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CHEBYSHEV-LEGENDRE SPECTRAL VISCOSITY METHOD
FOR NONLINEAR CONSERVATION LAWS*

HEPING MAT

Abstract. In this paper, a Chebyshev-Legendre spectral viscosity (CLSV) method is devel-
oped for nonlinear conservation laws with initial and boundary conditions. The boundary conditions
are dealt with by a penalty method. The viscosity is put only on the high modes, so accuracy
may be recovered by postprocessing the CLSV approximation. It is proved that the bounded solu-
tion of the CLSV method converges to the exact scalar entropy solution by compensated compact-
ness arguments. Also, a new spectral viscosity method using the Chebyshev differential operator
D = /1 — 229, is introduced, which is a little weaker than the usual one while guaranteeing the
convergence of the bounded solution of the Chebyshev Galerkin, Chebyshev collocation, or Legen-
dre Galerkin approximation to nonlinear conservation laws. This kind of viscosity is ready to be
generalized to a super viscosity version.
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1. Introduction. It is well known that the standard spectral method does not
work for nonlinear conservation laws. Basically, there are two problems:

1. Approzimation: When a function has discontinuities, the accuracy of the
spectral approximation itself is very poor. However, this can be saved successfully for
piecewise smooth functions by filter techniques or reconstruction methods such as the
Gegenbauer partial sum. Much work has been done in this field [GT], [AGT], [CGS],
[GSSV], [GS1], [GS2], [GS3]. The Gegenbauer partial sum can especially recover
pointwise exponential accuracy at all points including those at the discontinuities
themselves from the knowledge of a spectral partial sum of a piecewise analytic func-
tion. So it would still be very meaningful to get a spectral approximation even for a
solution of discontinuity such as a shock.

2. Stability: The usual spectral approximation solution to nonlinear conserva-
tion laws may not converge to the exact entropy solution [Ta2]. This can be avoided
by spectral viscosity methods, which were first established by E. Tadmor [Tal]. The
leading work [Tal], [MT], [Ta2], and [MOT1] has shown that by adding a spectral vis-
cosity to the high modes, one can achieve stability and convergence without sacrificing
the spectral accuracy.

In this paper, we develop a CLSV method for the following conservation law:

(1.1) Opu(x,t) + 0r f (u(z,t)) =0, (z,t) € (—=1,1) x (0,T)

provided with an initial condition at ¢ = 0 and boundary data on the inflow bound-
aries. The main purpose of this approach is to replace the Legendre collocation in
[MOT1] with the Chebyshev collocation so that the scheme may be implemented more
efficiently at Gauss—Lobatto—Chebyshev points. Another difference is that we treat
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the boundary condition by a penalty method, the advantage of which has been shown
in [FG1], [FG2].

We also consider a new spectral viscosity (NSV) method introduced by Gott-
lieb, which uses the Chebyshev differential operator D = v/1 — 229, rather than the
derivative 0, as in the usual one [MOT1]. Obviously, the former is a little weaker than
the latter. It is always a problem to balance the stability and accuracy. We need the
viscosity to improve the stability, but we hope it does not affect the accuracy too much.
So a weaker viscosity, while still guaranteeing the stability, should be preferable. A
more important feature is that the NSV method is ready to be generalized to a super
viscosity version suggested by Gottlieb, which will be analyzed in another paper.
For the periodic problem, Tadmor has established the Fourier superspectral viscosity
method [Ta3], which is much weaker than the second-order viscosity method while
still guaranteeing the stability and convergence.

Although the Chebyshev Galerkin or collocation projection is used to compute the
nonlinear term in the scheme, we would not expect to get an energy estimate in the
Chebyshev weighted norm because it disagrees with the wave propagation property
as pointed out in [GO, p. 56], so we will basically work in the usual L?-norm [R]. This
is also the reason we still use a Legendre-kind viscosity. In fact, the scheme is a kind
of Chebyshev—Legendre method [DG].

The paper is organized as follows. In section 2 we present the CLSV scheme
and the NSV scheme with brief descriptions of the implementation. In section 3 we
give some estimates concerning the viscosity term and the Chebyshev and Legendre
approximation operators. In section 4 we work on some a priori estimates. In section
5 we prove that the bounded solutions of the CLSV and the NSV methods converge
to the exact scalar entropy solution by the compensated compactness arguments.

2. The CLSV schemes. Let I = (—1,1) and p(z) be a positive weight on I.
The inner product and norm of L2(I) are denoted by (-,-), and || - ||, respectively.
We will drop the subscript p whenever p = 1. Let Py denote the space of algebraic
polynomials of degree < N and w(z) = (1 — 22)~1/2.

2.1. The Chebyshev—Legendre pseudospectral viscosity scheme. We de-

fine the Chebyshev interpolation operator I : C(I) — Py by

Jm .
(2.1) IGo(x;) = o(x;), xj = COS(N)7 0<j<N.
The Chebyshev—Legendre pseudospectral viscosity method for (1.1) is to find un(t) €
Pn such that

(22) (Bpun + 0I5 f(un), ) = —en(0Qun, 9.Qw) — (B(un), ¢), ¥y € Py.

Here the boundary term is put in a penalty way [FG1], [FG2| such that B(uy) € Py
is defined by

Blun)= 3 bi(t)rslun (s, 0)-g; ()RS (@), BY(w) = 5[ () + Ly (o52)]
j=0,N
(2.3)

where Lj, are Legendre polynomials standardized as Ly (1) = 1; b;(¢) = 1 on the inflow
boundary prescribed with the data g;(t), and b;(t) = 0 on the outflow boundary
( =0,N). The value of 7; should be chosen to help the stability, and usually it does
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not affect the accuracy [FG1], [FG2], [DG]. It is easy to verify that

(2.4) (Blun), @) = Y bit)mi(un(z;,t) — g;(t)p(z;), Ve € Px.
§j=0,N

The operator Q is defined by

N e
Qp = QuprLle, Yo=Y @il
k=0

k=0

with the coeflicients satisfying

Qk = k < my,
2.5 2
(25) 1—(%) <Qr<1 k> mpy,
where the parameters ey | 0 and my T oo will be chosen later to balance the stability

and accuracy. Obviously, we have
(26) (axQUN78xQLk) = 0, 0 S k S mpy.

Thus the viscosity is only added to the high modes as in [MOT1] so that we may
recover the accuracy by postprocessing the numerical solution [GT], [AGT], [GSSV],
[GS1], [GS2], [GS3], [MOT1]. The difference is that the operator @ is put after the
derivative in [MOT1], while here it is put before the derivative, which enables us to
get an estimate we will need in the proof of convergence.

In order to implement (2.2) efficiently, we should calculate it at the Gauss—
Lobatto—Chebyshev points {x;}. It can be done by rewriting (2.2) as a pointwise
equation. To this end, we first seek a polynomial Vy € Py such that

(27) (VN(U’N)ﬂ 90) = (893QUN> azQQD)v V(p € Pn-

The solution to (2.7) is

N
(2.8) Vi (uy) = Z (8mQuN’8;QLk)Lk.
= [ Ll
Now the (2.2) reads
(2.9) Byun + OIS flun) = —en Vi (un) — Bluy).

Since the both sides of (2.9) are in Py, (2.9) is equivalent to its collocation equation
at points z; (0 < j < N). Thanks to the fast Legendre algorithm [AR], which gives
the transformation between the coefficients of Legendre expansion and its values at
Chebyshev points at the cost of O(N log N), the right-hand side of (2.9) can also be
computed efficiently. For example, the computation of Vy(ux) can be described as
follows:

{un ()} 5 {@m)EY 22 {(Qun)E} B5 {(0:Qun)EY, {(3:QL)F}

(2.10) SM — FLT
"= {(Vn (un)i} = {Vn(un)(z))},
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where we have used the notation (¢)£ as the Legendre expansion coefficients of ¢,
and the abbreviations F'LT as the fast Legendre transformation, SM as the simple
multiplication, and RF as the recurrence formula [GO, p. 117]. The FLT given in
[AR] is basically a way to compute the Legendre coefficients from the Chebyshev
coefficients (and vice versa) at the cost of O(N). After obtaining the Chebyshev
coefficients, we can use fast Fourier transformation (FFT) to get the values at the
Gauss-Lobatto-Chebyshev points {z,}.

We note that an alternate scheme to (2.2) may be defined by using discrete inner
product [MOT1]. Since we want to implement the schemes on the Chebyshev points
{z;}, the costs of them are nearly the same.

2.2. A new spectral viscosity scheme. We denote by {7} (z)} the Chebyshev
polynomials standardized as Ty (1) = 1. The spectral approximation operator Py can
be one of the following:

1. P§ : L:(I) — Py, the Chebyshev Galerkin projection operator (L2 (I)-
orthogonal);

2. I§ : C(I) — Px, the Chebyshev interpolation operator defined in (2.1);

3. PL : L?>(I) — P, the Legendre Galerkin projection operator (L?(I)-
orthogonal).

As mentioned in section 1, a weaker viscosity term can be applied by using D =
V1 — 220, instead of 0,. The new spectral viscosity method for (1.1) is to find
un(t) € Py such that

(2.11) (Orun + 0z Pn f(un),p) = —en(DQupn, Dp), — (B(un), ), Yo € Py,
where the operator @ is defined by

N oo
Qo= QuprTe, Yo=Y ¢iTh

k=0 k=0

with the coefficients satisfying

Qk}EO kSmN7
2.12 3 R
( ) 1—(%) <Q@r<1 k>mpy.

The parameters e | 0 and my T co will be chosen later. The boundary term is the
same as in (2.3). We note that the viscosity term here is also added only to the high
modes for

N
(2'13) (DQUN, D@)w = ( Z k2@kaka7 @) =0, v‘P € PTTLI\H

k>mpn w

where uy = Efcv:o ur Ty and we have used the fact that
(2.14) DTy (z) + kE*Ti(z) =0, Voxel
We can see from (2.11) and (2.13) that in the transform space the viscosity term is of

the following form:

< k<
(2.15) {0 0<k<my,

—ENRQQkﬂk my < k <N,
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which is exactly what has been used in the Fourier spectral viscosity method [Tal].
In the physical space, the scheme (2.11) is of the form

(216) 8tuN + 8IPNf(uN) = ENPJG((UDQQUN) — B(UN)

Obviously, the scheme (2.16) with Py = I§ is the most efficient for we can implement
it at the Chebyshev points x; (0 < j < N) with the help of the fast transformation.
For example, the viscosity term can be calculated in the following way:

fun ()} ™ (g} O {(wD?Qun)y } 7 {lwD2Qual ()}

where we have used the same notation ()% and abbreviations FFT, FLT as in (2.10).
The second step, Chebyshev coefficients to Legendre ones (CTL), is done as follows:

(w.D/Q@LJ\ﬁi = 0, k S my,
L 1 N ) k
(wD%Quy), = — <k+ 2) /w Z PQuiT, Z Pk T d
I i>my m=0
= <k+1>i12Qﬁh k>m
2 e 1U s N

where A, can be found in [R], [AR] such that Ly = an:o Bk L. We note that the
method given in [AR] can also be used here so that the second step can be implemented
at the cost O(N).

3. Preliminaries. In this section, we work on some estimates needed in the
proof of convergence. Most of them are concerning approximation results for the
Chebyshev and Legendre polynomials in different weighted norms.

LEMMA 3.1. Let Q be defined in (2.5). We have that for any u € Py,

3.1 10zu]| < [10:Qul| + Cmi VIn N]|ull,
10:Qull < |0zull + Cmiy VIn N]Jul.

Proof. Let u = Zgzo i Ly, and we have

N
u = Qu + Ru, Ru = Z RkﬁkLk,
k=0

where, according to (2.5),

It is sufficient to prove that
|0 Ru|?> < Cmfy In N|jul%.
We write 9, Ru as

mN N
Oz Ru = 0, (Z RkﬂkLk> + 0, ( Z RkﬁkLk> .

k=0 k>mpn
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The first term can be estimated by the inverse property [CHQZ, p. 288]. For the
second term, we note that if v = Zszo O Ly and 0,v = Z,ICVZO f[},(;)Lk, then [MOT1]

o =@k+1) Y 9, Bn={lk+1<j<N, j+kodd}.

J€Jk,N
We define
Iy =147 € TN, J>mn}
and have
N 2 -1 2
(33) 0 ( > RkukLk> =Sk [ Y Ry | LR
k>my k=0 JEIm
S \R i 2
k=0 G€Tmy JeJmN
mn 1
< Cm||ul)? <Z+ ) (2k +1) =
k=0 k>mpn JeJmN J

1
< Cm3||ul|? lZ(Qk + 1) Z (2k+1)75
k=0 N k>my
<CmyInN|ul®>. O

In order to estimate the term [0, IS u||, we need the following lemma, which will
be proved in Appendix A.
LEMMA 3.2. Ifve H', ,,(I) (0 <0 <1), then
(3.4) ||8$I]€U||w1—29 < C||0xv]|r-26.
By the same argument as in the proof of (A.6), we can obtain
(3.5) 115w —ull, < ON7HOpulw-1,  Yue HL (D).
Thus using (3.5) and (3.4) with 0 = 1/2 yields
(3.6) 10 IS u|| + N[ IGu — ul| < C||0yul,  Yu e HY(I).

We give the following approximation result.
LEMMA 3.3. Ifu e H™(I) (m > 1), then

(37) HIﬁu — UJHHZ(I) < C'Nl_m||u||Hm(I), 0 < l < 1.

Proof. Let I be the Legendre interpolant. Applying (3.6) to the function u—I%u
and using the approximation result of I given in [BM], we get
(3.8) 102 (Iu — Ijw)ll + N[ I§Fu — ull
< €0 (u— Tyw)| < CN'"ullsm 1.
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Then the desired result follows from the triangle inequality and, again, the approxi-
mation result of I%. |

We need the following inverse property of weight, which will be proved in Ap-
pendix A.

LEMMA 34. If -1 < u <o <1, then

(3.9) [tllwe < ONC=M2 |||y,  Yu € Py.

Let D = w19, and D? = 0,w20,.
LEMMA 3.5. If w™20,u € Hg ,(I), then we have
(3.10)  [[D%ullf + 100ull?, + |20sul? = IDLuls,  [DLulle < 3|[D%ul.,
1
(3.11) (D*u, Dfu)y > max {[|D*ulg, [ Diuli}.

Proof. For any v € Hy ,(I), we have [MG]

(3.12) / (1+ 22025 d + [0 (w21 = 0,02
I

Putting v = w™20,u, we find that
(3.13) / (1+ 23)|0,uPwds + | D)3 = | Diul?,
I

which gives the first conclusion of (3.10).
On the other hand, according to the definition,

(3.14) D3u = 0,(w ' Du) = D*u — zwDu = D*u — 20,u.
We have from (3.14) and (3.13) that
(3.15) D22 < 3] Dl + g /Ix2|8xu|2w dx

< 3| D?ul? + % /I(l + 2%)|0pu)?w da

< 3ID%ul + S(1D3ul? ~ [ID%ul2).
and the second conclusion of (3.10) follows.

Next, we have from (3.14) and (3.13) that

(3.16) 2(D%*u, D3u), = | D?ul?> + | D2ul? — /x2|5mu|2w dx
I

1
> D%l + D3l - 5 [(1+ ) osuPudo
I
3 1
> 2102 + 5 1D} ul?,
which combined with (3.10) leads to (3.11). 0

LEMMA 3.6. If u € L3(I), then

(3.17) | PEulle < Cln N Jull,
(3.18) IPSu|| < Cln Nljul.
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Proof. We only prove the first conclusion. The second one can be obtained in the
same way. We need the following result. For small positive ¢,

C
(3.19) | Pl pi-e < zHunH, Vu € L2, .(I),

wl—¢

which will be proved in Appendix B. By the inverse property of weight (3.9) and
(3.19),

CNe/?
(3.20) I1PRulls < ON*?|[Puflir-s < =——[lullo-
Taking e = (In N)~! to minimize the above bound yields the desired result. 0

We next give some approximation results of spectral operators in the norm related
to the high-order Chebyshev operator D?. We first introduce a Sobolev-type space.
Let

oo T w
(3.21) u=> Ty, = (T‘Tﬁi
kllw
k=0

By the property (2.14) we have formally that

2
k=1

o 1/2
(3.22) D], = (ﬂ 3 k2"|ﬁk2> . o>0.

We then define the Sobolev-type norms

o 1/2
N ™ oA
(323) lullop = (ﬂuOF tg W W) . oeR

and we denote by H(I) the closure of the space of all polynomials with respect to
this norm.
LEMMA 3.7. If u € H%(I), then

(3.24) |D*(PFu—u)llw < CN* 7| D%ully,  0<p<o,
1
(3.25) ||D”(I§;u —u)|lo < CN*=| Dy, 0<u<o, o> 3
(3.26) |D*(PEu — u)||l, < CN* 2 InN|D°ul|,, 0<p<o.
Proof. Tt can be seen from (2.14) that for s > 0,
(3.27) IDull2 = k|| Tell2,  Yu=)_ axTi € Hp(I).
k=0 k=0

Thus it is not difficult to get (3.24), and, by the alias relation, (3.25) can be obtained
as in the proof of (A.6).
Next, from (3.27), we have the following inverse property:

(3.28) ID*ull, < CN?|ullw, Yu € Py.



CHEBYSHEV-LEGENDRE SPECTRAL VISCOSITY METHOD 877

Then, by (3.28), (3.17), and (3.24),

(3.29) ID*(Piu = w)llw < |1D* Py (u = PRl + [ D" (PR u = u) o

< CN*InNllu — P§ul, + CN*=7|| D%,
< CN*771n N||Dul|y.- O

LEMMA 3.8. We have that

(3.30) lullzeqry < Cllulll?luly/5. Ve Hh(D),
(3.31) lullee(ry € OVN|[ullw,  Yu € Py
Proof. The first result is the usual Sobolev inequality under the transformation
x = cosf. The second result is the inverse property [CHQZ, (9.5.3), p. 295]. d
LEMMA 3.9. Let @ be defined in (2.12), | Dul|? 0 = (DQu, Du)w, and R=1-Q.
Then
(3.32) | Dul|? < ||Du|\iQ + Cm3; In® N|u|?, Yu € Pn,
(3.33) |D?Rul|, < my|Dull,,  Vu€ Py.

Proof. If u = chvzo Ty, then

N
u = Qu + Ru, Ru = Z }A‘?kﬂka,
k=0
where, according to (2.12),
. ~ =1 k < mn,
=1- 3
Re=1-Q0) < (M) 4oy
k
Let ||Du||“J r = (DRu, Du),,. We have || Dul? = ||Du||i,Q + HDuHiR and
mn N
IDull g = > K|l Tl + D K Rilawl*|Tell2 = I + L.
k=1 k>mp

By (3.9) and (3.18), we get

Iy < mi | Pyl < mi[|Py ull? < miy In® my .
Next, let A_v(k) = v(k) —v(k —1) and Ajv(k) = v(k 4+ 1) — v(k). We have from
(3.9) and (3.18) that

N
1
I <my Z EA,(HP,CCuHi)

k>mp
1
2 2 C, 2
= — A P
mN< R T S T ||>
k>myn
N—-1 12
< omi (P + Jul?) < O n® N
k+1
k>mn
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Therefore,
(3.34) |Dull g < Cm3, In® Nul?.

For the second result we have

N
| D?Rul|? = Z kY| R [ ||| T |12
k=0

N
<m} Y K| Tl = mi | Dul?. O
k=0

We conclude this section by a remark on the viscosity operator. We might define
the operator @ in (2.16) with the coefficients satisfying

Qk}EO kSmN7
3.35 2
( ) 1—(%) <Q@r<1 k>mny.

Then it is easy to show that
[Dull? < [[Dull? g +millulZ,  Yue Py

Although ||uy|l, < Cllun|lz~ and we will assume that ||un]||re~ is bounded, we do
not want to use the assumption in the first place. We think it is more reasonable to
use @ as in (2.12).

4. A priori estimates. This section is devoted to some a priori estimates related
to the approximation solution, which will be used in the proof of convergence. It is
not difficult to show that the approximation scheme has a unique local solution by
the theory of ordinary differential equations. As for the global solution, we refer to
[MOT?2], [O]. We will assume that the approximation solution is uniformly bounded,
which can be confirmed by the numerical results [MOT1].

Assumption (L*°-boundedness). There exists a finite constant M such that

(4.1) lunll o= (rxfo,ry) < M.

We will denote by C'; the constant dependent only on the bound M and the flux
function f. To simplify the presentation, we only consider the case where x = —1 is
an inflow boundary that is prescribed with the data g(t) € H'(0,T), while z = 1 is
an outflow one. The boundary term B(uy) is now of the form

Bluy) = re(t)RY (z),  e(t) = un(~1,1) — g(t).

4.1. A priori estimates for the CLSV approximation. In this subsection
we give two basic energy estimates for the solution of CLSV scheme (2.2). Let F(u) =
JUEf(€) d€ and set p = uy in (2.2). We have from (3.7) and (3.1) that

Ld

(4.2) 5 7

lun|® + F(un) 51 + en[|0:Qun” + 7¢2(t) + Te(t)g(t)

= (0:(I = IF) f(un),un) = —((I = IF) f(un), Opun)
CymiyIn N

C C
< S 10sun® < 10 Quav |* + === llux])*
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To bound Te(t)g(t), we set o =1 in (2.2) and obtain

d
2 (un, 1) + flun)[f1 = —re(t),
which implies that

(4.3) Tle(®)] < V2|0un|l +|flocs  |floc = max [F(€)]

[g1<M
and for E(t) = Tfo

(4.4) [E®)] < V2(Ilun ()l + llun (0)]|w) + ] f|oc-

Let 2 =1 x (0,T). We have the following estimates.
LEMMA 4.1. Let e and my satisfying

(4.5) en=N"?  my<CNY% 0<g<O<l.
Then we have
(4.6) lun (T)|1? + en|0:Qun |72y + Tllell 7 < Car(1 + [lgll7n),

Cumr
(4.7) 10cun |72y + 102unZ2() + T€*(T) < g(l + [lgllF)-

)T - /E £) dt

Proof. By (4.4), we get

/ " re(t)glt) de

Hence we obtain from (4.2) that

(4.8) < Cumllgllin-

C
(1.9 Jun (D)2 + 2 (e = S0 ) 10.QualEacey + 2rlel

CmyInN 9
N ||UN||L2(Q)

/ Te(t)g(t) dt
0

< Cu(1+ llgliFn),

< Jlun (01 +

+ C|F oo +2

which completes the proof of (4.6). This together with (3.1) also gives us

(4.10) €N||8$UN||%2(Q) < 25N||81QUN||2L2(Q) + CeNm}lv 1nN||uN||%2(Q)
< Cur(1+ llgl)-

Next, we set ¢ = Qrupy in (2.2) and get

(4.11) 18cun|® + (0I5 f (un), Dyun)
= fsN(ﬁ Qun, 010, Quy) — Te(t)dun(—1,1)

Td
g2

0, QualP — T8 (1) — re(t) S (1),
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By using (4.3), we have

ev d 2, Td 5
5 712 Qunll® + 5 e’ (®)

d
< 10,15 £(um)| [run + leto)] | (o)

(4.12) |l Ovun]|® +

1 d
< Cul|Ozun|® + §||5tuN||2 +C ( %g(f)

2
+ Iflio> :
The integration of (4.12) combined with (4.11) yields
(4.13) 9y ) + 2x 110 Qua (T2 + 7¢3(T)
< Cu(enl0:Quiv (0)]| + 7¢*(0) + |05 un |22 () + lglF + [ £13)

OM
< ==+ llgllzn)-
EN

The desired result (4.7) follows from (4.13) and (4.10). d

4.2. A priori estimates for the NSV approximation. In this subsection we
consider the solution of NSV scheme (2.16). We begin with a L?(I)-estimate. Let

[ llwo =11 ||L2(0,T;Lg(1))~
LEMMA 4.2. Let ey, mpy, and T satisfying

(4.14) en=N"? my<CNY3 +=N! 0<qg<O<1,0<6<1-06.
Then we have
(4.15) lun (T)|* + en[|DunllZ0 + llelFe < Crr(L+lgllFn)-

Proof. Let F(u) = [“£f'(€) dé. We get from (2.16) that

(@16) L P+ Flu)l T+ enlDunl + 7e(0) + re(t)g(t)
= (835([ - PN)f(uN),uN) = I(PN)

We estimate I(Py) in the different cases as follows:
1. By (3.30) and (3.24),

@17) [I(PS)| = | [(I = P$) f(un)un] Tt = (I = PS) f(un), dpun) |
< Cum|l(I = PO f(un)| oo ry + 1T = PG f(un) |l [ Dun o
< CulltI = PS) f(un)IY? (1 = PS) fun)I

C
+ 1D )l 1D
C C 1
< D stux )+ SEIDux 1 < O (14 1 Dux 2 )
2. By (3.25),

(115) IUS) =107~ I§)f (), Do)
= 0~ I§) ()l 1D o < 2 D2
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3. By (3.30) and (3.26),

(4.19)  [I(PE)| = — PH) f(un)un]F|
< Cull(I = PE) flum)IIY2 11T — PE) Flun) |5

InN In> N
<cM“f||Df<uN>w<cM( "N D N|w).

Thus we obtain from (4.16) and (3.32) that

1d CyIn® N
(4.20) S—llun|®+ <€N - MN) |Dunlf2 + 7€ (t)
< Cenmiy n® Nljuy|[* + [Floc = Te(t)g(®),

where |F|o = maxe|<a |F(£)]. To bound 7e(t)g(t), we use (2.16) to get

d = (un, 1) + flun)[I] + re(t) = [(I = Pv) f(un)]|E] = J(Py),

(4.21) o

where J(I§) = 0, and as we can see from (4.17) and (4.19) that

(4.22) I(PS)| < anuNuw,
(4.23) v <PN>|<0M1\T}5DuN||w

Hence, we have from (4.21) that

T
(4.24) B(T) = T/ et dt] < Cos + Ot 2 Dun o
0 VN
and
T T d
(4.25) | retvao | = B0t - / (1) S g(t)
0 0
1 2

The proof is completed by the temporal integration of (4.20) and use of (4.25). d

Next, we work on an H'(I)-estimate.

LEMMA 4.3. Assume that (4.14) holds and
(4.26) en||Dun(0)||?> < CTN.
We have
(4.27) enl|Dun (T)I? + i [ D*un|lZi0 < Crr (1 + [lgll )TN

Proof. Let D? = 0,w20,. We have from (2.16) that

(428) (8tuN + 8$PNf(uN)7 D%UN) = EN(DQQ’U,N7D%’U,N)“, — (B(’U,N),D%’U,N)
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This gives us

1d
(4.29) 5@“1)1”\[”2 +€N(D2uN,D%uN)w
= EN(DZRUN, D%UN)“, + (DPNf(UN), D%UN) + Te(t)(D%uN)(—l, t).
By using Lemma 3.5, (3.33), and Lemma 3.7, we get

EN d
7%IIDUNII2 + ex |1 D2unl|?,
< en||D? D?R DP CrvV'N
<en|[Diunllw (en||D"Runllw + |DPy f(un)|lw + CTV Nle|)

2
3
< S ID%unE + CeID* Run |5 + IDPy fun) 5 + N72€?)

2
3
N0 un S + Car(ehmi || Dunlf +0* N[ Duy |5 + N72€?).

IN

(4.30)
The temporal integration of (4.30) yields the desired result,

(4.31)  en||Dun(T)|* + X |1 D*unll2o

n?N
SENlDuN«nW-+CM(1+|g%p>(st%%—

+TN>
EN

<Cu(1+|gl30)7N. O

5. The convergence of the spectral viscosity approximation. In this sec-
tion we prove the convergence of the CLSV approximation (2.2) and the NSV approx-
imation (2.16), respectively, by compensated compactness arguments. Based on the
framework of [Tr], we need only to prove that 0;U(uyn) + 0, F(un) can be expressed
as a sum of two terms such that one belongs to a compact subset of Hl;CI(Q) and
the other is bounded in L}, .(£2) for all convex entropy pairs (U(uy), F(uy)), where
Q= (-1,1)x(0,T). We will simplify Cps(14||g||31) as Cas and also use the following
notations:

G)=06@, =T, I llo =1 @),

—~

5w = (5 ')LZ(O,T;L%;(I)), Il = ||'HL2(0,T;L3(I))~

We follow the same line as in [MOT1]. So we will go through quickly but only pay
attention on some differences.

5.1. The convergence of the CLSV approximation. Here we consider the
CLSV approximation (2.2). For any ¢ € H}(f2), we define

(5.1) ¢N=/1%4@wma
-1

where PL : L?*(I) — Py is the Legendre orthogonal projection operator. Thus
en(£1,t) = 0 and we have [MOT1] that

(5.2) 10z 0Nl + Nl — enll < Clldzel|-
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Then, we have

(5.3)  (Qpun + 0uf(un), @) = (Qpun + Ouf(un), o — on) + (0:(I — I) f(un), on)

+(Orun + 0I5 f(un) on) = Y 1i(9).
By Lemma 4.1, the first term can be bounded as

(5.4) 111 ()| < (|0cun || + Car||Ozun]]) [l — enll < r”@ on|l-

We use Lemma 3.3 to estimate the second term,

(5.5) 1L ()| = [((I = IF) f(un), Duon)|
Cm
< WHamUNH [0z

enl|l < FNH dzon||-
For the third term, we have from (4.6) and (3.2) that
(5.6) [I3()| < en(82:Qun, 8:Qpn )| < enl|OxQun | [|0-Qen||

< Cuven([|0xon |l +mi VIn Nyl
Therefore, it follows from (5.2) that for any ¢ € H}(Q),
(5.7) |(Grun + O f(un), )]
Cu 1
< 10,61+ Cur /2R (0. + iV (5 0.l + el )

< Cuven (10:¢ll +mi Vin Npllo) — 0,

and it implies that Oyun + 0, f(un) belongs to a compact subset of H, ! ().

Next, for any entropy pair (U(uy), F(uy)), we have 0;U(uy) + 0. F(un) =
(Orun + Or f(un))U'(uy). If we replace the function ¢ in the above procedure with
the function U’(un )¢, then we obtain that for any ¢ € Hg (),

(5:8)  [(8U(un) + 0:F (un), p)| = \(atUN + 0u f(un), U'(un) )|
< Z 1L;(U

< CM\/ETv(H@x( "(un)e)ll
+mVIn N[V (un)elloo)
< Cuven ([0zun]l [#lloe + 1T (un)lloo |0zl
+ miy VLN U (un)l|oo 2]l o)
So 9;U(un) + 0, F(un) also belongs to a compact subset of H,,!(Q).

Furthermore, we can show that 0,U(un) + 0, F(un) tends weakly to a negative
measure. To this end, we first note that the first two terms in (5.8) tend to 0,

2

(5.9) leuj(U’( ”‘Sﬁm

Cm

102(U" (un) @)

< ——=x Udeunll lelloo + U (un) oo 10z0ll) —

7
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Next, we rewrite the third term in (5.8) as

(5.10) LU (un)p) = —en(0:Qun, 0, QU (un)p) N)
= —en(0:Qun, 0:(I — R)(U'(un)e)N)
= —en(0pun, 0 (U’ (un)p)N) +en (9 Run, 0:(U' (un)p)n)

3
+ en(8:Qun, 0, R(U' (un)p)n) = Z Ji()-

Thus, for any ¢ > 0, we have from the definition (5.1) and the convexity of U that

(5.11) Ji(p) = —en(Opun, 0 (U (un)p)N)
= —en(Opun, U" (un)pdpun) — en(Ozun, U (un)dz¢p)
< —en(Opun, U'(un)0,0) < O\/en||ull — 0,

and the other two terms tend to 0,

(5.12) | J2(p)l = en|(9x Run, 0:(U' (un) )|
< en[|0x Run|| [10:(U" (un) @)l
< CenmiyVIn N([|0sun ] [@lloo + U (un)llscllOz¢lloc) — 0,

(5:13) 1s(e)] < en 0 Qull- Om3 VIR NI ()
< Curv/an i, (5 100" ()l + 10"

C
< Carv/en nNmS, [Nuwmn lloo + 1T (un) o 952
n ||U’<uN>||oo|so|oo] 0.

Thus we arrive at the following convergence theorem.

THEOREM 5.1. Let the spectral viscosity parameters ey and my satisfy (4.5).
Then the bounded solution uy (x,t) of the CLSV approxzimation (2.2) converges strongly
in LY (Q) (p < 00) to the unique entropy solution of (1.1).

loc

5.2. The convergence of the NSV approximation. Now we consider the
NSV approximation (2.16). For any ¢ € H}(Q2), we have

= en(D*Quy, P@) + (0:(I — Pn)f(un), ) = (Blux), ) = Y Li().

By Lemma 4.2, (4.7), and (3.17), the first term can be bounded as

(5.15) 1L(9)] = enl(D*Qun, 9)w + (D*Quy, (PN — D)¢)o]
< en(IDQux || Dell + | D*Qunllu | (PX — D)

< cu (var + Y2 1Dyl
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We use Lemma 3.7 to estimate the second term,

(5.16) [2(0)| = [((I = Pn)f(un), Op)| < [[(I = Pn) f(un)lw]| Dol
CM In N CM InN
< —|D D < —||D .
< DY Dol < 2L D,
For the third term we have from (4.6), (3.31), and Lemma 3.7 that
T
G170 ) = | [ e [P = 1910 d
Tln N
< rlelle - VRIPE - 1)l < Cur Y2 1D
Thus, we have that for any ¢ € H}(Q),
VTIn N In N )
5.18 Owun + O f(uy), <C eN + + Doyl
(519 |Ouux + 0, f(un). )] < Cur (VB + Y2 + 220 ) 0

< (Vaw + YRR ) sl — o

and it implies that Oyun + 0, f(un) belongs to a compact subset of H, ! ().
Next, if we replace the function ¢ in the above procedure with the function
U'(un )¢, then we obtain that for any ¢ € H}(Q),

(5:19) [(8:U(un) + Oz F(uN) @)l = (Orun + 0o f (un), U' (un)e)]

< 2 L o)l < o (VE + YT D@ )l
e (ﬁw WX}%N) (IDulullelloe + 1T (u) 1o | D)
flnN

< Cu ( T ) (lelloe + vER 125011

< Ou(1+ N2 N) (o]l + vEnlIOsel).

So 8;U(un) + 0, F(un) also belongs to a compact subset of H;,!(Q).
Furthermore, we can prove that 0,U(un) + 0z F(un) tends weakly to a negative
measure. In fact, we have already shown in (5.16) and (5.17) that

i N  FInN

(520) 310" (1x)e)] < O (o + Va2 ) I el
< O Y (1Duylullelo + 10" ) el D)

VN
< Cu N~ N (|lolloo + vEnllOspl) — 0.

For the first term in (5.19), we have
(U (un)g) = en(D*Qun, U'(un)@)w + en(D*Quy, (Pr; — DU’ (un)#])w
= 5N(D2UN»U/(UN)SO) —EN(DQRUNaU/( N)P)w

+en(D?*Quy, (P& — I)[U' ) = ZJ
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Hence, for any ¢ > 0, we have from the convexity of U that
(5.21) Ji(¢) = —en(Dun, DU (un)#])w
= —en(Dun,U"(un)pDun)w — en(Dun, U’ (un) Dp)e
—en(Dun,U'(un)De)w < Crv/en||0zpl| — 0.
On the other hand, by (3.34)
(5.22) | J2(p)| = en|(DRun, DU’ (un)e#])w|
< en||DRun ||| DIU" (un )]l
< Cuen(my N2 (| Duy [lullellos + 1U” (un) o[ Dellw)
< O N~ D212 N ([¢]loo + ven||dupl)) — 0.
Also, we have from (3.10), (4.7), and (3.26) that

(5.23) [ 73(0)] < en|D*Quavllull(Px — DU (un) ]l

EN InN
< O —x—ID%unllo | DU (un) ]l

VTIn N
/v UPunlelielo + 1T (un)lloo [ Do)

< CuN~U7902 I N (o)l + ven10z¢1) — 0.

IA

<Cum

We conclude by the following convergence theorem.

THEOREM 5.2. Assume that (4.14) holds. Then the bounded solution up(zx,t)
of the spectral viscosity scheme (2.16) converges strongly in LY () (p < o0) to the
unique entropy solution of (1.1).

6. Conclusion. It is shown that the CLSV method is an efficient way to solve
conservation laws and enjoys the same convergence property as the Legendre spec-
tral viscosity method. Basically, the schemes are formulated in Legendre methods
except that the nonlinear term may be treated by Chebyshev methods. So it is more
reasonable to expand uy in Legendre polynomials and expect that the effect of the
viscosity on the low modes is small. A suitable postprocessing procedure for the CLSV
approximate solution will be interesting.

Appendix A. The proofs of Lemma 3.2 and Lemma 3.4. We will use
operator interpolation methods to prove these lemmas.

Proof of Lemma 3.2. Tt seems not so easy to treat the term ||0,I§u| directly
because we are unable to relate it to the exactness property of Gauss quadrature
formula as in [BM]. We turn to the technique of interpolation of operators and start
by quoting Theorem 3.6 of [BS, p. 213].

LEMMA A.1. Let (R,pu) and (S,v) be totally o-finite measure spaces and let T
be a linear operator defined on the u-simple functions on R and taking values in the
v-measurable functions on S. Suppose that u,v are positive weights on R and S,
respectively, and that 1 < p;,q; < oo (i =0,1). Suppose

(A1) (T flvillpa: < Mil fuillzes, (i =0,1),
for all p-simple functions f. Let 0 < 0 <1 and define
1 1-6 6 1 1-6 40

(AQ) - T
p Do p1 q q0 q1
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and

(A.3) u = ud 0, v = vy %Y.

Then, if p < oo, the operator T has a unique extension to a bounded linear operator
from LY, to LY, which satisfies

(A4) (T f)vllna < My=° M || ful| 1o

for all f in LY,.

To serve our purpose, we take (R, u) = (S, v) as usual Lebesgue spaces; p; = ¢; =

2(@=0,1)sothat p=g=2;and v} =13 =w= (1—2?)"Y2u} =0v}=w"s0

that u? = v? = w!™2%. Next, we define the operator T: L2,(I) — L%,(I) (i = 0,1) by

T=0,I150;", 9, 'u z/ u(€) de.

-1

The following lemma aims at meeting the condition of Lemma A.1.
LEMMA A.2. We have

(A5) ITull < Cllulle, Ve L2(D),
(A.6) ITullys < Clluflr,  Vue L21(D).

Proof. For any u € L2(I), let v=0;'u € HL(I). Corollary 4.6 of [BM] provides
us with

(A7) 101G < C inf || + pollgr < Cdzv]|.
Po€Po “
So the first conclusion (A.5) follows.
Next, for the Chebyshev polynomial Tj(z), we have
(A.8) (w10, Ty) + K*wT), = 0,
which results in the orthogonal property in the weight w™1,
(8mTk,w718mTl) = k26lk”TkHi

By this property, it is not difficult to show that for any v = >"77 , 0xT) € H!_, (I),

oo oo
1020]2 1 = 1D k0 ThllZ -1 = > K2 [0x || T |12

k=0 k=1

Let I§v = ch\;o 0 T). We have the aliasing relation [CHQZ, p. 68]:

O = Zz}k, Jr ={jlj =2IN £k >0, [is any integer }.

F€Tk
Then we get from (A.8),
N N
(A.9) 10 TG0 )%+ = D R ITPITels = Dk Y 0517 1 T0l2
k=1 jeJi

IN

k=1

N 1

SRS S A PImIR
k=1

jend Jen

< O(k) Y PlalPITilE = C k) 0z0ll2 -1,
=1



888 HEPING MA

where, since 2IN + k>IN >k for [ > 1 and k < N,

1
= T <
C(k) max 7 S 1+ Z B C,
JEJk =1
which leads to the second conclusion (A.6). O

Now we are ready to derive the general result (3.4). Let u = d,v € L2, 5, (I). By
the notations used above, we know from Lemma A.2 that the conditions of Lemma A.1
hold in our case so that we have the conclusion

Hé)ﬂﬁ@;luuwlqe < C”Ulefw, 0<0<1,

which complete the proof of Lemma 3.2 ]

Proof of Lemma 3.4. The results with (o, ) = (1,0) has been proved in [GO,
p. 98] and [R] in different ways. Here we use the operator interpolation method to
prove the generalized result. It seems that the following way is not so natural, but
it keeps us from being involved in the operator interpolation theory too much. We
define

T =0,15.10;", agluz/ u(§) d€.

-1

Then the result (3.9) with (o, ) = (1,—1), which can be proved easily by using the
property of Gauss quadrature formula, and (A.6) lead to

(A.10) ITulls < ON|Tullus < CNJfullmr,  Vue L2 (1),

Thus, by Lemma A.1, we get from (A.5) and (A.10) that for 0 <6 <1,
(A.11) |Tullw < CNul|gr-20,  Yu € L2, 56(I).

Using Lemma A.1 again, we get from (A.11) and (A.6) that for 0 < 6 <1,
(A12) [Tl rss < ON Dl yasmaomgos, Yt € Lo ansy s (D).

Now let 1—26 = o, §(1—6) = (0 —)/2. Then (1—20)(1—8)—6 = 1—25—20(1—8) =
o — (0 —pu) = p, and (A.12) reads

(A.13) |Tulle < CNCOM2 |0l pu,  Yue L2,.(I).

The desired results follow from the fact that for any v € Py, Tu = u. O

Appendix B. The proof of (3.19). We shall show that (3.19) is true, which
is a special case of the following lemma with (o, 8) = (0, —(1 — €)/2).

Let p(x) = 1 — 22 and P](Va): L2.(I) — Pn be L2.(I)-orthogonal projection.
To serve our purpose, we only consider the case of & > —1/2. A similar result for
«a > —1 is possible.

LEMMA B.1. Assume that o > —1/2 and € is a small positive number. Then
there exists a constant C' independent of N and f such that

« C 1
(B.1) 1P fll,s < ZIflpss  18-al=3 -
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Proof. We will follow the line in [M1]. Let J,ga) (x) be the family of Jacobi poly-

nomials orthogonal in the weight p®(x) normalized as J,ga)(l) = (k"k"’) and Ky (x,y)
be the Christoffel-Darboux kernel

o L@ R )

(B2) KN(xay) = J(a) 2
k=0 I (e
As shown in [M1], we have
(BS) KN(.’E, y) = aNhl(N7xay) + bN[hQ(N,SC, y) + h’3(N7xay)]a

where |an|, |bn| are bounded above by a constant independent of N and

(B.4) hi(N,z,y) = (N + 1) 75 ()75 (1),

No(y) T ()T Py
(B.5) R R

Also, we have [M1]
a 1
(B.6) I3 (@) < ONTH2pmo 2 @), el <1z -

It is easy to see that

2

®0) WP | ] [ s way| e ds

3
ey |
j=1"1

Due to the symmetry, we need only consider the following integrals:

(B.8) I = /1

For I; we use (B.4), (B.6), and the Cauchy inequality to get

2
PP (z) de.

/Ihj(N,xvy)f(y)p“(y) dy

2

1
/O hy(N 2 f @) () dy| Py e, j=1,2,3

1 2
B9 n=cf ( / @)l ) dy) PP () de
< C/O If(y)\gpﬁ(y)dy/O pa‘ﬁ‘m(y)dy/jpﬁ‘“‘m(w) dx

o C
<c [ @l i < S

For Iy we decompose it as

(B10) L= ( [ /)

2

/0 ha(N, 2. 9)f (9)o® (4) dy| p°(x) dw = Jy + Jy.
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Since | — y| > 1/2 in Jq, we have as in (B.9) that

—1/2 1 2
Ji SC/_1 (/0 If(y)lp“/2+1/4(y)dy> pPmo 2 (2) da

1 1 —1/2
2 B a—fB+1/2 B—a—1/2 ~
<c [Pl Wy [ Ry [ e < YA

1

For J; we let f(y) = 0 (—oo < y < 0) and make the variable transformations = =
1—X, y=1-Y. Then we have

3/2 X/2 3X/2
J <c/ </ / / ) ) VNIGHD ()2t (y) dY
3X/2 -

< Ja1 + Jag + Jos.
For Ja; use | X — Y| > X/2, (B.6), and the Hardy inequality [MPF, p. 145],

3/2 X/2 2 )
Jo1 < C/ / |f(1=Y)|ye/2 gy | XP-a=5/2qx
0 0

o X Y 2
< C/ / [F( =y dy | XPmem2ax

< c/ X pxeriexi-asii2 gx < o) |2,

2
Xﬁfafl/Q dx

For Ja3 use |Y — X| > Y/3, (B. ), and the Hardy inequality [MPF, p. 145],

2
3/2 oo
J23g0/ (/ |f(1—Y)YO‘/2‘3/4dY> XP-e-1/2gx
0

3X/2

0 [e%e) 2
< C/ (/ f (1 - ;3’) |ye/2-3/4 dY) XP-e-1/2gx
0 X

c o[> 3 g C
S? i |f (1—2X) |2Xa 3/2Xﬁ +3/2dX§§Hf||i,3

For Jog let X_5=9/4, X_1 =3/2, and X,, =1/2" (n > 0). Then

J22<CZ/

n=—1 Xn+1

2

3X/2 )
/ fJ(“jf)(l—Y)pa“u—Y) dy| X8-e-1/24x.

X/2 -

According to the Hilbert inequality, we have that [M2] for o <0,

2 2
3X/2 oy
/ g(Y) e

X, Xn 3X/2
g(Y)
X7 dX < X© / / dy| dx
/X e XY e N Xov
Xn_1 Xn—1
<Cox3,, 9P dX < 0T / l9(X)[2X° dX,
Knt2 -1 JXnyo
and (B.6) implies that
DS / X)[EXeH2 Y12 gx < O |2,
n=-—1 X2

The estimation for I3 is the same. Thus the proof of Lemma B.1 is completed. ]
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