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We propose and study the framework of dissipative statistical solutions for the incom-
pressible Euler equations. Statistical solutions are time-parameterized probability mea-
sures on the space of square-integrable functions, whose time-evolution is determined
from the underlying Euler equations. We prove partial well-posedness results for dissi-
pative statistical solutions and propose a Monte Carlo type algorithm, based on spectral
viscosity spatial discretizations, to approximate them. Under verifiable hypotheses on the
computations, we prove that the approximations converge to a statistical solution in a
suitable topology. In particular, multi-point statistical quantities of interest converge on
increasing resolution. We present several numerical experiments to illustrate the theory.
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1. Introduction

Many interesting incompressible fluid flows are characterized by high to very high
values of the Reynolds number. Taking the infinite Reynolds number limit of the
underlying Navier—Stokes equations (formally), results in the Incompressible Euler
equations governing the motion of an ideal i.e. inviscid and incompressible fluid,
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given by
Oiu+u-Vu+ Vp=0,
div(u) =0, (1.1)
Ult=p = T.

Here, the velocity field is denoted by u € R? (for d = 2,3), and the pressure is
denoted by p € Ry. The pressure acts as a Lagrange multiplier to enforce the
divergence-free constraint*® The equations need to be supplemented with suitable
boundary conditions. Throughout this paper, we shall assume periodic boundary
conditions, and take as our domain D, the d-dimensional torus D = T¢, d € {2, 3}.

1.1. Well-posedness results

The question of global (in time) well-posedness of classical i.e. C! solutions of the
incompressible Euler equations (I in three space dimensions, even with suffi-
ciently smooth initial data u, is not yet resolved. Moreover in two space dimensions,
where one can prove well-posedness of classical solutions as long as the initial data
is sufficiently regular, many interesting initial data of interest, such as vortex sheets,
do not possess this regularity. Hence, it is imperative to consider the so-called weak
solutions of ([III), defined as,

Definition 1.1. A vector field u € L°°([0,7T); L?(D;R%)) is a weak solution of the
incompressible Euler equations with initial data @ € L?(D;R%), if

T
/0 /Du <0+ (u®u) : Vodadt = —/ u - ¢(x,0)dr, (1.2)

D
for all test vector fields, ¢ € C>°([0,T) x D;R%), div(¢) = 0, and

/ u-Vipdr =0, (1.3)
D
for all test functions ¢ € C*°(D).

It is customary to require additional admissibility criteria in order to recover
uniqueness of weak solutions. A natural criterion in this context is given by the
so-called dissipative or admissible weak solutions, i.e. weak solutions u such that
|lu(®)]|r2 < |[T@||z2. Although the global existence of admissible weak solutions in
three space dimensions is open, one can prove global existence of admissible weak
solutions in two dimensions with very general initial data. The most general result
of this kind is the celebrated work of Delort 1V later slightly extended to an edge case
by Vecchi and Wu,*2 where global weak solutions of ((IL1]) were shown to exist as long
as the initial data belongs to the so-called Delort class, i.e. with initial vorticity w €
H='N(My + L) the sum of a signed Radon measure (in space) and a L function.
In addition to being energy admissible, the constructed solutions satisfy the an
additional a priori bound [|w(t)||m < ||@||am- The existence of solutions with initial
vorticity in the more natural space H ~'NM without any sign restriction remains an
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open problem. Uniqueness of weak solutions in the Delort class also remains open.
On the other hand, it is well-known that — without the requirement of any bounds
on the vorticity — energy admissible weak solutions are not necessarily unique 24344
Using convex integration techniques introduced by DeLellis and Szekelyhidi,” it has
been shown that, in both two and three dimensions, there exists a dense set of “wild
initial data” possessing infinitely many admissible weak solutions. Furthermore, it
was shown in Ref. [49] that an explicit example of such wild initial data is given by
the flat vortex sheet of constant vortex sheet strength in the two-dimensional case.
This result has recently been extended to vortex sheet initial data along curves with
sufficient Holder regularity and not necessarily distinguished sign'*? Vortex sheet
initial data pose many open challenges in the two-dimensional case, and will thus
be of particular interest in the current work.

1.2. Numerical schemes

A variety of numerical methods have been proposed in order to approximate the
incompressible Euler equations (ILT)). These include the spectral?*! (see also Ref. [7
and references therein for a general overview) and spectral viscosity methods,” that
are particularly suitable for periodic boundary conditions. On bounded domains,
efficient methods such as the finite difference projection method®® and discon-
tinuous Galerkin (DG) finite element method®# have been proposed. Alternatives
include numerically approximating the Euler equations in the vorticity-stream func-
tion formulation. Methods such as the Lagrangian vortex blob2# point vortex2:
and central finite difference schemes! have been proposed in this context.

Rigorous convergence results for numerical approximations of the incompress-
ible Euler equations ([I) are mostly restricted to two space dimensions and to
sufficiently regular initial data, see Ref. 2] for spectral viscosity methods, Ref. 38 for
vortex methods and Ref. 22| for DG methods. Notable exceptions include Ref. 36
where the central schemes of Ref. [30] were shown to converge to weak solutions
of the two-dimensional Euler equations as long as the initial vorticity was in L?,
for p > 1. Similarly in Refs. [34] and [35, the authors showed convergence of vortex
point and vortex blob methods in two space dimensions as long as the initial vor-
ticity was a signed Radon measure. Finally in a recent paper/2® the authors showed
convergence of a spectral viscosity method for initial data in the Delort class.

Furthermore, careful numerical experiments, for instance those presented in
Refs. 25 and [17] have shown that numerical schemes may not necessarily converge,
even in two space dimensions, for rough initial data. Even when the numerical
approximations converge (such as in Ref. [26]), the inherent instabilities of the Euler
equations lead to a very slow convergence rate (see also Fig. B(left)) and render the
computation of weak solutions of (II) prohibitively expensive.

1.3. Measure-valued and statistical solutions

Given the lack of well-posedness results for weak solutions and the lack of con-
vergent numerical approximations, there is considerable scope for the design of
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alternative solution frameworks for (II]). One such framework is that of measure-
valued solutions*! where the sought for solutions are no longer functions but space-
time parameterized probability measures on state space. The global existence of
measure-valued solutions, even in three space dimensions, was shown in Ref. 11l
A convergent numerical method (of the spectral viscosity type) and an efficient
algorithm to compute measure-valued solutions was proposed in Ref. 25. The con-
vergence to the limiting Young measure has conventionally been considered in the
weak-* topology. More recently, a slightly stronger notion of convergence, termed K-
convergence, has been introduced *? It has been shown'? that (up to a subsequence)
Césaro-type means of approximate solutions computed at different numerical resolu-
tions converge pointwise almost everywhere to the limiting measure-valued solution.

However, measure-valued solutions are generically non-unique. This holds true
even for the much simpler case of the one-dimensional Burgers’ equation?? In
Ref. [I4, the authors implicated the lack of information about multi-point (spatial)
correlations in the non-uniqueness of measure-valued solutions. Moreover, they also
proposed a framework of statistical solutions as an attempt to recover uniqueness.

In the formulation of Ref. [14] statistical solutions are time-parameterized prob-
ability measures on LP, for 1 < p < oo, that are consistent with the underlying
PDE in a weak sense. They were shown to be equivalent to a family of correlation
measures, with the kth member of this family is a Young measure representing cor-
relations (or joint probabilities) of the solution at k distinct spatial points. Thus,
one can interpret statistical solutions as measure-valued solutions, augmented with
information about all possible multi-point correlations. The consideration of multi-
point statistics is one of the main differences of the present work with earlier con-
tributions such as Ref. 25, which focused on the computation of a measure-valued
solution, i.e. single-point statistics. A priori, statistical solutions contain much more
information than measure-valued solutions. Moreover, statistical solutions encode
statistical (ensemble averaged) properties of the solutions of the underlying PDE.
Thus, statistical solutions provide a suitable framework for uncertainty quantifica-
tion (UQ)™*¥ This is particularly relevant for the incompressible Euler equations
as it is well-known that the flow of fluids at very high Reynolds numbers can be
turbulent, and only (or statistical) properties can be inferred from measurements

Statistical solutions for scalar conservation laws were considered in Ref. [14]
wherein well-posedness was shown under an entropy condition. In particular, infor-
mation about infinitely many correlations was necessary to ensure uniqueness. In
Refs. [15] and [16, a Monte Carlo algorithm, based on the ensemble averaging algo-
rithm of Ref. 13| was proposed and analyzed for scalar conservation laws and
multi-dimensional hyperbolic systems of conservation laws, respectively. In con-
trast to Ref. [16] where multi-dimensional hyperbolic systems of conservation laws
were considered, we focus on the case of incompressible Euler equations in this
paper. Although the concept of statistical solutions is similar in both cases, there
are important differences that we highlight in this paper. In particular, the the-
ory for deterministic solutions of the incompressible Euler equations is much more
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developed than its counterpart for systems of conservation laws. This will allow us
to prove global existence and uniqueness of dissipative statistical solutions for the
two-dimensional Euler equations, and convergence of our approximate statistical
solutions, whenever the initial measure & is concentrated on sufficiently smooth
data, without any additional assumptions on the structure functions. Moreover, we
will focus on inferring information about multi-point correlations from energy spec-
tra. This approach differs from Ref. (16, where the focus was entirely on structure
functions.

Independent notions of statistical solutions of the incompressible Navier—Stokes
equations have been proposed in Refs. [19 and 54l While the statistical solutions
of Foias, Rosa and Temam!? are formulated in terms of the evolution equations
of integrals of functionals [, ®(u)du:(u) on a suitable Hilbert space H, the sta-
tistical solutions in the present work are formulated in terms of an infinite family
of PDEs for the multi-point correlation measures mewk (&1,...,&k). These cor-
relation measures encode the probability of the flow field wu(t,z) attaining certain
values at points x1, ...,z and time ¢, i.e. one might informally write

l/fmlmk (&1,...,&) = Problu(t,x1) = &1, ..., ult, xr) = &k
Despite the apparent differences between the current work and Ref. (19, the two
approaches can be related to each other, using the correspondence between multi-
point correlation measures and infinite-dimensional measures established in Ref. [14.
The precise link between the zero-viscosity limit of the statistical solutions of the
Navier—Stokes equations of Foias, Rosa and Temam, and the statistical solutions of
the present work will be considered in a forthcoming paper.

1.4. Aims and scope

The main goal of this paper is to propose a suitable notion of statistical solutions
for the incompressible Euler equations (II]) and to analyze and approximate these
statistical solutions. To this end, we will

e propose a notion of dissipative statistical solutions, i.e. a time-parameterized
probability measure on LP(D) that is consistent with (LI in a suitable sense
and prove partial well-posedness in some special cases, namely local in time well-
posedness and global well-posedness for sufficiently regular initial data in two
space dimensions,

e propose a numerical algorithm, based on ensemble averaging and a spectral vis-
cosity spatial discretization, to approximate statistical solutions of (1) and
prove that the approximations converge in an appropriate topology to a statistical
solution, under reasonable and verifiable hypotheses on the numerical method,

e perform and present extensive numerical experiments to verify the theory and to
illustrate interesting properties of statistical solutions.

The rest of the paper is organized as follows: in Sec. 2] we present time-
parameterized probability measures on L?(D;R?) and characterize convergence in a



Math. Models Methods Appl. Sci. 2021.31:223-292. Downloaded from www.worldscientific.com
by UNIVERSITY OF MARYLAND AT COLLEGE PARK on 03/13/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

228 S. Lanthaler, S. Mishra & C. Parés-Pulido

suitable topology on this space of measures. In Sec. 3] we define statistical solutions
of (II)) and present partial well-posedness results. The numerical approximation
of statistical solutions and its convergence is presented in Sec. [ and numerical
experiments are presented in Sec.

2. Time-Parameterized Probability Measures on L?(D;R?)

As mentioned in the introduction, statistical solutions are time-parameterized prob-
ability measures on LP. For incompressible Euler equations, the energy bound
enforces that p = 2. In this section, we will describe time-parameterized probability
measures, characterize them and describe a suitable topology on them. Although
different in several details, similar considerations have previously appeared in differ-
ent contexts in Refs.[14/and 16l To streamline our discussion and to avoid distracting
the reader with technical details, we will therefore merely state the core results in
this section. For completeness, detailed proofs of these results have been included
in the appendices.

2.1. Notation

For spatial dimensions d = 2,3, we denote the spatial domain D = T¢, i.e. d-
dimensional torus [—m,7]?, with endpoints identified, the co-domain (or phase
space) U = R, so that a solution of (L)) is given as a vector field v : Dx[0,T) — U.
On occasion = +— u(x,t) will also be identified with a 27-periodic function on R?
in the obvious way.

As we are interested in time-dependent vector fields u(z,t), we will fix a final
time T > 0 and consider u(x,t) as a mapping u : [0,7) — L2 = L*(D;U). In
general, for a Banach space Y, we will denote by L{(Y") the space of measurable
functions w : [0,T) — Y, such that

T 1/q
lullLzevy = (/ |U|§/dt> < 00,
0

Of particular interest in the context of the incompressible Euler equations are spaces
LIL2 = L{(L2), for 1 < ¢ < cc.
For a function u € L2, we will denote by (k) the kth Fourier coefficient (k €
7), i.e.
1 , .
a(k) = @ /D u(@)e *dr = u(x) = Y u(k)e™.

keZa

We will say that w(r) is a modulus of continuity if w : [0, 00) — [0, 00) is a map
such that lim, ,ow(r) = 0.

On multiple occasions in this paper, we will need to mollify a given function
x + u(z). Let us therefore fix a standard mollifier p(x) € C>°(R?), supported in a
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ball of radius 1 around the origin, i.e. p > 0 is a function, such that

/ p(x)de =1, p(x)=0, if|z|>1.
Rd

Given € > 0, we denote by p. € C°(R?) the function p.(z) = ¢ 9p(z/¢). The
mollification of u(x) is now defined by convolution with p.(z), as

1%ww=umpauw:/ u( — 4)pe(v)dy.

R4

2.2. Weak convergence of probability measures

Given a topological space X, we denote by P(X) the space of all probability mea-
sures on the Borel o-algebra of X. Given a sequence u, € P(X) (n € N) and
u € P(X), we say that p, converges weakly to p, written p,, — p, if

[ P > [ P, (2.1)
X X

for all F' € Cy(X), where Cp(X) is the space of bounded, continuous functions
on X.

We shall call a family of probability measures {u*}aso C P(X) defined on a
separable Banach space X tight, provided that for any € > 0 there exists a compact
subset K C X such that

pAE)>1—¢, VA>O0.

It is a classical result due to Prokhorov (see e.g. Theorems 8.6.7, 8.6.8 of the mono-
graph?) that a family y® € P(X), with X a separable Banach space, is tight if and
only if u? is relatively compact under the weak topology.

We recall that weak convergence on a Banach space X is metrized by the p-
Wasserstein metric Wp:

1/p

Wyt = (it [ uolfanten) (22)
mell(p,v) Jx x X

where the infimum is taken over all transfer plans m € II defined as

II(p,v) = {71’ eP(X xX): /X (F(u) + G(v))dm(u,v)

x X

:/XF(u)du(u)—i—/xG(U)dV(v)}7

for all measurable F, G. More precisely, let 4> be a sequence of probability measures
on X. If there exists a M > 0, such that y® € P(X) are uniformly concentrated
on the ball By(0) = {u € X | |lul]|x < M} of radius M and centered at the origin
in X, then

P =g & Wy (u®, 1) = 0,
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where 1 < p < oco. In this paper, we shall only consider p = 1 and p = 2. The space of

probability measures 1 on which W), is well-defined, i.e. such that [ |lul|? du(u) <

oo is usually denoted by P,(X). It is well-known that (Pp, W) is a complete metric
53

space.

We also note that for p = 1, the following duality formula holds:
Wilos,0) =sup [ @(u){du(u) — dv(a)), (2.3)
X

where the supremum is taken over all 1-Lipschitz continuous functions ® : X — R.

Next, we characterize the compactness properties of families of probability mea-
sures p® € P(L2). The following quantity, the so-called structure function, is of
particular interest in the present context:

1/2
2 = u\xr — u\xr 2 T u
S2(1) = </L3/D]{3r(0)| (z + h) — u(a) Pdhdzdp( >> ,

where B,.(0) = {¢ € R?||¢] < 7}, and fBr(O) = m fBT(O) denotes the mean over
B, (0).
We now state our main result characterizing certain compact subsets of P(L?2).

Theorem 2.1. Let F C P(L2) be a family of probability measures on L2. Assume
that there exists M > 0, such that u(Ba(0)) = 1 for all p € F, where By (0) =
{ue L2||lullz2 < M}. Then the following statements are equivalent:

(i) F c L2 has compact closure (with respect to the weak topology),
(ii) There exists a modulus of continuity w, such that we have a uniform bound on
the structure function:

SX(u) <w(r), VpeF.
The proof of this theorem can be found in

Remark 2.1. Theorem 2.1l is closely related to Kolmogorov’s characterization of
compact subset of L2: Indeed, there is a natural isometric embedding

(L3 1- lle2) = (PL(LZ), W), e du.

Thus, a bounded set K C L2 has compact closure if, and only if, its image under
this embedding {6, |u € K} C P(L2) has compact closure. Using Theorem 2]
we conclude that a bounded set K C L2 has compact closure if, and only if,
satisfies Kolmogorov’s equicontinuity property, which corresponds to property (2)
in Theorem 2.1}

2.3. Time parameterized probability measures

As mentioned before, statistical solutions are time-parameterized probability mea-
sures. We define them in what follows.
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Definition 2.1. We denote by L} (P) = L*([0,7);P) the space of Weak—* measur-
able mappings [0,7) — P(L2), namely mappings t ~ ju; such t ng (u)dp (u)
is measurable for a.e. t € [0,T), for all F' € C,(L2) and with the property that

/ / llull 22 dpe(u) dt < oo.

Denoting by dp the Dirac measure concentrated on 0 € L2, the above condition
can equivalently be written as

T
/ Wl((SQ,/J,t) dt < oo.
0

This leads us to define a natural metric on L'([0,7"); P) by

T
dT(,Ut,l/t) = A Wl(,ut,ut) dt. (24)

We then have the following proposition, whose proof is presented in[Appendix B]

Proposition 2.1. The metric space (L} (P),dr) is a complete metric space.

Our objective is to find a suitable topology on L}(P) and characterize com-
pactness in this topology. It would be natural to try and extend the compactness
Theorem 2.1l to time-parameterized probability measures and find a suitable version
of the weak topology. This necessitates formalizing some notion of time-continuity
or time-regularity of underlying functions.

To this end, fix a (time-independent) divergence-free test function ¢ €
C>(D;R%). Formally, solutions of the incompressible Euler equations (II)) satisfy
for s,t € [0,T),

/D[u(a:,t) —u(x, s)|p(x) dx = /S /D u(z, 7) @ u(x,7) : Vo(x) de dr,
so that

< Ollull o2 [Vl Les [t — 5.

/ [z, t) — u(z, $)](z) do
D

Furthermore, we have a natural energy bound |[ju|lper2 < |luol[z2, in terms of
the initial data ug. If L > 0 is large enough such that by Sobolev embedding
HL = HE(D;U) = CY(D;U), then it follows that

< Cligllmelt — s,

/ [w(z,t) — u(x, s)]p(x) da
D

where the constant C' > 0 depends only on the initial data. Taking the supremum
over all ¢ € HY with [|¢||z < 1, it follows, at least formally, that

u(t) —w(s) g <Clt—s|, Vs, t€[0,T). (2.5)
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Given these considerations, it is natural to assume that statistical solutions of
the Euler equations satisfy some version of this time continuity. A formalization is
provided in the following definition,

Definition 2.2. A weak-*x measurable, time-parameterized probability measure
t = py € P(L2) is called time-regular, if there exists a constant L > 0, and a
mapping s,t — 75 ¢ € P(L2 x L2), such that for almost all s,t € [0,7):

e The measure 7, ; is a transport plan from g, to p,
e There exists a constant C' > 0, such that 7, satisfies the following regularity
condition

/p L = vl e dmo(w,0) < Cft = 5.
z>< x

A family {u2}aso of time-parameterized probability measures is uniformly
time-regular, provided that each uf is time-regular, and the constants L,C > 0
above can be chosen independently of A > 0.

Remark 2.2. Note that if g, is of the form

1M
Mt = M;(Sui(t)v

with ¢ — u(t) weak solutions of the incompressible Euler equations satisfying (2.5]),
then we can define suitable transfer plans

1 M
Ts,t = iV Zl 6711(5) ® 6u1(t)

The time-regularity property follows from the estimate (23) for the w;.

We now show that a family p2, A > 0, of uniformly time-regular probability
measures is relatively compact, provided that they satisfy a time-averaged version of
the second property of Theorem 2.1l To this end, we define the time-averaged struc-
ture function of (¢ — y;) € L}(P) (weak-+ measurable) as the following quantity:

- 1/2
Se(pe, T) == (/0 /Lg /D ]{BT(O) |u(z + h) — u(x)|” dh dx dpg (u) dt) . (2.6)

The main result of the present section is the following compactness result:

Theorem 2.2. Let uf € L} (P) be a family of uniformly time-regular probability
measures, for A > 0, for which there exists M > 0, such that u2(Bp(0)) = 1 for
all A >0, a.e. t € [0,T). Here Bp(0) := {|lullz2 < M}. If there exists a modulus
of continuity w(r) such that

S2(ut,T) <w(r), YA>O0,

then u# is relatively compact in L} (P).
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The idea behind Theorem is to use the spatial regularity of the sequence to
show that the weak time-regularity assumption of Definition implies a similar
time-regularity with respect to a stronger spatial norm, where H ¥ is replaced

by L2. The details of this argument are provided in

Let us also remark that a limit y® — g of a uniformly time-regular sequence

pd is itself time-regular (see for a proof):

Proposition 2.2. Let u2 € L} (P) be a family of uniformly time-regular probability
measures, for A > 0. And such that there exists M > 0 with pf (B (0)) = 1 for
all A >0, a.e. t € [0,T), where By (0) := {|Jullp2 < M}. If pp* — py in Li(P),
then ps is time-regular in the sense of Definition[Z2] with the same time-reqularity
constants C, L > 0 as for the family u2.

2.4. Time-dependent correlation measures and their compactness

It has been shown in Ref. [14! that there is a one-to-one correspondence between
probability measures on L2 and so-called correlation measures. Correlation mea-
sures are defined as infinite hierarchies of Young measures, taking into account
spatial correlations, or more precisely,

Definition 2.3. A correlation measure is a collection v = (v,v2,...) of maps

vk . DF — P(U*) satistying the following properties:

(1) Weak-+ measurability: Each map v* : D¥ — P(U*) is weak-+-measurable, in
the sense that the map = — (V*, f) from 2 € D* into R is Borel measurable
for all f € Co(U*) and k € N. In other words, v/* is a Young measure from DF
to U*.

(2) L?-boundedness: v is L?>-bounded, in the sense that
/ (vl €% da < +o0. (2.7)
D

(3) Symmetry: If o is a permutation of {1,...,k} and f € Co(R¥) then
Wi F(0(€) = (vi, f(€)) for ae. © € D*. Here, we denote o(zx) =

x?

o(x1, T2, ... 2k) = (Toys Togs - - - Loy, ) 0(€) 1s denoted analogously.
(4) Consistency: If f € Co(U*) is of the form f(&1,...,&) = g(€é1, ..., & 1)
for some g € Co(UF™1Y), then (vf . f) = (il .. ,g) for almost every

(z1,...,7x) € D
(5) Diagonal continuity (DC): If B,(z) :={y € D : |x —y| < r} then

lim /D][ » (yg,y7 |61 — &|?) dy dx = 0. (2.8)

r—0

Each element ¥ is called a correlation marginal. We let £2 = £2(D,U) denote the
set of all correlation measures from D to U.
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It has been shown in Ref. [14, that if u € P(L2), then p is associated with a
unique correlation measure v, with the interpretation that for A1,..., Ay C U:

plu(z;) € Ajyi=1,... k] =P Lo (A1 X X Ay).

T1ye.

More precisely, we have the following theorem:

Theorem 2.3. For every correlation measure v € £2(D,U) there exists a unique
probability measure p € P(L?(D;U)) satisfying

|l dnta) < <. (29)

such that

[ [ swoat@u-[ i [ o), 10

for all g € Co(D* x U*) and k € N (where u(x) denotes the wvector
(w(x1),...,u(xy))). Conversely, for every probability measure p € P(L?(D;U)) with
finite moment ([Z9), there exists a unique correlation measure v € £2(D,U) satis-
fying @I0Q). The relation (2IQ) is also valid for any measurable g : D x U — R
such that |g(z,€)| < C|€]? for a.e. x € D.

Moreover, the moments

mt DM s USF, mf(2) = (), 610 6@ 0 &), (2.11)

uniquely determine the correlation measure v and hence the underlying probability
measure .

The following result is obtained as a consequence of Theorem (for a proof,
see [Append ):

Theorem 2.4. Let {2} aso be a family of uniformly time-regular probability mea-
sures in L} (P), and assume that there exists M > 0, such that u®(By) = 1 for
all A >0 andt € [0,T). Let vP = (w1t v™2, ) denote the corresponding time-
parameterized correlation measures. If there ezists a uniform modulus of continuity

w(r), such that

T
/ / ][ Wikl — &) dydedt <w(r), YA >0,
0 D r(x)

then {u2} a0 is relatively compact in L} (P), i.e. there exists a subsequence Aj — 0
(j € N), and a time-parameterized probability measure ; € L1 (P), such that

T
/ I/Vl(,utAj,ut)ahf—>07 as j — o0o.
0

Furthermore, denoting by vy = (v}, v2,...) the correlation measure correspond-

ing to the limit p, we have

o L*-bound: [, (v},,|E*) de < M?, for a.e. t €[0,T),
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e the two-point correlations satisfy

T
/ / ][ <Vt2,m,ya 61 = &) dy dwdt < w(r).
0o JDJB.(z)

o We define admissible observables, in terms of test functions g € C([0,T) x D* x
U*), which satisfy the following bounds:

k
|g(t,x,§)| < CH(l + |€1|2)7
= (2.12)

k
lg(t,2,&) — gt 2,6 < C Y IL(EE)N/1+ &2 + €216 — &I,
1=1

where C > 0 is a fized constant, independent of t € [0,T), x € D* and ¢,¢' € U*.
Here I1;(&,¢') is defined as

k
IL(&,¢) = [+ 1&g + 1617, &€ eur (2.13)
j=1
J#i
Then, these admissible observables converge strongly in L,}}w, in the sense that
r Ajk
i [ [t g@.6) - gl ) dedi =0,
J7ooJo  JDF
A particular point of interest in the statement of previous theorem is the charac-
terization of a suitable set of “admissible observables”, whose convergence is assured
by the convergence pu2 — p; in L} (P).

Remark 2.3. We note that the uniform modulus of continuity estimate in Theo-
rem [2.4] can equivalently be expressed as

T
/ / / ][ lu(z + h) — u(z)|? dh dx dp? (u) dt < w(r),
o Jr2 /D JB.(0)
or S2(u2,T)% < w(r), for all A > 0.

3. Dissipative Statistical Solutions and their Well-Posedness

Given the discussion on time-parameterized probability measures in the last section,
we can now define statistical solutions of (II)) as the following.

Definition 3.1. A time-parameterized probability measure y; € L} (P) is a statis-
tical solution of the incompressible Euler equations with initial data g, if ¢ — p is
time-regular, and the associated correlation measure vy satisfies:

(1) Given ¢1,...,¢r € C®([0,T) x D;R?) with div(¢;) =0 for alli =1,... k, set
o(t,x) = p1(t,21) ® - @ Pi(t, xx), where x = (z1,...,2k).
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Let us denote F(£) := £ ® £ and define a contraction by

(L@ 0FE) ® - ©&): Vo= |[[& 6| (& Vaidi) - &
J7#i

Then v* = mewk satisfies

[ {aeow a

+ Z(v’“,& Q- @F(&) Q- ®&): vm} dx dt

+/ <ﬁk,§1®-"®fk>:¢(0,$)d$=0.
Dk

Here v is the correlation measure corresponding to the initial data j.
(2) For all ¢ € C°(D), we have

/ (V] 41 2 &1 ® &) ¢ (V(21) @ VU (22)) davy dazy = 0,
D2

for a.e. t €[0,7).

The above PDEs specify the time-evolution of the moments (ZI1]) for all k¥ and
by Theorem 23] determine the evolution of the probability measure fi.

Remark 3.1. As ! above is a standard Young measure, it is straightforward to
observe that the corresponding identity for the evolution of v! corresponds to the
definition of measure-valued solution of (III]) in the sense of Ref. 11l under the
further assumption that there is no concentration. Hence, one can think of statistical
solutions as measure-valued solutions coupled with information about all possible
multi-point correlations.

We first show that the second property of Definition B3] is equivalent to the
requirement that p; be supported on divergence-free vector fields for almost all ¢.

Lemma 3.1. Let p € P(L2), with associated correlation measure v. Then p is
concentrated on divergence-free vector fields if, and only if,

[ 0210692+ (V(00) © V(o) doy dy =0,
for all ¢ € CX(D).

Proof. Let ¢ € C°(D). Then, we have the following identity

/Lg [/Du-Vz/der dpi(u)
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— [ ] wer) © utwa)) : (Toa) © Vola)) das doa difa)
2 Jp

= [ 0 e 90 (T001) © V) s (3.1)
Therefore, if 1 is concentrated on the divergence-free vector fields, then
/D u-Vipdr =0, p-almost surely
and hence, from Eq. (3]), we obtain
[ 021069 600+ (Vs(0) © Vi) diy day =0 (32)

To prove the converse, let us assume that relation ([B.2)) holds for all ¢ € C°.
Let v, € C°, n € N, be a countable, dense subset of H*(D). Then, we have

/Du-V¢nda:7éO}.

Set now F,(u) := [fD u - Vb, dz]?. We note that for any € > 0, we have

piFu) > < ¢ [ Pt =0,

{u € L? |div(u) # 0 distributionally} = U {u crL?
neN

€

where the last equality follows from B and the assumption ([B.:2)). Letting € — 0,
we conclude that u[F, (u) > 0] = 0 for all n € N. Equivalently, we have

,u[/u-V%«L#O}:O, for all n € N.
D

Finally, we conclude that

pldiv(u) # 0] = p [UN { /D u- Vi, # 0}1
SZMVDU'V%#O]

neN
=0.

Hence p[div(u) = 0] =1, i.e. p is concentrated on divergence-free vector fields. O

Note that if p, u € P(L2) are probability measures, and if p is of the form

M
p= Z Q0 s
=1

where «; > 0, Zi\il a; = 1, and u; € L2, then a transport plan from u to p is
necessarily of the form!4:
M
= Zai,ui ® Ouys

i=1
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where p; € P(L2), and Zﬁl a;ph; = p. Therefore, given o = (o, . .., aar) as above,
and p € P(L2), we denote

M
Ao, ) == {(le'wMM) pi € P(L3), Y s = M}
i=1
Note that the set A(a, p) is non-empty, since it contains (i, ..., u).
In analogy with work of Refs. [14] and [16 on entropy statistical solutions for

hyperbolic systems of conservation laws, we define the following.

Definition 3.2. (Dissipative statistical solution) A statistical solution u; € L} (P)
is called dissipative, if for every choice of coefficients a; > 0 with Zf\il o =1
and for every (fiy,...,Hy) € Ao, Ti), there exists a function ¢ — (p1¢, ..., ) €
A(a, pg), such that ¢ — p;,, is weak-* measurable, p; |1=0 = T;, such that each ;¢
satisfies

/OT/L3 /D[“'at¢+(“®”):W]dxd“ift(“)dt:_/Li/D“ﬁ(OW)dwdﬁi(ux

for all ¢ € C°([0,T) x D), div(¢) =0, and all = 1,..., M. And, in addition, we
have for almost every ¢ € [0,T):

[ Ml dnisto) < [l dm, i= 1.
L2 L2

3.1. Existence and uniqueness of dissipative solutions

As already pointed out in the introduction, the initial-value problem for the incom-
pressible Euler equations is ill-posed for general initial data @ € L2, i.e. there exists
an exceptional set of initial data & C L2 for which there either exist no suitable solu-
tions at all, or for which there exist infinitely many suitable solutions. In practice,
one may nevertheless hope that the “probability of encountering” such exceptional
initial data is 0, so that the subsequent evolution would then be well defined at
least for initial data encountered in practice. In this section, we provide a formal
description of a suitable set of statistical initial data & for which this intuition holds
true, and show existence and partial uniqueness of dissipative statistical solutions
ue for initial data @ in this class. In particular, the results in this section imply
a weak—strong uniqueness result for statistical solutions. In contrast, an analogous
weak—strong uniqueness result for measure-valued solutions only holds for atomic
initial data i.e. when the initial datum is a function, but fails for non-atomic Young
measure-valued initial data (see e.g. Example 1 in Ref. I3 for an explicit example
in the context of conservation laws).

More precisely, we show based on purely topological arguments, that if the set
of C'-regular initial data admitting classical solutions of (L1I), over a given time-
interval [0, T) is dense in L2, then there exists a (topologically) generic set G C L2,
containing these regular initial data, with the following property: For any initial
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data i € P(L2) which is concentrated on this generic set G C L2, we have ezistence
and uniqueness in the class of dissipative statistical solutions. By a “generic” set
G, we denote a set whose complement & = Li\g is a countable union of nowhere
dense sets (implying that £ is a meagre set in the topological sense). We say that
i is concentrated on G, if i(G) = 1.

The construction of such a generic G under the above mentioned assumption
has first been carried out in Ref.[33] Let us first review the construction of G. We let
C C CY(D;U) denote the set of initial data ¥ admitting a classical solution v(t) on
[0,T), with C(v) := supc(o,1) [[V(t)||L finite, i.e. C(v) < oc. For n € N, define
the open set G,,, by

1 _
G = {a €L2|3TeCst. [T—Tp2 < ﬁe_C(U)T}' (3.3)

Finally, we let G =, ey Gn-

Remark 3.2. If there exists a dense set of initial data 7 € C, then G is generic in
the topological sense (more precisely a G set), being the countable intersection of
the dense open sets G,,. By the Baire category theorem, the set G is non-empty and
dense in this case. In particular, this would hold true if there is no finite-time blow-
up for sufficiently smooth classical solutions of the incompressible Euler equations
(e.g. for CT* initial data T possessing a Holder continuous derivative), which is
an established fact in two space dimensions but an open question in three space
dimensions.

We can now state the main theorem of the present section:

Theorem 3.1. Define the generic set G as above (cf. Eq. @B3). If i € P(L?) is an
initial datum such that G(G) = 1 and there exists M > 0 such that i(Ba(0)) = 1,
then there exists a unique dissipative statistical solution p; of the incompressible
Euler equations with initial data .

The proof of Theorem B.1]is somewhat technical and is left to

Remark 3.3. Even though a topologically generic set G is large in some sense
(e.g. in the sense that a countable intersection of generic sets is again generic,
and in particular non-empty), it might be very small from a different point of
view. For example, there exist generic subsets of R™, which have Lebesgue measure
zero. It is therefore a priori not clear whether there are any “interesting” [, such
that (G) = 1, beyond those i which are concentrated on smooth initial data.
Nevertheless, Theorem [3.I] implies suitable weak—strong uniqueness results as we
show below.

We can derive the following corollaries from Theorem [3.1]

Corollary 3.1. (Short-time existence and uniqueness) If m > [d/2] + 2, and if
there exists a C > 0, such that i € P(L2) is concentrated on

{ue H"|[ullgy <CY,
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then there exists T* > 0 (depending only on C) and a statistical solution py; :
[0,T*] — P(L2) with initial data [. Furthermore, u; is unique in the class of
dissipative statistical solutions for t € [0,T*].

Proof. Classical short-time existence results for the Euler equations®® show that
there exists 7* > 0, such that for initial data u with |[u|g» < C, there exists a
unique solution u(t) such that

sup u(t)|ay < '] mp-
te[0,T*]

Since H™—C?, this implies that 7 is concentrated on @ € C. In particular, we
conclude that (G) = 1, and the result now follows from Theorem B.11 O

Corollary 3.2. (Weak-Strong uniqueness in 2d) Let d = 2, and let « € (0,1). If &
is concentrated on C1*(D;U) and if there exists M > 0, such that [i(By(0)) = 1,
then there exists a dissipative statistical solution p; with initial data . Furthermore,
e is unique in the class of dissipative statistical solutions with initial data .

Proof. Again, we observe that for any w € O, there exists a unique solution
u(t) € C1*. Hence, we have u € C for all such @. In particular, it follows that 7 is
concentrated on G. The claim follows from Theorem [3.1] O

4. Numerical Approximation of Statistical Solutions

In this section, we will propose an algorithm for computing statistical solutions of
the incompressible Euler equations (ILI)). As mentioned before, this algorithm is
very similar to the one proposed in Ref. [16] for computing statistical solutions of
hyperbolic systems of conservation laws, which in turn was inspired by the ensemble
averaging algorithms of Refs. [I3] and [25] for computing measure-valued solutions.
This algorithm requires a spatio-temporal discretization and a Monte Carlo sam-
pling of the underlying probability space. We propose to use a spectral viscosity
spatial discretization which is described below.

4.1. Spectral hyper-viscosity scheme

We write u®(x,t) = Dkl <N us (t)e’* where now and in the following we shall
consistently denote A = 1/N, and we denote |k|o = max;=1,. q4]|ki]. We con-

sider the following spectral viscosity approximation®?L of the incompressible Euler

equations:
dut + Py (u? - VuP) + Vp» = —en| V> (Qn * u?),
diV('U,A) — O, (41)

ud |t:0 = Pnu.
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Here, Py is the spatial Fourier projection operator, mapping an arbitrary function
f(z,t) onto the first N Fourier modes: Pn f(z,t) = 315 _<n frt)e**. Qu is a
Fourier multiplier of the form

Qn(z)= Y Que*” (4.2)

mN<‘kZ‘SN

and we assume 0 < @k <1.

The idea behind the SV method is that dissipation is only applied on the upper
part of the spectrum, i.e. for |k| > mpy, thus preserving the formal spectral accuracy
of the method, while at the same time enabling us to enforce a sufficient amount of
energy dissipation on the small scale Fourier modes which is needed to stabilize the
method. The additional hyperviscosity parameter s > 1 in (@] can be chosen larger
to enforce more numerical dissipation on the high Fourier modes, thus allowing a
larger part of the Fourier spectrum to remain free of numerical diffusion, while still
ensuring stability of the resulting numerical scheme.

Note that @ is defined via its Fourier coefficients @ &, which, given an additional
parameter 6 > 0, are assumed to satisfy the following constraints:

R ma\ @06
Qr=0, for|k|<my, 1- (ﬁ) <Qr<l. (4.3)
In Ref. [51] the parameters my, €y, 6 are chosen such that
2s —1
my ~NY,  en 0<h< == (4.4)

~—_—
N2s—1’ —

Multiplying the evolution equation @) by u® and integrating by parts, we
obtain the following energy balance:

t
[u® (@172 + 26N/0 D Qulk[*lag (n)P dr = [lu(t = 0)|7: < |72 (4.5)
|kloo <N

4.2. Monte Carlo algorithm

Following Ref. [T6], the computation of statistical solutions of (II) requires combin-
ing the spectral viscosity scheme () with the following Monte Carlo sampling,

Algorithm 4.1. (Monte Carlo) Given ji € P(L2), and a grid scale A = 1/N, we
determine an approximate statistical solution uZ*, as follows: For m = m(N),

e Generate i.i.d. samples U1, ..., Uy, ~ .

e Evolve the samples, using the numerical scheme uf(t) := SPu;, where SP
denotes the solution operator, defined by the scheme (Z1]).

e The approximate statistical solution p2 is given by the so-called empirical

measure

1 m
pp = o > bun)- (4.6)
i=1
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We remark that in practice, the samples @; for 1 < i < m are random realizations
with respect to a certain underlying probability space.

Remark 4.1. The Monte Carlo Algorithm 1] when restricted only to the com-
putation of the first correlation marginal v, reduces to the ensemble averaging
algorithm proposed in Ref. 25 for computing measure-valued solutions of the incom-
pressible Euler equations.

4.3. Convergence to statistical solutions

In this section, we will investigate the convergence of the empirical measure p2
(&3, generated by the Monte Carlo Algorithm 1] to a statistical solution of ([ITI).
To this end, we seek to apply the convergence Theorem 2.2 to these approximations.
We start by verifying the temporal regularity of the empirical measures in the
following lemma,

Lemma 4.1. There exists L € N and constants C,C" > 0, such that if u® is
obtained from the spectral hyper-viscosity method 1)), with A = 1/N and initial
data w € L2, then

O 4 div(u® @ u) + Vp® = B2,

where HEAHHI—L < CA(L+ ||u?||22). Furthermore, there exists a constant C', such
that ’

[u () = u®(8) e < C'(L+ alZ2)lE = s
Proof. From the definition of the spectral hyperviscosity scheme (&II), we obtain
O 4+ div(u® @ u?) + Vp® = B2,
with B4 = E& + E5, where
E® = en|V[*u®, ES = (I —Py)div(u® @ u?).
Clearly, the first error term E© can be estimated by
IES | 20 = enllI V10| 2o < enllu?r2 < %(1 +[lu?122),

where we have used that ey ~ N725%1 < N~! in the last step (assuming s > 1).
On the other hand, to estimate the second term, let ¢ € C*°(D;U) be a given
vector field. Then

/qS-EQAdx:/ ¢ - (I —Py)div(u® @ u?) dz
D D

= _/ V(I —Pn)¢: (u @u?)da
D

IN

(I = Pn)Vll oo |u[|Z:-
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Choosing ¢ > 0 sufficiently large, we have by the Sobolev embedding theorem
HY— L. Hence, we can further estimate for some absolute constant C' > 0:
I =Pn)Velre < CII(I = Pn)Vluz
< CI(I = Pn)oll e
< ON7H gl yeve-

Thus, we have shown that
/ o - E’QA dr < ||¢HH£+20N 1||uAH%27
D “

for all ¢ € C>(D;U), which implies by duality that | E5[| -+ < CN7Hu?]3,.

Let now L := max(2s, ¢ + 2). Then, combining the above two estimates, and
noting that Hy ™, H-25<3H-L, we now conclude that there exists an absolute
constant C' > 0, such that

1B gm0 < ONTHL A+ [[u®Z2)-

Since A = 1/N, this is the claimed estimate for E*.
For the time-regularity estimate, we write

oul = —73Ndiv(uA ® uA) —Vpt 4+ ElA.
By an argument analogous to the above, we then find that
18cu |l e = [ Prdiv(u® @ u®) + Vp& + BR[| e < C'(1+ [[u|72)-

Recalling that also [[u®[|2 < [T .2, it follows that

t
/ o (1) dr

nﬁ@—w@mgz\

)2 Pl
t
< [ 10wA @)y, dr

< C'(L+|[alia)lt - sl-

This concludes our proof. O

From Lemma [£]] it is now easy to see that if ,utA is generated by the Monte
Carlo Algorithm ] i.e.

1 M
A
Ky = M;éuf(t)v

with u£(t) computed by the spectral hyper-viscosity scheme (@I]), then the trans-
port plan defined by

1 M
AL
Mot = M Zlduf(s) ® 6ulA(t)7
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satisfies the properties required by the definition of time-regularity, Definition
This provides the required temporal regularity required by Theorem 241

Next, we turn our attention to the spatial regularity bounds of Theorem
In particular, we need to obtain uniform estimates on the structure function (26).
We start with the following simple observation.

Lemma 4.2. For any r > 0, we have
][ le?th — 112 dh < Cmin(|k*r?, 1) < C|k|*r?,
~(0)
where C = 4.

Proof. Fix k,h € R%. Let f(7) := |[e!"™®" — 1|. Then
F0) =0, [f()] < |Kl|].

This implies that for |h| <r, and 7 € [0, 1]:

t
SO < [ IHlinlds < [kl
0
Furthermore, the upper bound |f(¢)| < 2 is obvious, so that
le® " — 1|2 < 4min(|k|>2,1).

Averaging over h € B,.(0), it follows that

][ le®h — 112 dh < 4min(|k[*r2,1). -
B.(0)

The next result is an estimate on the structure function (28] at the grid scale A.

Lemma 4.3. If u2 is an approvimate statistical solution obtained from the spectral
hyper-viscosity method with A = 1/N, and initial data @i for which there exists
M >0 such that i(Ba(0)) = 1 where B (0) = {|lull .2 < M}, then

SA(ug, T) < CMAYE),

for some absolute constant C > 0. The same estimate is also true for r < A, i.e.
we have

S2(u,T) < OMrY 29 for all + < A.

Proof. Our goal is to estimate the structure function S2(u2,T) based on the
energy estimate (dA]). By construction, we have

1 m

A

=—> 6

e = ; uf (t)
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and u2 is obtained by the spectral hyper-viscosity method (@) with initial data
u;. By Plancherel’s theorem, we obtain

/ ][ w2 (@ + ) — uP (@) dh dz = ][ S feh— 112[ab 2dh
D JB,(0) B,.(0)

[kloo <N
S C Z |k|2r2|aiA,k|27
[kloo <N

where the last estimate is shown in Lemma Let us now fix some o with 6 <
a < 1. We split the summation over modes |k| < 2N and |k| > 2N*:

/][ [uf (z 4 h) — u2(z) > dh dz < r? Z + Z k2@ ). (4.7)
D JB,(0)

[k|<2Ne  |k[>2N
From the L?-bound [[uf(t)||r2 < ||| 12, we trivially estimate
D RPN < 4PN w) e
|k|<2N@

Recall that for all |k| > 2N > 2my we have

R e\ (257178

Qr>1- (ﬁ) >1-2" D/ > 972 _(
as a consequence of ([@3) and ([@4). We thus find

T T
[ X ewpadra<es [3 QukPabe
0 0

[k|>2Ne |k|>2Ne

T
el D AL LY

|k|>2N«
N=206=D)g ] 12
EN
— CT2N2aN72as+2sfl Hﬂz”L§7

2s+1

< Cr?

where we have used the prescribed scaling exy ~ N~ in the last step.
Combining both estimates, and noting that for all ¢, ||u;||2 < M by assumption,
we conclude that

T
/ / ][ Wl (2 + h) — ul ()2 dh dw dt < CMy2N22(1 4 N—205+25-1)  (4g)
o JpJB,(0)

with an implied constant that depends on s,T, but is independent of the initial
data, and N. If we now choose r = A = 1/N, so that A is a length at the grid-scale,
then we find

T
/ / ][ [uf(x + h) — uf(z)|? dhdx dt < CMN?72(1 4 N—2ast2s—1)
0 JDJBa(0)
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We finally would like to determine a constant «, which minimizes this last expres-
sion. This is achieved when the term in brackets is of order 1, i.e. with o = 25=L

2s
With this choice of «, we have 2o — 2 = %17 and

T
/ / ][ (x4 h) — ul(2)]> dhdzdt < CMN**2 =CMN = =CMAY>.
0 D JBa(0)

Let us finally sum over ¢ = 1,...,m. Thus, if 42 is an approximate statistical
solution obtained from the spectral vanishing hyperviscosity method of order s, and
initial data %, with A = N1, then it satisfies the following bound on the structure
function at the grid scale:

S2 (U, T) < CMAY 39, (4.9)
Inspection of (@8] shows that also
SZ(pg, T) < CMrt/ 9,

if r <A. O

As in Ref. [16, Sec. 4.2, we have uniform estimates on the structure function
at (or below) the grid scale. Large scale features are in any case independent of
the resolution A. However, we lack any information on the intermediate scales, in
between the two. To close this information gap, we follow Ref. [16] and make an
assumption on scaling of the structure function (28] at intermediate scales. The
resulting theorem is the following.

Theorem 4.2. Consider the incompressible Euler equations with initial data fi €
P(L2), such that supp(fi) C Bas, with By the ball of radius M in L2, for some M >
0. Define the approzimate statistical solution u2 by the Monte Carlo Algorithm Bl
If the approzimate statistical solutions u2 satisfy:

e Approxzimate scaling: For every £ > 1, there exists a constant 0 < Ay < 1/(2s),
fized C' > 0 possibly depending on the initial data, but independent of ¢ and the
grid size N, such that

2 (A, T) < COSA (WA, T), (T > 0).
Then the approzimate statistical solutions u converge (up to a subsequence still
denoted by A), as A — 0, to some y; € L} (P).
Proof. By Lemma [£3] there exists a constant C' > 0, such that
S2(ug, T) < Crt/ o), (4.10)

for all » < A. If r > A, then by the assumed approximate scaling property, we
write r = ¢A, with £ > 1, and obtain

SHup, T) = Sia(us, T)



Math. Models Methods Appl. Sci. 2021.31:223-292. Downloaded from www.worldscientific.com
by UNIVERSITY OF MARYLAND AT COLLEGE PARK on 03/13/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

Statistical solutions of the incompressible Fuler equations 247

< COSA(up, T)
< Cégl/ZsAl/(Zs)
— COn1/e),

for some constant CC > 0. The convergence now follows from Theorem 2.4l O

Remark 4.2. The scaling assumption ([@I0) can be interpreted as a weaker ver-
sion of the scaling assumptions of Kolmogorov (see hypothesis H2, Eq. (6.3), p. 75
of Ref. 20)) that was instrumental in the K41 theory for homogeneous, isotropic
turbulence. In contrast to the exact scaling relation postulated by Kolmogorov,
Theorem only requires an upper bound on the structure functions; we do not
assume (or indeed even conjecture) that the structure functions exhibit any pre-
cise scaling. The scaling assumption is fundamentally an assumption about the
compactness properties (encoded in two-point correlations) of the approximate sta-
tistical solutions, stating that if we can control the smallest scales by diffusion, the
large scales are expected to be reasonably well-behaved. This intuition is motivated
by numerical experiments presented in Sec. Bl We also note that the inequalities in
(#I0) can accommodate intermittency in the form of deviations for the standard
Kolmogorov determination of the exponent 1/3 for the structure function (Z.6]).

Remark 4.3. (Convergence without scaling assumption) Let T be concentrated
on a set of initial data G C L2, such that for any 7 € G there exists a strong (i.e.
Lipschitz continuous) solution u(z,t) for ¢ € [0,T]. Denote by .%; : G — L2 the
solution operator mapping @ + u(z,t) = % (), and let #» : G — L2, 1 — 2 (7)
denote the discretized solution operator. The corresponding (exact/approximate)
statistical solution is in this case given by the push-forward p; = % up, pd =
7 £, 1. From the definition (Z4) of the metric dr on L} (P), and the duality formula
23), we readily obtain the inequality

T
drun?) < | /g | 4() — S @) 2 () (4.11)

Since .% (@) is a strong solution for all @ € G, the pointwise convergence .7 () —
S () follows from the consistency and energy admissibility of the spectral vis-
cosity scheme (cf. Theorem 3.2 in Ref. 25) and weak-strong uniqueness (cf. Theo-
rem 2 in Ref. [0)). Hence, the integrand on the right-hand side of (£I1]) is uniformly
bounded and converges to zero pointwise, as A — 0. By dominated convergence the-
orem, it follows that pu2 — p; in L} (P). In particular, the approximate statistical
solution p2 computed by Algorithm Bl converges to the unique dissipative statis-
tical solution p; in this case, without any additional assumptions on the structure
functions.® In three dimensions, this implies the convergence approximate statisti-
cal solutions to the unique dissipative statistical solution under the assumptions of

2Tt can be shown that the convergence utA — ¢ in turn ¢mplies a uniform decay of the structure
functions as A — 0:24
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Corollary B] (short-time existence and uniqueness). In the two-dimensional case,
this shows the convergence to the unique dissipative statistical solution under the
assumptions of Corollary[3.2] (global existence and uniqueness for C1'¢ initial data).

4.4. Decay of energy spectrum

In this section, we will provide an alternative criterion to ensure convergence of
probability measures with respect to the metric (2.4)).

This criterion is motivated from well-known experimental and theoretical con-
cepts in the study of turbulent flows and is based on the energy spectrum F(u; K)
(K € Ny) associated to a vector field u, defined as

BwK)=3 Y k)P

K—1<|k|<K

Note that the kinetic energy is obtained as a sum

1 2
— = E(u; K).
2/D|u| dx K§:1 (u; K)

Given a probability measure p € P(L2), let us similarly define:

E(p K) = . E(u, K) du(u),
so that F(6,;K) = E(u; K), for u € L2. Finally, we denote by E7(u; K) the
time-integrated energy spectrum

T
Er(uiK) = [ B(uiK) at.
0

It is an experimentally observed fact?? that the typical energy spectrum of
turbulent flows with a sufficiently strong dissipation mechanism at small scales typ-
ically takes a shape similar to the one shown in Fig. [T} Visible are three parts of the
energy spectrum. The left-most part (small K') corresponds to large-scale features
for the flow, the middle part (intermediate K) is referred to as the inertial range,
while the right-most part (large K) may be referred to as the dissipation range.
The appearance of these three parts is heuristically explained as follows. Starting
from initial data (with a sufficiently fast decay of the energy spectrum) initially
fixes the large-scale features of the flow. Due to the nonlinear nature of the evolu-
tion equation, these large-scale features decay to smaller scales, corresponding to
energy cascading from small values of K to larger values of K. While a satisfactory
mathematical treatment of the precise nature of this energy cascade remains an
outstanding challenge, there is evidence by physical reasoning and as well as from
numerical and real-world experiments that typically the energy spectrum resulting
from this cascade process satisfies at least an upper bound of the form F(K) < K7,
for some fixed v that is associated with the nonlinearity. In the presence of a dis-
sipative mechanism acting on small scale features of the flow, this “free” energy
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cascade to larger values of K due to the nonlinearity is finally interrupted by the
dissipation. Thus, energy is dissipated at dissipative scales.

From this heuristic point of view, we would expect the large-scale features to
depend mostly on the initial data, while the decay of the energy spectrum at the
largest values of K can be controlled in a numerical approximation scheme by a
suitable choice of the numerical dissipation. On the other hand, there is no a priori
information on the decay of the spectrum in the intermediate, inertial range. Hence,
we make the following, rather natural, assumption,

Assumption 4.3. There exist 8 > 0 and constant C' > 0 such that the computed
energy spectra with Algorithm [L] scale as,

Er(u®, K)<CK™%, VYA >0. (4.12)
<

Under this assumption on the energy spectrum, we have the following conver-
gence theorem.

Theorem 4.4. If u2 is obtained by the spectral viscosity method through Algo-
rithm B21), and if the energy spectra Er(us; K) satisfy the inertial range Assump-
tion @3 with B > 1/2, then there exists a subsequence (not relabeled) A — 0 and a
time-parameterized probability measure p;, such that u? — pg in LH(P).

Proof. From Plancherel’s identity and Lemma [£.2] we have

T
Sf(,ut;T)2:/ /][ /|u(x+h)—u(x)|2dxdhdutdt
o JrzJB.(0)JD
T
S [ [ min(re? 1) a0 P dpe
0 L2 L

~ 72 Z K2?Er(u; K) + Z Er(pe; K).
K<1/r K>1/r

Hence, based on Assumption €3] we now obtain the estimate
ST < Y KK 4 Y K
K<1i/r K>1/r
~ 7,2(1 4 T,2B—3) 4 T‘2B—1

rmin(2’25_1), as 7T — 0.

~

Therefore, the scaling assumption on the average energy spectrum leads to the
uniform diagonal continuity:

Er(p® K) S K™% = S2(u:T) <rP712) i1 <28 < 3. (4.13)

From Theorem [Z4] we obtain compactness of the sequence u2. O
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Fig. 1. Typical energy spectrum for turbulent flows.

Remark 4.4. As indicated in Fig. [[[b), a convenient way to check the scaling
Assumption [£3]in practice is to consider the compensated energy spectrum, which is
defined as K7 E(K), where  is the (proposed) scaling exponent in the inertial range.
Proposition 4] says that if there exists v > 1, such that the compensated energy
spectrum K7 Er(uf; K) is uniformly bounded by a constant, and independently of
A, then {u8 | A > 0} is compact in L!(P).

Remark 4.5. If d = 3 and p = 2, then Kolmogorov’s theory states that for fully
developed turbulence S2 ~ /3. Based on our estimate, this requires 3 = 2. So
that the (expected) energy spectrum is F(K) ~ K28 ~ K—5/3_ Such an assumed
scaling is consistent with many real, as well as numerical, experiments reported in
the literature, and is sufficient for compactness in the space of probability measures
L{(P) (cf. Proposition {.4).

4.5. Lax—Wendroff type theorem

We have used a compactness argument to show that under some reasonable
hypotheses on the approximations, numerical solutions computed by the spectral
hyper-viscosity converge to a limiting time-parameterized probability measure. In
this section, we show that such a limit necessarily is a statistical solution of the
incompressible Euler equations in the sense of Definition B.11

Theorem 4.5. (Lax-Wendroff type theorem) Let u2 be computed by the spectral
hyper-viscosity scheme with initial data fi, and assume p2 — i in L} (P), as
A — 0. Then p; is a statistical solution of the incompressible FEuler equations with
wnitial data [i.

Proof. Fix k € N. Let ¢1,...,¢r € C®(D x [0,00)) be given solenoidal test
functions. Set ¢ = ¢1 ® - - ® ¢y, and denote V¥ = ¥ Let u® be obtained

T1yeey T, t"
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from the spectral method, with initial data @. Let us denote (u,¢) := [ pU-odr.
Then, as a consequence of Lemma [£.I] we can write

d
(U, 00) = (u, ) + (u @ U, V) + (B2, ),
where there exists L > 0 independent of A and the initial data @, such that the error
term E satisfies | E®|| -2 < CA(1+]||@||2.). Taking the product overi = 1,...,k,
we find

q & k
d—H 200 = [T ¢))

i=1 |j#i

(B, 0) + (F(u®), Vi) + (B2, 60)},

where F(u) := u®u. Recognizing the special structure of the empirical measure ;£

k,A kA

(£.0) as a convex combination, denoting by v*= =v,»" the k-point correlation

measure corresponding to £, we obtain from the above identity that,

/OT/Dk<yk,A7§1®...®€k>:at¢

+3 G @ F(E) @ ® &) Vo bdudt

+/ (26 @ @ &) ¢la,0)da
Dk

/ / w0 | (B2, 6:) duf dt. (4.14)

z 1=1 3751

The right-hand side can be bounded by

[/ 05" S TT00 sl s i

i=1 j#¢
which, by Lemma [Tl is further bounded by

T
<Coma [ [ ) ) ar

Note that if fi is supported on Bys(0) C L2, then it follows that u is supported
on B)s(0), as well. This is a consequence of the a priori L>-bound (Z5)). Hence the
error term in Eq. (£I4) is in this case bounded by CA, where C = C(¢, k, M, T)
is a constant independent of A.

Let us also note that the terms on the left-hand side of ([@I4]) converge strongly
in Lj , as A — 0. Indeed, it is not difficult to see that all terms on the left-hand
side, e.g.
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are admissible observables in the sense of (ZI2). For such observables, the Lj -
convergence of

has been established in Theorem [2.41 The same holds true for the other two terms
on the left-hand side.
Passing to the limit 2 — py, it thus follows that

T
/ / <Vfw7£1®®§k>at¢
0 Dk
A Wb @ RF(&) @ @ &)t Va,ddudt

"‘/ (TF & @ &) : ¢(x,0)dx = 0.
Dk

The fact that u; is concentrated on incompressible vector fields follows immedi-
ately from the corresponding property of the approximations utA (cf. Lemma BT]).
Furthermore, from Proposition [2.2] it also follows that the limit yu; is time-regular.
This finishes the proof that p; is a statistical solution of the incompressible Euler
equations with initial data f. O

Remark 4.6. It is straightforward to show that if y2 are generated from the
spectral hyper-viscosity scheme ([@I]), and if they satisfy the assumptions of The-
orem 5] the limit p; is in fact a dissipative statistical solution in the sense of
Definition 321

5. Numerical Experiments

In this section, we will present a suite of numerical experiments to demonstrate the
effectiveness of the Monte Carlo Algorithm [Tlin computing statistical solutions of
the incompressible Euler equations.

5.1. Implementation

For our numerical experiments, we use the implementation of the spectral hyper-
viscosity scheme (I provided by the SPHINX code, which was first presented
in Ref. 27, In SPHINX, the nonlinear advection term is implemented using the
O(N?log N)-costly fast Fourier-transform. Aliasing is avoided via the use of a
padded grid, as e.g. described in Refs. 27 and 26l The spectral scheme is imple-
mented based on the primitive variable formulation.

For the numerical experiments reported below, we use a spectral viscosity oper-
ator of order s = 1 (cf. Eq. (1)), with ey = ¢/N, € = 1/20 unless otherwise stated.
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The Fourier multiplier Q) is chosen with Fourier coefficients
~ 1—-N/|k]*> |k| > VN,
Qr =

0, otherwise.

corresponding to my = v/N.
For each sample, SPHINX solves the following system of ODEs for the Fourier
coefficients 4y, (t), |kloo < N of u(z,t) =37 _<n ay(t)etke:

~ . k®k> - € 2 ~
—u =—tk- (I — —5 | - (u®u),, — — max(|k|* — N,0) uy,
. (1= ) @o, — 5 max(h = N0} .

for |k|oo < N, k # 0. Here, T, denote the Fourier coefficients of the initial data. The
multiplication by the matrix (I — (k ® k)/|k|?) implements the Leray projection
onto divergence-free vector fields. The dot product with ik - (...) corresponds to
taking the divergence in Fourier space. We note that the zeroth Fourier component
of u is constant in time, reflecting conservation of momentum. In SPHINX, this
component is set equal to @y = 0. The above system of ODEs (&.1]) is integrated in
time using an adaptive explicit third-order Runge-Kutta method.

Although the theory of Sec. dlis valid for both two and three space dimensions
and the SPHINX code is available for both cases, we restrict our focus to two space
dimensions in this section, on account of affordable computational costs.

5.2. Flat vortex sheet

Vortex sheets occur in many models in physics and are an important test bed for
numerical experiments for the Euler equations, Ref. 25| and references therein. We
first consider a randomly perturbed version of the flat vortex sheet that corresponds
to the following initial data also considered in Ref. 25]

5.2.1. Initial data

Given a smoothing parameter p > 0, and a parameter 6 > 0 (measuring the size
of the random perturbation of the interface), this vortex sheet initial data is of the
form

7”0 () = P(UP (21, 22 + 05(21))), (5.2)

where P denotes the Leray projection, UP(z) = (Uf(z),US(z)) is the following

smoothened flat vortex sheet initial data:

tanh ("”%/4) @ <1/2),

B T

US(z) =0.
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and os(z) is a random function, which for a given (random) choice of parameters
at,...,0q € (0,9), Bi1,...,0B4 € [0,27), is defined by

os(x1) = Z ag sin(2rxy — Bi). (5.3)

k=1

We will also consider the discontinuous case of initial data that are obtained in the
limit p — 0 resulting in

11, (1/4 <z < 3/4),
UY(z) = (/4 <2 <3/4) U9(z) = 0.
—1, (otherwise),

For our simulations, we fix ¢ = 10 modes for the perturbations. The coefficients ay,
are drawn independently, uniformly in (0,1), and then multiplied by §. The coeffi-
cients [, are i.i.d., with a uniform distribution on [0, 27). The initial data for the
statistical solution ﬁg € P(L2) is defined as the law of these random perturbations.
It depends on the two parameters p > 0, § > 0. While p controls the smoothness
of the initial data, 0 measures the amplitude of the perturbation. We fix § = 0.025
in the following and consider different values of p. Note that the choice p = 0 cor-
responds to an initial measure supported on discontinuous flows with a very sharp
transition (see Figs. [2(a) and 2(b) for realizations (samples) of this initial data). In
Figs. A(c) and [2(d), we present the initial mean and variance that correspond to
the random variations of the initial interface location.

1.0
1.80
0.8 135
0.90
0.6 0.45
0.00
0.4 -0.45
-0.90
0.2 -1.35
-1.80
0.00.0 0.2 0.4 0.6 0.8 1.0

(a) ui-component (b) u2-component

1.0 :
0.900 0.288
0.8 0.675 . 0.256
0.450 0.224
0.6 0.225 . 0.192
0.000 0160
0.4 —0.225 . 0.128
~0.450 0.096
0.2 —0.675 . 0.064
0.900 0.032
0.0 0.0 0.000
00 02 04 06 08 10 0

.0 02 04 06 08 1.0

0.900
0.675
0.450
0.225
0.000
-0.225
—0.450
-0.675
—0.900

04 06 08 1.0

(¢) mean: uj-comp. (d) variance: uj-comp.

Fig. 2. [Initial data for the perturbed discontinuous flat vortex sheet (p = 0), samples for u1 2,
and mean and variance of uq.
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Clearly when p > 0, the corresponding initial data for every sample is smooth.
Consequently, smooth solutions of (LTIl) are well-posed and the spectral viscosity
method converges to this solution as N — c0? However for p = 0, which cor-
responds to the case of a discontinuous vortex sheet, there are no well-posedness
results even for weak solutions, as the vorticity corresponding to the initial datum
(for each sample) is a sign changing measure and does not belong to the Delort
Class. In Ref. 25, the authors had presented multiple numerical experiments to
illustrate the approximate solutions, computed with a spectral viscosity method,
may not converge (or converge too slowly to be of practical interest) for individual
samples (see Figs. [l and [0l of Ref. 25). Hence, it would be interesting to study if
approximate statistical solutions, generated by Algorithm 1] converge in this case.

5.2.2. Structure functions and Compensated Energy spectra

The convergence Theorem [£2] based on the compactness Theorem 22 provides
us with verifiable criteria to check convergence of Algorithm [l In particular, we
need to check certain decay conditions on the structure function (2.6]) for small
correlation lengths. To this end, we consider the following instantaneous version of
the structure function (2.4,

1/2
2,4 = — u(z)? zdu (u .
§28 () = ( / i /D ]é ) ) >> L (a4

Note that the above is a formal definition and it can be made rigorous in terms
of the time-dependent correlation measures. It is much simpler to compute the
instantaneous quantity (5.4) than the time-averaged version (2.6]).

Our objective is to check whether the structure function (Z.6]), or rather its
instantaneous version (5.4)), decays (uniformly in resolution A) as r — 0. Such a
decay would automatically imply convergence of the approximations to a statistical
solutions by Theorems and

Clearly if p > 0 in (22, the spectral viscosity method converges to the unique
classical solution as A — 0. Moreover, a straightforward calculation shows that the
structure function (54]) should scale as

S2P () =, VAL (5.5)

This is indeed verified from Fig. [B(a) where we plot the structure function (5.4
at t = 0.4 and p = 0.1 for different values of the mesh parameter. We see from this
figure that Sf”(f (1) = r%9) at fine resolutions, which is very close to the expected
value of 1 for the scaling exponent of the structure function.

On the other hand, for p = 0, corresponding to the discontinuous flat vortex
sheet, the lack of smoothness inhibits us from inferring a particular form of decay
of @) (or (&4)) a priori.

At least initially, calculations in Ref. 24] imply that Sf,’OA (i) ~ r2, for the
discontinuous flat vortex sheet. Surprisingly, we find from Fig. Bl(b) that at fine
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2(u)
2(u)

S,
S,

(a) p=0.1 (b) p=0.0

Fig. 3. Instantaneous structure function (54)) versus correlation length r for different resolutions
(N ~ A™1) for different values of smoothness parameter p, at t = 0.4.

resolutions, Sf”(f (1) &~ 7052 which agrees with the decay of the structure func-

tion of the initial data. Although we do not present the results there, we observe
that the structure function (2.4 scales as r% . with 6, > 0.5 for all ¢. This implies
an uniform decay of the structure function (Z8) and convergence of the approxi-
mations to a statistical solution of the Euler equations (III), even for this case of
discontinuous vortex sheet data. Note that the computed structure functions (5.4))
in Fig. Bl clearly satisfy the approximate scaling hypothesis ([{I0) and thus imply
convergence through Theorem

An alternative criterion for convergence of statistical solutions is provided by
the energy spectrum decay in the inertial range (£I2)). To check whether this cri-
terion is satisfied, we follow Theorem 4] and compute the following instantaneous
compensated energy spectrum

Cﬁt(HﬁK) = K"E(ut, K). (5.6)

Following the arguments in the proof of Theorem 4] we can relate the decay of the
instantaneous energy spectrum to the corresponding decay of the structure function
(E4) by a direct analogue of (Z13).

For p = 0.1 in (&2)), we plot the compensated energy spectrum CgA,o.4(Nt§ K) for
all K and at time ¢ = 0.4, with compensating factor v = 3 in Fig. dl(a). Note that
this choice of « is consistent with a decay exponent of 1 for the structure function
in (@I3), i.e. S2(ud;T) < r. We observe from this figure that as expected for this
case, the compensated energy spectrum is clearly bounded and in fact, decays faster
than the expected rate for the entire range of wave numbers.

On the other hand, we plot the compensated energy spectrum C2A70. 4 K) (526D
for the discontinuous flat vortex sheet case, i.e. p = 0 in (&2)), in Fig. @(b). In this
case, we expect from the structure function computations (see Fig. Bl(b)) that the
instantaneous structure function decays with an exponent of &~ 0.5. From (£13), we
see that this corresponds to the choice of v = 2 as the exponent of compensation in
(E5). Moreover, in Fig. @(b), we also plot the line corresponding to wave number
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Fig. 4. The instantaneous compensated energy spectrum Cﬁt (ut; K) (B6) for the flat vortex

sheet, at time ¢ = 0.4. Note different values of « for the smooth and discontinuous vortex sheets.

my ~ VN, which for the spectral viscosity method (@I represents the wave
number after which the spectral viscosity is activated and hence, demarcates the
separation between inertial and dissipation ranges. We observe from Fig. @|(b) that
the compensated energy spectrum is clearly uniformly bounded (in terms of the
resolution A) for the whole inertial range and for all resolutions A barring the
coarsest resolution, and decays fast in the dissipation range, although there is a
slight kink upwards at the very end of the dissipation range, almost at the grid
scale. This might be attributed to numerical errors, which are dominant at this
range. Translating these results to the energy spectrum, we see that the spectrum
decays as K2 in the inertial range uniformly with respect to resolution. Hence,
according to Theorems [£.4] and 5] the sequence of approximations will converge
to a statistical solution of (IIJ).

5.2.3. Convergence in Wasserstein Metrics

Given the computational results on the structure function and the compensated
energy spectra, results in Sec. [ clearly imply convergence of the approximations
p2, generated by the Monte Carlo Algorithm FE] to a statistical solution of the
incompressible Euler equations. Moreover from the discussion in Sec. 2l we should
observe with respect to the following Cauchy rates:

T
dp (i, i?) = / W, 127%) dt. (5.7)

Unfortunately, the calculation of the Wasserstein distance between probability mea-
sured defined on high-dimensional (or indeed oo-dimensional) spaces is a highly
non-trivial issue, which we cannot tackle with present computational resources.
On the other hand, one can compute finite-dimensional marginals of ([&.71) by
utilizing the complete characterization of L}(P) in terms of correlation measures
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Fig. 5. The Wasserstein distances between correlation marginals ka W1 (l/tAa’Ek,VtAg{Q’k)dx for

k=1,2,3, at time t = 0.4 with respect to resolution.

as given in Theorem 23] Following Ref. 16 (Theorem 5.7), one can prove that

WivesE vy de < Cown (uP, 12", ae. t (5.8)
Dk
Here, £ > 1 and Vf f is the kth correlation marginal corresponding to the approx-
imate statistical solution p£. Note that we consider instantaneous versions of the
Wasserstein metric (5.7)) for reasons of computational convenience.
We remark that computing the Wasserstein distances W (V,f g;k, Vﬁ $/ 2’k) for small
k is much more tractable. We have computed these Wasserstein distances using
the algorithm of Ref. [5l (as implemented in Ref. [I8) and the corresponding results
for k = 1,2,3, at time t = 0.4 for the discontinuous flat vortex sheet, i.e. p =
0 in (52) are presented in Fig. As seen from this figure, we observe a clear
convergence of these Wasserstein distances (in the Cauchy sense as in (5.8))) for the
one-point, two-point and three-point correlation measures, albeit at a slow rate for
the second and third correlation marginals. This, together with the results on the
structure function and compensated energy spectra, provides considerable evidence
that the approximate statistical solutions, generated by Algorithm [£.1] converge to
a statistical solution of (II]). Moreover, given Theorem 2.4 results shown in Fig.
establish convergence with respect to any admissible observable in the sense of
[@I2), corresponding of one-point, two-point and three-point statistical quantities
of interest. These include mean, variance, structure functions, energy spectra as
well as three-point correlation functions.

5.3. Sinusotdal vortex sheet

In this section, we will consider a random perturbation of the so-called sinusoidal
vortex sheet, i.e. the initial vorticity is concentrated on a sine curve. This test case
was extensively studied in a recent paper?® in the context of the numerical approx-
imation of weak solutions (in Delort class) of the two-dimensional incompressible
Euler equations. Whereas Ref. [26] considered the deterministic problem with fixed
initial data, we will here follow a statistical approach, considering an initial mea-
sure @ supported on small random perturbations of the sinusoidal vortex sheet. As
discussed in Ref. [26] due to inherent Kelvin—Helmholtz instabilities the computed
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numerical approximations for sinusoidal vortex sheet initial data experience vortex
sheet roll-up at ever smaller length-scales at increasing resolution A — 0 (and at
low diffusivity). These small-scale Kelvin—Helmholtz instabilities slow down, and at
even smaller values of A ultimately prevent the strong convergence of the numerical
approximants to a limiting solution. In this section, we will compare the convergence
properties of the deterministic problem with the corresponding perturbed statistical
approach. In contrast to the deterministic problem, the quantities of interest in the
statistical setting, such as the mean, variance (as well as higher-order correlations),
appear to retain some smoothness even after the complex vortex sheet roll-up. This
makes them amenable to numerical approximation, even though the deterministic
evolution cannot be stably resolved.

5.3.1. Initial Data

We fix a sinusoidally perturbed vortex sheet, where the initial vorticity is a Borel
measure of the form

wo=0(z—T)— dr,
T2
such that fTr2 wo dxr = 0, and up to a constant, wy is uniformly distributed along a
curve I', which is defined as the graph:
I'={(z,y) |y = dsin(27zx),z € [0,1]}.

We chose d = 0.2 for our simulations.
The numerical initial data is obtained from the mollification of this initial data
with a parameter p > 0. As a mollifier, we consider the third-order B-spline

80
U) = =

Next, we define ¢,(z) = p~24¢(|z|/p). The numerical approximation of the per-
turbed vortex sheet is now defined by setting

= / Yoz — y)wo(y) dy,
T

where p determines the thickness (smoothness) of the approximate vortex sheet.
The convolution at = (21, x3) € T? is evaluated via numerical quadrature:

(wo * 1) (x QZ% (&, 9(ENVI+ g (&),

—[(r+1)% —4(r+1/2)3 +6r% —4(r —1/2)% + (r — 1)3].

with & = x1 + ip/Q equidistant quadrature points in x1, and g(§) the function
whose graph is T'; i.e. g(§) = dsin(27€). We choose @ = 400 quadrature points. We
denote by U”(z1,z2) the velocity field such that div(U”) = 0 and curl(U?) = wjj.

Similar to the case of the flat vortex sheet, we carry out random perturbations
of the sinusoidal vortex sheet as follows:

7 (z) := P(UP (21, x2 + 05(x1)).
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Here, P: L2 — L2 denotes the Leray projection onto divergence-free vector fields,
and we again fix a random function os(z),

q
os(x1) = Z ag sin(2rxy — Bi),
k=1

depending on a parameter 6 > 0 and a choice of (random) coefficients aq, ..., a4 €
(0,9), B1,...,B4 € [0,27m). For our simulations, we fix ¢ = 10 modes for the per-
turbations. In practice, the coefficients ay, are first drawn independently, uniformly
in (0,1), and then multiplied by §. The coefficients gj are i.i.d., with a uniform
distribution on [0, 2m). The initial data for the statistical solution 8 € P(L2) is
defined as the law of these random perturbations. It depends on the two parameters
p >0, > 0. While p controls the smoothness of the initial data, é measures the
amplitude of the perturbation. We fix § = 0.003125 in the following and vary p as
a function of the grid size N. To approximate vortex sheet initial data, we must
scale p = p(N) with N, such that p — 0 as N — oo. We use p = 5/N for our simu-
lations. The additional diffusion parameter € of the spectral viscosity scheme is set
to € = 0.01. With this choice of parameters, we will drop the sub- and superscripts
and denote the initial data at a given resolution simply by 7z € P(L2).

5.3.2. Computation of individual samples

For any single realization of the random perturbation os(x), the resulting vorticity
of the initial datum (sample) is a positive measure, concentrated on a sine curve
(see Fig.[Ba) for horizontal component of velocity u;). Hence, any single sample of
the initial data in the Delort class. Therefore, by the results of Ref. 26l the approx-
imate solutions generated by the spectral viscosity method (&Il) will converge, on
increasing resolution, to a weak solution of (II]). However, as noted in Ref. [26] this
convergence can be very slow as the flow breaks down into smaller and smaller vor-
tices. In fact, this phenomenon is also seen from Fig. [ (top row), where we plot the
horizontal component of velocity u; at time ¢ = 1.2 and different resolutions. At this
time, the initial vortex sheet has rolled over and broken down into a succession of
small vortices, whose location and amplitude are different for different resolutions.
This very slow convergence is also displayed in Fig.[8(a), where we plot the Cauchy

’ 072 . 0.660 ' 0.0324
054 . 0.495 . 0.0288

’ A 036 0.330 p— 0.0252
. 0.18 . 0.165 . 0.0216
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Fig. 6. Initial conditions for the horizontal velocity u; for the sinusoidal vortex sheet.
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Fig. 7. Results at time T' = 1.2 for the horizontal velocity u; of the sinusoidal vortex sheet, at
different resolutions. Top row: Sample; middle row: Mean; bottom row: Variance.
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Fig. 8. Cauchy rates for the norm of the velocity field (,/u% —l—ug) for the sinusoidal vortex
sheet. Slope A is determined by a best fit. Left: Sample convergence rates at three different times
t =0,0.6,1.2. Right: Convergence of mean and variance at 7' = 1.2.

rates |Ju®(t) — uA/2(t)||L§, with u® denoting the approximate solution computed
with the spectral viscosity method ([@Il), for three different times ¢t = 0,0.6,1.2. As
seen from this figure, the rate of convergence decreases very rapidly and at time
t = 1.2, it appears as if there is no convergence on mesh refinement.

5.3.3. Structure functions and Compensated energy spectra

Given this apparent non-convergence of individual samples, it is pertinent to inves-
tigate if computing the statistics will be more convergent. To this end, we consider



Math. Models Methods Appl. Sci. 2021.31:223-292. Downloaded from www.worldscientific.com
by UNIVERSITY OF MARYLAND AT COLLEGE PARK on 03/13/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

262 S. Lanthaler, S. Mishra & C. Parés-Pulido

I
10 :
|
_ 0
3 w 10 :
Nl h%
—N=1024 !
N=512 1
N=256 \/ \
——N=128 |
o =N
10729 7 —= h~0.76 101 My =Ninax
1073 10-2 101 10* 102
r k
(a) Instant. structure function (G4 (b) Compensated energy spectrum (5.6
with v = 2.2

Fig. 9. The structure function and compensated energy spectrum for the sinusoidal vortex sheet
at time 7" = 1.2.

the initial data to be the initial probability measure ji. The mean and variance
(of the horizontal component ;) are plotted in Figs. [6(b) and [B(c). From this fig-
ure, we observe that the initial probability measure is concentrated on very small
perturbations of the underlying sinusoidal vertex sheet, as reflected in the initial
variance.

In order to investigate the convergence of approximations to the statistical solu-
tion, generated by Algorithm [£] we follow the template of the previous numerical
experiment and compute the (instantaneous) structure function (5.4)) and the com-
pensated energy spectrum (0.0) in Fig. @ From this figure, we observe that the
structure function at time ¢ = 1.2 scales with an exponent of ~ 0.7 at the finest
resolutions. From (£I3), this implies roughly a v = 2.4 in the scaling of the energy
spectrum (B.6). A better fit to the scaling of the energy spectrum is found with
v = 2.2. We plot the compensated energy spectrum with the latter value of « in
Fig. @(b). From this figure, we see that for the inertial range, the energy spectrum
clearly decays (faster than) a rate of 2.2. Thus, the assumptions of Theorems
and [£4] are satisfied and the approximations will converge to a statistical solution

of ([IIJ).

5.3.4. Convergence of observables and Wasserstein Distances

Given the results on the computed structure functions and energy spectra, the
approximations will converge. But is this convergence at a better rate than that
of single samples? To investigate this issue, we consider two different sets of com-
putations. First, we compute the mean and the variance of the velocity field at
different resolutions and plot them (for the horizontal velocity at time ¢ = 1.2) in
Fig.[[(middle and bottom rows). Clearly, the one-point statistics appear much more
convergent than the single sample results. The mean flow consists of a coherent set
of large vortices, which is in stark contrast to the large number of vortices formed
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for the sinusoidal vortex sheet at time ¢ = 1.2.

in the single sample simulations. Moreover, we also plot Cauchy rates for the mean
and the variance, corresponding to the norm \/u? + u} at time ¢ = 1.2, and dif-
ferent resolutions in Fig. B(b). Again, we observe that these one-point statistics
converge at a significantly faster rate than the single sample. These results indicate
that one can expect significantly better convergence of approximations for statistics
than for individual realizations of fluid flows, even if the initial probability measure
is a small perturbation of the underlying deterministic data and further reinforces
the results of Refs. [13] 25/ and [16] in this direction.

Finally, we plot the Wasserstein distances (5.8)) for & = 1,2, corresponding to
the one- and two-point correlation marginals, at time ¢ = 1.2, in Fig. [0l The
results clearly show convergence in these metrics at a significantly faster rate than
for individual samples and indicate possible convergence in the metric (24]) on
probability measures on L?.

5.4. Fractional Brownian motion

The study of the evolution of initial ensembles corresponding to (fractional) Brow-
nian motion stems from Refs. [46] and 48, where the authors model interesting
aspects of Burgers turbulence by evolving Brownian motion initial data for the
(scalar) Burgers’ equation, see Ref. [I5] for a more recent numerical study. Simi-
larly in Ref. [I6], the authors consider the compressible Euler equations with (frac-
tional) Brownian motion initial data. Following these papers, we will consider the
two-dimensional Euler equations (II]) with initial data corresponding to fractional
Brownian motion, i.e. the following initial data:

ug’H(w;x) = B (w; ), wg’H(w;x) =B (w;x). forweQ, zeD, (5.9)

where B¥ and BI! are two independent two-dimensional fractional Brownian
motions with the Hurst index H € (0,1). Standard Brownian motion corresponds
to a Hurst index of H = 1/2. The initial probability measure [ is the law of the
above random field.
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Fig. 11. A single sample of initial horizontal velocity u for the fractional Brownian motion initial
data (59) for three different Hurst indices.

To generate fractional Brownian motion, we use the random midpoint dis-
placement method originally introduced by Lévy2? for Brownian motion, and later
adapted for fractional Brownian motion, see Sec. 6.6.1 in Ref.

Considering fractional Brownian motion initial data (5.9) is a significant devia-
tion from the vortex sheet initial data in the following respects:

e For the vortex sheet initial data, the initial measure 1 € P(L2) was concentrated
on a 20-dimensional subset of L2 (corresponding to the choice of 20 free param-
eters ag, Bk). On the other hand, in the limit of infinite resolution (A — 0), the
fractional Brownian motion initial data corresponds to a measure concentrated
on an infinite dimensional subset of L2.

e For any 0 < H < 1, and for any sample w € €, the initial vorticity for (59 is not
a Radon measure. Consequently, the initial data does not belong to the Delort
class and there are no existence results for the corresponding samples. Hence,
fractional Brownian motion does not fall within the ambit of any of the available
well-posedness theories for two-dimensional Euler equations.

e The Hurst index H in (B3] controls the regularity (and also roughness) of the
initial data (pathwise). Roughly speaking, each sample is Hélder continuous with
exponent H. Hence, we can consider a very wide range of scenarios in terms
of roughness of the initial data by varying the Hurst-index H, see Fig. [l for
realizations of the horizontal velocity field for three different Hurst indices. In
particular, one can observe from this figure that lowering the value of H leads to
oscillations of both higher amplitude and frequency in the initial velocity field.

5.4.1. Structure functions and Compensated enerqy spectra

In order to verify convergence of the approximations, generated by Algorithm 1]
for the fractional Brownian motion initial data (59), we will check if the computed
structure functions (5.4]) decay uniformly with respect to resolution, on decreasing
correlation lengths. In Fig. (top row), we plot the structure function at time
T = 1 for three different Hurst indices of H = 0.75,0.5,0.15 and observe that
the structure functions indeed decay to zero at a certain exponent (independent
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Fig. 12. Instantaneous structure function (5.4) (top row) and compensated energy spectrum (5.6)
(bottom row) for fractional Brownian motion initial data with three different Hurst indices at time
T = 1. The compensated energy spectrum (5.6)) is computed with v = 1.3 (H = 0.15), v = 2.0
(H =0.5) and v = 2.5 (H = 0.75).

of resolution). These exponents are approximately 0.8 for initial H = 0.75, 0.6 for
the standard Brownian motion initial data (H = 0.5) and 0.55 for the initially
rough H = 0.15. These results indicate that the conditions of the compactness
Theorem are fulfilled and the approximations converge to a statistical solution
of (TI).

This convergence is further reinforced by the computed compensated energy
spectra (5.0]), at time T = 1, for the three different Hurst indices shown in Fig.
(bottom row). Based on the value of the Hurst index, we choose the compensating
index v = 2.5,2,1.3 for the H = 0.75, H = 0.5, H = 0.15, respectively. These values
of ~ are chosen to provide the correct scaling of the energy spectra at the initial
time ¢ = 0. As seen from Fig.[I2] the compensated energy spectra remain bounded
up to the final time t = T', independent of the spectral resolution. Hence, the energy
spectrum decays at least at the rate of K~7 for increasing wave number K, in the
inertial range. Consequently, we can readily apply Proposition[Z4land conclude that
the approximations, generated by Algorithm [£I] converge to a statistical solution,
for all three values of the Hurst index H in (59).

5.4.2. Convergence in Wasserstein distance

Next, we seek to verify convergence of observables (statistical quantities of interest).
To this end, we follow the previous section and compute the Wasserstein distances
Jpn Wl(yf a;k, VtA’ w/ 2’k)dx, corresponding to the k-point correlation marginals for the
three different Hurst indices of H = 0.75,0.5,0.15. In Fig. [[3] these metrics are
computed at time T" = 1, for £ = 1,2, corresponding to one-point and two-point

statistical quantities of interest. As observed from the figure, the approximations
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Fig. 13. Wasserstein distances [p; W1 (ytA,g’Dk, yﬁzm’k)dw for k =1 (top row) and k = 2 (bottom

row) for fractional Brownian motion initial data with three different Hurst indices at time ¢t = 1.

clearly converge in this metric for both one- and two-point statistics, at rates which
are independent of the underlying initial Hurst index. The two-point correlation
marginals appear to converge at a slower rate than the one-point Young measures.
These results validate convergence of all one- and two-point statistical quantities of
interest. Taken together with the results for the structure function, compensated
energy spectra and Theorem 2.2 they strongly suggest convergence in metric dr

@) on LL(P).

5.4.3. Comparison between incompressible cases and compressible cases

Very similar Brownian motion initial data as considered in this section have also
been considered to compute statistical solutions for the compressible Euler equa-
tions in Ref. 16l While the initial data is indeed very similar, and we observe similar
convergence rates in the Wasserstein norm, there appear to be important differ-
ences having to do with the different physical processes involved, and in particular
shock formation due to compressibility in Ref. [16l Indeed, the time-evolution in
the compressible case leads to formation of shock-fronts which sweep through the
domain, leaving behind smoother regions in the flow and colliding with each other
in the process. In Ref. [16] these shock fronts apparently lead to a dynamic regu-
larization of the flow (as measured by the exponent in the algebraic decay of the
structure functions). This regularization is clearly visible in the temporal evolution
of the algebraic decay of the structure functions (cf. Fig. 18 in Ref. [I6]). In contrast,
the incompressibility constraint appears to rule out a similar dynamical regulariza-
tion in the present numerical experiments (at least in the two-dimensional case).
Instead, we observe a largely uniform scaling of the energy spectra, without regular-
ization by the fluid dynamics (apart from the expected regularization by numerical
diffusion at high wave-numbers).
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5.5. Stability of the computed statistical solution

The afore-presented numerical experiments clearly validate the convergence theory
developed in this paper. Therefore, Algorithm 1] provides a practical way to com-
pute statistical solutions. We use this algorithm to study the sensitivity/stability
of the computed statistical solution in the context of the discontinuous flat vortex
sheet initial data (p = 0 in (.2))) to the following perturbations:

e Type of the initial perturbation, with respect to the underlying probability dis-
tribution.

e Type of underlying numerical method.

e Amplitude of the initial perturbation.

We start by changing the type of the underlying initial probability measure in
the flat vortex sheet initial data. Instead of choosing the i.i.d. random variables
ay ~ U[—1,1] according to a uniform distribution as before in (2], we choose
them from a normal distribution aj ~ N(0,1/3) with mean 0 and variance 1/3.
The mean and variance are chosen so the distribution’s mean and variance are
consistent with those of U[—1,1].

In order to compare the corresponding approximate statistical solutions, we
compute the Wasserstein distance [, Wl(y,f ok ﬁf m/ 2’k)dx, at different resolutions
A. Here, i is the statistical solution computed with normally distributed initial
data and ©® is the corresponding correlation measure. We set the initial pertur-
bation amplitude 6 = 0.05 in (B2, ¢ = 0.4 and k¥ = 1,2 and plot the computed
Wasserstein distances in Fig. [[4] (left column). As seen from this figure, the two
approximate solutions clearly converge to each other in this metric as the resolution
is increased. This indicates that the computed statistical solutions are stable with
respect to the variation of underlying initial probability measures.

Next, we consider if the computed statistical solution depends on the under-
lying numerical method. To this end, we compute the statistical solution for the
discontinuous flat vortex sheet initial data (52) with Algorithm ET] but replace
the spectral viscosity method with a finite difference projection method 3827 The
convergence of this method to a statistical solution is considered in a forthcoming
thesis*? We denote the computed statistical solutions with this method as y; A
and the corresponding correlation measures as v** and compute the Wasserstein
distance [, Wl(u,ff7 V:’f/Z’k)dx at time t = 0.4 and k£ = 1,2 and plot the results
in Fig. [l (right column). From this figure, we readily conclude that the statistical
solutions computed with the finite difference projection method converge to that
computed with the spectral viscosity method on increasing resolution. This strongly
suggests the stability of the computed statistical solutions to the underlying (con-
vergent) numerical method.

Finally, we compute approximate statistical solutions for different amplitudes of
the initial (random) perturbation in (5.2)) by taking different values of the pertur-
bation amplitude ranging from 6 = 0.05 to 6 = 0.05/32, corresponding to smaller
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Fig. 14. Stability of the flat vortex sheet (5.2) to perturbations. For k = 1 (top row) and k = 2

(bottom row) and at time ¢ = 0.4, we plot left column: Distance [5. W1 (l/tAg’Ek7 l?tAa’Ek)dx with o

the correlation marginal corresponding to a normally distributed initial measure in (52]). Right

column: Distance /Dk Wi (utAI’k,y;"zA’k)dm with v* the correlation marginal computed with the

finite difference projection method.

and smaller perturbations of the underlying flat vortex sheet. We computed the
statistical solution at the highest resolution of N = 1024 with m = N Monte Carlo
samples in Algorithm [£T1

First, we examine if there is convergence of the computed statistical solutions
as 6 — 0. To this end, we compute the instantaneous structure function (54) at
time T' = 0.4 for different values of § and plot the results in Fig. [[3l (top row, left).
Clearly, the computed structure functions are very close and decay with decreasing
correlation length with approximately the same exponent. Thus, we can appeal to
Theorem and claim that the approximate statistical solutions converge. This is
further reinforced when we compute the instantaneous compensated energy spec-
trum ([@I3) at time T = 0.4 and with v = 2. We observe from Fig. [B{top row,
right) that the computed energy spectra with different values of § are very close and
decay at the approximately the same rate. Hence, from Theorem[4.4] the underlying
approximate statistical solutions will converge.

After establishing convergence of statistical solutions when the amplitude of
perturbations in the initial datum (5.2]) is decreased, it is natural to ask what these
solutions converge to. One possibility is the initial discontinuous flat vortex sheet
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Fig. 15. (Color online) Stability of the flat vortex sheet (52) to amplitude of perturbations §.
Top row: Instantaneous structure function (G4) (left) and compensated energy spectrum (@I3)
with v = 2 (right) at time 7" = 0.4 for different values of §. Bottom row: Wasserstein distances
with respect to the stationary solution (orange) and reference statistical solution (blue) for the
1-point (left) and 2-point (right) correlation marginals.

itself. After all, setting p,d — 0 in ([B2]), it is easy to see that the discontinuous flat
vortex sheet is a stationary solution of the incompressible Euler equations. To check
if this stationary solution is indeed the zero perturbation limit of the computed
statistical solution, we compute the Wasserstein distances [}, Wl(uf”; , O(z)) dx and
/ p2 W1 (uﬁ ’a?,y’ da(z)a(y)) dx dy for different values of the perturbation parameter ¢
with t = 0.4 and k = 1,2. Here, @ is the stationary solution corresponding to the
flat vortex sheet initial data, i.e. p,d — 0. We display these distances in Fig.
(bottom row). We observe from this figure that there does not seem to be any
perceptible evidence of convergence to the stationary solution. This is consistent
with the findings in Ref. 25 where the authors had observed a non-atomic measure-
valued solution as the limit of the perturbations to the flat vortex sheet.

In order to further identify the limit of the computed statistical solutions as
§ — 0, we compute a reference solution ji°f, by setting § = % in (52) and
N = m = 1024 as the spectral resolution and Monte Carlo samples. We compute
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the Wasserstein distances [}, Wl(yi ok Vtre;k) dx for different values of the pertur-

bation parameter § with ¢ = 0.4 and k = 1,2. Here, v**f is the correlation mea-
sure, corresponding to the reference statistical solution. The distances, plotted in
Fig. MBl(bottom row), do decrease as ¢ is decreased, albeit at a slow rate. However,
this decrease is clearly visible when compared to the lack of convergence to the
stationary solution in the same figures. Thus, we have established that the com-
puted statistical solutions are stable with respect to the amplitude of perturbations
and moreover, converge to a probability measure that is different from the one
concentrated on the stationary solution.

6. Discussion

We consider the incompressible Euler equations (ILI)) in this paper. The existence
of classical (or weak) solutions is an outstanding open question in three space
dimensions. Although weak solutions are known to exist in two space dimensions,
even for very rough initial data, they may not be unique. Similarly, numerical
experiments reveal that standard numerical methods may not converge, or converge
very slowly, to weak solutions on increasing resolution.

Given these inadequacies of traditional notions of solutions, it is imperative
to find solution concepts for (LI)) that are well-posed and amenable to efficient
numerical approximation. In this context, we consider the solution framework of
statistical solutions in this paper. Statistical solutions are time-parameterized prob-
ability measures on L?(D;R?). Given the characterization of probability measures
on LP spaces in Ref. [14] these measures are equivalent to so-called correlation mea-
sures, i.e. Young measures on tensor-products of the underlying domain and phase
space that represent multi-point spatial correlations. Furthermore, we require sta-
tistical solutions to satisfy an infinite number of PDEs (see Definition B for the
moments of the underlying correlation measure. Hence, a statistical solution can be
interpreted as a measure-valued solution (in the sense of Ref. [IT]), augmented with
information about the evolution of all possible multi-point spatial correlations.

Our aim in this paper was to study the well-posedness and efficient numerical
approximation of statistical solutions. To this end, first, we had to characterize
convergence on a weak topology on the space L} (P(L?(D;R%))), under an assump-
tion of time-regularity on the underlying measures. Convergence in this topology
amounted to convergence of a very large class of observables (or statistical quanti-
ties of interest). We then proposed a notion of dissipative statistical solutions and
also proved partial well-posedness results for them in a generic sense, namely when
the initial measure is concentrated on functions sufficiently near initial data for
which smooth solutions exist. This led to short-time well-posedness if the initial
probability measure is concentrated on smooth functions. In two space dimensions,
we proved global well-posedness for statistical solutions when the initial data is
concentrated on smooth functions. Moreover, we also proved a suitable variant of
weak—strong uniqueness.
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Our main contribution in this paper is the proposal of an Algorithm ETl to
approximate statistical solutions of the Euler equations. This Monte Carlo type

136625 and is based

algorithm is a variant of the algorithms proposed recently
on an underlying spectral hyper-viscosity spatial discretization. Under verifiable
hypotheses, we prove that the approximations converge in our proposed topol-
ogy to a statistical solution. These hypotheses either rely on a suitable scaling
(or uniform decay) for the structure function, or equivalently, on finding an iner-
tial range (of wave numbers) on which the energy spectrum decays (uniformly in
resolution). These hypotheses are very common in the extensive literature on tur-
bulence (see Ref. 20 and references therein). A key novelty in this paper is the
rigorous proof of the fact that easily verifiable conditions on the structure functions
or energy spectrum imply a rather strong form of convergence for (multi-point)
statistical quantities of interest. For instance, we observe a surprising fact that a
bound on the compensated energy spectrum (5.6 implies that k-point statistics of
interest, even for large k, converge. The convergence results also provide a condi-
tional global existence result for statistical solutions in both two and three space
dimensions.

We present results of several numerical experiments for the two-dimensional
Euler equations. From the numerical experiments, we observe that

e Our convergence theory is validated by all the numerical experiments. The
assumptions on the structure functions and energy spectra appear to be very
clearly fulfilled in practice. Moreover, the computed solutions converge to a
statistical solution in suitable Wasserstein metrics on multi-point correlation
marginals. In particular, all admissible observables of interest such as mean,
variance, higher moments, structure functions, spectra, multi-point correlation
functions, converge on increasing resolution and sample augmentation.

e In clear contrast to the deterministic case where computed solutions may converge
very slowly even if one can prove convergence of the underlying numerical method
(see Ref.[26/and Fig. [, statistical quantities of interest seem to be better behaved
and converge faster.

e For our numerical examples, we observe convergence of approximations even when
the initial data was quite rough such as when the initial vorticity may not have
definite sign (as in the flat vortex sheet) or may not even be a Radon measure
(as in the fractional Brownian motion with any Hurst index H € (0, 1)). For such
initial data, the samples are not in the Delort class and the convergence (and
existence) theory for two-dimensional Euler equations is no longer valid. On the
other hand, we find neat convergence to a statistical solution.

e The computed statistical solutions where observed to be stable with respect to
amplitude and type of perturbations of initial data. Moreover, we observed that
two very different numerical methods converge to the same statistical solution
for a fixed initial data. This is in contrast to the deterministic case, where the
computed solutions can differ significantly.
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Based on the above discussion, we conclude that statistical solutions are a promising
solution framework for the incompressible Euler equations. In particular, there is
some scope for proving well-posedness results within this class, possibly with further
admissibility criteria. Moreover, numerical approximation of statistical solutions is
feasible with ensemble averaging algorithms. Statistical solutions can be a suitable
framework for uncertainty quantification and Bayesian inversion for the Euler equa-
tions and to encode and explain numerous computational and experimental results
for turbulent fluid flows.

There are several limitations in this paper, which provide directions for future
work. At the theoretical level, we seek to either relax the criteria on scaling of
structure functions or prove it. This will pave the way for global existence results.
Similarly, the weak—strong uniqueness results of this paper could be improved.

In terms of numerical approximation, the main issue with the Monte Carlo
type Algorithm ] is the slow convergence (in terms of number of samples). This
necessitates a very high computational cost, particularly in three space dimensions.
We plan to consider efficient variants such as multi-level Monte Carlo 192840 Quasgi-
Monte Carlo and deep learning algorithms3? for computing statistical solutions
of the incompressible Euler equations in three space dimensions, in forthcoming
papers.

Appendix A. Proof of Compactness, Theorem [2.7]

We first state the following uniform approximation principle, whose proof is an
exercise in general topology.

Lemma A.1. Let (X,d) be a complete metric space with metric d. Let K C X. If
for any € > 0, there exists a mapping i. : K — X, such that the image i.(K) C X
is precompact (i.e. has compact closure), and d(z,ic(x)) < € for all x € K, then K
18 precompact.

Proof of Theorem [2.T. We shall only use the implication (2) = (1) in the present
work. We prove this result here. For a proof of the converse, (1) = (2), we refer
instead to Ref. 24

Step 1: Fix a mollifier p. for € > 0. Define i, : P(L2) — P(L2) by mollification
against pe,

wla) = ie)(@) = [ pulwyutz =9 d.
Note that for any fixed € > 0, the image i.(Bas(0)) is precompact in L2. Let us
denote by i.# : P(L2) — P(L2) the push-forward mapping associated with the
mollification map i.. Note that, since all of the probability measures u € F are
supported on By (0) C L2, the corresponding push-forward measures u¢ := i.#pu
have support in the (compact) set i.(By(0)) C L2. In particular, this implies that,
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for fixed € > 0, the family F, := {u¢; u € F} is tight. By Prokhorov’s theorem, this
implies that F is precompact in the weak topology.

Step 2: We claim that there exists a constant C' > 0 (independent of F and € > 0),
such that

Wi () < Cuwle), (A.1)

for all 4 € F. Here, we recall that w(r) is the uniform modulus of continuity which
exists by assumption on F.

To see (A1), we note that given any Lipschitz continuous function F': L2 — R
with [|F||lLip <1, and g € F, we have

/ Fluydp — | Flu)du = / [F(ug) — F(u)] dp
L2 L2

L3

(HFIILEPSD
< | lue —ullgz dp

L2

x

(Jensern) 1/2
4
< K [ e =l du)
L2 “

x

1/2
/ / [ue(x) — u(z)|* dzdp .
2 JD
The last integral can be bounded using

[ue(@) — (@) < /B 0 pe(h)|u(z + h) — u()|* dh

< ][ lu(x + h) — u(@)|? dh,
B.(0)
where C? = ||p|| L~ depends only on the (fixed) choice of mollifier p. Thus,
/ e — u|? dr < 02/ ][ |u(z 4 h) — u(x)|?* dh dx. (A.2)
D D JB.(0)
It follows from the uniform modulus of continuity assumption on F that

F(u)dp® — / F(u)dp < Cw(e),
Lp Lp

for all F: L2 — R, with || F||Li, < 1. Taking the supremum over all such F on the
left and recalling the duality formula for the 1-Wasserstein distance W1, Eq. (23)),

we recover the claimed estimate (A)).

Step 3: To conclude the proof of this theorem, we note that by Steps 1 and 2, F
is uniformly approximated by precompact sets in the sense of Lemma [AJ] (with
X = P(L?) under the 1-Wasserstein distance, K = F and i.# : K — X the
pushforward induced by mollification), and hence is itself precompact. O
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Appendix B. Proof of Completeness of L} (P), Proposition [2.1]

Proof of Proposition [2.I1 We wish to prove completeness of the metric space
(L{(P),dr). Let uf* be a Cauchy sequence, i.e.

dr (i) = / Wi (3 1) dt — 0, as mun — oo,
0

It will suffice to prove that there exists a subsequence p,” with a limit u;, since
then
limsup dp (pf', p1e) < limsup dp(pf', 137 ) = 0,

n— 00 n,j— oo

by the Cauchy property.

We now choose a suitable subsequence (which we shall immediately rein-
dex), by requlrlng that dp(uP™,u?) < 277, for all n € N. It follows that
> nen dr(py L ur) <1, and thus

Z Wl n+l’ M;L)

is a convergent series in L([0,T)). In particular, this implies that
Z Wi (upt ut) < oo, for ae. t € [0,T).

For a.e. t € [0,T), we thus have that u}' is Cauchy in P(L2). Let u; denote the limit,
which is defined a.e. on [0,7T). To see that ¢ — p; is weak-+ measurable, we note
that for any F' € Cyp(L2), we have that ¢ — (u}', F') is measurable, and converges
almost everywhere to (u, F'). It follows that also ¢t — (u, F') is measurable. By
definition, this means that ¢ — pu; is weak-* measurable.

To show that u? — p; in L} (P), we note that for almost every t € [0,7T), we
have

441 (M?v ,ut) = rr}gnoo Wi (:u?7 ‘u;n)

< k-‘rl k
- rr}gnoo Z Wl 7'ut)

=N

zwl i

Integrating over [0,T), it follows that

(s ) ZdT k“,ut <27 —0, asn— oo.
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Appendix C. Proof of Time-Compactness, Theorem

Lemma C.1. If & € L}(P) is a uniformly time-reqular family for which there
exists a modulus of continuity w(r), such that

S2(pi,T) <w(r), VA>0
and if there exists M > 0, such that

/2 [Jwl L2 duf(u) < M, for ae. t €[0,T), YA >0,
L(I‘r

then t — p is L'-equicontinuous, in the sense that for any e > 0, there erists
6 > 0, such that if h < 0, then
T—h

Wi (ulp, ul)dt < e, ¥ A >0,
0

Proof. Since p2 is uniformly time-regular, by definition, there exists L > 0 and
C > 0, and transfer plans wﬁt between p5 and p2, such that

/ lu— vl - dy(u, v) < Clt — .
L2xL2 *
We note that by definition of W; as the infimum over all transport plans, we have

A A A
Wi (1) < / lu— o2 dr ().

L2 xL2

Integrating in time, we thus find

T—h A A T—h A
Wi (:ut—i-h: py ) dt < / / llu — U”Lg d77t+h,t(ua v)dt.
0 0 L2xL2

Our goal is to show that the last term converges to 0 as h — 0, uniformly for all
A > 0. Fix € > 0, arbitrary. We want to find § > 0, such that h < § implies

T—h
/0 /L2 1 [lu— v||Lg dﬂ'tA_._h,t(u,v) dt <e, VA>DO0. (C.1)

Given u € L2, let u, := p, * u denote mollification with a standard mollifier
pn(z) = n=%p(n~1tx) > 0, supported on a ball B, of radius 1 around the origin.
Then for all u,v € L2,

lu—vllzz < llu—wunllez + llug —vyllizz + llog = vz,

together with the fact that projl#wﬁ_h,t(u,v) = uﬁh(u) and projg#wﬁ_h,t(u,v) =
p2 (v), implies that

T—h N
/0 /L =l dniy (u,v) dt
XLz

T—h
S/ / |w—unllL2 dpesn dt
0 L2
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T—h
[ el and, e
0 LiXLi
T—h
—|—/ /Hv—vnHL%d,utdt
0 Lﬁ
T
<2 [ -l duod
o Jr2

T—h A
+/ / [Jun — UnHLg dmiyp, dt.
0 L2xL2

Using the decay of the structure function, we have for all A > 0:

T T
[ el dutwyar < ¢ [ i) ai
o Jr2 0
= C'VTS2 (g, T) < C'VTw(n),

where the constant C’ = ||p|| . Next, we note that since H! ‘o3 L2<sH-L it
follows from a result originally due to Lions (cf. p. 59 in Ref. 31l Lemma 5.1, p. 58
in Ref. 32, or Lemma 8, p. 84 in Ref. 47) that for any given n > 0, there exists a
constant Q(n) > 0 such that

lullzz < w*llullm: + Qllull e, Vu e Hy. (C.2)
Thus, using also that [Ju, — vyllg1 < Cn~'Ju — v||L2, we can estimate
ll, — Un”Lg < 772”“77 - vn”H; +Q(n)|uy — UWHH;L
< Onllu — vz + QM)llu = vl -2
< On(flullez + llvllzz) + Q@mllu = vl =

Using this estimate, and the uniform time-regularity, we find

T—h A
L] vl dai

T
<20 ( /e dmu)) dt+ CQUI

uniformly in A > 0. By assumption, the first term on the right-hand side is bounded
by 2CnT M.
Combining these estimates, we find

T—h
L] vl drity it < Clutn) + 20070 +CQU.
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Given € > 0, we can first choose 1 > 0 sufficiently small so that C'w(n) + 2nTM <
€/2. This fixes a value of Q = Q(n) according to Lions’ estimate (C.2). Next, we
set 0 := ¢/(2CQ). Tt then follows that for h < &, we have

T—h
/0 /L vl dnfy < e VA >0,
.T>< xT

Thus, given € > 0, we have found § > 0, such that for all h < §, we have (CI).
This is what we set out to prove, and concludes our proof of the L'-equicontinuity
of uf. O

Next, we note that for any 0 < a < T', we can associate to any pu; € L*([0,T); P)
a My € LY([0,T — a]; P), by defining

1 a
Ma/.Lt = E/O Hi+h dh. (03)

The expression on the right-hand side is a straight-forward adaption of the Bochner
integral for L} (P)*¥ It is then easy to show that

1 a
W (Moo, ) < = / Wi (st o0) .
0

Fix Th < T'. Integrating in time over [0,7}], it follows that

1 a
dr, (Mg, i) < 5/ dr, (ftth, pie) dh, (C.4)
0

for all sufficiently small a > 0. In particular, the following lemma is now immediate
from this estimate and Lemma [C.T]

Lemma C.2. If uf is a equicontinuous family, as in the conclusion of LemmalCI]
then for any € > 0, we can find & > 0, such that for any a < 8, we have

dr, (Map, 1) < e, VA >0.
Thus, the family { M,u2} aso is a uniform approzimation of {u} a0, in this case.

To show that {12} a0 is relatively compact in L*([0, T1]; P), it will thus suffice
to prove that {M,uf}aso is relatively compact, for any given (fixed) a > 0. This
is a consequence of the following lemmas and the Arzela—Ascoli theorem.

Lemma C.3. Let Th < T, and fir 0 < a < T —Ty. Under the assumptions of
Theorem 22}, the family M,u2 is equicontinuous with respect to the Wi-norm, i.e.
for any € > 0, there exists § > 0, such that

Wi (Mapuf, Map) <€, if |s —t] <.

Proof. Fix a > 0. Let € > 0 be given. By assumption on the uniform decay of
the structure functions S?(uf,T), it follows from Lemma [C1] that the p are
L'-equicontinuous. Thus, we can find § > 0, such that

T—h

Wiy, ) dt < ae, YA >0,
0
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whenever h < §. Given h < §, we note that for any 1-Lipschitz continuous ® : L2 —
R, we have

/‘I’(U)d(MaMtAHL Mapp) = // d(ftt+hts — pets) dt
L2 L2

< —/ Wit rhts, Beys) ds
aJo

<= Wil s ps) ds
aJo

< €.

Taking the supremum over all 1-Lipschitz continuous ®, we conclude that
Wi (Mo, Mops) < e, YA >0,

whenever h < . Thus, t = M,u is equicontinuous as an element of C([0,T —
hl; P(L2)). O

Lemma C.4. Let Th < T, and fir 0 < a < T —Ty. Under the assumptions of
Theorem 22 and for any t € [0,T1], we have that

{Map® |A >0} € P(L3)

1s relatively compact.

Proof. We note that for any 7 € [0,7}], we have

- / / /][ u(z + h) —u(z)|? dh dz dus, ds
L2 W
1/ / / ][ lu(z + h) — u(z)|* dh dz dug* dt
aJo L2 JD JB,(0)

1
- Lope
a
By assumption, there exists a modulus of continuity w(r), such that we have
S2(uf, T) < w(r), uniformly for all A. It follows that

IN

: ——ulr
SHMap2) < —=w(r).

Furthermore, it is clear from the definition of M,u2 (cf. Eq. (C3)), that if
u(Bar) = 1 for almost all ¢ € [0,T), then also M,u2(Bas) = 1. By Theorem 221}
it now follows that the family {M,u2 | A > 0} is pre-compact in P(L2). O

We are now in a position to prove Theorem
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Proof of Theorem By Lemmal[CT] the family p2 is equicontinuous in L (P)
(in the sense made precise in Lemma [C.1)). Then by Lemma [C.2] the mollifications
{Mou2 |A > 0}uso form a uniform approximation of {u®|A > 0},s¢ in the
sense of Lemma [AJl By the uniform approximation Lemma [A.Il to show that
{u | A > 0} is precompact it therefore suffices to show that for a > 0 fixed, the
set {M,u?|A > 0} is precompact. As was shown in Lemmas [C:3] and [C14] the
mollifications ¢ — M, u# satisfy:

e The mappings t — Ma,utA are (pointwise) equicontinuous with respect to A > 0,
with values in the metric space P(L2),
e For each t € [0,T1], the set

{Mapg* |A >0} € P(L3)
is precompact.

Since P(L?) is a complete metric space under the Wj-metric, it follows from
the Arzela-Ascoli characterization of compact subsets of C([0,T1];P(L2)) that
{M,u2 | A > 0} is precompact in C([0,T1]; P(L2)), and hence in particular that
{M,u2|A > 0} C LY([0,T1];P) is precompact. By the uniform approximation
lemma, we conclude that we also have that

{ur 1A >0} c L'([0,T1]; P)

is precompact for any 77 < T

To conclude the proof, we note that the same argument also applies when time
is reversed (or defining the regularization M,u2 by averaging over the interval
[t — a,t], rather than over [t,t + a]). This implies that also

{ur 1A >0} Cc LY([T - T1,T); P)

is precompact for any 77 < T. Combining these results (e.g. setting Ty = T/2), we
finally conclude that

{ur|A >0} c L'([0,T);P)

is precompact. O

Appendix D. Proof of Proposition

The following lemma provides an estimate for the expected error that is introduced
when mollifying random samples from a time-dependent probability measure:

Lemma D.1. There exists C > 0, such that if uy € L}(P) has structure function
S2(pt, T), bounded by a modulus of continuity w(r), i.e.

S?(,uth)Z < w(r)7
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then for any € > 0, we have

T
/ / / [ue — ul® da dpe (u) dt < Cuw(e).
o Jr2Jp

Proof. Follows directly from estimate (A.2). O

Proof of Proposition To prove Proposition and according to the defi-
nition of time-regularity Definition 2221 we need to show that there exists a map
(s,t) = w5t € P(L2 x L2), which defines a transport plan from p, to pu, and sat-
isfies the H~L-estimate of Deﬁnition 22 A proof of existence of such 7, will be
achleved by viewing each 773 , as an element of P(H L x H; L), and observing that
the 75, are concentrated on the compact subset BM(O) x By(0) € H;E x HL
for almost all s,t. Let us now choose a sequence Ay — 0. By assumption, for each
k € N, there exists a subset I;, C [0,T) of full Lebesgue measure, such that 77?{“ is
concentrated on By (0) x By (0) € H; L x HZF for all s,t € I, and satisfies

/p = vl dn (o) < Cle =, (D.1)
.TX xr

Let I = (\po; Ix. Then I C [0,T) is of full Lebesgue measure, and wﬁg“ is concen-
trated on Bys(0) x By (0) € Hy L x H L for all s,¢ € I and (D.0)) is satisfied for
all s,t € I, uniformly for all kK € N.

Fix now s,t € I. Since the 7 Ak are concentrated on Bps(0) x Bp(0) C
H L x H- %, the sequence 7rs7t"‘ is tight in P(H, % x H; %) (and hence relatively
compact under weak convergence by Prokhorov’s theorem). We can pass to a weakly
convergent subsequence w:: 7 in P(H;L x H; %) such that w:: 7 gy, for some
Tt € ’P(H’L x HL). Then, by definition of weak convergence, we have for any
F e Cb( ) that

/ F(u)dms(u,v) = lim F(u )d7r ¥ (u,v)
HytxHE I H xS T

= lim F(u) dwﬁfj (u,v)

| —>
J7e JL2xL2

= lim F(u) dufki (u,v)

j—
J=ee Jr2

/ Pl ()

When passing to the limit in the last step, we have used the convergence usA’ — s as
elements of P(L2), as well as the fact that if F' € Cy,(H, *), then the restriction F|2
to L2 is in Cy(L2). It follows from [ F(u)dms(u,v) = [ F(u)dus(u) for all F €
Cb( ~L) that proj; #ms+ = ps. A similar argument shows that also pI'O_]Q#ﬂ'S =

In particular, this also implies that 7, is in fact concentrated on L2 x Li.



Math. Models Methods Appl. Sci. 2021.31:223-292. Downloaded from www.worldscientific.com
by UNIVERSITY OF MARYLAND AT COLLEGE PARK on 03/13/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

Statistical solutions of the incompressible Fuler equations 281

Indeed, denote X = L2 C H, L. Then the complement of the Cartesian product
X x X in H; b x HF satisfies (X x X)¢= X¢x H; L UH_ L x X¢. This implies
that

Tt (X x X)) < g o( X x HyB) +7mg o (H ¥ x X©)
= s (X) + pe(X°)
=0.

In the above estimate, the equality on the second line follows from the fact that
Proj, #ms: = ps and projy#me: = p¢, and the last equality follows from the fact
that p, ¢ are supported on X = L2 C H L.

Furthermore, for any fixed v > 0, (u,v) — F,(u,v) = min(y, [|[u — v/ 5-z) is
a continuous bounded function on H; % x H; L. We can choose v > 0 sufficiently

large so that F, (u,v) = [[u — vz for (u,v) € Bar(0) x Ba(0). It follows that
/ lu = vl -z drs ¢ (u,v) = / Fy(u,v) dms ¢ (u,v)
L2X L2 * HyExH;*

NS
=1 E !
JLIEO H;LxH;I‘ V(U,’U) dﬂ-s,t (U'7U)

< sup/ lu— vl -z dﬂﬁt’“(u,v)
k JL2xL2 ’

< Cls —tl.

Since s,t € I were arbitrary and as I C [0,7) is of full Lebesgue measure, we have
thus shown that for almost all s,¢ € [0,T), there exists a transfer plan 7, ; from s
to u; satisfying the assumptions of Definition This shows that the limit p; is
itself time-regular. O

Appendix E. Proof of Theorem [2.4]

We now come to the proof of compactness in L}(P), for approximate statistical
solutions u2.

Proof of Theorem [2.4l The compactness property follows easily from Theo-
rem 222 above. We only provide a proof of strong convergence of the observables
here. We drop the subscript j in the following, and assume that A — 0 is a sequence
such that g2 — p; in L} (P). We recall that by the assumption of this theorem, there
exists M > 0, such that u£ (Bys(0)) = 1, for all A. Fix now g € C([0,T) x D* x U*)
as in the statement of the theorem. Denote

UA(t, ) o= (b gt 2,€), Ult,x) = (U, glt, ).

By the assumed bound on g(t,z,¢), we have U2, U € L'([0,T) x D¥). Given
u € L2 and € >0, let ue denote the mollification of u. For fixed ¢ > 0, and
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x € D¥, the mapping L2 +— UF, u + wuc(z) is continuous and bounded on
By (0) € L2, and so is u — g(t,z,uc(x)). Here we recall that in our notation,
ue(z) = (uc(xy),...,uc(zy)) € U* for x = (xq,...,2x) € D*. We claim that for
fixed € > 0, z € D*, the function

Fpe(u) :==g(t, z,u(x)), satisfies Fy . € Cy(Ba(0)). (E.1)

Indeed, using the assumed Lipschitz bound on & — g¢(t,z,&), we find for u,v €

Bp(0) from (Z12), I13):
|Fr6(u) _FI,E(UN

= |g(t,x,u€(x)) - g(tvxvvf(x)”

k
< Czﬂi(ue(x),ve(x))\/l + Jue (@) [? + [ve (i) [P [ue (i) — ve (i)

Using the Holder estimate |ue(x)| < [|pe||r2 [|ul[z2 for the point-values of the molli-
fication, it follows that

|Fo,e(u) = Fue(v)] < Ck(ID| + 202 pe||22) "l pellzllu = vllza,  (E2)

for all u,v € Bps(0); this implies that u — Fy (u) is Lipschitz-continuous on
BM (O), with

1Fo.clluip < CR(ID] +2M|lpel|Z2)" =%l pell 2.

The previous observation allows us to define
UA(ta) = [ gftauale) duf(w)
L3

and similarly U, (t, ) for ;. Then, we have for any € > 0 and ¢ € L>([0,T) x DF):

/T/‘ [Ueﬁ(t,a:) — UA(t,$)]¢(t,x) da dt
0o JDk
T
T, u(x)) — z,u(x ) de dud (u
/0 Lg/[)k[g(t’ sue(x)) — g(t z, u(@))]o(t, ©) dv dpg (u) dt

</0T/Lg /Dk C|¢||Lff’zéni(ue(x)vu(x))

X VL a2+ Jue(o) Plue (i) — ul@:)| da dpg (u) dt.

According to  Definition  (ZI3), II;(uc(z),u(x)) depends only on
T1ye-.y Tim1,Tit1,---, Tk We can thus integrate over these variables to find

/ I (ue (), w(x)) dey - - - dai_y degyy - - dag, < (|D| 4+ 2M2)EL,
Dk—1
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for all u in the support of p2. Where we recall that 2 is supported on By (0) =
{llullzz < M}, by assumption. On the other hand, from Holder’s inequality, we
have

/ V1 a2+ ue(w) Plue(zi) — u(a)| dzi < (D] +2M%)2[lu — uel| 2,
D

on the support of u£*. Combining these estimates, we conclude that

/ T/ [US(t,x) = UB(t,2)] o(t,z) dw dt
o JD*

T
< Ol k(D] +2M2)1/2 / / lu— el 2 dpe (u)
0 Lﬁ

T 1/2
<a¢hmuun+mﬁf*”¢T<A‘LJW—uJ%d%¥Wﬁ> -

In the last estimate, we have used Jensen’s inequality. Finally, we recall that by
(A2)), there exists a constant C' > 0, such that

- 1/2
(/ / |u—u5|igduf<u>dt>
o Jr2 '
- 1/2
<C (/ / / ][ lu(z + h) — u(x)> dh dz du (u) dt)
o Jr2JpJB.(0)

= OS2(up; T).
We have thus shown that

T
| [ 0B - vS oo dede < Oz, 52052, 7),
0 Dk

where C = C(g, k, M, T) depends on the observable g(t, z, &), the number of point-
correlations k, the uniform a priori L2-bound M > 0, and the maximal time 7' > 0,
but is independent of A, ¢ and ¢.

Taking the supremum over all ¢ s.t. ||| L=< < 1 on the left-hand side, we obtain

IU2 (8, 2) = U (¢, 2)ll1y, < OS2, T). (E.3)

The same inequality holds also true for U(x,t), following the same argument but
dropping the subscript A in the above estimates. By Lemma [D.I] and the uniform
(in A) upper bound on the structure function, it now follows that there exists an
absolute constant C' > 0, such that

U2t 2) = UA(t,a)lp, < Cwle), [Uet,x) =Ut,2)|L;, < Cwle). (Ed)
From the convergence u2 — i, it furthermore follows that for any € > 0 fixed:

|US = Uellp:, =0, asA—0. (E.5)
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Indeed, this follows from the fact that

A _ u Au
U t) = [ Foelu) do (),

x

where Fj, .(u) has been defined in (EI) above, and the following estimate:

T
||UEA_U6||L;Z Z/Dk/o |U&(t,2) — Ue(t, )| dtda

T
_/m/o
T
S/ (/ ”Ff’fhipwl(uf,ut)dt) dx
Dk 0

T
< |D|kHFw,eHLip (/0 Wl(uf,ut)dt)

dt dx

| Pecwldnd () = daa)

By (E2), we have ||F} ¢||Lip < oo, so that last term converges to 0 as A — 0, as
follows from the fact that 2 — py in L'(P).

Thus, combining (E3)—(EXH), we find
10A(t,2) = Ut )l < 103 (t2) — UR (2l
+US(t,2) = Uelt, )] 2,
Ut 2) — U )
< 2Cu(e) + [UA () - Ualts )y
which implies that

limsup [U2 (¢, 2) — U(t, 2) || L1 ((o,1)x pr) < 2Cw(e),
A—0

for any fixed € > 0. Finally, noting that the left-hand side is independent of ¢, we
may let € — 0 to show that

limsup [|[UA (¢, z) — Ut,z)| 1 qo,myxp*) <0,
A—0

or, equivalently, that U2 (¢,z) — U(t,z) in L*([0,T) x D), as A — 0. O

Appendix F. Proof of Existence and Uniqueness, Theorem [3.7]

We will follow the notation used in Sec. Bl Before coming to the proof of Theo-
rem [3.I] we observe that

gn = U Br(ﬁ)/"(ﬁ)v 7"(5) = eiC(E)T.
vel
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In particular, G, is covered by the open balls B, (), (7). Since L2 is a separable
metric space, we can choose a countable subcovering, i.e. we can find a dense set of
initial data {%; };eny C C in such a way that

n = U BT(EI)/n(ﬂl)

i=1
g — L _c@or
=qu|IieNst. |[u—apz < —e i . (F.1)
)

Furthermore, choosing such a countable subset {ﬂ§">}i€N for each G,, n € N, and

considering finally the union U;‘;l{d")}@, we can in fact find a single countable
subset of C (not depending on n), such that (E.I) holds for all G,,, n € N.
After this preliminary observation, we now come to the proof of Theorem 311

Proof of Theorem B.Il Let i € P(L2) be given, such that i(G) = 1. The idea
of the proof is to first choose a countable set {; };cn satisfying (E) for all n € N,
and to observe that i can be well approximated by atomic measures of the form
p =, bz, We then use the regularity of the solution ¢ — wu;(t) of the Euler
equations with initial data u; to show that a dissipative solution u; exists and that
it is unique.

Construction of suitable approximants: For any n € N, let us first construct
a suitable approximant p("™ = fi, of the form

P =" oV, (F.2)
i=1

We define the coefficients a§">, as well as a decomposition G = |J;-_, S;, recursively
as follows: First, denote

- )

1 _
rfn) = Ze C@)T (F.3)
n

such that G, = J; B, (m (). Then we set
S(n) =B <n>(u1) ng,
E(n) S(" (F.4)
oy = p(sy")
and inductively
S = [ B, @\ n g,
Ez(’i)l = n) U Sl(Zlv

al('i)l = M(Sl(zl)

(F.5)
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Note that Si(n) can be thought of as the support of fi close to u;, and El(.n) keeps
track of the set that has already been assigned to w; for some j < i. By this
construction, we have

S'i(") N SJ(-n) =0, fori#j,

o (F.6)
Us =g
i=1
and furthermore
Sal =3 as) = @) =1,
i=1 i=1

(n)

for all n € N. Thus, setting fi; ~ := fi| g, it follows that

=1

(n)

i

(n

Since fi; ’ is supported in a small neighborhood of %;, we expect fi, ) ~ 0z, , and it

is now natural to define
oo
p) = Z ot b,
i=1
A dissipative statistical solution with initial data p(™ is given by

pgn) = Zal(.")éui(t).
i=1

In the following, we will show that (p§">)n:1,27.., is Cauchy for any ¢t € [0,T),
implying the existence of a limit p,g") — p¢. Since the definition of a dissipative
statistical solutions is linear in the probability measure, it is not hard to see that
such a limit p; must itself be a dissipative statistical solution. Furthermore, we will
show that the limit u, has iz as initial data. Finally, we will show that this p; is in

fact unique in the class of dissipative statistical solutions.

The sequence pgn) is Cauchy: Let m,n € N be arbitrary. Note that
g=Usm=Us",
i=1 i=1

implies that upon defining Sl-(zl’") = Si(m) N SJ(-n), we have

ij=1 j=1 i=1

Furthermore, the Si(?’") are pairwise disjoint by (EZ6). Thus, setting

o™ s= (™),
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we can define a transport plan m, € P(L2x L2) from pi™ € P(L2) to p\" € P(L2),
by

Tt = Z O‘E?’n)‘sui(t) ® 5”1‘(75)'

Note that if Si(zl’”) +# 0, then since 5™ B () (u;) and SJ(»”) C B, (T@j), we must
in particular have ’

Br<nz) (@) N BT@) (T;) # 0.
This implies that

I — a2 < rm 4 7’(”) < 2max(r (m),r§")).

Assuming now without loss of generality that the maximum is max(rgm),rg.”)) =

rgm), we find from the stability estimate for Lipschitz continuous solutions of the

Euler equations that

i t) — t < 2r: e = — < , .
[Jwi(t) — u;( )HL% = a7y m 2 max (m -

It follows that

Walp™, pi™)? < / = ][22 drmy(u,v)
L2xL2 )

= Za“”" i — w32

< 4 R E 1T,
max (m n) Oél}j

i,J

2
11
—4max<— —) .
m’'n

In particular, this shows that pt is Cauchy P(L2), and has a limit pﬁ") — L.

1t is a dissipative statistical solutions with initlal data i1z To see this, we first
note that the 2-Wasserstein distance between p(™ = p ) and it can be bounded by

Wap ™ < S0l [ =il di

i=1 L3

IN
KMS
o

0 e gn <N Lo L
7 /Lg[rl ] ul—;az TL2 ng'

Thus, pé") converges to fi. Since pﬁ") — ¢ uniformly for ¢ € [0,7), and each pin)

is a dissipative statistical solution, this implies that yu; is a statistical solution with
initial data f.
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4t is unique: Let iy be any dissipative statistical solution. We have to show that

(n)

1t = pe. To this end, we fix € > 0 for the moment. Since p; * — i, we have

Wape, fir) < €+ Wa(fie, pi™),
for all sufficiently large n. It will thus suffice to show that Wa(fi, pﬁ”)) can be made
smaller than any e for n large. We now fix n, such that 1/n < e. We will from now
on denote o; = a ) for i = = 1,2,.... Define a finite convex combination of Dirac

measures by

N

Pt = Z 0y, (1) + 00y (1)
i=1

where we set ap = ), v a4, and ug(t) = 0. Here, N is chosen sufficiently large to
ensure that

o = Z o; < 62/M2,
i>N

where M > 1 is chosen such that i(B$;) = 0. Such M exists by assumption on fi.
Note in particular, that for this choice of p;, we have

Wa(pe, i) < e,

for all t € [0,7).
Define now fi; € Ao, i) by

i = ﬂgn) fori=1,...,N, and
_ Z O‘l,ul; aO > O
fo = § @0 i>N
07 ap = 0.
Corresponding to this decomposition
N
L= T
i=0

and by assumption on the diffusivity of ji; (cf Deﬁmtlon B2), there exists a decom-
position fi;; of fig, such that for each i =0, ..

/OT /L /D[“ 010+ (u @) : Vol do dfti (u) dt

—/Li/Duw(x,mdxdm(u)
Vs et < o, a0

and
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Repeating the argument used in the proof of weak—strong uniqueness for measure-
valued solutions,® it follows from the fact that u;(¢) is a strong solution, that

[ = w0l i) < O =l dinw),

for almost all ¢ € [0,T), and all = 0,..., N. By our choice of fi;, which is supported

in B o) (W;) and 7"1( " = e=C@ )T /n, thls implies
" . 1
Waiisas b < [ |l =us(®)3 dive(w) < 25 < &,
L.’E
fori=1,...,N. For i =0, we have instead

Wa(fii,t, Ouy () < / [ = wi(t) 122 djti,e(u) < M?,
L2 S~~~ i

=0

by assumption on the L?-boundedness of 7.
We conclude that for almost all ¢ € [0,T):

N
Wa (Gt pr)? < aoWa(fio,t; Oug ()’ + Z aiWa(fiit, Ouyr))?
=1

SWM2+ZQG < 2¢2

and hence
Wa(fie, 1) < Wa(fie, 1) + Wa(pr. pi™) + Wa(pi™, 1)
< \/56 + e+ € < A4e.

Since € > 0 was arbitrary, it follows that Wy (s, pt) = 0 for almost all ¢ € [0,7T),
i.e. p¢ is the unique dissipative statistical solution with initial data . O
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