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CONVERGENCE RESULTS FOR SOME CONSERVATION LAWS
WITH A REFLUX BOUNDARY CONDITION AND A RELAXATION
TERM ARISING IN CHEMICAL ENGINEERING*

FRANCOIS JAMESt

Abstract. This paper deals with a system of 2NV semilinear transport equations with a boundary
condition of imposed flux. The right-hand side models some kinetic exchange between two phases. It
is thus a stiff term involving a small parameter which will tend to 0. Using compensated compactness,
one proves, under some assumptions on the flux, that the solution to this system converges to a
solution to a system of N quasilinear equations, a solution which satisfies a set of entropy inequalities.
Thus the reflux boundary condition for the quasi-linear system is given a meaning.

Key words. hyperbolic systems, boundary conditions, relaxation, entropy, compensated com-
pactness, chromatography, distillation

AMS subject classifications. 350165, 35167, 35Q20

PII. S003614109630793X

1. Introduction. We are interested in the following system of 2N equations,
N > 1,
ol + dpucl = %(c2 — h(cl)),

€ €

dyc? + 0vc = — L(c2 —h(cl)),

5 g €

(1.1)

which is a simplified model of diphasic propagation arising in chemical engineering.
In this kind of problem, two phases labelled 1 and 2 are in motion with respective
velocities u > 0 and v < 0, which are assumed here to be constant. The case v =0
corresponds to a model of chromatography (a mobile phase and a stationary one),
and the case v < 0 corresponds to distillation (two phases moving countercurrent).

In equations (1.1), ¢! and c? are related to the concentrations in phase 1 and
2, respectively, and therefore should be nonnegative. The right-hand side rules the
matter exchanges between the two phases. Without motion, the two phases would
reach a state of thermodynamical equilibrium: the concentration in phase 2 is there-
fore related to the concentration in phase 1 by the function h, which enjoys several
properties coming from the thermodynamics.

In the case we are considering, the equilibrium cannot be reached because of the
motion. The time needed to reach the equilibrium is not negligible with respect to
the characteristic times induced by the velocities v and v. This phenomenon is known
as a finite exchange kinetic: the actual concentration c? in phase 2 differs from h(cl).
The right-hand side of the equations quantifies the attraction of the system to the
equilibrium state: it is a pulling-back force, and the constant parameter 1/e is the
“velocity” of exchange between the two phases.

A natural question arises here: how do the solutions of (1.1) behave when ¢ tends
to 0, that is, when the exchange kinetic becomes instantaneous (the process is then
quasi-static)? The limit system is obtained in a natural way by summing the 2N
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equations in (1.1) and by putting ¢! = ¢, ¢ = h(c), which means indeed that the
concentration in phase 2 is actually the equilibrium concentration. We are led to the
following nonlinear hyperbolic system, which expresses the conservation of matter:

(1.2) O (c+h(c)) + 95 (uc + vh(c)) = 0.

The aim of this paper is to analyze the behavior of the solutions of (1.1) when ¢
tends to 0, when it is provided with boundary conditions

(1.3)
cl(0,t) = a(t) € L>=(]0,+oo]), wecl(1,t) +vc3(1,t) = b(t) € L°°(]0, +oo[)",

together with Cauchy data in L*°(]0, 1[)". To avoid any initial layer, we shall assume
that the initial data are at equilibrium, that is, cl(-,0) = ¢® € L>(]0,1))" and
c2(-,0) = h(c%). From the point of view of distillation, the boundary conditions are

€
natural: the first one is a Dirichlet-like “injection” at one end of a column and acts
only on the incoming variable (u > 0); the second one looks like a Neumann condition
on the other end and imposes v < 0 (it is a simplified model of the “reflux” in a
distillation column).

Concerning the standard Cauchy problem in the scalar case, i.e., ¢(0,z) = c°(z),
r € R, ® € L™, the analysis is straightforward, and the solution of (1.1) tends to
the entropy solution of (1.2), thus providing an alternative to the artificial viscosity
method. Such results were obtained, for instance, by Tveito and Winther in [29],
where the rate of convergence is estimated, and by Natalini [22]. Let us mention also
the work by Katsoulakis and Tzavaras [19], where they give contraction properties
for the solution of the system with relaxation. For systems of conservation laws, we
refer to Chen, Levermore, and Liu [7], where a convergence result is proved for a 2 x 2
genuinely nonlinear system. This point of view can be successfully used for numerical
purpose, see Jin and Xin [16] for a general setting for systems and Aregba-Driollet
and Natalini [2] for convergence results in the scalar case.

On the other hand, the problem with boundary conditions is not as well behaved
when ¢ tends to 0: it is well known that the setting of a Dirichlet boundary condition
for a nonlinear hyperbolic scalar equation is difficult. Bardos, Leroux, and Nédélec [3]
gave such a setting in the Kruzkov sense, using the artificial viscosity method in the
context of BV functions. We shall not recover this formulation here, since the Dirichlet
data act only on incoming variables. For systems, the first existence result was given
by Benabdallah and Serre [4] for systems of two equations. We refer also to works by
Dubois and LeFloch [8], where the Dirichlet boundary condition appears as a Riemann
problem on a half-plane, Gisclon [10], and Gisclon and Serre [11]. We mention also
Goodman’s work [12], where global existence is proved for strictly hyperbolic systems
of conservation laws with initial and boundary data of small BV norm. The solutions
also have small total variation and therefore have strong traces on the boundary. On
the other hand, in [18] Kan, Santos, and Xin consider a general system of conservation
laws and compare various notions of boundary conditions (vanishing viscosity, half-
space Riemann problem). Their solution is built by a Godunov method. In the same
spirit, we also mention the paper by Joseph and LeFloch [17], who also compare
different approximations and the resulting boundary layers.

The reflux boundary condition at = 1 seems to have been very little studied.
For the scalar Burgers equation with the boundary condition u?(.,t) = 0, Gisclon
proved in [9] that the solution satisfies u(.,#) < 0 on the boundary (which coincides
with the solution in the sense of [3]).
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Finally, let us mention one work which is concerned with both relaxation and
boundary conditions. Wang and Xin [30] consider a 2 x 2 system with relaxation.
The boundary condition is chosen so that uniform BV estimates hold, and they prove
convergence to a scalar conservation law satisfying a boundary-entropy condition, for
which uniqueness holds.

We are going to prove that, under suitable conditions on the flux uc+ vh(c) with
respect to b, there exists a subsequence of solutions of (1.1) which converges to a
weak solution of (1.2). This solution is characterized by a set of entropy inequalities.
Since we have no BV estimates for the solution with € > 0, we are led to work with
bounded measurable functions, and use the compensated compactness method. This
can be done in two cases: first for scalar equations with any smooth function h and
then for a system of N equations, for a specific h, the so-called Langmuir isotherm.
Notice that the Langmuir system is not hyperbolic on the whole physical domain
of interest. However, we use a specific set of entropies, namely the so-called kinetic
entropies, which were introduced in [14], that allows us to achieve compactness.

Finally, we prove that the weak solutions are indeed solutions in the sense of
distributions and that they satisfy in a strong sense the initial condition as well as
the reflux boundary condition at x = 1. The incoming boundary condition seems to
be lost in the limiting system. This is not very surprising, since we fall from a 2V
equations system to N equations. Some boundary layer phenomena probably occur
at x = 0, which we do not investigate here. This may indicate that the system of
conservation laws with the reflux boundary condition is well-posed, but the precise
study of this is left for future research.

The paper is organized as follows. In section 2 we state a few results and notations
which hold for both the scalar equation and the system. Section 3 and 4 are devoted to
the proof of a priori estimates and compactness, respectively, for the scalar equation
and the system. Section 5 deals with boundary conditions.

2. Preliminary results. We state here a few results and remarks that are com-
mon to both the scalar equation and the Langmuir model. Namely, we prove that
equation (1.1) is well-posed for € > 0, and we also define a particular set of entropies,

which appears to be natural from the structure of the equations. In the following, we

shall set déf]O7 1[x]0,T7.

2.1. Existence for € > 0. THEOREM 2.1. For a given T > 0, assume that a
and b are in L>®(J0, TN, c® € L>= N L1(]0,1))", and that the function h is of class
Cl. Then there exists a unique solution to (1.1), which lies in L>(]0,T[; L*(]0,1])).

Proof. We first rewrite (1.1) in an equivalent integral form by using Duhamel’s
principle; then we prove a contraction estimate to apply a fixed point theorem. This is
rather tedious, because of the initial and boundary conditions. The set [0, 1] x [0, +00]
is indeed divided into four zones, namely, Z; = {(z,t) | = > ut,x < 1+ vt},
Zy = {(z,t) | = >ut,x >1+0vt}, Z3 = {(z,t) | =z <ut,x <1+vt}, Z, =
{(z,t) | x<ut,x>1+vt}, depending upon whether the characteristics encounter
{t =0}, {z =0}, or {z =1}.

We shall fully write the contraction estimate for ¢ large enough so that (z,t) € Z4
for every x € [0,1]. We omit in this proof the dependence in . Taking into account
the reflux boundary condition on x = 1, Duhamel’s principle writes, for almost every
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clat)=a(t—2)+ L[, [c@+uls—t),s) —h(c'(z+u(s —1),5))] ds,

cA(z,t)=1b(t+12%) - ta(t+ 12— 1)

—ul (U [t uls —t— 222) 5) —h(e! (1 + u(s — t — 1=2),5))] ds

v

—1f 1s [c2(z+v(s—1t),s) —h(c(z+v(s —t),s))] ds.

Denote by 7 the application from X = L°°(]0, T[; L1)?" into itself which associates
the right-hand side of the equations in (2.1) with a pair C' = (c¢!,c?) € X. For two
elements C and C in X , with the same initial and boundary data, the terms involving
a and b in (2.1) disappear when computing 7(C) — T(C), so, for a given (z,t), we
have

T(C)(at) = T 0] < - max([Ti (w.), [To(a, )

where T follows from the difference of the integral terms and | - | is a norm on RV,
One has easily

[T (z,t)] < /lti£ |c2(:c+u(s —t),5) — &*(z + u(s —t),s)|ds

u

+ [ e+ uls = 1)) = B(E! (@ + u(s = 1) 5) | s

u

< /tJ |c2(x+u(s —1),s) — &X(xz + u(s 7t)75)| ds

u

t
—|—K/ |cM (@ +u(s—t),s) — &' (z +u(s — t),s)| ds
t—%

if K is the Lipschitz constant of h. We can estimate |73 (.,)[/z1 by Fubini’s theorem,
which gives

t t
lc2(.,s) — &%(., s)|lzrds + K let(.,s) — el (., s)|lL1ds

1Ty Dl < /

t—1/u t—1/u
<t (max llc2(.,s) — &2(.,8)||z1 + K max |c'(.,s) — &*(., s)|L1> .
s€[0,4] s€[0,4] @

A similar formula can be obtained for Ts, involving the quantity w/|v|.

Now, if (z,t) changes zone with z, we proceed in the same way in each zone
and separate the integral for the Ll norm. We do not write these straightforward
computations, which lead to the existence of a constant M > 0, which depends on K
and u/|v|, such that

. M .
I7(C) = T ()l qo,t:rayzy < —MNC = Cllzoe go,srsyen-

Now, choose Ty such that TopM/e < 1, and apply the fixed point theorem on
L>(]0, To[; LL)?N. This gives existence and uniqueness of the solution on [0, Tp].
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Since the contraction estimate does not depend on the initial data, we can perform
again the same argument on [Tp, 27p], and so on, to finally reach any prescribed 7' > 0.
Thus the theorem is proved. 1]

2.2. Diphasic entropies. We introduce here a set of entropies which is quite
natural in view of the structure of the equations. They are actually a discrete version
(with two velocities only) of the kinetic entropies introduced by Perthame and Tadmor
in [23].

DEFINITION 2.1. We shall say that a function n : RN — R is a “diphasic
entropy” for (1.2) if there exist two convex functions n1,m2 : RN — R satisfying

(22) vn:771 (C) = vc"72 (h(c)) Ve e RNv

such that n(c) = ni(c) + n2(h(c)).

Remark 2.1. The function h itself is, in general, defined by such a pair of func-
tions, which are given, for instance, by statistical thermodynamics models (see [15]
and the quoted references therein for examples and more information). Actually, the
pair (c,h(c)) is a stable state of equilibrium for the diphasic system. Thus it achieves
the infimum of 7;(c1) + 72(c2) under the constraint that the total amount of matter
¢y + ¢z is constant. The relation (2.2) is nothing but the characterization of the mini-
mum and is a generalized version of the well-known “chemical potential equalities” in
thermodynamics. Consequently, h'(c) is positive in the scalar case and is diagonable
with positive eigenvalues for a system. This leads also to the existence of a natural
“physical” entropy for such systems.

Our main concern in the following is to obtain a priori estimates on the solution
(ci,c?) to (1.1) which are uniform in . The classical method here is to prove that
the entropy production associated with (1.1) is nonpositive for several well-chosen
entropies. Consider any pair (11, 72) satisfying (2.2); multiply the two equations in
(1.1), respectively, by Veni(cl) and Vene(c2); sum; then use (2.2). We formally
obtain the following law for the entropy production:

(2.3) O (m(cl) +m2(c?)) + 8y (um(cl) + vna(c?))

= é [(ch(h(cl)) - VCHQ(C§)> (e

(L)
[
=
—
(¢}

o =
~—
~—
—

It remains to notice that the right-hand side is always nonpositive, since 7y is convex.
Integrating on [0, 1] therefore gives, at least formally,

d ! 1
24 G [ (et + mleket)]de < = um(el(.0) +omie( )]}

and all the technical work is now to estimate the boundary terms. To give a pre-
cise meaning to this differential inequality, we have to rewrite it in a weak form by
multiplying by a test function ¢ > 0 and integrating by parts.

Provided we have enough entropies, (2.4) will give a priori estimates as well as
compactness of a subsequence of solutions to (1.1). We can exhibit such entropies
in the scalar case on the one hand and for the system of chromatography with the
Langmuir isotherm on the other hand. In both cases, the local solution of Theorem 2.1
is therefore global for fixed e.
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2.3. Subcharacteristic condition. Before proceeding to estimates, we would
like to relate system (1.1) with the usual form of systems with relaxation. This
is done easily in the particular case v = —u by setting U = ¢! + ¢2 € RY and
Ve = uc! —uc? € RYN. System (1.1) is therefore rewritten as

e —

(2.5) 0;U* + 0, Ve =0, Ve + 1?0, U° =

™ Do

(Ve —u(cl —h(cl))).
Now, we notice that, since by Remark 2.1 h’(c) has positive eigenvalues, the function
c + h(c) is one-to-one. Let us denote U = ¢ + h(c), its inverse by ¢ = g(U), and
F(U) e u[g(U) — h(g(U))]. The usual form of this kind of system should involve
F(U) instead of u(c! — h(cl)) in (2.5). This discrepancy appears because the right-
hand side of system (1.1) is not symmetric with respect to ¢! and ¢2. Another possible
writing would make use of the “Maxwellians” M;(U) = g(U) and M5(U) = h(g(U)).
The convergence results would not be affected by this change.

In [21], Liu introduced a necessary condition on F/(U) to ensure the convergence
of a subsequence of solutions of (1.1) to a solution of (1.2). This condition is known
as the subcharacteristic condition, and we would like to point out that it is satisfied
here because the function h is, in some sense, monotone (see Remark 2.1). Indeed,
we have

F'(U) = [Iy + h'(g(U))] g'(U),

where Iy stands for the identity matrix in RY. However, g’(U) = (Iy +h'(g(U))) 1,
so F/(U) is diagonable, and its eigenvalues are given for general values of u and v by

u+vpi(U)

A (U) = 1+ (U) 7

where p; > 0 are the eigenvalues of h'; 1 < i < N. It is readily seen that v < A\;(U) <
u, which is the specific version of Liu’s condition in this context.

3. Scalar equation. This section is devoted to the proof of the strong conver-
gence of a subsequence of solutions to (1.1) in the scalar case. The function h is
therefore a scalar function, which satisfies

(3.1) h(0)=0  and h'(c) >0 Ve

Also, for any given convex 12, we can define 1y by n1(c) = [; n}(h(c)) do. We have,
obviously, 7} (c) = n5(h(c)) and n{(c) = 14 (h(c))h'(c) > 0. Two particular cases are
interesting. These are nonsmooth entropies, but a classical regularization argument,
omitted in the following, allows us to deal with them.

o “Kruzkov-like” entropies. For k € R, we set

Pi(ch) =t =k, @5(c?) = |c* = h(k)|.

It is easily checked that ¢} and o5 satisfy (2.2), since h is increasing.
e [ entropies. For k € R, we define

PR = (= k)T, ek = (2 - hk)"

With these last entropies, the entropy estimates on ¢ become L™ estimates.
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We begin in a classical way with some entropy and a priori estimates and first
notice that, to prove entropy estimates for a given pair (n;,72) giving a diphasic
entropy, we need the condition

(3.2) f(e) 2 e+ vh(c) < Itn>1(r)1 b(t) for ¢ > M.
This is not a very satisfactory condition to impose, since it is not satisfied by such an
usual isotherm as the Langmuir one,

(3.3) h(c) = Kc/(1+¢), K >0.

Condition (3.2) actually implies some restrictions on the initial and boundary data,
which lead to uniform L estimates for the solution to (1.1), for a broader class of
fluxes.

THEOREM 3.1. Assume a >0,b<0, c® >0, and

(3.4) o &t sup{c > 0;3¢ < ¢, f(¢) < minb(t)} > max|||al|oo, [|°]loc]-

Then there exzists a constant C' depending only on ¢, a, and b such that 0 < ci(t,.) <
C,i=1,2.

Remark 3.1. Of course the result is meaningful only if ¢* > 0. This occurs only
if f(c) becomes nonpositive for some c. For instance, consider again the case of the
Langmuir isotherm (3.3). It is easily seen that for b = 0, ¢* > 0 only if u/|v| < K.
More generally, f achieves its minimum for ¢y, = +/K|v|/u — 1, which is positive if
u/|v] < K, and ¢* > 0 if we have f(cmin) < b, that is, (v/K|v| — vu)? > —b.

Remark 3.2. The choice k = max(]|a|,||c°||) is possible only if f(a(t)) — b(t) > 0
and f(c%(z)) —b(z) > 0 for all t > 0 and a.e. z €]0,1[. Otherwise, the L> norm of
the solution may not be bounded by the initial and Dirichlet boundary data.

From the above L estimate, we can easily obtain a weak convergence result
by considering the weak form of the first equation in (1.1). Since ¢! is L bounded
uniformly in €, and ¢ tends to 0, then ¢2 —h(cl) tends to 0 in the sense of distributions
on (2 when ¢ tends to 0. But we actually have the following stronger result.

LEMMA 3.2. Under the assumptions of Theorem 3.1, ensuring the L™ bounds on
the solution, c¢2 — h(cl) tends to 0 in LE ().

From this result we can deduce, using the compensated compactness method, the
following main result of this section.

THEOREM 3.3. Consider a,b € L*(]0,T[), and ® € L* N L>(]0,1[). Under the
assumptions of Theorem 3.1, that is,

a>0, b<0, >0, ¢ >max|a]o ||l

there then exists a subsequence of solutions to (1.1), still denoted by ct, which converges
a.e. and strongly in ]0,1[x]0,T[ to ¢ € L>(]0,T[; L*(]0,1[)). Moreover, c satisfies,

for any ¢ € D(Q), 9 >0, k €R,
T 1
- /0 /0 {('c = k| + Ih(e) = h(R)|)Dup + (ule — k| + vlh(c) — h(k)]) O | dwdt
T

T
(35) < [ wlatt) = kigt0. 0+ [ 160 - 501,00
- [ 1@ = K+ 10 G@)) = ) (o 0)
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Section 3.1 contains the entropy estimates and the proof of Theorem 3.1, while section
3.2 is devoted to the convergence results. Finally, we give a few remarks on viscous
regularization is section 3.3.

3.1. A priori estimates. First we briefly show how condition (3.2) gives gen-
eral entropy estimates. Consider a pair (n1,712) which satisfies (2.2), and assume for
simplicity that ne is bounded from below by 0. We start from equation (2.4) and
estimate the boundary terms.

At z = 0, we have ¢}(0,-) = a(-). We have, since v < 0, [un(cl) + vna(c2)]|, <
uni(a) < Cif a € L*°. Next at = 1, we rewrite the boundary condition in the form

Cz_ﬂ1 b
e ()

CIC

We want to make —[un; (c!) + v (el — £)] < K, K being a constant. A sufficient

[v] [v]
condition to ensure this is

o™ = [um+om (e )| < &

or ¢'(c) <0, for ¢ large. Differentiating ¢ and using (2.2) shows that this occurs if
i (c) =nh(h(c)) < né(l%‘c— |Tb\) Now, the fact that n} is nondecreasing and condition
(3.2) lead to

d

1
G [ i) + mle(w.0)]ds < Clabom.na M. ),
0

where K = supg<.<j ((c). By integration, this leads to
1
[ i) + miew )]s
0

1
< /0 [m ((z)) + ?72(h(co)(z))]d:l: + C(a,b,n, M, K)t.

We point out again the fact that condition (3.2) is not to be used as it stands,
since it depends on the flux. We prefer to put restrictions on the initial and boundary
data, as in Theorem 3.1, which we are going to prove now. Actually, we perform the
same computations as above, with two particular choices for 7;.

Proof of Theorem 3.1. (i) We first take 1;(c¢’) = [¢/]7, which happens to be a
diphasic entropy since h is increasing. With this choice, the right-hand side of (2.4) is
clearly bounded by ua(t)™ — [ucl(1,t) + vc2(1,t)]” = ua(t)” +[-b(t)]” (by using the
boundary condition at x = 1). This becomes nonnegative provided a > 0 and b < 0.
Integrating in time now gives

/ [ (cz (@, 1)) + m(cZ(x, )] dx < / [(c} (@)™ + (c3(2))7]dz <0
0 0

if the initial data are nonnegative. Thus (1.1) preserves the positivity.

(ii) We now choose 7; = wf, for an adequate k, which will give the upper bound.
Indeed, the ¥¥ are bounded from below (by 0!), and for k > ||a||«, the term on z = 0
becomes nonpositive. Now, for x = 1, we have with our choice for n;,

U b +
() = —ule— k)" o Yot T hm)| < [0 - 0
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by a triangle inequality. To make the right-hand side nonpositive, we must find & such
that f(k) < b. This implies k¥ < ¢* and is compatible with the constraint at = 0
only if ||a||~ is less than c*.

Finally, by integration, provided k satisfies ¢* > k > ||a|| s, We have

/ (et~ B + (2wt~ h(k) ] do
<CO.R+ [ (@) =R+ (@) - h) ] da,
0

Now, provided ¢* > max[||al|oo, ||c°||oc], We can choose k such that the right-hand side
is nonpositive. ]
3.2. Strong convergence. We turn to the proof of the convergence results.
Proof of Lemma 3.1. We begin from (2.3) with the diphasic entropy given by
n2(c2) = (1/2)c3, m(c1) = [y k(o) do, then multiply by ¢ with compact support in
10,1[x]0, T, and integrate by parts

- / / (Im1(eh) + 1a(e)up + [um () + via(2))Pacp) e d

1 /Tt 2
= 77/ / (2 — h(ch))” pdz dt.
€Jo Jo
1

Since ¢! and ¢? are L>°-bounded uniformly in e, multiplying this relation by ¢ gives
the result. O

We now wish to prove a strong convergence property on c. by using Murat—
Tartar’s compensated compactness argument [27].

Proof of Theorem 3.2. Step 1. First we prove that, up to a subsequence, c!
converges strongly. Since ¢! is L bounded uniformly in €, and the functions h and
n; are smooth, the sequences cl, h(cl), and n;(cl) converge in L> — wx, respectively,
to ¢, h, and 7;, i = 1,2. Now con51der the following two quantities:

5= 40, (! 4 h(ch)) + 0, (uck +vh(c))),
7= 4t 5, (m(ct) +n2(h(ch))) + 0 (um (cb) + v (R(ch))) .

We want to apply the classical div-curl lemma, which asserts that the quantity
(cz + h(ee))[umi (c2) +vma (h(c))] = [ (c2) + m2 (h(c2)))(ucz + vh(cl))

passes to the L> weak-* limit (see [27]), provided S¢ and T°¢ are compact in H ! (Q).
But, for any pair (n1,72) of diphasic entropies (in particular for the trivial entropies
(cl,c?) which give back S¢), T¢ = uf + g°, where

€)€E

1 0y (mch) +m2(c2)) + 0y (um(cl) + vip(c?))
g Lo, (n2(h(cl)) = n2(c?)) + Bav (n2(h(ch)) — ma2(c2)) -

Now, T*¢ is bounded in W~ since ¢! is bounded in L*°, and p is a nonpositive
measure (it is actually 0 for the trivial entropies). By Lemma 3.1, we have that
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c2 — h(cl) tends to 0 in LZ (2); hence n2(c?) — na2(h(cl)) also tends to 0 in L2 ().

Since the operators 9; and 0, are continuous from L2 _(Q) to H !(Q), ¢° tends to

0, and hence is compact, in ngi (€2). Thus, by Murat’s lemma, 7¢ is compact in
H Q).

loc
With the obvious notation denoting the weak-* limit with an overline, we obtain,
after trivial simplifications,

(36) h(C1)771 (Cl) — E m = 01772 (h(Cl)) — 51%.

We now proceed classically by introducing the Young measure v = v, ; associated
with the sequence c!: for every function «,

o) ~a= [al@d(©) = (a©r)  nLZ-ws.
R
Equation (3.6) therefore becomes

(& = Dma(r(©) — (n(&) = R(eT) m(),v) = 0.

If we now introduce the aforementioned Kruzkov-like entropies n1(c1) = [€ — ¢,
n2(c2) = |h(§) — c2|, the preceding equality becomes

(€= DIn(E) — h(@)] — (h(&) = Ae))|¢ — el ) = 0.

But the fact that h is increasing implies easily that (§ —¢)|h(£) —h(e)| = ¢ —¢|(h(§) —
h(€)), so we finally obtain

(h(c) — h(e)) (€ —el,v) =0.

The conclusion now follows exactly in the same way as in [27]: v is a Dirac mass,
except where h is affine.

Proof of Theorem 3.2. Step 2. First notice that any solution (c’,c?) to (1.1) with
the boundary conditions (1.3) satisfies

(3.

3.7)
- /OT /01 |:(|C; — k| + |c§ — h(k)|)('9t<p + (u|ci — k| + U|C§ - h(k)|)8xcp dxdt
T T

< / ula(t) — Klp(0, t)dt + / Ib(t) — F(R) (L, t)dt
- / (1) — K| + |A(c(x)) — h(k)]) olz, 0)de.

Indeed, rewrite (2.3) with n1(c') = |¢! — k| and n2(c?) = |¢® — h(k)|, multiply by
o(x,t) > 0, and integrate by parts with respect to = and ¢. We obtain, using the
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boundary condition on z = 0 and the fact that v < 0,
T 1
- / / {(|c; CH 4 12 — h())Oup + (ulch — k| 4 v]e? — h(k)])Datp | dadt
0o Jo
T
< [ ulatt) - kg0,
0
T
— [ (uleb 6= K+ 012 1,8) = ) (1, 0
0
1
—/O (I°(x) — k| + [h(°) () = h(k)]) ¢(z, 0)d.
For x = 1, we use the boundary condition to get
T
/ (ule2(1,8) — k| +v[c2(1,1) — h(k) e (1, t)dt
0

T
= / <u|c§(1,t) — k| + vi‘|b(t) —ucl(1,t) — vh(kz)|) (1, t)dt.
0

lv
Again since v < 0, v/|v| = —1, we add and subtract uk in the second term of the
right-hand side, and we use the triangle inequality to conclude. Finally, the first step
of this proof allows us to pass to the limit in the left-hand side of (3.7). d

3.3. Remarks on viscous regularization. We consider here another possible
perturbation of the hyperbolic equation, by means of a viscous regularization. We go
back to the classical form of conservation law,

(3.8) Ow + 0z f(w) = €0yw, <1,
provided with a perturbed Neumann condition on x = 1:
—ed,w(t, 1) + f(w(t,1)) = b(?).

This is exactly the context considered by Gisclon in [9] for the Burgers equation.

We drop the Dirichlet condition on x = 0: it has been fully considered by Bardos,
Leroux, and Nédélec in [3] and cannot be treated without a priori BV estimates,
since the entropy condition on the boundary involves the trace of the solution. Notice
that our boundary condition differs from the one in [3], since we do not impose the
equilibrium at the boundary.

We are going to formally recover the L*° estimate from this perturbation, under
the same assumptions as in Theorem 3.1, that is, b < 0 and condition (3.4). After
that, classical compactness arguments can be performed in order to obtain strong
convergence of the sequence w® to a weak solution.

Indeed, multiply (3.8) by n'(w), where (1, q) is any pair entropy-flux; then inte-
grate in . We obtain

(3.9) %/_ n(w(z,t)) de +q(w(1,1)) = (en'(w(1,1))dpw(1, 1))

e / 0 (w(, ) (arw(w, 1)) da

— 0o
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Now, the term involving 7" is nonnegative since 7 is convex, and we wish to control
the quantity g(w) — en’(w)d,w on the boundary. Using the boundary condition, we
have g(w) — en/(w)d,w = q(w) + 7' (w) (b — f(w)). But, assuming f(0) = 0, we can
write

ow) = [ ) (o) dv = — / W) F () do + 7 (w) f(w),

so that

d 1

Nl —
(3.10) il

w(1,t)
n(w(z, 1)) dz < / 7"(0) [f () — b] do.

Now, for a general 7, if we assume that

(3.11) fw) <minb(®) it |w| = M,

for some M > 0 then, since n” > 0, the right-hand side in (3.10) is bounded by

w
: " def
Jof o () (f(v) =b) dv = C.

This proves an entropy estimate for any entropy 7, provided (3.11) is satisfied. Notice
that, in the particular case f(w) = ug(w)+vh(g(w)), condition (3.11) is exactly (3.2).
Notice also that such a flux condition on a Burgers-like equation does not satisfy the
assumption, since the function w — w? is not bounded.

To recover the L™ estimates, we first consider n(w) = w™. Then we have " (w) =
—bo(w), so that (3.10) becomes

d 1

i) w(z,t)” de < b(t) <0.

Hence w(z,t) > 0 if w(x,0) > 0. For the upper bound, we choose n(w) = (w — k)7,
for a given k € R, which gives " (w) = é;(w). Thus

d 1
dt J

m@ﬁ—ﬂ*“g{fW—wwim€mwﬂﬁl

If one can choose k such that f(k) — b(t) < 0, then we are done. This can be done
precisely if condition (3.4) is satisfied.

4. The Langmuir model. We now consider an N x N system which appears
in chemical engineering both in chromatography and distillation. The unknowns are
N functions ¢;(x,t) solutions of

(4.1) Oy (Ci + hl(C)) + O, (uci + U]’Ll(c)) =0, t>0,x E]O, 1[, 1<i<N,
¢i(z,0) =¢3(z) >0,

where the vector-valued function h is the so-called Langmuir isotherm (see [20]),

kic;

(4.2) hi(e) = -
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The k;’s given here are numbers 0 < k1 < ko < --- < kyand D = 14+c1+co+---+cpn.
Function h is defined for D > 0, which contains the “physical domain” {¢; > 0,1 <
i < N}. We set in the following c(z,t) = (c1(x,t),... ,cn(x,t)).

System (4.1) of partial differential equations has been treated by Rhee, Aris, and
Admundson in [24] for chromatography, which corresponds to v = 0, and in [25] for
a countercurrent model of chromatography, which is very close to the system we deal
with. Canon and James also studied both systems [5], [6], respectively, for distillation
and chromatography. Serre [26] studied a variant of this system, which emphasizes
the structure of the function h. On the same variant, a kinetic formulation was
obtained in [14], which led to L* estimates and strong convergence properties for
bounded sequences of solutions, even though system (4.1) is not hyperbolic on the
whole physical domain. The entropies we are about to use are very similar to those
in [14], and before defining them, we recall without proof some fundamental algebraic
properties of h (see [5], [24], [26]).

LEMMA 4.1. (i) If ¢; > 0 for 1 < i < N, then A(c) = Vch(c) has N real

eigenvalues p;(c), and w; def Dy, satisfies
O0<w <k Swp<khy <o <kyoy Swy < ks

(ii) w; is a strong i-Riemann invariant, in the sense that Vcw; is a left eigenvector

of A(c);

(i) D= H k—

L

Jj#i j=1
def T def 1
€ € .
v oy = ki, oi(c) = —— for1<j <N,
(v) 0 le[l i i(c) 1<‘Z‘.< Wiy -y, [ )=
= <i1,...,i; <N
are N + 1 independent affine functions of (¢1,... ,¢n).

These properties are very strong. (i) and (ii) give the so-called richness (Serre
[26]): system (4.1) admits a diagonal form for smooth solutions, namely,

(4.3) (14 pi)Opw; + (u + vp;)Opw; = 0.

Moreover, this system also belongs to the Temple class [28] for which some existence
and uniqueness results are known in BV when they are strictly hyperbolic (see [26],
13)).

Remark 4.1. Let us point out an important point (see [6] for further details).
Property (i) allows a degeneracy of the system (two equal eigenvalues). This can
happen only for w; = w;+1 = k;, then p; = piy1, and ¢; = 0. It requires that,
initially, w9 (z) = wY, | (z) = k; for some z € R.

Section 4.1 is devoted to some technical devices to generalize the kinetic entropies
of [14] for system (4.1). Next, we establish some invariants regions in section 4.2. In
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particular, we prove that the domain {¢; > 0} is invariant. Finally, we prove strong
convergence results in section 4.3. In the following, we shall say that a vector z is
nonnegative, z € Rf (respectively, nonpositive, z € RY), if all its components are
nonnegative (respectively, nonpositive). We denote by w; (respectively, w?, w{) the
i-Riemann invariant associated by Lemma 4.1(ii) with ¢! (respectively, with the data

on z = 0, with the initial data).

4.1. Some specific entropies. Now, we define a first trivial (i.e., affine) dipha-
sic entropy for system (4.1), from which we shall build a specific family of nontrivial
(i.e., convex) diphasic entropies. This set of entropies was already mentioned by Serre
[26]. For £ € Ry and ¢! € RY, we set

Foee) = I (1-%). ©=BE0- 10 (1-1).

i=1 g i=1

where w; are the Riemann invariants corresponding to c'.

LEMMA 4.2. The function Eq is affine with respect to c'. Let V< FEy(£) denote
its gradient. We now define, for € € RT and ¢ € RV,

(4.4) Fo(&;¢%) = VeEo(€) - ¢ + £7(8).

Then the pair of functions (Eo, Fy) defines a diphasic entropy for (4.1), and we have
E, el

(45 Fgse) = &)

Proof. First notice that, if Ey is affine and Fj is given by (4.4), then obviously
the pair (Ep, Fp) defines a diphasic entropy, since V2 Fo(&;h(et)) = Ve Eo(€).
We are going to prove that Ej satisfies
Eo(k“ Cl) = ,61'0,}, Where 51 = Hj;éi(l — kz/kj),
(4.6) Ep(&e') = —(8) [Zi:l ki€ D}
N ¢t
—1© [ext sk -1 fore Ak,
so that for £ # k;, V. FEo(§) = _5'7(5)(#75)1Si§N- To prove (4.6), recall that the
Riemann invariants w} are the roots of the algebraic equation ¢(£) = 0, where

N

kici N C;
(4.7) 80(5):Zk4_5*0:52k}_5*1~
i=1 " i=1 "

But ¢ is also a rational fraction with poles k; and roots w}; thus an easy computation
gives

N ooyl NoL ]
48 =-D sl | vl
(4. @ =-Pll = - le == 5

by Lemma 4.1(iii) and the definitions of Ey and v(§). Putting together (4.7) and (4.8)
gives (4.6). Finally, (4.5) is obtained by playing with the two definitions of Fy, since
N klcll 1 - £
D ki—¢& D

VeEo(€) -h(e) = — (¢ Eo(&¢') = €4(9),

i=1
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and this completes the proof. ]
Remark 4.2. We state here a few useful properties of Fy. First, it is a polynomial
of degree N + 1 in &, very similar to Fy: if ¢ € Rf, it has roots 0,w?,... ,w%;, with

0<w? <k <---< wJQV < kn. We easily obtain also that, for any z € RV,

A crucial point now is to remark that Ey(&;c) and Fy(&;h(c)) vanish simulta-
neously for £ = w} = w?, 1 < i < N. Thus, taking the convention wj = 0 and
wfv 41 = +0o0, we easily deduce the following.

COROLLARY 4.3. For0<i< N, c! € ]Rﬂ\_/, c? e Rf, let w} (respectively, w?) be
the roots of Ey (respectively, the nonzero roots of Fy). Define

(4.10) Xi (&) = [Eo (& ©)| Ligeyw w1}
Xzz(ga c?) - ‘Fﬂ(gv 02)|H{§€]wf,w?+l[}'

Then the pair (x},x?) defines a diphasic entropy for (4.1).

Notice that xi (respectively, x?) is actually convex with respect to ¢! (respec-

tively, to c¢?), as the absolute value of an affine function. Thus the function n;(¢; c) def

X+ (& e) + x?(& h(c)) is indeed a nontrivial convex diphasic entropy for (4.1).
The class of entropies we consider now is defined as follows. Set, for j = 1,2,
¢/ GR{E, and a fixed 0 <¢ < N,

9(cl) = /R g (&) dE,  j=1,2,

The functions S(c) = S*(c)+52(h(c)) are diphasic entropies for (1.2), for any nonneg-
ative function g such that gx! is integrable at +oo in £ (recall that x? is a polynomial
in £). The corresponding entropy flux is Q(c) = uS(c) + vS?(h(c)). We have to
complement these functions by using for g a Dirac mass, g(§) = 8¢+ (). To justify
this, consider a sequence of nonnegative ¢g’s which converge to such a Dirac mass.
These entropies will appear in the proof of the maximum principle below. Let us
denote by £ the set of all these entropies for 0 <i < N.

Remark 4.3. The entropies in £ are defined only on Rf and therefore cannot be
used to prove the invariance of RY. But it is easily checked that the pairs ([c}] ™, [¢?]7),

where r~ is the negative part of r € R, define diphasic entropies on the domain D > 0.

4.2. Invariant regions. In this subsection, we shall prove that the solution
(cl,c2) to (4.1) is bounded in L uniformly in €, thus giving rise to a weakly conver-
gence subsequence. In the next subsection, we prove that this subsequence actually
converges almost everywhere to a solution in the sense of (4.14) below.

THEOREM 4.4. Assume c® € L' N L*(]0,1))V, a € L® (R, )V, b € L=®(R, )Y,
c’, a nonnegative, and b nonpositive. Let 0 < w™ < ky satisfy w= < w(t),w)(z) <

k1 for all (t,x). Define

0

def

(&) = VeEo(§) - b+ (u+v§)y(E),

and assume that

(4.11) ¢

~ Al inb{e < k3 < €9(€) <0} > w.



CONVERGENCE RESULTS FOR CONSERVATION LAWS 1215

Let (cl,c?) be a solution of (1.1). Then there exists a constant C independent of €
such that 0 < c¢i(z,t) < C,1<i< N, V(tx) € [0,T] x[0,1].

Remark 4.4. Once again, one can choose £y = w™ only if w™ satisfies ¥ (w™) < 0.

Remark 4.5. The existence of £* relies on the nonpositivity of the polynomial
on [0, k1] (one has ¥(0) = u > 0 and (k1) = — k1b1 [[;~1 (ki — k1) > 0, so this is not
trivially satisfied). This leads to a condition on u,v, b, and ki, which is actually not
very explicit, except for N = 1 (see Remark 3.1). However, one can rewrite things as
follows. For 0 < £ < ki, define c(§) € RY by

_ki—¢ 1<i<N.

Cl(g) Nf s =

Then a few easy algebraic computations prove

VeEp(§) - e(§) = —=7(8), VeEo(§) -h(c(§)) = —&v(),

so that ¥(§) < 0 rewrites Ve Eo(€) - [b — (uc(§) + &€v(§))] < 0. Thus condition
(4.11) can be compared to (3.4) in a more consistent way. Notice that this can
also be read as an entropy inequality, since V.Ey(€) - [b — (uc(§) + Eh(c(§)))] =
Eo(€b) — Bo(€: ue(€) + £h(e((€)) = Fo(&5b) — Fol& uc(€) + £h(e((£)).

Proof of Theorem 4.1. To lighten the notations a bit, we omit the index ¢ in
this proof. First notice that w™ exists since a and c” are nonnegative and uniformly
bounded.

Let us prove first that for a given index i, if a; > 0, b; < 0, and ¢? > 0, then cz >0
for 5 = 1,2. For this purpose we make use of the entropy introduced in Remark 4.3.
Inequality (2.4) can be rewritten here as

% ; ([ei (2, )7 + [€(2,)]7) da < [ (0,)]+v[c (0,8)] " —ule; (1,)] " —v[c(1,1)] .

Now, as in the scalar case, we notice that v < 0 and (c!)~ > 0, so u[c'(0,8)] +
v[c?(0,t)]” < wufa;(t)]” by the boundary condition at z = 0. Since a;(t) > 0 for
1 <4< N, a;(t)]” =0, and the same occurs for the initial data.

For = = 1, we have to prove that F % — u[c!(1,4)]” — v[c3(1,#)]~ < 0. This
clearly occurs if (b; —uc} (1,t))/v > 0. If this is not the case, we have 0 > b;(t) > uc;(t)
since v < 0 so that F' = b;(t)|8;| < 0. Hence the following differential inequality holds:

d [t
it J, ([¢"(z, )] + [P(z,t)]7) dz < 0.

The conclusion now follows easily: the components of ¢! and ¢? remain nonnegative
for any t > 0.

We turn now to the proof of the upper bound. For simplicity, we assume the
nonnegativity. In view of formula (iv) in Lemma 4.1, we have to prove that there
exists & > 0 such that w] > & for all (¢,2). We consider the diphasic entropy
(51, 5%),

S = [ 1BE sk = [ IREled

wy wi



1216 FRANCOIS JAMES

The usual trick of convexity of S* and S? leads to

d 1 =1
(4.12) 5/0 [SY(c!(z,t)) + S%(c*(x,t))] dx < — [uS (c' (x,t)) +vS?(c?(x,1))]

x=0

Set Hy = uS*(c!(0,t)) +vS5?%(c?(0,t)) and H; = — [uS*(c'(1,t)) +vS?(c?(1,t))]. We
have

Ho= [ “ulBs(&c)lo@de + [ TolFa(elo@de < [ ulEolé ala)ds

since v < 0. For any { < w™, choosing g = d¢, cancels the right-hand side of the
preceding inequality.
Concerning Hi, we want to take g = d¢, for a carefully chosen &, < w™ such that

(13) # =~ [ “ulEo(giehlog (O~ [ o

wi

o (&5~ ue')) |t (00 <0

We know, since everything is nonnegative, that 0 < wi,w? < k; < wi, w3, so that
necessarily &y < wi,w3. Now, if & < w?, then Hy < 0 by (4.13). If & > w?, we have
by construction Fy(&o; (b — uct)/v) < 0 (indeed one can check that Fo(& = 0) = 0
and 0¢Fy(§ = 0) > 0). On the other hand, an easy computation shows

vFy <§; %[b - UC1]> = (&) — uEo(&o; c').

Since w™ > £*, one can choose any £* < & < w™ such that (&) < 0. The preceding
equality therefore gives Ey(€o;¢) < 0, so that & € [wg,, 1, w3, o] for some p > 1, by
assertion (iv) in Lemma 4.1. Since & < k1 < w3, necessarily & € [w},w3] so that

finally, H; can be rewritten, by simple consideration of sign on Ey and Fp,

Hi = uEy(éo; ¢') + vFp (50; %[b - UCI]) =1(§) < 0.

The preceding choice of &y cancels the right-hand side of (4.12). When integrating
in ¢, we introduce the initial data, but the choice of g = ¢, for §o < w™ gives also
S1(c%(z)) = S2(h(c®(z)) = 0, so finally (4.12) gives

1
/O 1S (cX (2, 1)) + S%(cP( )] i < 0,

which leads to S*(c!(z,t)) = S?(c*(z,t)) = 0, Vt > 0. A simple contradiction argu-
ment then gives wi(x,t) > & and wi(wz,t) > & for a.e. x, Vt > 0. 0

4.3. Strong convergence. The L*° estimate leads obviously to the following
weak convergence result: ¢2 — h(cl) tends to 0 in D’(Q2)Y when e tends to 0. We
actually have a stronger convergence result.

LEMMA 4.5. Under the above assumptions ensuring the L bounds on the solu-
tion, c2 — h(cl) tends to 0 in LE _(Q)N.

From (1.1), we can obtain the following inequality for the entropies (x}, x?):

e (xi (& €2) + 3 (&5 €2)) + 0 (wxi (&5 ¢2) +vxi(§5¢2)) < 0.
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The negative sign holds since Vex2(&;-) is a monotone operator, as before. Now,

multiply this inequality by any nonnegative ¢ € D(12), integrate by parts, and treat
the boundary conditions as in the above proof. One obtains

T r1
- [ [ e (€ ckman + e c2w)

+0u¢p (ux; (& ez, 1) + vx7 (& ¢2(x,t)))] dadt
1

T
< / (0, (€ a(t)) di — / o(2,0)8(c(2)) da

T
- / [x (€ eL(1, ) + ox2(& (1, 8) (1, ) dt.

Once again, some considerations of sign allow us to prove that for the boundary term
on x = 1, we have for any &, since c2(1,t) = (b(t) — ucl(1,t))/v,

ux (& e (1,1)) +ux3 (& c2(1,1)) < |VeEo(€) - b(t) — (u+vE)y(€)] < B(t).

The resulting entropy estimate is analogous to (3.7). Now, following the lines of
[14], we can apply compensated compactness to obtain the following result of strong
convergence.

THEOREM 4.6. We make the same assumptions as in Theorem 4.1. Then there

ezists a subsequence of solutions to (1.1), still denoted by cl, which converges almost
everywhere and strongly in ]0,1[x]0,T[ to ¢ € L*(]0,T[; L*(]0,1[))N. Moreover, ¢

satisfies, for any p € D(Q), ¢ >0, £ >0,

(4.14

)
- /OT /01 [S(e)dp + Q(c)Duy] du dt

T 1
< / ux (@())p(0, ) dt — / B(t)p(1,1) dt — / S(c())p(, 0) dz,

with B(t) = [VeFo(€) - blt) — (u+ vE)(€)], for S(c) = x}() + 2(h(e)), Q(c) =
ux;(c) +vxi(h(c)), and x! being defined by (4.10).

Proof of Lemma 4.3. Consider the pair of entropies (11, 72) obtained by choosing,
for a given 4, g = Mg ,;- Their gradients are given by

ki
Vem(e') = / sign(Eo (£ 1) Ve B £)dE,

1
wy

ki
Venn(e?) = / sign(Fo(€; ¢2)) Ve By (£)dt.

2
wy

Omitting here the dependence in €, we take the scalar product of the two equations in
(1.1), respectively, by Veni(c!) and Veng(c?), sum the two equations, and integrate

dx dt with a nonnegative test function ¢ € D(Q}). We obtain, after integration by
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parts and multiplication by e,
we [T
A5 = E/ / (Op(z,t)[c! (z,t) + (2, t)] + Ouip(z, t) [uc' (z,t) + ve?(z, t)]) du dt

// V sign(Eo(&; ¢'))VeEo(§)d¢ — /s1gn (Fo(&;¢%)Ve Eo(g)dg]
- (c? = h(c!))dz dt.

Notice that A > 0 by the second equality and the convexity of n;. Obviously, since
c! and c? are bounded in L™, A€ tends to 0 when & goes to zero. We have to work
from now on with

ki

def i
P(x,t) = — [/ Sign(Eo(f;Cl))Vch(f)df—/ sign(Fy(&;¢%))VeEo(€)dE

1 2

(c* = h(ch)).

It is easy to check that sign Eg(¢;ct) = sign Fy(€,h(cl)) = sign Fy(&;c?) for € €
[w}, k;] N [w2, k;]. We are thus left with an integral over [min(w}, w?), max(w}, w?)].
Let us assume that w} < w?; the computations are the same if the converse holds.

We have, by considerations of sign on Fjp,

Pl =2 U A& )] + [ FoEh(eh))] de.

wl
Now, we write for N > 4,

Igqiotii1y |wj — ¢
= )
[Tizs wJQ

The fourth term is greater than some K > 0 (K depending on ki,...,ky and &),
since either wjz < k;_o9 or wjz > kiy1, and k;_1 < & < k;. For the first three terms, we
simply write (£ — wi |)(§ — w?)(w?; — &) > (£ — w?)*(w?, ; — w), which leads by
integration to

[Fo(&¢®)| = (€ — wiq)(€ —wi)(w]y, —€)

w| =

[ 1Flgede = gt - ub(ud, - wf) 2

w;

For N = 3, we have a similar estimate, since the fourth term reduces to K/(w?w3w?).

Because the same holds for |Fy(&;h(ct))|, we have finally that for some C' > 0,
depending only on kq, ..., kn,

T 1 T 1
/ / ! (z,£) — w(z, )| "o (@, £)da dt < c/ / Pla, t)o(x, t)dz dt = A°
0 0 0 0

tends to zero. Thus |w} —w?| tends to 0in L (Q2) and therefore in LE (). For N = 2,
the same computations lead to convergence in L (£2) and hence in L2 (2). Finally,
if N =1, we directly obtain L% (£2). Since the function (w1, ... ,wn) — (c1,... ,cN)

is Llpschltz continuous, we are done. 1]
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Proof of Theorem 4.2. We merely give the sketch of the proof, referring to [14] for
the detailed computations, which are identical. Summing the equations for 0 < i < N,
we obtain, with the same notations as in the scalar case,

(4.15)
T°(§) = 0[Go (&, ') + Ho(€, h(c"))] + 0 [uGo (€, ') + vHo (&, h(ch))] = 1 (€) + ¢°(€),
with Gy = |Eg| and Hy = |Fp|. Since n; and 19 are convex, the usual computa-

tion proves that uf(€) is a nonpositive measure. By Lemma 4.3, ¢°(£) is compact in

ngcl (2); thus, again applying Murat’s lemma, we can apply the compensated com-

pactness lemma to (4.15), for two different values £ and ¢’. We obtain, after some
easy simplifications,

Go(§) E'Go(&)/D — Go(&') £Go(&)/D = (£ = €)Go(§)Go(¢)/D.
Dividing by Go(§) Go(&') (£ — &) and letting & go to &, we get

5 §Go(§)/D Go(f)z/D.
Go(8) Go(6)

(4.16)

Of course (4.16) has to be justified at points where Go(¢) = 0. This occurs when
Go(&o, w) = 0 for all w in the support of v, that is, w; = &y for some j. If w; is a simple
eigenvalue, the formula is justified by applying I’'Hospital’s rule in a neighborhood of
& to Gf, which is not zero since the root is simple. When we have a double root,
that is, §& = k;, the same technique can be used with G{j, which in no case can be
zero, since the root cannot be triple.

Equation (4.16) is not completely satisfactory because its right-hand side does not
vanish when dv is a Dirac mass. Therefore, we again apply compensated compactness
to (4.15) for a given £ and

8t(D+%)+0x(uD+v%):0, a=kiu +---+knun.

This yields Go(€) a/D — £Go(€)/D D = Go(€)a/D — £Go(€). After dividing it by
D Gy(€), we can combine it with the left-hand side of (4.15) to get

Gol©a/D _ Gol©?/D 1

L >0

)

(4.17) —O¢

el

this last inequality being just Cauchy—Schwarz. Inequality (4.17) is the keystone to
proving that dv is in fact a Dirac mass.

Indeed, if in (4.17) the inequality is strict at some point, we obtain a contradiction
by comparing the values of the nonincreasing function

Go(§)a/D
Go(§)

at the points £ = 0 and £ = +oo, then £ = k; and & = oo. This means that the
inequality in (4.17) is just an equality for all £ > 0, so that the equality case in
Cauchy—Schwarz applies. We obtain the existence of a function A(£) such that, for
all € >0, Go(&,¢!) = A(€)D(c!) a.e. in the support of dv(ct). From this we deduce
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that, for two possible elements ¢!, ¢! of the support of dv(c'), we have necessarily
Go(€,¢') = Go(&,¢™t). Thus oj(c') = 0;(c’!), and by Lemma 4.1 (v) this proves that
¢! = ¢! and the support of v is a single point. 0

Remark 4.6. Notice that formula (4.14) is exactly the kinetic formulation obtained
n [14], but the boundary terms forbid us to write it in the usual way, with some
nonnegative measure on the right-hand side.

5. Boundary conditions. So far, we have defined in Theorems 3.2 and 4.2
kinds of weak solutions. The aim of this section is to prove that these solutions are
actually solutions to (1.2) in the sense of distributions, and to give a meaning to the
reflux boundary condition at z = 1. It seems that we lose the Dirichlet-like boundary
condition at x = 0 when passing to the limit. This is not really surprising, since we
pass from 2N equations to IV equations: the system becomes overdetermined.

Before precisely stating our results, we need to introduce some material. Indeed,
we want to precisely state the meaning of the boundary conditions. But we deal with
L™ functions, which usually do not have any trace on the boundary. The following
result, which we state as a lemma, follows easily by choosing the test functions ¢ €
D(Q) in (3.5) or (4.14).

LEMMA 5.1. Let (n1,m2) be any pair of convex functions defining a diphasic

entropy. Let ¢ € L*°(Q) be a weak solution as in Theorems 3.2 or 4.2. Then the

vector-valued function ¢ = (11,13) e (m(c) + n2(h(c)),um(c) + vna(h(c))) is in

L>(Q), and div ) = 0wy + 0,12 is a nonnegative measure in Q.

We are thus in a position to apply a result by Anzellotti [1, Theorems 1.2 and
1.9], which essentially states that i) has a trace on 9€, in some sense. We recall this
result here without proof.

THEOREM 5.2. Let Q@ C R™ be a bounded domain with locally Lipschitz boundary
N, Set X(w) = {¢ € L®(Q;R");dive) is a bounded measure in Q}. Then there
exists a trace operator

T X(Q) - L(09).
such that, for any ¢ € BV (Q) N L>(Q) N C%(Q),

(5.1) /Q<p divwdsc—l—/gl(l/},ga)da::/mw/upda,

where o is the superficial measure on OS2.

In this result, (¢, @) has to be defined as a measure (Definition 1.4 in [1]). We de-
note by 7° the trace on |0, 1[x {0}, by 7o and v; the traces, respectively, on {0} x]0, T
and {1}x]0,T[. Since 73 is, by construction, a weak trace on 9 of the normal
component of 1, we have

att=0, ="l (c)+m(h(e)

at x=0,1, ¥ =0,1[um(c)+ vna(h(c)).

In particular, for the trivial entropies, we recover the conservative variables so that,
for 1 <i < N, ¢; + hi(c) has a trace on t = 0, and uc; + vh;(c) has traces on = = 0
and = = 1. Notice that this trace is attained in a weak sense (see [18]), in contrast
with the traces of BV functions, which are attained in L.

THEOREM 5.3. (i) Let ¢ be a solution as in Lemma 5.1. Then it is a solution to
(1.2) in D'(Q), and we have, for 1 <i < N,

{ mluc; +vhi(c)] =b;, a.e t€]0,T];

(5.2) A0le; + hi(c)] =c? + hi(c?), a.e. z€)0,1].
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(ii) For any pair (m,n2) denoting the Kruzkov entropies in the scalar case, the kinetic
entropies for the Langmuir system, define ¥ as in Lemma 5.1. Then the following
entropy inequalities hold for a.e. t €]0,T]:

soluns(©) + oma(h(©))] < uni (a),
(53) e S

where B(t) = |b(t) — f(k)| in the scalar case and is defined in Theorem 4.2 for the
Langmuir system.

Remark 5.1. This theorem shows that the initial condition and the reflux bound-
ary condition are satisfied in a strong sense (in L*°(012), actually). We have no
information about the input boundary condition at x = 0, except for the entropy in-
equalities (5.3). Notice that, even for the conservative variables themselves, we loose
some information. Indeed, we know that there is a trace for uc + vh(c) at = 0,
but this function is not one-to-one, so we cannot compare ¢ to a. Moreover, even if
uc + vh(c) is one-to-one, a boundary layer phenomenon will very likely occur here,
as the following easy computation shows.

Consider a stationary solution to (1.1) in the scalar case, for a linear function
fle) = (u+ vk)e, with k > u/|v|]. The system boils down to the single ordinary
differential equation

dc 1

—=—10b— f(c c(0) = a.

L= h-f@) o)
There exists a unique equilibrium point ¢* such that f(c¢*) = b, and it is attractive.
The solution c. is computed explicitly:

b n b . u—+ kv <4 ( Ve u—+ kv
a— xp [ — T)=c a—c)exp | — T ).
u+ kv u+ kv P suv P suv

Obviously, the trace of the limit solution is ¢*, which has no reason to coincide with a.
We do not wish to investigate this boundary layer now, and leave it for future work.

Proof of Theorem 5.2. To prove part (i) of the theorem, we sum the two equations
in (1.1), which gives the conservation of matter, and proceed exactly as in the proof
of the convergence theorems. Provided we choose a test function ¢ € D(]0, 1] x [0, T[),
that is, if the test function does not see the boundary condition at = 0, we obtain
a weak formulation with an equality sign:

ce(x) =

1T
(5.4) - /0 /o [(c +h(c))dsp + (uc + vh(c))dzpldz dt

:/0 [c0+h(c0)]<p(x,0)dx—/0 b(t)o(1, £)dt,

since the boundary condition at x = 1 is satisfied exactly.

As a first consequence, we obtain, by taking ¢ € D(Q), that c is actually a solution
o (1.2) in D'(2). Therefore we can apply (5.1) with ¢ = (¢; + h;(c), uc; + vhi(c)),
1 <i<N,and ¢ € D(]0,1] x [0,T[). The left-hand side of (5.4) is exactly [, (¢, ),
and divy = 0, so we are left with

1 T
/v%wHMdﬂﬁmmf/'meWM©wﬂﬁﬁ
0 0

1 T
= / () + hi(c”)]p(z,0)dr — / b (t)dt.
0 0
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Since this holds for any ¢, we obtain (5.2).

Now, (5.3) follows from (3.5) or (4.14). By Lemma 5.1, for any pair (n1,72),
¥ = (ni(c)+n2(h(c)), un (c)+vn2(h(c))) satisfies that div ¢ is a nonnegative measure.
Thus we can apply (5.1) in both formulae, with ¢ € D([0, 1] x [0, T), and obtain

1 T
/0 20l (€) + na(h(e)) oo (, 0)dz — / [y (€) + vna(h(e)) (1L, )t
1 T
CO 2 CO xZ, xr — .
< / (%) + 7a(B(c®))p(z, 0)d / B()dt

Since this holds for any ¢, we obtain (5.3). 0
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