be improved. For example,
it can be done by using the ENO reconstruction of the scaled entropy variables w = RTV [21]. More specifically, use the

kth-order accurate ENO reconstruction of w to obtain the left and right limit values at x;, 1 denoted by w,;l and wlf;],
2 2
and then define

. . . ~2pth . N
Combining such reconstructed jump with the “2pth-order EC flux” F P™ and the 2pth-order discretization of the source
terms gives the kth-order ES scheme as follows

d 1 /~kth  =kth ‘1’ ~—~—2pth NZP th (Gl) 2pth  ~=2pth

SUi=—— (Fl;% — ) (hB1),+1 — By ((b) P ) ) (3.13)
where p =k/2 for even k and p = (k+ 1)/2 for odd k, and

~kth  ~2pth 1

Fioy =F0 = Soi R (why, . (314)

The semi-discrete numerical schemes (3.13) is ES if the reconstruction satisfies the “sign” property [21]

sign({(w));,1) = sign([W], 1),

which does hold for the ENO reconstructions [22].
Moreover, one can also obtain higher-order accurate ES scheme with the WENO reconstruction instead of the ENO recon-
struction, if the same number of candidate points values are used. For example, perform the fifth-order WENO reconstruc-

tion [6] respectively based on {w; =R, 1Vj Jj=i-2,i—-1,i,i+1,i+2} and {w; =R, 1Vj,j:i—1 i,i+1,i+2,i+3}
to obtain w WENO and W:WENO so that the “high-order WENO” dissipation term is easily given by —5«; +1 R, +1 {w)), +1
+WENO * _ WENO

with (w)); 1= w . However, in view of that the WENO reconstruction may not satlsfy the “sign” prop-

1+ 1+f
erty, following [5] such “high- order WENO?” dissipation term may be modified as follows

~kth  ~2pth 1
Fz+2 =il T iai+%si+%Ri+%«w»i+%’ (3.15)

where S’+1 is a switch function defined by
2

il = .
i+ 0, otherwise,

[1, if sign((w)), ,) = sign([wI}, ,) #0.

2 2
here the superscript | denotes the Ith entry of the diagonal matrix S; 41 or the Ith component of the jump of w. The
following theorem shows that the high-order accurate scheme with the hlgh order WENO” dissipation term (3.15) is ES.
Theorem 3.4. The high-order accurate scheme (3.13) is ES, i.e., its solutions satisfy

1

Vi) + (A’“h ©—q" (r))

where the numerical entropy flux is

skih _=2pth 1 T
ql+; _q1+1 - Eai-&-%{{v}}H%RH%SH—%«w»i-&-%'

Proof. Left multiplying (3.13) by V| gives

d 1 (apth  ~2pth
a’?(”i) = H (qi-&-% _qi—%

1 T T
+E( it ViR 1S 1wl 1 _ai—%viRi—%si—%«w»i—%)
1 (th  ~kth
T Ax (M ~Ticy

10
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1
= (e VI Ry Sy (W) + ey IVIL Ry Sy (w)y)

_ 1 ~kth Akth
N (q”% i 2

1
o (@ ey W S (W) o W, Sy (why_y ).

Due to the choice of the diagonal switch matrix, [[w]]l,Til Sii% {w);,1 =0, so that the second term at the right-hand side
2

1
2
of the above identity is not positive and then

d L")+ (a’“h © -3 (r)) <0. O
2

1+

Remark 3.6. At the steady state, the entropy variables VT become (gC, 0,0, 0, 0), so that the low-order dissipation term
with [V] and the high-order dissipation term with (w)) = R{(V)) all vanish. Thus the constructed ES schemes are well-
balanced.

3.4. Time discretization
This paper uses the following third-order accurate strong stability preserving explicit Runge-Kutta (RK3) time discretiza-

tion

UD =U" + AtL(U"),

3 1
Q) _“pgn _ M (1)

U =20+ 2 (U + 2w ™). (3.16)

1

2
U+ 3 (u® +aLw®)),

to integrate in time the semi-discrete schemes (3.2), (3.9) or (3.13), where [L(U)] corresponds to their right-hand side.

Un-H —

3.5. Positivity-preserving ES schemes

This section restricts to the flat bottom topography. Generally, the high-order ES scheme (3.13) integrated with the RK3
(3.16) may numerically produce the negative water height so that the numerical simulation fails. This section develops a
high-order positivity-preserving ES scheme based on (3.13) satisfying h?“ > g, Vi, if h’,? > ¢, Vi for a small positive number
¢ (usually taken as 1013 in numerical tests), which means there is no dry area in the solutions. It is built on the fact that
the first-order accurate Lax-Friedrichs scheme is positivity-preserving and ES.

Lemma 3.5 (Positivity). The semi-discrete scheme (3.2) discretized with the forward Euler time discretization and the local Lax-
Friedrichs flux

=LF
FH% = {{Fl}}H% ! [[U]]H_%/Z, @il =mr:niai)-(-1 {|(Vq)m| +/ ghm + (3'11)31} ) (317)

is positivity-preserving under the CFL condition

AX 1
At = s L p<= (3.18)

mgx{|(v1>i|+m} ’

Proof. The first component of the Lax-Friedrichs scheme can be split as

1 . 24t
h;‘+1=:§(hj~”+hi ). R =hr oy,

where h(f) denotes the first component of the vector F, so it holds

At At
+,LF
hi ™ =hy (] ~ Ax (O‘ii% + (V1)?)> + A_Xh?il (ai:l:% + (Vl)?il)'
Thus hilL'LF > 0 under the CFL condition (3.18), and then h;.”'l >0. O

11
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The following lemma shows that the Lax-Friedrichs flux (3.17) is ES even if hBy or hB; is not constant. Its proof is direct
without the assumption that the 1D exact Riemann solution of x-split system is ES. In fact, when there are jumps in hB; or
hB; at the cell interface in the 2D case, whether such assumption is available needs further investigation.

Lemma 3.6 (ES). The Lax-Friedrichs flux is ES when the bottom topography is flat.

Proof. Substituting the Lax-Friedrichs flux into the inequality (3.12) and using identity (3.7) gives
V" F* — [ya] + [@]{hB1)
=gl(hvi[h) — S 12 + S 2 )Ivi] = 5 T2
1
—Egmunh%+v%+B{+%ﬂ+%ﬂﬂh%+v§+B%+Bﬂ
+ {{hv3 — hB2}[v1] + ((hvivy — hB1Ba)}[va] — %[[hvlﬂ[[vl]] - %[[hVZMVZ]]
+ {(hv1B1 — hB1vi)[B] + (hviBs — hBvval[Ba] — S [ABA1[B1] - 5 [hB2] 8]
+ [viB1 + v2B2]{{hB1}
=g ((thva) — (v 1] - S T°)
— S} (17 + vl + 811 + [B]°)
+ ({hvil — ghviHviD [vi] + {(hvaval — {hviBvaiD[va]
+ ({{hviB1}} — {hvi }H{B1 ) [B1] + ({hv1 B2} — {hva H{B2H [B2]
— ({(hB} — {hB1}{(B1ID[v1] — ({thB1 B2} — {{hB1}{(B2I)[v2]
— ({{hB1v1} — {{hB1}{{vaH[B1] — ({hB1v2l} — {{hB1}{v2 D [B2].
It can be further simplified by using the identity {{ab}} — {a}}{{b}} = %[[a]] [b] as follows
V" F — [y1] + [ (B2}

= E 17 (111 — @) — S 1B4] (1811 + [:]18:1)
+ (g1 = S ) (2 + al? + 811 + 82T

+ ({(hvih — (thvi v [va] + (hvava)) — Ghvaivaih [va]
L2 A+B+C,

where

A= ZIP? (Ivi] - 2),
B= }1 (1val? + [B11?) (Ihva] - 20 (hY) - %ﬂhBlﬂﬂwﬂﬂBlﬂv
C= % ([[VZ]]Z + [[Bz]]z) ([hv1] — 20c{{h}) — %[[h31ﬂ[[vz]][[32]]~

Since o =max {|(v1)r| + \/ghL + (B1)Z, [(v)r| +/ghg + (B1)3}, it is easy to obtain

vi] €2, (vi £B1)Lr <0,

then A <0.
If [hB1] > 0, then B < 0, because

[h(vi + B1)] = 2af{h}} =hg[(v1i + BD)r —a] —h [(vi + B1) +a] <0,

and

12
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= (I + 1B (v + BT~ 20(h) — (1v1] + [B1])° 0B

otherwise, it still holds that B < 0, because

[h(vi — B1)] = 2af{h} =hg[(vi —=B)r —a]—hr[(vi =B +a] <0

and

B= 5 (il + [B1?) (Ih(vi — Bo] = 20 () + (Iva] - [B1])’ [1B1].

1
4
< 0. Therefore the Lax-Friedrichs flux is ES. O

Similarly, C

Based on those conclusions, the high-order positivity-preserving ES schemes can be constructed by using the Lax-
Friedrichs flux and the positivity-preserving limiter [27] at each stage in the RK3 (3.16). Since such RK3 is a convex

combination of the forward Euler scheme, only the forward Euler scheme is considered below. The limited numerical flux

~kthPP . .
F. 1 is given by
I+j

~kth,PP ~kth
Fi+% =01 F 1+ (1= z+1)Fx+ (3.19)
where 0, 1 = min{@, 1 ,6,1 1} €10,1] is the scaling factor corresponding to the two neighboring grid points, which share
2 2

the same flux F 1 and

) (h:l:LF 1 _8>/<h¢,LlF : _h:I:kth ) fhzl:kth <e,
0i+l = l+2:F§ i+5F5 z+2¢2 1+2$2 (3.20)
2
1, otherwise.

Notice that the discretization of the source terms should also be replaced by the corresponding convex combinations as
follows

—~——2pth,PP ———2pth

(hB1)i4 1 =61 (h31)1+1 +(1 - i+%){{h31}}i+%-

It is easy to verify that the water height updated by the high-order positivity-preserving ES schemes satisfies

1 2AL, 2At
W =2 <h" - —h(Fﬁhlpp)> (h” + —h(F’<th ""))

1 +kth +1F] 1 — kth _IF
=[BT+ A =0 | 5 [0y b A =]
and the limited flux I"kthP

Lax-Friedrichs flux, and does not destroy the high-order accuracy

is consistent and ES since it is a convex combination of the high-order ES flux and the ES

=kth

AkthPP kth
) <a-6 1)HF,+1—F1.+%

1+2 Hr1

with 16,1 = O(AX) [27].
The above proof of the accuracy preservation requires the assumption that the water height is strictly positive, i.e.
.. w1 . L. .
h > ¢ >0, and the stronger CFL condition CFL < ) < 7 also see the discussion in [27] on the accuracy. If the parametrized

flux limiter proposed in [56,58] is employed, then the resulting positivity-preserving scheme may relax the restriction on
the time step size At because the parametrized flux limiter is only performed at the final stage of the Runge-Kutta time
discretization, but its accuracy preservation can be only tested in the numerical experiments. Rewrite the final stage of the
RK3 (3.16) as
At [~y ~rk At (o~ ~rk
n+1 n_ rk ] at rk r
Ut —up - (FH% e )+AX (H,Jr2 a* ) (3.21)
where

~rk 1 Fhth, kth] Ith2
B - L (R ).

~6
~ 1 ——2pth,(1) ——2pth,(2)
H{; = (xy (hBl),+ +qf,.(”(h31),-+% +4v® (hB B1)is 1 >

13
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Combining (3.21) with the Lax-Friedrichs flux (3.17) gives the final positivity-preserving scheme

At [~ ~ At [~ ~
untl — Un At (Fl.dhipp _ Fkth PP) At (H{<thiPP Hkth PP)
! Ax \ 13 Ax \ 3 =2
with the limited numerical fluxes F kth PP Hi.ihipp given by
2
—~kth,PP ~rk
Fi+% =0, 1FH_1+(1— 1+1)FH_ (322)
~ kth,PP rk ’
Hi+% 01+2 i+1 +a- 1-&-1)H+1

Here H 1= \IJ"{{hBl}}" and the parametrized flux limiter {6, 1} satisfies (9,71, 1+1) e [0,A_ 1 A% [0, A, 1 ;1 with a

parameter pair (A 1 @ A+%.i) and the inequality

2’
At kth,PP thP
W =gt - (h(F<t ) —h(E )) >0,

ie.
= 29 (hE™ ) — h(F + A% (nE h(F~ >0 323
,» ——,+1(<,+1) (Fiip) + 0y (WFED —hEE ) + 7 >0, (3.23)
with 7; = h} — B (h(f:'_tl) h(F )) > 0. Define Q. 1= Fkth 'I?ﬁ%, Q1= 'I?fih% —'I?E%. To satisfy the inequality

(3.23), the parameter pair (Af%’i, %’,) is chosen as follows.

(a) lfh(Qi_%)>0 and h(Qi+1)<O, then (A_%J +li )=(1,1);
. T .
(b) lfh(Q,_7)>Oand h(Q,, 1)>O, then (A_%J, +1i )_(1,mm(1,m)),
. Ti
(C) lfh(Qli%)<O and h(Q 1)<0 then (A 1 l,A+%’i)=(mln(1, m),]),

(d) If h(Q;_1) <0 and h(Q ;1) >0,
then (A_%’i,A 1p=(11), if 9,-_1 =0, 1 =1 satisfies (3.23);
‘L',' Ti

otherwise (A 1 ;, )= , )-
b M b ) = R AR R(Q ) W@,y ATAXR(Q )~ H(Q,_y)
The final parametrized flux limiter 9i+% is defined as
9i+% :min(A+%’i,A_%’i+1) (3.24)

for conservation.

The above positivity-preserving flux limiters are directly applied to the fully discrete scheme and do not destroy the
entropy stability, thus the fully discrete positivity-preserving scheme with the limited flux (3.19) or (3.22) is ES if the fully
discrete scheme is ES.

4. Two-dimensional schemes

This section extends the 1D high-order EC and ES schemes developed in Section 3 to the 2D SWMHD system (1.1). For
convenience, the notation (x1, xz) is replaced with (x, y). Our attention is limited to a uniform Cartesian mesh {(x;, y;), i =
1,---,Ny, j=1,---, Ny} with the spatial step sizes Ax, Ay so that the extension of the 1D schemes to (1.1) can be done
by approximating (2.4) in a dimension by dimension fashion. To avoid repetition, the detailed extension is not described
below.

At each grid point (x;,yj), i=1,---,Ny, j=1,---,Ny, the 2D SWMHD system (1.1) can be approximated by the
following second-order accurate well-balanced semi-discrete EC scheme

d 1 /~ ~ 1 /~ ~

aliit Ay (Fl,i+%,j - Fl,F%,j) Ay <F2,i,j+% - Fz,i,j7%> =

T {{hBl}}H_%,j - {{hB1}}i_%J ol {{hBZ}},‘J_F% - {{hBZ}},’,]‘_%

i AX S Ay

{bh1;— 0}y 6T oY jy — (DY ;-
AX i Ay

N—=

—(G1);

, (41)

14
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where G, = (0, 0, gh, 0, 0)7, and ?1 i1 and iz.i jl are the x- and y-directional EC fluxes, respectively.
Similarly, using the EC scheme (4.1) as building block can give a 2pth-order well-balanced semi-discrete EC scheme for
the 2D SWMHD system (1.1) as follows

d 1 ~2pth ~2pth 1 ~2pth ~2pth
dt Ui+ Ax (Fl.i+% j F1 =1, ]) + A_y (Fz,i,j+% - 2,i,j—%) -

\Ij—lr,j 2pth ———2pth \Ij;r pth ———2pth
- Ax ((hBl)H-% j (hBl)l—— ]) Ay ((hBZ)l J+] (th)l] )

- Al)” ((b)lzithj (b)zpm )_ ((b)f‘;fl O ) (42)
where
prf:_, ZO‘T ZF1(U1 s.js Uizstr.j)s
r=1  s=0

Niplt?ﬁ-z ZO‘T ZFZ(UU ss Ui j—s+r),

2pth 1< =
(hB; Dit1 ]—E;‘ szo[(hsl), o+ (B igir].
—~ . 2pth 1< pril
B2,y =3 ;ar > [(hB2)i j—s + (hB2)i j—sir],
~ 2pth 1 pri P]s_
(b)i+%’j=5§ 2 (bis.j +bi—sir.j)
~ 2pth 1< pp]
(b)i,j+% =3 ;O‘r Z (bi,j—s + bi j—sr) -

Then adding a suitable dissipation term to (4.2) gives a kth-order well-balanced semi-discrete ES scheme for the 2D SWMHD
system (1.1) as follows

d 1 /=kth ~kth 1 /=kth ~kth
a”ti‘*‘a(’:u%, Fii1 ]>+E(F2,i,j+% —Fz,i,p%):

‘IJT 2pth —~—2pth \IJITJ —~—2pth —~——2pth
- ((hBl),+ y (hBol-_%,,-) ((th>,J+1 (th),-,,-_%)

(Gl), N
AX

6]
(@307, - &) - =, (O - &), (43)

i—3.i

where p =k/2 for even k and p = (k+ 1)/2 for odd k,

~kth ~2pth 1

Frivy i =Fipy = 3% S iRy j Wiy
=kth ~2pth

F =F" 1S, .. 1R

2ij+% = T2+l T 3% +1Yi+) i+ WDyt

the jumps {(w));, 1 1 N j+l are respectively obtained by using the WENO reconstruction in the x- and y-directions, and

the viscosities %y and o j,1 are respectively chosen in x- and y-directions.

For the time dlscretlzatlon the third-order Runge-Kutta scheme (3.16) is used. The analysis of the EC, ES, and well-
balanced properties of the above 2D EC and ES schemes is similar to the 1D case, so that it is omitted here. Moreover, the
ES property of the Lax-Friedrichs flux can also be used to develop the 2D positivity-preserving ES schemes by using the

positivity-preserving flux limiters.

15
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Table 5.1

Example 5.1: Errors and orders of convergence in v, at t =1.
Ny EC scheme ES scheme

£ error order £°° error order £' error order £°° error order

10 1.575e-04 - 2.433e-04 - 1.126e-03 - 1.605e-03 -
20 2.706e-06 5.86 4.181e-06 5.86 3.015e-05 522 5.303e-05 4,92
40 4.276e-08 5.98 6.690e-08 5.97 9.048e-07 5.06 1.486e-06 5.16
80 6.700e-10 6.00 1.051e-09 5.99 2.830e-08 5.00 4.492e-08 5.05
160 1.050e-11 6.00 1.650e-11 5.99 8.852e-10 5.00 1.393e-09 5.01

5. Numerical results

This section conducts some numerical experiments to validate the performance of our EC and ES schemes for the
SWMHD equations (1.1) and its x-split system. Unless otherwise stated, all computations take the CFL number p as 0.5,
and the 5th-order schemes with the fifth-order WENO reconstruction in [6]. For the accuracy tests, the time stepsize At is
taken as pAx5/3 (resp. wAx>/3) for the 6th order EC schemes (resp. the 5th order ES schemes) to make the spatial error
dominant.

5.1. One-dimensional case

Example 5.1 (Accuracy test). This example is used to verify the accuracy. The computational domain is [0, 1] with periodic
boundary conditions, and g = 1. The constructed exact solution is given as follows

h(x,t) =1, vi(x,t) =0, va(x,t) =sin2r (x + 1)), B1(x,t) =1, Ba(x,t) = va(x,1t).

Table 5.1 lists the errors and the orders of convergence in v, at t =1 obtained by using our EC and ES schemes. It is
seen that those schemes get the sixth-order and the fifth-order accuracy as expected.

Example 5.2 (Well-balanced test [59]). It is used to verify the well-balanced property of our EC and ES schemes. The bottom
topography is taken as a smooth function

b(x) = 0.2e~®+D*/2 4 g 3¢~ x=1.57 (5.1)

or a discontinuous function

b(x) =0.5x[-4.4], (5.2)
and then the initial data are specified as h(x) =1 — b(x), vi =0, and B = 0. The computational domain is [—10, 10], and
the problem is numerically solved until t =10 with Ny =40 and g =1.

The surface level h + b and the bottom b are shown in Fig. 5.1, and the errors in h and v; are given in Table 5.2. It
can be seen that the errors are at the level of round-off errors for the double precision, and the well-balanced property is
verified.

Example 5.3 (Steady state problem with wavy bottom [59]). This example is adapted from the problem in [57] and used to
check the dissipative and dispersive errors in the ES scheme. The computational domain and the bottom topography are the
same as the last problem, g =9.812, and the initial data are

(1, 1, 0, 0.05, 0), x<0O,
(1,1, 0, 01, 0.1), x>0.

(h,v1,v2,B1,By) =

The results obtained by using the ES scheme with Ny =50, 100 are shown in Fig. 5.2, and the reference solutions are
obtained by using the ES scheme with Ny = 1000. We can see that the accurate solutions can be obtained even with the
coarse mesh Ny = 50.

Example 5.4 (Small perturbation of a steady state). To examine the ability of capturing small perturbation of a steady state,
consider two quasi-stationary problems. The first problem is considered in [34,55]. The bottom topography consists of one
hump
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Fig. 5.1. Example 5.2: The symbols “A” and “o” denote the numerical solutions at t = 10 obtained by using the EC and the ES schemes with Ny = 40,
respectively.

Table 5.2
Example 5.2: Errors in h and vq at t = 10 for the bottom topography (5.1) and (5.2).
EC scheme ES scheme
21 error £%° error ¢! error £%° error
(51) h 9.825e-16 2.554e-15 1.035e-15 2.554e-15
: 121 5.463e-16 1.636e-15 5.902e-16 1.638e-15
(52) h 2.484e-16 1.776e-15 2.262e-16 8.882e-16
: Vi 2.445e-16 2.046e-15 2.309e-16 1.617e-15
1.6 i
B 1.6
141 i
:
12 i y
i 1.4} ¢
1 - B
08|
B — — — — bottom
0.6 surface level
C Velocity
0.4 B
B ~
| / \
0.2 PN
i o)
B s \
0 _______ - N o e e =
[ 1 1 1 M | 0.8 | | I 1 1 1
-10 -5 0 5 10 -4 -2 0 2 4

Fig. 5.2. Example 5.3: Left: The bottom topography and the reference solutions obtained by using the ES scheme with Ny = 1000. Right: The enlarged view
of the numerical solutions obtained by using the ES schemes with Ny =50 (“v”) and Ny =100 (“o”"), respectively.
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Fig. 5.3. Example 5.4: The surface level h 4+ b and the discharge hv obtained by using the ES scheme with Ny =200. The solid lines denote the reference
solutions obtained by using the ES schemes with Ny =3000.

0.9 ! ! 1 1 04 1 1 1 1 09 ! !

(a) h+b fore=0.2 (b) hvy for e = 0.2 (¢) h+ b for e = 0.001 (d) hvy for e = 0.001

Fig. 5.4. Same as Fig. 5.3 except for hB1 = 1.

0.25(cos(10T (x — 1.5)) + 1),

0, otherwise,

if 14<x<1.6,
b(x) =

and the initial data are

if1.1<x<1.2,

- b(x), otherwise,

1-bx)+e,
h B {
with zero velocity and zero magnetic field. The second quasi-stationary problem takes into account the magnetic field such
that hB1 = 1. Those problems are solved until t = 0.2 with the computational domain [0, 2], g =9.812, and € = 0.2, 0.001.

The results with zero magnetic field are shown in Fig. 5.3, while those with non-zero magnetic field are shown in Fig. 5.4.
The solutions obtained by using the ES scheme with Ny =200 are compared to the reference solutions obtained by using
the ES scheme with a fine mesh of Ny =3000. It can be seen that the structures in the solutions are well captured with no
spurious oscillations, and the results with zero magnetic field are well comparable to those in [55].

Example 5.5 (Riemann problem [12]). The initial data are

(1, 0,0, 1, 0),
(h,v1,v2,B1,By) =
(2,0,0,0.5, 1),

x <0,

x> 0.

The initial discontinuity will be decomposed into two magnetogravity waves and two Alfvén waves propagating away in
two directions as the time increases. The problem is solved until t = 0.4 with g =1.

Fig. 5.5 presents the solutions h, vq, v3, B1, By at t = 0.4 obtained by the ES schemes with Ny = 100. One can see that
our numerical solutions are in good agreement with the reference solutions, and the discontinuities are well captured
without obvious oscillations.
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Fig. 5.5. Example 5.5: The solutions at t =0.4 (“o”) are obtained by the ES schemes with Ny =100. The solid lines denote the reference solutions obtained

by using the Lax-Friedrichs scheme with a fine mesh of Ny =20000.

Table 5.3

Example 5.6: Errors and orders of convergence in h at t = 16 obtained by using the EC and ES schemes, hmax = 1.
Ny=Ny EC scheme ES scheme

21 error order £°%° error order 21 error order £°° error order

20 4.079e-05 - 1.787e-02 - 3.756e-05 - 2.446e-02 -
40 7.025e-07 5.86 1.543e-03 3.53 4.082e-06 3.20 1.012e-02 1.27
80 6.401e-09 6.78 3.028e-05 5.67 1.015e-07 5.33 7.531e-04 3.75
160 5.244e-11 6.93 4.994e-07 5.92 1.582e-09 6.00 2.340e-05 5.01
320 4.143e-13 6.98 7.904e-09 5.98 2.453e-11 6.01 7.205e-07 5.02

5.2. Two-dimensional case

Example 5.6 (Vortex). This genuine 2D vortex problem is designed to test the accuracy and the positivity-preserving property
of our schemes. With the aid of the SWMHD equations in the polar coordinates given in Appendix A, a steady vortex is
constructed as follows

2
h' = hmax — (mex - B?nax) el /(28),
(Vlls V/z) = Vmaxeo's(lirz)(_y’ X),
2

(B}, BY) = Bmaxe™ " (—y. %),
With Vimax = 0.2, Bmax = 0.1, = /x2 4+ y2. Using the Galilean transformation X =x —t,y' =y —t,t' =t can give a time-
dependent exact solution

hx,y.t) =h'(x—t,y —t. 1), (vi,v2)(xy.t) =1, 1)+ V], v))(x —t, y —t, 1),

(B1, B2)(x,y,t) = (B}, By)(x —t, y — t, 1),

which describes a vortex moving with a constant speed (1, 1).

The computational domain is [—8, 81> with periodic boundary conditions, g =1, hmax = 1, and the output time is t = 16
so that the vortex travels and returns to the original position after a period. Table 5.3 lists the errors in h and corresponding
orders of convergence. The results show that our EC and ES schemes achieve the optimal convergence order. Fig. 5.6 plots
the contours of h and the magnitude of the magnetic field |B| with 40 equally spaced contour lines. It can be seen that our
schemes can preserve the shape of the vortex well after a whole period.

To check the positivity-preserving property, let us do a test with

o = 1076 + (vfmx - Bfmx) e/(22),

which implies that the lowest water height is 1076. The errors and orders of convergence obtained by using the ES scheme
with the positivity-preserving (PP) limiters are listed in Table 5.4, where “PP limiter 1” denotes the flux limiter (3.20)
performed at each stage, and “PP limiter 2” denotes the parametrized flux limiter (3.24) performed at the final stage. The
errors obtained by the ES scheme without the positivity-preserving limiter are omitted here, since it gives negative water
height when Ny =20, 40. One can see that both positivity-preserving flux limiters do not destroy the high-order accuracy.

Example 5.7 (Well-balanced test [34]). It is used to validate the well-balanced property of our EC and ES schemes. The bottom
topography is taken as
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5

5

Fig. 5.6. Example 5.6: The contours of h (left) and |B| (right) at t = 16 obtained by using the ES scheme with Ny = Ny =320 and 40 equally spaced contour

lines.

Table 5.4

Example 5.6: Errors and orders of convergence in h at t =16 obtained by using the ES schemes, hmax = 1078 + (v2,, — BZ..;) e/(28).

Nx=Ny With PP limiter 1 With PP limiter 2
2! error order £%° error order 21 error order £%° error order
20 4.007e-05 - 2.680e-02 - 4.556e-05 - 2.903e-02 -
40 3.426e-06 3.55 7.087e-03 1.92 6.364e-06 2.84 1.174e-02 131
80 1.209e-07 4.82 2.657e-03 142 2.217e-07 4.84 3.824e-03 1.62
160 5.520e-09 445 9.224e-04 1.53 1.204e-08 4.20 7.533e-04 234
320 3.08%e-11 748 1.703e-05 5.76 4183e-11 8.17 1.443e-05 5.71
Table 5.5
Example 5.7: Errors in h, v1, vy at t =1 for the bottom topography (5.3) and (5.4).
EC scheme ES scheme
21 error £%° error ¢! error £%° error
(5.3) h 4.943e-15 3.886e-14 2.293e-15 1.077e-14
121 5.091e-15 4.091e-14 2.577e-15 1.010e-14
V2 3.766e-15 3.168e-14 1.887e-15 9.742e-15
(5.4) h 8.437e-16 5.329e-15 8.102e-16 4.663e-15
Vi 5.720e-16 4.585e-15 5.731e-16 3.792e-15
Vo 1.385e-15 7.659e-15 1.367e-15 6.306e-15
b(x, y) = 0.8 exp(—5(x — 0.9)> — 50(y — 0.5)?), (5.3)
or
b(x, y) = 0.5X0.5,1.51x[0.25,0.75]- (5.4)

The computational domain is [0, 2] x [0,1], g =1, and the initial data are h(x,y) =1 — b(x, y) with zero velocity and

magnetic field.

The problem is solved until t =1 with Ny = Ny, = 40. The errors in h, v1, v3 are listed in Table 5.5. Similar to Example 5.2,
one can see that the well-balanced property of the 2D schemes has been verified in the sense that the errors are at the
level of round-off errors for the double precision.
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Fig. 5.7. Example 5.8: The surface level h + b at t =0.12,0.24,0.36,0.48,0.6 (From left to right, top to bottom) obtained by using the ES scheme with
Ny =600, Ny = 300. 40 equally spaced contour lines are used.

Example 5.8 (Small perturbation of a steady state (without magnetic field) [34]). This problem is used to check the capability
of the ES schemes for the perturbation of the steady state. The computational domain and the bottom topography are the
same as the last test, and the initial data are

_]1.01 - b(x), if 0.05<x<0.15,
I | - b(x), otherwise,

with zero velocity and magnetic field. Outflow boundary conditions are used and the problem is solved until t = 0.6 with
g=9.812.

Fig. 5.7 shows the contours of the surface level h + b (40 equally spaced contour lines) at t =0.12, 0.24, 0.36,0.48, 0.6
obtained by using the ES scheme with Ny =600, N, = 300, which describe a right-going disturbance as it propagates past
the hump. It can be seen that the complex small features are well captured without any spurious oscillations, and the
results are comparable to those in [55].

Example 5.9 (Orszag-Tang like problem [59]). It is similar to the Orszag-Tang problem for the ideal MHD equations [39]. The
computational domain is [0, 277]? with periodic boundary conditions and g = 1. The initial data are

(h,v1,v2,B1, Bp) =(25/9, —siny, sinx, —sin y, sin 2x).

The solution of this problem is smooth initially, but the complicated pattern will arise as the time increases and it has
the turbulence behavior. Fig. 5.8 presents the results obtained by using the ES scheme with Ny =N, =200 at t =1 and 2.
The solutions are in good agreement with those in [59]. The left plot in Fig. 5.10 shows the time evolution of the discrete
total entropy Zi,j n(U; j)AxAy with three spatial resolutions Ny = Ny, =100, 200 and 400. The total entropy is conserved
when the solutions are smooth during an initial period, but it decays when discontinuities arise.
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Fig. 5.8. Example 5.9: The contours of the height h and the magnitude of the magnetic field |B| at t =1 (the 1st row) and 2 (the 2nd row) obtained by
using the ES scheme with Ny = Ny = 200. 40 equally spaced contour lines are used.

Example 5.10 (Rotor like problem [31]). It is an extension of the classical ideal MHD rotor test problem [31]. The computational
domain is [—1, 17> with outflow conditions with g = 1. Initially hB; =1 and hB, =0, and there is a disk of radius g = 0.1
centered at (0, 0), where fluid with large h is rotating in the anti-clockwise direction. The ambient fluid is homogeneous for

r > ro, where r = /x2 + y2. Specifically, the initial data are

(10, -y, x), r<ro,

h,vi,vp) =
(v, v2) {(1,0, 0, r>n.

This problem is solved until t =0.2.

Fig. 5.9 shows the height h, the velocity v, and the magnetic field B obtained by using the ES scheme with Ny =Ny =
400. The ES scheme gets the high resolution results without obvious spurious oscillations comparable to those in [31]. The
right plot of Fig. 5.10 displays the time evolution of the discrete total entropy with three spatial resolutions Ny = N, = 100,
200 and 400. The results show that the total entropy decays as expected, and the fully discrete scheme is also ES.

22



J. Duan and H. Tang Journal of Computational Physics 431 (2021) 110136

05

05

05 0 05
(a) b
05 05
ol ol
05 05k
i | | | | | |
05 0 05 05 05
(b) v1 (c) vz
05 05
ol ol
05 05
i | | | | | |
05 0 05 05 0 05
(d) By (e) B2

Fig. 5.9. Example 5.10: The contours of the h, vy, vy, By, By at t =0.2 obtained by using the ES scheme with Ny = Ny = 400. 40 equally spaced contour
lines are used.
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Fig. 5.10. The time evolution of the discrete total entropy for Example 5.9 and 5.10 with several different resolutions in space.

6. Conclusion

The paper proposed the high-order accurate entropy stable (ES) finite difference schemes for the one- and two-
dimensional shallow water magnetohydrodynamic (SWMHD) equations with non-flat bottom topography. The Janhunen
source term was added to the conservative SWMHD equations. For the modified SWMHD equations, the second-order accu-
rate well-balanced semi-discrete entropy conservative (EC) finite difference scheme was first constructed, in the sense that it
satisfied the semi-discrete entropy identity for the given entropy pair (the total energy served as the mathematical entropy)
and preserved the steady state of lake at rest (with zero magnetic field). The key was to match both discretizations for the
fluxes and the source term related to the non-flat river bed bottom and the Janhunen source term, and to find the affordable
EC fluxes of the second-order EC schemes. Next, the high-order accurate well-balanced EC schemes were obtained by using
the second-order accurate EC schemes as building block. In view of that the EC schemes might become oscillatory near the
discontinuities, the appropriate dissipation terms were added to the EC fluxes to develop the semi-discrete well-balanced
ES schemes satisfying the semi-discrete entropy inequality. The WENO reconstruction of the scaled entropy variables and
the high-order explicit Runge-Kutta time discretization were implemented to obtain the fully-discrete high-order schemes.
The ES and positivity-preserving properties of the Lax-Friedrichs scheme were also proved without the assumption that
the 1D exact Riemann solution of x-split system was ES, and then the high-order positivity-preserving ES schemes were
developed by using the positivity-preserving flux limiters. Extensive numerical tests showed that our schemes could achieve
the designed accuracy, were well-balanced or positivity-preserving, and could well capture the discontinuities.
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Appendix A. SWMHD in polar coordinates

In the polar coordinate system (r, 8), the modified SWMHD equations (2.4) without the bottom topography become

3h+v (hv) =0

ot o

a(h d(gh?/2) h(v}— B}

YOV L9 (hvew —np By + 2B 1V = Ba)

n ar r

2t 3(gh?/2

%_i_vr.(hvav—thB)-i-%:O’ -
hBr)  13(hveBr —hv,B

d(hBr) 19(hvgB, —hv, 9):—BrV-(hB),

ot r a0

d(hBg)  d(hvyBr —hv,B

¢ 0)_ (hvg By Vr 9)=_BQV'(hB)’

ot ar

where
19(rFy) | 19F 190 | 19F

R PR R T SRR -

rooor r oo’ T2 or r 9o’
and F;, Fg are the radius and azimuth components of the vector F, respectively.

References

[1] S. Ahmed, S. Zia, The higher-order CESE method for two-dimensional shallow water magnetohydrodynamics equations, Eur. J. Pure Appl. Math. 12
(2019) 1464-1482.
[2] D.S. Balsara, Divergence-free reconstruction of magnetic fields and WENO schemes for magnetohydrodynamics, J. Comput. Phys. 228 (2009) 5040-5056.
[3] TJ. Barth, Numerical methods for gasdynamic systems on unstructured meshes, in: D. Kroner, M. Ohlberger, C. Rohde (Eds.), An Introduction to Recent
Developments in Theory and Numerics for Conservation Laws, Springer, 1999, pp. 195-285.
[4] A. Bermudez, M.E. Vazquez, Upwind methods for hyperbolic conservation laws with source terms, Comput. Fluids 23 (1994) 1049-1071.
[5] B. Biswas, RK. Dubey, Low dissipative entropy stable schemes using third order WENO and TVD reconstructions, Adv. Comput. Math. 44 (2018)
1153-1181.
[6] R. Borges, M. Carmona, B. Costa, W.S. Don, An improved weighted essentially non-oscillatory scheme for hyperbolic conservation laws, ]. Comput. Phys.
227 (2008) 3191-3211.
[7] E. Bouchut, C. Bourdarias, B. Perthame, A MUSCL method satisfying all the numerical entropy inequalities, Math. Comput. 65 (1996) 1439-1461.
[8] J.U. Brackbill, D.C. Barnes, The effect of nonzero V - B on the numerical solution of the magnetohydrodynamic equations, ]. Comput. Phys. 35 (1980)
426-430.
[9] P. Chandrashekar, C. Klingenberg, Entropy stable finite volume scheme for ideal compressible MHD on 2D Cartesian meshes, SIAM J. Numer. Anal. 54
(2016) 1313-1340.
[10] T.H. Chen, C.W. Shu, Entropy stable high order discontinuous Galerkin methods with suitable quadrature rules for hyperbolic conservation, ]. Comput.
Phys. 345 (2017) 427-461.
[11] M.G. Crandall, A. Majda, Monotone difference approximations for scalar conservation laws, Math. Comput. 34 (1980) 1-21.
[12] H. De Sterck, Hyperbolic theory of the “shallow water” magnetohydrodynamics equations, Phys. Plasmas 8 (2001) 3293-3304.
[13] A. Dedner, F. Kemm, D. Kroner, C.D. Munz, T. Schnitzer, M. Wesenberg, Hyperbolic divergence cleaning for the MHD equations, J. Comput. Phys. 175
(2002) 645-673.
[14] D. Derigs, A.R. Winters, G.J. Gassner, S. Walch, M. Bohm, Ideal GLM-MHD: about the entropy consistent nine-wave magnetic field divergence diminish-
ing ideal magnetohydrodynamics equations, ]. Comput. Phys. 364 (2018) 420-467.
[15] J.M. Duan, H.Z. Tang, High-order accurate entropy stable finite difference schemes for one- and two-dimensional special relativistic hydrodynamics,
Adv. Appl. Math. Mech. 12 (2020) 1-29.
[16] J.M. Duan, H.Z. Tang, High-order accurate entropy stable nodal discontinuous Galerkin schemes for the ideal special relativistic magnetohydrodynamics,
J. Comput. Phys. 421 (2020) 109731.
[17] ]J.M. Duan, H.Z. Tang, Entropy stable adaptive moving mesh schemes for 2D and 3D special relativistic hydrodynamics, J. Comput. Phys. (2020) 109949.
[18] C.R. Evans, J.F. Hawley, Simulation of magnetohydrodynamic flows: a constrained transport method, Astrophys. J. 332 (1988) 659-677.
[19] T.C. Fisher, M.H. Carpenter, High-order entropy stable finite difference schemes for nonlinear conservation laws: finite domains, J. Comput. Phys. 252
(2013) 518-557.
[20] US. Fjordholm, S. Mishra, E. Tadmor, Well-balanced and energy stable schemes for the shallow water equations with discontinuous topography, ]J.
Comput. Phys. 230 (2011) 5587-5609.
[21] US. Fjordholm, S. Mishra, E. Tadmor, Arbitrarily high-order accurate entropy stable essentially non-oscillatory schemes for systems of conservation
laws, SIAM ]. Numer. Anal. 50 (2012) 544-573.
[22] U.S. Fjordholm, S. Mishra, E. Tadmor, ENO reconstruction and ENO interpolation are stable, Found. Comput. Math. 13 (2013) 139-159.
[23] GJ. Gassner, A.R. Winters, D.A. Kopriva, A well balanced and entropy conservative discontinuous Galerkin spectral element method for the shallow
water equations, Appl. Math. Comput. 272 (2016) 291-308.
[24] PA. Gilman, Magnetohydrodynamic “shallow water” equations for the solar tachocline, Astrophys. J. 544 (2000) L79-L82.
[25] A. Harten, On the symmetric form of systems of conservation laws with entropy, J. Comput. Phys. 49 (1983) 151-164.
[26] A. Hiltebrand, S. Mishra, Entropy stable shock capturing space-time discontinuous Galerkin schemes for systems of conservation laws, Numer. Math.
126 (2014) 103-151.
[27] X.Y. Hu, N.A. Adams, C.W. Shu, Positivity-preserving method for high-order conservative schemes solving compressible Euler equations, ]. Comput. Phys.
242 (2013) 169-180.
[28] TJ. Hughes, L. Franca, M. Mallet, A new finite element formulation for computational fluid dynamics: I. Symmetric forms of the compressible Euler
and Navier-Stokes equations and the second law of thermodynamics, Comput. Methods Appl. Mech. Eng. 54 (1986) 223-234.

25


http://refhub.elsevier.com/S0021-9991(21)00028-0/bib59F6324844416AC03C5F6500DEC5B68Es1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib59F6324844416AC03C5F6500DEC5B68Es1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib3D2504010B9BD6FAE2EA3DD5D996B936s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib865584966D9459B2F35A46F195323063s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib865584966D9459B2F35A46F195323063s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib16A2A33D5F3DADD6E8EB7C951CFB34EAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibB2D90C2898BC5C05EC4CC913662C6315s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibB2D90C2898BC5C05EC4CC913662C6315s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib7AEEA5701B418AA3C523E0C29F8E2032s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib7AEEA5701B418AA3C523E0C29F8E2032s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib518586730BDD196C3808CDAB4D870986s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib3FE61E3306E65714CF37C29604CC9AB6s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib3FE61E3306E65714CF37C29604CC9AB6s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib40D326E3ABB36B208E313A0A68540229s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib40D326E3ABB36B208E313A0A68540229s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib7CD42DE8EEF2E5F7AA5FDB5BADF0050Fs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib7CD42DE8EEF2E5F7AA5FDB5BADF0050Fs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibFD3210CE89AF0380BCE8267EFF6DA3BEs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib6B0E572826F33C1543DD2E1CE33B11EDs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibF5BD5B45F9590E79D96EE00AEF311E6Cs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibF5BD5B45F9590E79D96EE00AEF311E6Cs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib15CC548EE85291EB5378E3A0347E6D14s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib15CC548EE85291EB5378E3A0347E6D14s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibD801C6B74482AE71ECBA4C79A83789F1s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibD801C6B74482AE71ECBA4C79A83789F1s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib9DAFCEEF60C865DB17E64792E58B547Bs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib9DAFCEEF60C865DB17E64792E58B547Bs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibF7C437F3F503827B06E552B3787211A2s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib9E25C393103A0B4B1D31EED308DED122s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibD001BA19E05FC9E90D3FE2977CD50A33s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibD001BA19E05FC9E90D3FE2977CD50A33s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib8E94BAC72A3BA5271150BF846522A971s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib8E94BAC72A3BA5271150BF846522A971s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibA588663F56C97058AE173D98EA091C56s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibA588663F56C97058AE173D98EA091C56s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib38FD7BB30B27064720A6154615FB7D08s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib2FBB61A4F3593027EBBD94F616BDA2D4s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib2FBB61A4F3593027EBBD94F616BDA2D4s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibA4CCAE9722E561F417CE32BACFE332A2s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibC5338FC4D0B0BEA18170FBDFFB7D5052s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibEAE4AD3E51A07DA1B9101E4BC5DE8151s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibEAE4AD3E51A07DA1B9101E4BC5DE8151s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib05D68C635003CE42E847AFA00E7ADE20s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib05D68C635003CE42E847AFA00E7ADE20s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibB2E399C39EBF6E6B8280C910B9BBDEF8s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibB2E399C39EBF6E6B8280C910B9BBDEF8s1

J. Duan and H. Tang Journal of Computational Physics 431 (2021) 110136

[29] P. Janhunen, A positive conservative method for magnetohydrodynamics based on HLL and Roe methods, ]J. Comput. Phys. 160 (2000) 649-661.

[30] F. Kemm, Roe-type schemes for shallow water magnetohydrodynamics with hyperbolic divergence cleaning, Appl. Math. Comput. 272 (2016) 385-402.

[31] T. Kroger, M. Lukdcova-Medvid’'ovd, An evolution Galerkin scheme for the shallow water magnetohydrodynamic equations in two space dimensions, .
Comput. Phys. 206 (2005) 122-149.

[32] Y.Y. Kuang, K.L. Wu, H.Z. Tang, Runge-Kutta discontinuous local evolution Galerkin methods for the shallow water equations on the cubed-sphere grid,
Numer. Math.: Theory Methods Appl. 10 (2017) 373-419.

[33] PG. Lefloch, J.M. Mercier, C. Rohde, Fully discrete entropy conservative schemes of arbitrary order, SIAM ]. Numer. Anal. 40 (2002) 1968-1992.

[34] RJ. LeVeque, Balancing source terms and flux gradients in high-resolution Godunov methods: the quasi-steady wave-propagation algorithm, ]J. Comput.
Phys. 146 (1998) 346-365.

[35] EY. Li, CW. Shu, Locally divergence-free discontinuous Galerkin methods for MHD equations, ]. Sci. Comput. 22 (2005) 413-442.

[36] EY. Li, LW. Xu, Arbitrary order exactly divergence-free central discontinuous Galerkin methods for ideal MHD equations, ]J. Comput. Phys. 231 (2011)
2655-2675.

[37] P. Londrillo, L. Del Zanna, On the divergence-free condition in Godunov-type schemes for ideal magnetohydrodynamics: the upwind constrained trans-
port method, J. Comput. Phys. 195 (2004) 17-48.

[38] S. Noelle, Y.L. Xing, C.W. Shu, High-order well-balanced finite volume WENO schemes for shallow water equation with moving water, J. Comput. Phys.
226 (2007) 29-58.

[39] S.A. Orszag, C.M. Tang, Small-scale structure of two-dimensional magnetohydrodynamic turbulence, J. Fluid Mech. 90 (1979) 129-143.

[40] S. Osher, Riemann solvers, the entropy condition, and difference, SIAM J. Numer. Anal. 21 (1984) 217-235.

[41] S. Osher, E. Tadmor, On the convergence of difference approximations to scalar conservation laws, Math. Comput. 50 (1988) 19-51.

[42] K.G. Powell, An approximate Riemann solver for magnetohydrodynamics (that works in more than one dimension), in: ICASE 94-24, 1994.

[43] S. Qamar, G. Warnecke, Application of space-time CE/SE method to shallow water magnetohydrodynamic equations, J. Comput. Appl. Math. 196 (2006)
132-149.

[44] J.A. Rossmanith, A constrained transport method for the shallow water mhd equations, in: T. Hou, E. Tadmor (Eds.), Hyperbolic Problems: Theory,
Numerics, Applications, Springer, 2003, pp. 851-860.

[45] J.A. Rossmanith, An unstaggered, high-resolution constrained transport method for magnetohydrodynamic flows, SIAM ]. Sci. Comput. 28 (2006)
1766-1797.

[46] E. Tadmor, The numerical viscosity of entropy stable schemes for systems of conservation laws. I, Math. Comput. 49 (1987) 91-103.

[47] E. Tadmor, Entropy stability theory for difference approximations of nonlinear conservation laws and related time-dependent problems, Acta Numer.
12 (2003) 451-512.

[48] H.Z. Tang, Solution of the shallow-water equations using an adaptive moving mesh method, Int. ]. Numer. Methods Fluids 44 (2004) 789-810.

[49] H.Z. Tang, T. Tang, K. Xu, A gas-kinetic scheme for shallow-water equations with source terms, Z. Angew. Math. Phys. 55 (2004) 365-382.

[50] A.R. Winters, G.J. Gassner, Affordable, entropy conserving and entropy stable flux functions for the ideal MHD equations, ]. Comput. Phys. 304 (2016)
72-108.

[51] A.R. Winters, G.J. Gassner, An entropy stable finite volume scheme for the equations of shallow water magnetohydrodynamics, J. Sci. Comput. 67 (2016)
514-539.

[52] KL. Wu, C.W. Shu, Entropy symmetrization and high-order accurate entropy stable numerical schemes for relativistic MHD equations, SIAM J. Sci.
Comput. 42 (2020) A2230-A2261.

[53] K.L. Wu, H.Z. Tang, A Newton multigrid method for steady-state shallow water equations with topography and dry areas, Appl. Math. Mech. 37 (2016)
1441-1466.

[54] Y.L. Xing, Numerical methods for the nonlinear shallow water equations, in: Handbook of Numerical Analysis, vol. 18, Elsevier, 2017, pp. 361-384.

[55] Y.L. Xing, C.W. Shu, High order finite difference WENO schemes with the exact conservation property for the shallow water equations, J. Comput. Phys.
208 (2005) 206-227.

[56] T. Xiong, Z.F. Xu, .M. Qiu, Parametrized positivity preserving flux limiters for the high order finite difference WENO scheme solving compressible Euler
equations, J. Sci. Comput. 67 (2016) 1066-1088.

[57] K. Xu, A well-balanced gas-kinetic scheme for the shallow-water equations with source terms, J. Comput. Phys. 178 (2002) 533-562.

[58] Z.F. Xu, Parametrized maximum principle preserving flux limiters for high order schemes solving hyperbolic conservation laws: one-dimensional scalar
problem, Math. Comput. 83 (2014) 2213-2238.

[59] S. Zia, M. Ahmed, S. Qamar, Numerical solution of shallow water magnetohydrodynamic equations with non-flat bottom topography, Int. J. Comput.
Fluid Dyn. 28 (2014) 56-75.

26


http://refhub.elsevier.com/S0021-9991(21)00028-0/bibC62D82B04873D2CB7CD984511C7599D4s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibBD43238B77286E038627D8961BDFF40Cs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibD4CC1C9271ACEBB6A2275DDAA938912Es1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibD4CC1C9271ACEBB6A2275DDAA938912Es1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4FBE49FDB2035FC39EE0799C6B00FEAAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4FBE49FDB2035FC39EE0799C6B00FEAAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibF4A068241881370057848306F8B22132s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib64668EB6FDA9656559479A88975B4640s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib64668EB6FDA9656559479A88975B4640s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib1DB3CAEAE9BF0F9C93F5AE5270059740s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib5016E80412180D57B2A5BAE22E6335CAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib5016E80412180D57B2A5BAE22E6335CAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibB05E51A274A37B375DF4853A9B96BD02s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibB05E51A274A37B375DF4853A9B96BD02s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4F42CE2C04A2CBEF347F218938119E04s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4F42CE2C04A2CBEF347F218938119E04s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibFA04E552174FF6B018E7C4F4A1FFBE58s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibE9363FB30C1547F633192EADE9FF7F0Es1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib2586997EF8A5604830D2D74598269330s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib75A83D718694AF67B7CC3B1F1A3CE34As1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibE77231B262D231FAEEEC3EB0081E6C74s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibE77231B262D231FAEEEC3EB0081E6C74s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib2AE47BE81FBAE7D8C924148B2B9D7B17s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib2AE47BE81FBAE7D8C924148B2B9D7B17s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibAACE663A0EFA76C30CAFFD007849D0B1s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibAACE663A0EFA76C30CAFFD007849D0B1s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib946491010FFDEF731CCDD589F634CF37s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibCD48832B7C66428C57CB5ECD59FBDF49s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibCD48832B7C66428C57CB5ECD59FBDF49s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib1F818000BFED7D0D533326850674444Es1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib795F5B062C2EBF73A4CFDE9585C9ED45s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib3FF23E1B1873E8EDCAF2005341C93AE4s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib3FF23E1B1873E8EDCAF2005341C93AE4s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib52C67C5468130E0FECD1941F2BC5DE2Bs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib52C67C5468130E0FECD1941F2BC5DE2Bs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib17A5A938025631DD92F80F12D570A9EAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib17A5A938025631DD92F80F12D570A9EAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib86FD2318BFA484BBACA99BA7560FCA21s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib86FD2318BFA484BBACA99BA7560FCA21s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibFAA7C873DDE9AD8210D0246E05B69F0Es1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibBCB2C1D75015DED0049AE3592868090Bs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bibBCB2C1D75015DED0049AE3592868090Bs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4914D7F587A9F82820D0193ABDDF7EA6s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4914D7F587A9F82820D0193ABDDF7EA6s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib125128FFD3F1832A76BA0EA2F620A008s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib90242B13476E453C6A9F9006E4B46AAAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib90242B13476E453C6A9F9006E4B46AAAs1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4B993FF42C580EF28C9BED13C724F211s1
http://refhub.elsevier.com/S0021-9991(21)00028-0/bib4B993FF42C580EF28C9BED13C724F211s1

	High-order accurate entropy stable finite difference schemes for the shallow water magnetohydrodynamics
	1 Introduction
	2 Modified SWMHD equations
	3 One-dimensional schemes
	3.1 Second-order EC schemes
	3.2 High-order EC schemes
	3.3 ES schemes
	3.4 Time discretization
	3.5 Positivity-preserving ES schemes

	4 Two-dimensional schemes
	5 Numerical results
	5.1 One-dimensional case
	5.2 Two-dimensional case

	6 Conclusion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgements
	Appendix A SWMHD in polar coordinates
	References


