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Abstract. The spectral viscosity approximate solution of convex Hamilton–Jacobi equations
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1. Introduction. In this paper we consider the nonlinear Hamilton–Jacobi equa-
tions

∂tu (x, t) +H (x, t,∇xu (x, t)) = 0 in Ω× [0, T ] , 0 < T < ∞,(1)

u (x, 0) = ϕ (x) in Ω, ϕ ∈ L∞ (Ω) ,

with Hamiltonian H (x, t, p) strictly convex with respect to x and p:

αI ≤
(

Hxx Hxp

Hpx Hpp

)
≤ βI (0 < α, β < ∞) ,(2)

where I denotes a unit 2d × 2d matrix. We also assume that Ω = [0, 2π]
d
, d =

1, 2, 3, . . ., the initial condition ϕ (x) , and the Hamiltonian H (x, t, p) are 2π-periodic
in x.

Equations of Hamilton–Jacobi type arise in many areas of application, including
the calculus of variations, control theory, differential games, image processing (see,
e.g., [17], [21]). The generalized solutions to (1) are Lipschitz continuous (hence dif-
ferentiable almost everywhere), but may have discontinuous derivatives, regardless of
the smoothness of the initial condition ϕ (x) [17]. Solutions with such discontinuities
are not unique. The definition of the viscosity solution to (1), its well-posedness (in
L∞) and other properties were formulated and systematically studied by Kruzhkov,
Lions, Crandall, Evans, Souganidis, and others [12], [17], [6], [8], [23]. Following
these results, first and higher order numerical methods were developed for Hamilton–
Jacobi equations: finite difference methods ([7], [23], [20], [10], [15], [16]), finite volume
methods ([1], [13]), finite element methods ([3], [9], [14]). Recently, Lin and Tadmor
provided the convergence framework for general approximate solutions of multidimen-
sional Hamilton–Jacobi equations [15], which we use in the paper.

In this paper we suggest the numerical solution of the 2π-periodic initial value
problem (1) in Rd (d ≥ 1) by a spectral viscosity method. We prove (see Theorem
5.2) that the numerical solution converges to the exact unique viscosity solution of
(1) and obtain the L1-convergence rate of the order 1 − ε ∀ε > 0. The spectral
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viscosity method was introduced and analyzed for scalar conservation laws and certain
hyperbolic systems of conservation laws by Tadmor and his coworkers (see, e.g., [24],
[22], [25], [5], [19], [18]). In the one-dimensional case the derivative of the viscosity
solution of convex Hamilton–Jacobi equations (1) is equivalent to the entropy solution
of scalar conservation laws. However, in the multidimensional case the gradient of the
viscosity solution of (1) satisfies a weakly hyperbolic system of conservation laws [12],
[17], [11], for which the convergence of the spectral viscosity method was not proven.

The following abbreviations are used throughout this paper:

∂t =
∂

∂t
, ∂s

j =
∂s

∂xs
j

, ∂2s
jk =

∂2s

∂xs
j∂x

s
k

, ∂s
x = (∂s

1 , ∂
s
2 , . . . , ∂

s
d) ,

∂x = ∇x, D2
x is a matrix with entries ∂2

jk.

To solve the (1) by a spectral viscosity method we approximate the spectral (pseu-
dospectral) projection of the viscosity solution PNu by anN -trigonometric polynomial

uN =
∑

|ξi|≤N

ûξ(t)e
iξ·x,(3)

which is governed by the semidiscrete approximation

∂tuN (x, t) + PNH (x, t,∇xuN (x, t)) = εN

d∑
j=1

∂2
jQ

j
N (x, t) ∗ uN (x, t).(4)

Together with one’s favorite ODE solver, (4) gives a fully discrete method for the
approximate solutions of (1).

Following [5], we use the spectral viscosity εN
∑d

j=1 ∂
2
jQ

j
N (x, t) ∗ uN (x, t). We

show that the spectral viscosity is small enough to retain the formal spectral accuracy
of the overall approximation, while sufficiently large to enforce the uniform stability
and L1-convergence of the approximation uN (x, t) to the unique viscosity solution
(see Lemma 3.1, Lemma 3.2, and Theorem 5.2). It consists of the following three
ingredients:

(i) a vanishing viscosity amplitude εN ,

εN ∼ N−θ, θ ∈ (0, 1) ;(5)

(ii) a viscosity-free spectrum of size mN � 1.
For the proof of W 1,∞-stability of uN and convergence of the truncation error to

zero, it is enough to take mN ∼ N δ, 0 < δ < θ, while for the proof of semiconcave
stability, and hence, convergence we use

mN ∼ Nθ/4

(logN)
1/4

;(6)

(iii) a family of viscosity kernels Qj
N (x, t), activated only on high wave numbers ‖ξ‖ =(∑d

i=1 ξ
2
i

)1/2

≥ mN , such that

Qj
N (x, t) =

∑
|ξi|≤N, ‖ξ‖≥mN

Q̂j
ξ(t)e

iξ·x,

εN

d∑
j=1

∂2
jQ

j
N (x, t) ∗ uN (x, t) = −εN

∑
|ξi|≤N, ‖ξ‖≥mN

 d∑
j=1

Q̂j
ξ(t)ξ

2
j

 ûξ(t)e
iξ·x.(7)
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Here we take the Fourier coefficients Q̂j
ξ(t) such that Q̂j

ξ(t) = Q̂j
p(t), when ‖ξ‖ =(∑d

i=1 ξ
2
i

)1/2

= p,

Q̂j
p(t) = 0 ∀p < mN ,(8)

1− Const
m4

N

p4
≤ Q̂j

p(t) ≤ 1 ∀p ≥ mN ,

Q̂j
p(t) ≤ Q̂j

p+1(t).

Define also

d∑
j=1

∂2
jR

j
N (x, t)∗ = ∆−

d∑
j=1

∂2
jQ

j
N (x, t) ∗ .(9)

Then we may rewrite the semidiscrete approximation (4) as

∂tuN (x, t) +H (x, t,∇xuN (x, t))− εN∆uN (x, t)(10)

= (I − PN )H (x, t,∇xuN (x, t))− εN

d∑
j=1

∂2
jR

j
N (x, t) ∗ uN (x, t).

The convergence analysis of the spectral viscosity method is based on its close resem-
blance to the vanishing viscosity approximation

∂tuε(x, t) +H (x, t,∇xuε(x, t))− ε∆uε(x, t) = 0.(11)

Here u(x, t) = limε→0 uε(x, t) in W 1,∞ is the unique viscosity solution.
The paper is organized as follows. In section 2 we obtain the Lp-estimates

(1 ≤ p ≤ ∞) of the terms on the right of (10). These estimates enable us to show
in section 3 that the spectral viscosity approximation uN (x, t) and its gradient re-
main uniformly bounded with the growth of N. In section 4 we prove the semiconcave
stability of the approximate solution. Combining this result with the decay rate of the
truncation error, obtained in section 5, and applying Lin–Tadmor convergence theo-
rem [15], we conclude the convergence of the method and obtain its L1-convergence
rate (Theorem 5.2).

2. Preliminary estimates. In this section we will estimate the two terms on
the right of (10).

In view of Theorem 9.1 of [26] ∀p ≥ 1 we have∥∥∥∥∥∥εN
d∑

j=1

∂2
jR

j
N ∗ uN

∥∥∥∥∥∥
Lp(x)

≤
∥∥∥∥∥∥εN

d∑
j=1

∂2
jR

j
N

∥∥∥∥∥∥
L1(x)

‖uN‖Lp(x) ,(12)

∥∥∥∥∥∥εN
d∑

j=1

∂2
jR

j
N ∗ uN

∥∥∥∥∥∥
Lp(x)

≤
∥∥∥∥∥∥εN

d∑
j=1

∂2
jR

j
N

∥∥∥∥∥∥
Lp(x)

‖uN‖L1(x) .(13)

Lemma 2.1.

d∑
j=1

∥∥∥−εN∂2s
j Rj

N (x, t)
∥∥∥
L1(x)

≤ C0εN ms
N logN ≤

 C1
logN
Nθ , s = 0,

C1

(
logN
Nθ

)3/4

, s = 1,
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where s ∈ {0, 1} ; C0, C1 do not depend on N.
Proof. This lemma corresponds to Lemma 3.1 in [5].
Lemma 2.2.

d∑
j=1

∥∥∥−εN∂2s
j Rj

N (x, t)
∥∥∥
L∞(x)

≤ C0εNm2s+2
N logN ≤

{
C1

(
logN
Nθ

)1/2

, s = 0,

C1, s = 1,

where s ∈ {0, 1} and C0, C1 do not depend on N.
Remark. Lemma 2.2 is a multidimensional generalization of Lemma 3.1 in [25].
Proof. By (9) and (8) for q = 2 and |ξ| = p

R̂j
p(t) =

{
1 if p < mN ,

1− Q̂j
p(t) ≤ Const

(
m2

N

p2

)q

if p ≥ mN .

Then for s ≥ 0∥∥∥−εN∂2s
j Rj

N (x, t)
∥∥∥
L∞(x)

= εN

∥∥∥∥∥∥∂2s
j

N
√
d∑

p=0

R̂j
p(t)

∑
|ξi|≤N, ‖ξ‖=p

eiξ·x

∥∥∥∥∥∥
L∞(x)

≤ εN

∥∥∥∥∥∥∂2s
j

mN−1∑
p=0

∑
|ξi|≤N, ‖ξ‖=p

eiξ·x

∥∥∥∥∥∥
L∞(x)

+Const εN

∥∥∥∥∥∥∂2s
j

N
√
d∑

p=mN

(
m2

N

p2

)q ∑
|ξi|≤N, ‖ξ‖=p

eiξ·x

∥∥∥∥∥∥
L∞(x)

≤ Const εN


∥∥∥∥∥∥
mN−1∑
p=0

p2s
∑

|ξi|≤N, ‖ξ‖=p

eiξ·x

∥∥∥∥∥∥
L∞(x)


+ Const εN


∥∥∥∥∥∥

N
√
d∑

p=mN

m2q
N

p2q−2s

∑
|ξi|≤N, ‖ξ‖=p

eiξ·x

∥∥∥∥∥∥
L∞(x)


≤ Const dεN

∥∥∥∥∥
mN−1∑
p=0

p2s+1

∥∥∥∥∥
L∞(x)

+

∥∥∥∥∥∥
N

√
d∑

p=mN

m2q
N

p2q−2s−1

∥∥∥∥∥∥
L∞(x)


≤ Const dεN

(
m2s+2

N +

{
m2s+2

N if 2q − 2s− 1 > 1,

m2s+2
N log

(
N
√
d
)

if 2q − 2s− 1 = 1

})
≤ Const dεNm2s+2

N logN, since q = 2 ≥ 1 + s.

Here d is the space dimension. Now, using (5) and (6) completes the proof of the
lemma.

Note. For the simplicity of the proofs from now on we will assume that Hamilto-
nian depends only on ∇u, i.e., H = H (∇u) , such that

αI ≤ Hpp (p) ≤ βI (0 < α, β < ∞) ,(14)

p = (p1, . . . , pd) , I is a unit d× d matrix.
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However, all the results and proofs of this paper are easily extended to the case
H = H (x, t,∇u) satisfying (2).

Lemma 2.3. Denote

∂α
p H (p) : = ∂α1

p1
· · · ∂αd

pd
H (p) ,

‖H‖Ck(x) : = max
|α|=k

∥∥∂α
p H (p)

∥∥
L∞(BN )

,

BN : =
{
p : |p| ≤ ‖∇xuN‖L∞(x)

}
.

Then ∀s ≥ 1

‖∂s
xH (∇xuN (x, t))‖L2(x) ≤ Ks

∥∥∂s+1
x uN

∥∥
L2(x)

,(15)

where Ks depends on ‖∇xuN‖L2(x) , H, and s :

Ks ∼
s∑

r=1

‖H‖Cr(x) ‖∇xuN‖r−1
L2(x) .(16)

Proof. Define a multi-index α = (α1, . . . , αr) , ∀αi ∈ {1, 2, . . . , s} , |α| = ∑r
l=1 αl.

By the chain rule we have

∂s
jH (∇xuN (x, t)) =

s∑
r=1

∑
|α|=s

d∑
i1=1

· · ·
d∑

ir=1

(
∂rH

∂pi1 · · · ∂pir

)(
∂α1
j ∂i1uN

) · · · (∂αr
j ∂iruN

)
.

(17)
The Hölder inequality followed by the Gagliardo–Nirenberg inequality implies

that ∥∥(∂α1
j ∂i1uN

) · · · (∂αr
j ∂iruN

)∥∥
L2(x)

(18)

≤
r∏

k=1

∥∥∂αk
j ∂ikuN

∥∥
L2s/αk (x)

≤
d∑

m=1

r∏
k=1

∥∥∂αk
j ∂muN

∥∥
L2s/αk (x)

≤ C0

d∑
m=1

r∏
k=1

∥∥∂s
j∂muN

∥∥αk/s

L2(x)
‖∂muN‖1−αk/s

L∞(x)

≤ C0

d∑
m=1

∥∥∂s
j∂muN

∥∥
L2(x)

‖∂muN‖r−1
L∞(x) .

By Parseval’s identity followed by the Young inequality

∥∥∂s
j∂muN

∥∥
L2(x)

=

 ∑
|ξ|≤N

ξ2s
j ξ2

m (ûξ)
2

1/2

≤
 ∑

|ξ|≤N

ξ2s
j ξ2

m (ûξ)
2

1/2

(19)

≤
 ∑

|ξ|≤N

ξ2s
j ξ2

m (ûξ)
2

1/2

≤
 ∑

|ξ|≤N

(
ξs+1
j
s+1
s

+
ξs+1
m
1

s+1

)2

(ûξ)
2

1/2

≤ 2 (s+ 1)

 ∑
|ξ|≤N

(
|ξ|s+1

)2

(ûξ)
2

1/2

≤ 2 (s+ 1)
∥∥∂s+1

x uN

∥∥
L2(x)

.
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Combining (17), (18), and (19) we obtain

‖∂s
xH (∇xuN (x, t))‖L2(x)

≤ C
∥∥∂s+1

x uN

∥∥
L2(x)

s∑
r=1

‖H‖Cr(x) ‖∇uN‖r−1
L2(x) .

3. Uniform boundedness of the approximate solution and its gradient.
We begin with the following facts:

(i) In view of the approximation error estimate (see section 9.7 of [4]) ∀s ≥ r ≥ 0
there holds

‖∂r
x (I − PN )H (∇xuN (x, t))‖L2(x)(20)

≤ C

Ns−r
‖∂s

xH (∇xuN (x, t))‖L2(x) .

(ii) The Sobolev imbedding theorem (see, e.g., [2]) combined with (i) implies

‖∂r
x (I − PN )H (∇xuN (x, t))‖L∞(x)(21)

≤
∥∥∥∂r+1+[d/2]

x (I − PN )H (∇xuN (x, t))
∥∥∥
L2(x)

≤ C

Ns−r−1−[d/2]
‖∂s

xH (∇xuN (x, t))‖L2(x) .

Here [d/2] = max {z ∈ Z, z ≤ d/2}; C is a constant independent of N.
Assumptions. From now on we assume that our data (the initial conditions

uN (x, 0) and the flux H (∇xu(x, t))) satisfy the following conditions:
(a) ‖∂s

xuN (x, 0)‖L∞ ≤Const for s = 0, 1;

(b) ‖∂s
xuN (x, 0)‖L2 ≤Const/ε

s−1/2
N for s ≥ 2;

(c) The flux H is sufficiently smooth; that is, ‖∇xu‖L∞(x,t) < ∞ implies

‖H (∇xu)‖Cs (x, t) < ∞
for sufficiently large s.

Lemma 3.1. Consider the spectral viscosity approximation (4). Then for any
s ≥ 2 holds

‖∂s
xuN‖L2(x,t) ≤

C(∇xuN )

εs−1
N

s−2∏
p=1

(
‖Kp‖L∞(t) + 1

)
,(22)

‖∂s
xuN‖L2(x) ≤

C(∇xuN )

ε
s−1/2
N

s−1∏
p=1

(
‖Kp‖L∞(t) + 1

)
,(23)

‖∂s
xuN‖L∞(x) ≤

C(∇xuN )

εsdN

s−1∏
p=1

(
‖Kp‖L∞(t) + 1

)
.(24)

Here

C(∇xuN ) =
(
‖H (∇xuN (x, t))‖C0(x) + ‖∇xuN‖L2(x) + 1

)
,

Ks is defined by (16) for s ≥ 1, sd = s+ 1/2 + [d/2] .
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Proof. Multiplying (10) by ∂2s
x uN (x, t) , s ≥ 1 and integrating in x yields

1

2

d

dt
‖∂s

xuN‖2
L2(x) + εN

∥∥∂s+1
x uN

∥∥2

L2(x)
(25)

≤ ∥∥∂s+1
x uN

∥∥
L2(x)

∥∥∂s−1
x PNH (∇xuN (x, t))

∥∥
L2(x)

+ ‖∂s
xuN‖L2(x)

∥∥∥∥∥∥εN
d∑

j=1

∂2
jR

j
N (x, t) ∗ ∂s

xuN

∥∥∥∥∥∥
L2(x)

.

Using (12) and Lemma 2.2 for the first term on the right of (25) and the Cauchy–
Schwarz inequality for the second term, we end up with

1

2

d

dt
‖∂s

xuN‖2
L2(x) +

εN
2

∥∥∂s+1
x uN

∥∥2

L2(x)
(26)

≤ C1 ‖∂s
xuN‖2

L2(x) +
1

2εN

∥∥∂s−1
x PNH (∇xuN (x, t))

∥∥2

L2(x)
.

It remains to estimate the last term. In view of the interpolation error estimate (see
section 9 of [4]) and (15)∥∥∂s−1

x PNH (∇xuN (x, t))
∥∥
L2(x)

≤ ∥∥∂s−1
x H (∇xuN (x, t))

∥∥
L2(x)

+
∥∥∂s−1

x (I − PN )H (∇xuN (x, t))
∥∥
L2(x)

≤ C
∥∥∂s−1

x H (∇xuN (x, t))
∥∥
L2(x)

≤ C

{
Ks−1 ‖∂s

xuN‖L2(x) for s ≥ 2,

K0 for s = 1.

Substituting this estimate to (26) yields

d

dt
‖∇xuN‖2

L2(x) + εN
∥∥∂2

xuN

∥∥2

L2(x)
≤ 2C1 ‖∇xuN‖2

L2(x) +
C2K

2
0

εN
,

d

dt
‖∂s

xuN‖2
L2(x) + εN

∥∥∂s+1
x uN

∥∥2

L2(x)
≤

(
2C1 +

C2K
2
s−1

εN

)
‖∂s

xuN‖2
L2(x) for s ≥ 2.

The temporal integration implies

‖∇xuN‖2
L2(x) + εN

∥∥∂2
xuN

∥∥2

L2(x,t)

≤ ‖∇xuN (x, 0)‖2
L2 + 2C1 ‖∇xuN‖2

L2(x,t) +
C2 ‖K0‖2

L∞(t)

εN
;

‖∂s
xuN (x, t)‖2

L2(x) + εN
∥∥∂s+1

x uN

∥∥2

L2(x,t)

≤ ‖∂s
xuN (x, 0)‖2

L2 +

(
2C1 +

C2 ‖Ks−1‖2
L∞(t)

εN

)
‖∂s

xuN‖2
L2(x,t) ,

and eliminating the squares gives



1446 OLGA LEPSKY

‖∇xuN‖L2(x) + ε
1/2
N

∥∥∂2
xuN

∥∥
L2(x,t)

≤
√
2

(
‖∇xuN (x, 0)‖L2 +

√
2C1 ‖∇xuN‖L2(x,t) +

‖K0‖L∞(t)

ε
1/2
N

√
C2

)
,

‖∂s
xuN (x, t)‖L2(x) + ε

1/2
N

∥∥∂s+1
x uN

∥∥
L2(x,t)

≤
√
2

(
‖∂s

xuN (x, 0)‖L2(x) +

(√
2C1 +

√
C2 ‖Ks−1‖L∞(t)

ε
1/2
N

)
‖∂s

xuN‖L2(x,t)

)
.

It follows that

∥∥∂2
xuN

∥∥
L2(x,t)

≤ Const

(‖K0‖L∞(t)

εN
+

1

ε
1/2
N

‖∇xuN‖L2(x,t) +
1

ε
1/2
N

)
,

∥∥∂s+1
x uN

∥∥
L2(x,t)

≤ Const

((‖Ks−1‖L∞(t)

εN
+

1

ε
1/2
N

)
‖∂s

xuN‖L2(x,t) +
1

ε
1/2
N

)

‖∂s
xuN (x, t)‖L2(x) ≤ Const

((‖Ks−1‖L∞(t)

ε
1/2
N

+ 1

)
‖∂s

xuN‖L2(x,t) + 1

)
,

which in turn yields the (22) and (23) for εN sufficiently small. We apply the Sobolev

inequality ‖∂s
xuN‖L∞(x) ≤ ‖∂s+1+[d/2]

x uN‖L2(x) to obtain (24).
Lemma 3.2 (uniform boundedness of the approximation and its gradient). Con-

sider the spectral viscosity approximation (4). Then ∀N we have

‖uN (x, t)‖L∞(x) + ‖∇xuN (x, t)‖L∞(x) ≤ C ∀t ∈ [0, T ] for T < ∞,

where C does not depend on N.
Proof. Differentiating (10) in x we obtain

∂t∇xuN (x, t) +∇xH (∇xuN (x, t))− εN∆(∇xuN (x, t))(27)

= ∇x (I − PN )H (∇xuN (x, t))− εN

d∑
j=1

∂2
jR

j
N (x, t) ∗ ∇xuN (x, t).

Notice that

1

d
‖∇xuN (x, t)‖L∞(x) ≤ max

j,x
|∂juN (x, t)| = |∂kuN (x0, t)| .(28)

First assume that ∂kuN (x0, t) > 0 ∀t ∈ [0, T ] . Then ∂kH (∇xuN (x0, t)) =∑d
j=1 ∂pjH (p) ∂j∂kuN = 0 and −εN∆∂kuN (x0, t) ≥ 0. Denote vN (t) := ∂kuN (x0, t);

here k and x0 depend on t. It is easy to show that vN (t) is a Lipschitz continuous
function. Therefore vN (t) is differentiable almost everywhere (a.e.) (by Rademacher’s
theorem). It follows from (27) that for a.e. t

dvN (t)

dt
≤ ‖∇x (I − PN )H (∇xuN (x, t))‖L∞(x)

+

∥∥∥∥∥∥εN∇x

d∑
j=1

∂2
jR

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L∞(x)

.
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We use (21), (15), and (23) to estimate the first term on the right:

‖∇x (I − PN )H (∇xuN (x, t))‖L∞(x)

≤ Ks

Ns−2−[d/2]

∥∥∂s+1
x uN

∥∥
L2(x)

≤ C0

Ns−2−[d/2]−θ(s+1/2)

(
‖K0‖L2(t) + ‖∇xuN‖L2(x) + 1

)
Ks

s∏
p=1

(
‖Kp‖L∞(t) + 1

)
;

while (12) combined with Lemma 2.1 provides the estimate for the second term:∥∥∥∥∥∥εN∇x

d∑
j=1

∂2
jR

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L∞(x)

≤ C

(
logN

Nθ

)3/4

‖∇xuN‖L∞(x) .

Finally, applying (28) we obtain for a.e. t

dvN (t)

dt
≤ C

Ns−2−[d/2]−θ(s+1/2)
Ks

s∏
p=0

(
‖Kp‖L∞(t) + 1

)
(29)

+

CKs

∏s
p=1

(
‖Kp‖L∞(t) + 1

)
Ns−2−[d/2]−θ(s+1/2)

+ C

(
logN

Nθ

)3/4
 vN (t).

Take s ≥ 2+[d/2]+5θ/4
1−θ ; then we have

s− 2− [d/2]− θ (s+ 1/2) ≥ 3θ/4 > 0.

Now fix ε > 0 and assume that ∃tN ≤ T such that ∀N ≥ N0:

ε/2 < vN (tN )− vN (0) ≤ ε,(30)

0 ≤ vN (t)− vN (0) ≤ ε/2 ∀t ≤ tN .

Then integrating (29) in time and applying the definition of Ks (in the statement of
Lemma 3.1), we get

vN (tN )− vN (0) ≤ C0 (ε, s)

Ns−2−[d/2]−θ(s+1/2)
+ C1 (ε)

(
logN

Nθ

)3/4

,(31)

where C0 (ε, s) and C1 (ε) depend only on ε, s, and T. It follows that

vN (tN )− vN (0) ≤ ε/2 for big N,

which contradicts the assumption (30).

From this contradiction and from the continuity of vN (t) it follows that for any
C > 0 there exist N0 such that vN (t)− vN (0) ≤ C ∀ N ≥ N0 and ∀ t ∈ [0, T ]. Since
vN (t) = ‖∇xuN (x, t)‖L∞(x) , and vN (t) is continuous on [0, T ] , we obtain that in the
considered case

‖∇xuN (x, t)‖L∞(x) ≤ ‖∇xuN (x, 0)‖L∞ + C.(32)
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Next, assume that for k and x0 satisfying (28) ∂kuN (x0, t) < 0 ∀t ∈ [0, T ] . Define
wN (t) := ∂kuN (x0, t) = minx ∂kuN (x, t). Then

∂kH (∇xuN (x0, t)) =

d∑
j=1

∂pj
H (p) ∂j∂kuN = 0,

−εN∆∂kuN (x0, t) ≤ 0,

wN (t) is a Lipschitz continuous function, and we obtain from (27)

d

dt
wN (t)

≥ −‖∇x (I − PN )H (∇xuN (x, t))‖L∞(x)

−
∥∥∥∥∥∥εN∇x

d∑
j=1

∂2
jR

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L∞(x)

for a.e. t. Applying the same estimates as in the case ∂kuN (x0, t) > 0 we prove (32)
for the case when ∂kuN (x0, t) < 0 ∀t ∈ [0, T ] . Finally, the case when ∂kuN (x0, t),
satisfying (28), changes sign on [0, T ] may be reduced to the previous two cases.

Now we will use the same strategy to prove the uniform boundedness of uN (x, t).
If

‖uN (x, t)‖L∞(x) = max
x

uN (x, t) ∀t ∈ [0, T ] ,

then wN (t) := maxx uN (x, t) is a Lipschitz continuous function, and (10) yields for
a.e. t

d

dt
wk

N (t) +H (0)

≤ −‖(I − PN )H (∇xuN (x, t))‖L∞(x) −
∥∥∥∥∥∥εN

d∑
j=1

∂2
jR

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L∞(x)

.

Applying (21), (15), (23), and (12), Lemma 2.1 for the estimation of the first and
second term, respectively, and using the uniform boundedness of the gradient we
obtain for a.e. t

d

dt
wN (t) ≤ −H (0) +

Cs

Ns−1−[d/2]−θ(s+1/2)
+ C

(
logN

Nθ

)3/4

wN (t).

It follows that

d

dt
wN (t) ≤ −H (0) +

Cs

Ns−1−[d/2]−θ(s+1/2)
+ CwN (t).

By the Gronwall lemma the last inequality yields

0 ≤ wN (t) ≤
(
etC − 1

)
C

(
−H (0) +

Cs

Ns−1−[d/2]−θ(s+1/2)

)
+ wN (0) etC(33)
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∀ t ∈ [0, T ] .
Next, if

‖uN (x, t)‖L∞(x) ≤ −min
x

uN (x, t) ∀t ∈ [0, T ] ,

then let wN (t) := minx uN (x, t) and the similar arguments imply

0 ≥ wN (t) ≥
(
1− etC

)
C

(
−H (0) +

Cs

Ns−1−[d/2]−θ(s+1/2)

)
(34)

+wN (0) etC .

Combining (33) and (34) we conclude that

‖uN (x, t)‖L∞(x) ≤
(
etC − 1

)
C

(
−H (0) +

Cs

Ns−1−[d/2]−θ(s+1/2)

)
+ ‖uN (x, 0)‖L∞ etC .

Corollary 3.3. For any s ≥ 2 and for any N holds

‖∂s
xuN‖L2(x) = CsN

θ(s−1/2),

‖∂s
xuN‖L2(x,t) = CsN

θ(s−1),

‖∂s
xuN‖L∞(x) = CsN

θ(s+1/2+[d/2]).

Proof. The corollary follows from Lemma 3.1 combined with Lemma 3.2.
Corollary 3.4. For any s ≥ 2 and for any N holds

‖∂r
x (I − PN )H (∇xuN (x, t))‖L2(x) ≤ CsN

−ps , ps = s− r − θ (s+ 1/2) ,

‖∂r
x (I − PN )H (∇xuN (x, t))‖L2(x,t) ≤ CsN

−γs , γs = s− r − θs,

‖∂r
x (I − PN )H (∇xuN (x, t))‖L∞(x) ≤ CsN

−qs , qs = ps − 1− [d/2] .
(35)

Proof. The corollary follows from Lemma 3.2, Corollary 3.3, and estimates (15),
(20), and (21).

4. Semiconcave stability of the approximate solution. In order to prove
the main result of this section we need the following auxiliary lemma.

Lemma 4.1. Let wN (x, t) = ∂2

∂ξ2uN (x, t) =
〈
ξ,D2

xuN (x, t)ξ
〉
, where uN (x, t) is a

trigonometric polynomial, 2π-periodic in x. Then ‖wN‖L1(x) =
∥∥2w+

N

∥∥
L1(x)

.

Proof. |wN (x, t)| ≡ 2wN (x, t)
+−wN (x, t) . By the Green theorem

∫
Ω
wN (x, t) dx

depends solely on the boundary data (which in our case of a periodic Cauchy problem
vanishes). Therefore

∫
Ω
|wN (x, t)| dx =

∫
Ω
2wN (x, t)

+
dx.

Lemma 4.2 (semiconcave stability of the approximation). The spectral viscosity
approximation uN (x, t) is semiconcave stable, i.e., ∃k(t) ∈ L1 (0, T ) , T < ∞, such

that supx∈Ω,|ξ|=1

〈
ξ,D2

xuN (x, t)ξ
〉+ ≤ k(t) for t ∈ [0, T ] and ∀ N.

Proof. Let wN := ∂2

∂ξ2uN (x, t) =
〈
ξ,D2

xuN (x, t)ξ
〉
. Differentiating (10) with re-

spect to xj , xk, and taking the inner product with a constant unit vector ξ yields

∂twN (x, t) +
〈
ξ,D2

xuN (x, t) ·D2
pH ·D2

xuN (x, t)ξ
〉
+ 〈∇pH,∇xw〉(36)

= εN∆xwN − εN

d∑
j=1

∂2
jR

j
N (x, t) ∗ wN +

〈
ξ,D2

x (I − PN )H (∇xuN (x, t)) ξ
〉
.
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The strict convexity of H (14) and the Cauchy–Schwarz inequality imply〈
ξ,D2

xuN (x, t) ·D2
pH ·D2

xuN (x, t)ξ
〉 ≥ α

∥∥D2
xuN (x, t)ξ

∥∥2 ≥ αw2
N .(37)

Let WN (t) = wN (x0, t) = maxx∈Ω wN (x, t) . It is a Lipschitz continuous and there-
fore a.e. differentiable. Without loss of generality assume that WN (t) > 0 for
t ∈ [0, T ] . Then ∇xwN (x0, t) = 0, ∆xwN (x0, t) ≤ 0, and by (36) and (37) we
have for a.e. t

d

dt
WN + αW 2

N

≤ −εN

 d∑
j=1

∂2
jR

j
N ∗ wN

 (x0, t) +
〈
ξ,D2

x (I − PN )H (∇xuN (x0, t)) ξ
〉
.

Equation (13), Lemma 2.2, and Lemma 4.1 yield

IN =

∣∣∣∣∣∣−εN

 d∑
j=1

∂2
jR

j
N ∗ wN

 (x0, t)

∣∣∣∣∣∣ ≤
∥∥∥∥∥∥−εN

d∑
j=1

∂2
jR

j
N ∗ wN

∥∥∥∥∥∥
L∞(x)

≤
∥∥∥∥∥∥−εN

d∑
j=1

∂2
jR

j
N

∥∥∥∥∥∥
L∞(x)

‖wN‖L1(x) = 2C1

∥∥w+
N

∥∥
L1(x)

≤ 2 |Ω|C1WN .

By (35)

IIN =
∣∣〈ξ,D2

x (I − PN )H (∇xuN (x0, t)) ξ
〉∣∣

≤ ∥∥D2
x (I − PN )H (∇xuN (x, t))

∥∥
L∞(x)

≤ Cs

Ns−3−[d/2]−θ(s+1/2)
≤ Const, for s ≥ 3 + [d/2] + θ/2

1− θ
.

Thus, for a.e. t

d

dt
WN + αW 2

N ≤ IN + IIN ≤ C2WN + C3, α > 0.

Integration in time of the last inequality yields

WN (t) ≤ k (t) = WN (0) eC2t +
C3

(
eC2t − 1

)
C2

,

k (t) ∈ L1 (0, T ) for T < ∞.

Lemma 4.1 and Lemma 4.2 imply the following corollary.
Corollary 4.3. For any vector |ξ| = 1,

∥∥〈ξ,D2
xuN (x, t)ξ

〉∥∥
L1(x)

≤ 2 |Ω|Ck(t).

5. Convergence of the method and the error estimate. To prove conver-
gence we get the following truncation error estimate.

Lemma 5.1. Define the truncation error F (uN ) = ∂tuN + H (∇xuN ) . Then ∀
N holds

‖F (uN )‖L1(x,t) = CN−θ logN + CsN
−s+sθ.(38)
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Moreover, if ‖∂suN‖L2(x,t) ≤ Const for some s ≥ 2 and ∀ N ≥ N0, then

‖F (uN )‖L1(x,t) ≤ CsN
−(s/4+1/2)θ logN + CsN

−(s+1).(39)

Proof. From (4) it follows that

‖F (uN )‖L1(x,t)

≤
∥∥∥∥∥∥εN

d∑
j=1

∂2
jQ

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L1(x,t)

+ ‖(I − PN )H (∇xuN (x, t))‖L1(x,t) .

In view of (9), Corollary 4.3, (12), and Lemma 2.1 we have

IN =

∥∥∥∥∥∥εN
d∑

j=1

∂2
jQ

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L1(x,t)

=

∥∥∥∥∥∥∆uN (x, t)− εN

d∑
j=1

Rj
N (x, t) ∗ ∂2

j uN (x, t)

∥∥∥∥∥∥
L1(x,t)

≤ εN ‖∆uN (x, t)‖L1(x,t) +

d∑
j=1

∥∥∥εNRj
N (x, t)

∥∥∥
L1(x,t)

∥∥∂2
j uN (x, t)

∥∥
L1(x,t)

≤ CεN + CN−θ logN ≤ CN−θ logN.

By (35)

IIN = ‖(I − PN )H (∇xuN (x, t))‖L1(x,t) ≤ CsN
−s+sθ ∀s ≥ 2.(40)

It follows that IIN ≤ConstN−θ ∀s ≥ θ
1−θ . Now (38) follows from estimates for IN

and IIN .
Next, assume ‖∂suN‖L2(x,t) ≤Const (∀s ≥ 2) . It follows from (7), (6), and the

approximation error estimate [4] that for s ≥ 2

IN =

∥∥∥∥∥∥εN
d∑

j=1

∂2
jQ

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L1(x,t)

≤ CN−sθ/4

∥∥∥∥∥∥εN∂s
x

d∑
j=1

∂2
jQ

j
N (x, t) ∗ uN (x, t)

∥∥∥∥∥∥
L2(x,t)

= C N−sθ/4

∥∥∥∥∥∥εN
d∑

j=1

∂2
jQ

j
N (x, t) ∗ ∂s

xuN (x, t)

∥∥∥∥∥∥
L2(x,t)

.

Using (9), (12), and Lemma 2.1 we obtain

IN ≤ C N−sθ/4
d∑

j=1

(
εN +

∥∥∥εNRj
N (x, t)

∥∥∥
L1(x,t)

)∥∥∂2
j ∂

s
xuN (x, t)

∥∥
L2(x,t)

≤ CN−(1+s/4)θ logN
∥∥∂2

j ∂
s
xuN (x, t)

∥∥
L2(x,t)

.
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Finally, by Parseval’s identity and Young’s inequality

d∑
j=1

∥∥∂2
j ∂

s
xuN (x, t)

∥∥
L2(x,t)

≤ Cs

∥∥∂s+2
x uN (x, t)

∥∥
L2(x,t)

;

hencefore,

IN ≤ CsN
−(1+s/4)θ logN

∥∥∂s+2
x uN (x, t)

∥∥
L2(x,t)

.

In order to estimate IIN we use (20), (15), and (16) :

IIN = ‖(I − PN )H (∇xuN (x, t))‖L1(x,t) ≤ CsN
−(s+1)

∥∥∂s+2
x uN (x, t)

∥∥
L2(x,t)

.

Since the two last inequalities hold for any integer s ≥ 0, the second estimate of the
lemma (39) follows. The proof of the lemma is complete.

Theorem 5.2 (convergence of the spectral viscosity method). Let u(x, t) be the
unique viscosity solution of the 2π-periodic initial value problem (1) and let uN (x, t) be
the spectral viscosity approximation, i.e., N-trigonometric polynomial satisfying (4).
Then for t ∈ [0, T ] and ∀ N we have the bound

‖u(x, t)− uN (x, t)‖L1(x) ≤ C (T ) ‖u(x, 0)− uN (x, 0)‖L1(x)

+ C (T )N−θ logN + C(s, T )N−s(1−θ).

Moreover, if ‖∂suN‖L2(x,t) ≤Const for some s ≥ 2 and ∀ N ≥ N0, then

‖u(x, t)− uN (x, t)‖L1(x) ≤ C (T ) ‖u(x, 0)− uN (x, 0)‖L1(x)

+ C (s, T )N−(s/4+1/2)θ logN + C (s, T )N−(s+1).

Proof. The theorem follows directly from Theorem 2.1 in [15], semiconcave sta-
bility (Lemma 4.2), and the truncation error estimate (Lemma 5.1).

Remark. The work is underway on the spectral viscosity method for the initial-
boundary Hamilton–Jacobi problem with nonperiodic boundary conditions.
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