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CHEBYSHEV-LEGENDRE SUPER SPECTRAL VISCOSITY
METHOD FOR NONLINEAR CONSERVATION LAWS*

HEPING MAT

Abstract. In this paper, a super spectral viscosity method using the Chebyshev differential
operator of high order D¥ = (v/1 — 229;)% is developed for nonlinear conservation laws. The bound-
ary conditions are treated by a penalty method. Compared with the second-order spectral viscosity
method, the super one is much weaker while still guaranteeing the convergence of the bounded so-
lution of the Chebyshev—Galerkin, Chebyshev collocation, or Legendre—Galerkin approximations to
nonlinear conservation laws, which is proved by compensated compactness arguments.
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1. Introduction. We have discussed in [M] the second-order spectral viscos-
ity (SV) method using the Chebyshev differential operator D = /1 — 220, for the
following nonlinear conservation law:

(1.1) Opu(z,t) + 0 f (u(z,t)) =0, (x,t) € (—1,1) x (0,T),

provided with an initial condition at ¢ = 0 and boundary data on the inflow bound-
aries. The aim of this paper is to generalize the second-order SV method [MT], [Tal],
[Ta2] to a super spectral viscosity (SSV) version introduced by David Gottlieb, which
uses the high-order Chebyshev differential operator D*. We refer to [Ta3] for the
Fourier SSV method of the periodic problems, where a more general version of SSV
has been established. There is a switch in the SSV of [Ta3] controlled by the param-
eter my so that the viscosity is put only on the modes higher than mpy. The SSV
method considered here corresponds to the case of my = 1.

We will see that the SSV method can be viewed as a special case of the SV method,
but the former is much weaker than the latter for large s. Although the SSV method
does not meet the stability requirement in [M], it is shown in this paper that the SSV
method still guarantees the convergence of the bounded solution of the Chebyshev—
Galerkin, Chebyshev collocation, or Legendre—Galerkin approximations to nonlinear
conservation laws, which is proved by compensated compactness arguments.

Since the viscosity in the SSV method is much weaker, we may expect that the
computed coefficients of the SSV solution are less affected by the viscosity, and are
more accurate to the exact coefficients of the solution of (1.1). Therefore, spectral
accuracy may be recovered from these coefficients by a postprocessing procedure such
as filter or reconstruction methods [GT], [AGT], [GSSV], [GS1], [GS2], [GS3], [MOT].

The SSV method has a close relation with the exponential filter spectral method.
The latter has been successfully applied to nonlinear conservation laws with the
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Fourier spectral method [SW] and to shock wave calculations with the Chebyshev
spectral method [D]. We will give some details on this relation at the end of the
paper.

The paper is organized as follows. In section 2 we describe the SSV scheme for
(1.1) and its connection with the SV method. In section 3 we discuss some properties
of the Chebyshev and Legendre differential operators of high order. Sections 4 and
5 work on some a priori estimates related to the solution of the SSV method and
then prove that the bounded solution of the SSV method converges to the exact
scalar entropy solution of (1.1) by compensated compactness arguments based on the
standard framework.

2. The SSV method. Let I = (—1,1) and p(x) be a positive weight on I.
The inner product and norm of L2(I) are denoted by (-, ), and || - ||,. We will drop
the subscript p whenever p = 1. Let Py denote the space of algebraic polynomials
of degree < N and w(z) = (1 — 22)~%/2. We denote by {Tj(z)} the Chebyshev
polynomials standardized as Tj(1) = 1 and {Lj(z)} the Legendre ones as Ly(1) = 1.
The spectral approximation operator Py can be one of the following;:

1. P§ : L}(I) — Py, the Chebyshev—Galerkin projection operator (L2 (I)-
orthogonal);

2. If, : C(I) — Py, the Chebyshev interpolation operator at Gauss-Lobatto—
Chebyshev points z; = cos ” 0<j<N;

3. PE . L¥(I) — PN, the Legendre-Galerkin projection operator (L?(I)-
orthogonal).

The SSV method for (1.1) is to find un(t) € Py such that

(2.1) dun + 0, Pn fluy) = (—1)* ey PE(wD*uy) — B(uy).
Here the boundary term is defined by
: : 1
Z bi(t)Tun(xj,t)— gj(t)]RS\Jl)(m), R%)(l‘> = §[L§V(xj1;)+L’N+1(xjw)],
j=0,N

where b;(t) = 1 on the inflow boundary prescribed with the data g;(t), and b;(t) =0
on the outflow boundary (j = 0, N). We have that

(B( Z b ()7 [un(z;,1) — g;(t)]e(x;) Yo € Py.

j=0,N

This is a penalty-type treatment of boundary conditions [FG1], [FG2]. The parame-
ters ey and 7 are chosen such that

1
0<—.
25 —1’ <2

(2.2) ey = N~(2s—1=0) r=N?, 0<é<

The value of s may go to infinity, which will be described later.
To make a comparison with the second-order SV method, we rewrite the SSV
term as

N N 2s—2

. 1 .

23) () exDPuy = e YR UT = - 3 (5) P,
k=0 k=0

where we have used the fact that

(2.4) DTy (x) + E*Tp(z) =0  Va € I.
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So the SSV method can be viewed as a special case of the second-order SV method

with Q = A,(CS) = (£)?*72, and the implementation for the SSV method is almost
the same as for the SV method, which can be done on the Chebyshev points {z;}

efficiently [DG], [M]. However, in the usual SV method [M], we required that Q; = 1
for k > N1/3 (we have ignored the small improvement in the second-order SV method
since this kind of modification is also possible for the SSV [Ta3]). Obviously, the
former is much weaker than the latter when the value of s is large.

3. Preliminaries. In this section, we discuss some properties of the Chebyshev
and Legendre differential operators of high order, which are needed in the stability
analysis. We first introduce a Sobolev-type space related to the Chebyshev differential
operator D. Let

- ~ ~ (ua Tk‘)w
(3.1) u = uka, Uk = T/ 175 -
,;O 1712

By the property (2.4) we have formally that

0o 1/2
™ N
(3.2) 1D ull., = <2 Zk20|uk|2> . o>

k=1
We then define the Sobolev-type norms

o0

1/2
. T ol
(33) il = <WIUOI2 P |uk|2> . oeR,

k=1

and we denote by HY(I) the closure of the space of all polynomials with respect to
this norm. Accordingly, we should generalize the operator D to a distributional one
in the usual way such that

(D%u,p)w = (=1)7(u, D7¢), Yo € D(I),

where D(I) is the space of infinitely differentiable functions with compact support in I.
It is easy to see that (3.2) is true for v € H%/(I). For positive o, we also have

(3.4) D*u=(-1)°> k7T  Yue Hy(I).
k=1

If o is negative, we define D?°u by (3.4) and D***ly = DD?*?u. Thus (3.2) is also
true for u € HY/(I),0 < 0. We have that, for o > 0,

(3.5) D°D™%u=u— p,(u), teo(u) = = /u(:v)w(m) dx.

We will need the adjoint operator to D¢ for negative o. If ¢ is even, we define
(D°)* = D?, and if ¢ is odd, we define (D?)* = D°*}(D~1)* with

(oyu=- [ " u(©)w(o) de.

-1

It is easy to check that

(3.6) (D%u,v)y, = (u, (D7) v),,.
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We note that the behavior of u is quite different from Du. If u € H{/(I), then
D?u € HY 7 (I), but usually Du ¢ HY *(I). If we connect them with the Fourier
series under the transformation x = cosf, we may say that u behaves evenly and Du
behaves oddly. For example, let uw = = cos6; then Du = /1 — 22 = sin6. We know
sin # cannot be approximated well by Fourier cosine series.

Let D? = 9,w™29,. The following lemma is essential for getting a priori estimates
and will be proved in the Appendix.

LEMMA 3.1. Ifu € H5(I) (s > 0), then we have

(3.7) I1D* P20l + (| D (x8yu) |2 + (25 + || D*0pull?, < [|D°D7ull?,
(3-8) ID*DiullZ, + 3|1 D°FlullZ, < 9[| D> 22,

2 1
3.9)  (D*u,D*D2u), > | D2 + %nDsawunfﬂ

(3.10) (D**2u, D*D3u),,

Y

1 S 1 S
31D DLl + SID ull.

We will also use the following lemma, whose proof can be found in [M].
LEMMA 3.2. Ifu e H(I) (0 > 0), then

(311)  ID*(P§u—w)le < CN*7|D%ulu,  0<p<o,
1
(312)  [D*(IJu-ul < CN*77|[D%ully,  0<p<o, o>,
(3.13) | D*(Piu — u)||l, < CN*~7 In N||D°ul|., 0<pu<o.
LEMMA 3.3. Assume that f € C*(R) and u € H},(I) (s > 1). Let
M = roo — (r) .
maxfu@)l,  |flnee = max [£7(O)

We have that

(3.14) ID* f(u)]|s < Cs <Z|f

r=1

T,OOMT*) |l

Proof. We refer to [CDT] for the result with w = 1. Let o (j > 1) be positive

integers and |alo = 0, [af, = >77_; a;. According to the chain rule we have

s—1
(3.15)  D*f(u) =D*7'[f'(u)Du] = > _CL_ D77 f'(u) D" u
=0

S

=Y CHy'D T f (u) DM

a;=1
s S—Q
_ 2 : a;—1 as—1 s—a1—as £(2) ai ag
- Cs—l § : Cs—ocl—lD f (U)D uD*u
041:1 ag:l

r

SEEEP I DIy | LA P et

r=1 |a|,=s \j=1

By the Holder inequality,

(3.16) I H D%ul, < H HDajuHLZS/“j’
j=1 j=1
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Under the transformation = = cos @, the Gagliardo-Nirenberg (GN) inequality [KZ]
gives us

l—(f1
s—p 1’

Let | = aj,q = 2s/a;, and p = 2 in (3.17). Then A = a;/s and we have from (3.15)
and (3.16) that

(3.17) ID"ull s, < Cllull 21D ullyy, A=

(3.18) ID* f(w)|l, < Cs Z|f|m H ul| ;=297 | Do 29/

:CSZ|f|T,OOM7’_1HDSu||w. 0
r=1

We note that O usually grows exponentially with s. In fact, if f(u) = u? and
u =T, then Cy ~ 2°. We should keep this in mind when we choose s.

4. A priori estimates. This section is devoted to some a priori estimates of
the approximation solution of (2.1), which will be needed in the proof of convergence.
We assume that the approximation solution is uniformly bounded.

ASSUMPTION (L*°-boundedness). There exists a finite constant M such that

(4.1) lunll Lo (7xjo,77) < M-

We will denote by C; the constant dependent only on the bound M and the flux
function f. To simplify the presentation, we only consider the case where x = —1
is an inflow boundary prescribed with the data g(t) € H'(0,T), while x = 1 is an
outflow one. The boundary term B(uy) is now of the form

B(uy) = Te(t) Ry (2),  e(t) = un(-1,t) — g(t).

We begin with an L?(I)-estimate. Let || - [lu:0 = || - [|22(0,7:22 (1))- We first quote
the Sobolev inequality and the GN inequality (3.17) with p = ¢ = 2, which will be
used frequently.

(4.2) lufl e < cnunl/?uun”? Yu € Hh(I),
(4.3) |Dbull., < C||u||L5 T |D*u B 1<i<s Vue Hi (D).
LEMMA 4.1. Assume that (2.2) holds and
C In? N
(4.4) EN 2 4C’MWa

where Cy is the constant appearing in (3.14). We have that
(4.5) IIuN(T)II2 +enlDiunlZo +7llelz: < Car(X+lglFn)-
Proof. Let F(u f £f'(€) d¢. We get from the scheme (2.1) that

6 5 dtuumﬁ P+ enlIDun] + me2(1) + re(t)g(t
= (0(1 — Py)f(ux), u) = I(Py).

We estimate I(Py) in different cases as follows.
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1. By the Sobolev inequality (4.2), (3.11), the GN inequality (4.3), (3.14), and
the Holder inequality,

(4.7) I(PS)| = | [(I = PY)f(un)un]lt = (I = PR)f(un), Opun) |
< Cum||(I = PR)f(un)e(ry + (I = P§) f(un), Duy).e
< Cull(I = PS) f(un)|2 DI = PR f(un)|

_ 1
f(un)llw IIDSUN 5

Cum
= Ns—1/2

Cs
< Cuy (1+N DSUNHM).
2. By (3.12), the GN inequality (4.3), and the Holder inequality,
(4.8) [I(I§)] = I((I 1) f(un), Qeun)| < (I = IF) f(un) e ”DUNHw
HDS (un)llw[Dun|lw <

1D° f (un )|

U/NH 25 1

||2s 1

< NS
Cs s
<Cu (1 + ymlD uzvlli) :
3. By the Sobolev inequality (4.2) and (3.13),
(4.9) (P = [ = PY)f(un)un]|Z] |
< Cull(I = P§)f(uw) Il *IDU — PF) f (un) ||/

In N s CyIn* N R
< o 1Dl < O (14 SN D).
Thus we obtain from (4.6) that
1d CyIn* N
g gl + (n = O St ) ID*un I+ 720) < Car + 1Pl = gt

where |F|o = max¢j<as [F(£)]. To bound Te(t)g(t), we use the scheme (2.1) to get

%(UN, D)+ flun)| 55+ 7e(t) = (I = Py) fun)]| 2] = J(Py),

where J(I§) = 0, and we can see from (4.7) and (4.9) that

(4.10)

(4.11) |J(P]€)| < CMNTSUQHDSUNHM
CslnN |
(4.12) |J(PY)] < CMW”D U |-
Thus, we have from (4.10) that for E(T) = Tfo t,
C, 1nN

(4.13) |E(T)| < Cum + CMWHDSUNHU-HO
and

T T d
(4.14) / re(t)g(t) dt| = BT - / B(t) % o(t) di

0

Csln®> N s
<Oy <|g|§p + o i uN||i;0).

The proof is completed by temporal integration of (4.6) and the use of (4.14). 0
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Next, we work on an H*(I)-estimate.
LEMMA 4.2. Assume that (2.2), (4.4) hold and

(4.15) | Dux (0)]* < Cv/rN*1- 50,
We have that
(4.16)  |[Dun(T)|* +en | D unl|2 < Cas (1 + [lg]3:) /7N 7550,
Proof. Let D? = 0,w™20,. We have from the scheme (2.1) that
(Orun + 0x Py f(un), Diun) = (=1)* ey (D*un, D3un)e, — (B(uy), D3uy).

This gives us

1d
2 dt
= (DPyf(un), Diun)e + Te(t)(D2un)(—1,1).

Thus, by the coercive property (3.9), the Sobolev inequality (4.2), and (3.8)

—||[Dun||® + en(D* T uy, D' Diun )

(4.17) | Dunlf® +en|[ D> un|

1d
2dt|
< IDf(un)llwl| Dy un o + Crlel | DRun|y/*|IDDFun |/
< Cu||Dunllo ]| D*un o + C7le| | D>unl|y/? | D un .

The temporal integration of (4.17) and the use of the Holder inequality and the GN
inequality (4.3) yield

1Dun (T)[2 + en | D> Lun |2
< | Dun (0)]? + Carl| Dunllsol| D*un[lwso + Cllel 2 | DPun | ol DPun | g
< [ Dun (0)]2 + Corl| Dun 2*1||D8uN =0T+ Orllell e D uw | 5 D uw | 55
< [ Dun (O] + Crrv/T (VT lell2)e ™ (enlI D un|2) 757

which completes the proof. ]

5. The convergence of the SSV method. In this section, we prove the con-
vergence of the SSV approximation (2.1) by compensated compactness arguments.
Based on the framework of [Tr]|, we follow [Ta3] to prove that both dyun + 0. f(un)
and 0U(un) + 0, F(uy) for the quadratic entropy function flux pair can be ex-
pressed as a sum of two terms such that one belongs to a compact subset of H z;cl(Q)
and the other is bounded in L}, .(€2), where Q@ = (—1,1) x (0,7). We will simplify
Cum(1+g]/3:) as Cr, and also use the following notations:

G)=6e@,  HET e, 1l =1 @),

(- )w = () r2(0,1302 (1) I-llo = -2 0,752 1))
For any ¢ € H}(Q), we have
(5.1)  (Oun + 0 flun),®)

= (=1)"Men(D*un, Pfo)w + (0:(I — Pn)f(un),¢) — (B(un),0) = > _ ().
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By Lemma 4.1, (3.13), and the following inverse property:

(5.2) IDullw < CN°H#|| DFul|y, 0<pu<o Yue Py,

the first term can be bounded as

(5.3) [11(9)| = en|(D*un, @) + (D**un, (P§ — 1)@)u|
< Cen([ID* un|lwllDellw + ID*unlu || (P — Dllw)
< Cen N (1 + In V)| D*un |l | Dl
< CyN-U=021n N||0,|| — 0.

We use Lemma 3.2 to estimate the second term:

(54)  1L(@) = | - Py)f(un),0:9)| < (I = Pa) fun)l| 10:]
Cy c,
< Cu= ID*un o Dol < Ovrgyrs 100l — 0.

For the third term we use (4.5), the inverse property
(5.5) |ullpoe(ry < CVN||ullpzry  Vu € Py,

and Lemma 3.2 to obtain

T
(56)  |Is(e) = / re(t)[(PE — I)g)(~1.) dt

TIn N
< Crlellzs - VEIPE - 1)l < O Jonl — .

Thus, we have shown that dyun + 9, f(un) belongs to a compact subset of H; ! ().
Next we consider the quadratic entropy function. We have

6.1) goukro. [ er i

3
= (—1)*MenyunPE(wD*un) + un0.(I — Px)f(un) — unB(uyn) = ZI]-.
j=1
We want to rewrite the right-hand side of (5.7) explicitly as two parts such that one

belongs to a compact subset of H,,!(€) and the other is bounded in L}, .(9) .
For s > 0, as in (4.6a) of [Ta3], we have the following identity:

(5.8) u D%y = (=1)*D*u D%v + > (-1)!D(D'u D™).
l+0m§:l ot
Let Pju = w™tPL(wu) so that
(5.9) (Piu,v)w = (Pwul,v) = (u, PHv), Vu € LA(I), wve L*(I).
Using (5.8) and (3.5), noting pu, ((P% — I)D*uy) = 0, we have
(5.10) I = (—1)*Menw [un D*uy + uyD**D~?5(Py, — I)D**up]
= —enw[(D*un)? + D*unD™* (P}, — I)D**uy]
+enw > (=151 D[D'uy D™uy + D'uy D™ (P}; — 1) D*uy]

= I + L.
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For any ¢ € HE (), we get from (4.5), the inverse property (5.2), (3.13), and (4.16)
that

(5.11)  [(Ii1,9)| < en [(Dun, D*une)w + (D**un, (Py — I)(D™*)* [D*un¢])u|

R ClnN . s
<ev (I0°u Rl + SR ID a0 usl,
/41n N
<Cu (1 + N@/(Qs_l)) el oo-

By the same argument, but also using the inverse property
(5.12) 1D ull0o < CN||uloo, 0c>0 VYue Py,

we have that

|(L12, #)]
<en > (D™ un, D'un D)o + (D*un, (P — I)(D™**)* [D'uy Dy)).|
l+m=2s—1
0<I<s
< Cen > (L + I N)NT ) Doup ||o[lun [loo | Dol
l+m=2s—1
0<i<s

. sln N
S CMS\/ENN 1 lnNHD(pr S CMWHGQ;SOH — 0.

For the second term we rewrite it as
(5.13) I, = 0 Jun(I — Pn)f(un)] — Ozun(I — Py) f(un) = Io1 + Ino.
From Lemma 3.2 and (3.14), it is easy to see that

|21, ©)| < [((I = Pn) f(un), unOop)o| < (I = Pn)f(un)ll lunloollOz el
Cs

SCMNS

s CS
D unllwl| Ozl < CMWH@MH — 0.

For Iy, we use the GN inequality (4.3) in addition and get

|(I22, )| < |[(({ = Pn)f(un), Dunep)w| < CSJSZN

_1 s
< CmCsInN (Ney ™)™ (en||D>unl2) == [|¢lloo
< CyCsN™ 75 In N|g||so — 0.

[1D*un |l [[Dun [lwll@lloo

To deal with the third term, we first introduce an adjoint operator of IJ(\;;. Let u €
L3(I). We define I;u € H~1(I) such that

(5.14) (Inu,v)r2(ry = (u,Iﬁv)Lz(I) Vv € HY(I).

It is not difficult to give an explicit expression of Iy u, but we do not need it. We note
that

(5.15) po(w (I = D) B(un)) = —((Ix = I)B(un), 1) 21y

A=

(B(un), (I§ — D)1)2(5y) = 0;
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then by (5.8), I3 can be expressed as
I3 = wuy D*D™ 2 [w™ (I% — I)B(un)] — un I B(un)
= (=1)*w D*uy D *[w (I} — I)B(uxy)]
+w Z (—=1)!D{D'upn D™ 2[w (I — I)B(un)]} — un Iy B(uy)

l+m_2571
0<I<s

=I5 + I32 + Iss.
For any ¢ € H}(Q), as in (5.6), we have that

(5.16) (L1, )| < |(B(un), (I§ = I)(D~*)*[D*ung))]
< O7lle]z2 VNI N |(I§ = 1)(D™*) " [D*un¢] ||

VTInN, VTIn N
< Curmiym 1D unllollellos < Crr~rgrm=lelloc — 0.
Similarly, but also using (5.12), we get
(32, )| < > |(B(UN), (I§ = (D™ %) [D'un Dy))|
I+m=2s
0<i<s
< C7llel|r2 VN In N Z I(I§ — D(D™ )" [D'un Dg]||.

~

m=2s —1
<1<

< CM\E\/NIHN Z N2t [unlloo | Dl
4+

m = —1
0T 2
sy/TIn N
< ou VT2 oyl .
Finally, I33 is just a null functional on H{(Q2) such that
(5.17) (Is3, ) = —(B(un), I [une]) = 0.

Thus we have shown that, by Murat’s lemma, the right-hand side of (5.7) belongs
to a compact subset of H l_ocl(Q) Furthermore, we can see that it tends weakly to a
negative measure. In fact, for any ¢ € H}(Q) and ¢ > 0, we have as in (5.11) that

(Ii1, ) < —en(D*un, D*ung)u, + en|(D**un, (PN — 1)(D™*)*[D*un¢])u|
/4N

<Cm NO0/(25—1)

[€lloc = 0.
Thanks to the div-curl lemma [Tr], we arrive at the following convergence result.

THEOREM 5.1. Assume that the conditions of Lemmas 4.1 and 4.2 hold. Then
the bounded solution uy(x,t) of the SSV scheme (2.1) converges strongly in L (€2)
(P < 00) to the unique entropy solution of (1.1).

Remark 1. Exponential filter [GS4]. We give a brief description of how the
SSV method is related to the currently used exponential filter spectral method. To
concentrate on the basic idea, we temporarily drop the factor w in the SSV term.
Thus the SSV scheme (2.1) reads

(518) Orun + GIPNf(uN) = (—1)S+1€ND2SUN — B(UN)
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Now suppose that we solve (5.18) by a splitting method such that

no— (-1 s+1 DQS n to1 <t <t

(5.19) { Ouuy = (=1)"*len D™ uyy, | <t <ty,
wN(tn—l) = Upn (tn—l),

Oy + 0u Py f(uyy) = —B(uky),  tna <t <tn,

U?V(tn—l) = w%(tn)a

(5.20) {

where ¢, = nAt. It is easy to see that (5.19) can be solved exactly so that if
W (1) = Sop @ Ty, then

N N
s k
(5.21)  uR(tn—1) =wi(ty) = E 67€Nk2 Atﬂz_lTk = E o <N) ﬂz_lTkv
k=0 k=0

where o(§) = e~ lél” o = N PAt, and v = 2s. Therefore, the procedure is that we
use the usual spectral method (5.20) solving the nonlinear conservation law, but at
each time step, the numerical solution is filtered by (5.21). Readers are referred to
[SW], D] for details.

Remark 2. We note that s = s(IN) may increase with N, but it should not spoil
the conditions we have used in the proof of convergence. The most strict ones come
from (4.4) and (5.11) such that

NG

< 5 ; (7_1/4 11’1N)2871 < NQ’
4Cy In* N

Cs
which suggest that s < O(InN) (we have mentioned that Cs ~ 2°%). In practice, a
little larger s is used [SW], [D], and it should be dependent on the problem we solve
as pointed out in [D].
Remark 3. It seems that the factor w in the SSV term is needed not simply
because we can integrate by parts easy. It really helps control the L> bound, which
can be seen from the fact [CHQZ, pp. 288, 295] that

lullso < ONJull,  Jlulloe < CVN|lullw  Vu € Py.

In fact, even if we replace the Chebyshev differential operator D? with the Legendre
differential operator D? in the SSV term so that we can integrate by parts without the
w, we may still need the viscosity a little more strong to obtain an a priori estimate.
On the other hand, we can let the viscosity be even weaker by cutting its effect on
the lower modes as in [Ta3].

6. Conclusion. We have shown that the SSV is much weaker but good enough
to guarantee the convergence of the bounded solution of the Chebyshev-Legendre SSV
method. As mentioned in [M], the approximate solution uy should be expanded in
Legendre polynomials, and a suitable postprocessing procedure is needed. The most
difficult problem of the SSV method may be the boundedness of the solution, which
remains an open question even for the periodic problem [Ta3].

Appendix. The proof of Lemma 3.1. According to the definition,
(A.1) D? = w29? — 220, = D* — 10,.
Let
. (=1)%(D*2u, D3u), = (D* ?u, D*D3u),,
(A.3) bs(u) = (=1)*TH(D* 2y, 20,u), = —(D*T2u, D*(x0,u))..

—
[\)
~—
S
»
—~
<
~—
Il
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By (A.1), we have

(A4) as(u) = || D¥2u|? + by(u),
(A.5) as(u) = | D*Diull}, + (D*(2dyu), D* Diu).,
= |D*Diullf, — bs(u) — | D*(z0:u)|2,

which also give us

(A.6) ID* 2| + |1 D* (x0zu) |15 + 2bs () = | D*DEull.
For s = 0, we have
1
(A.7) bo(u) = —/wau@xDu dx = —§/xw8$(Du)2 dx
I I

1 1
= Sluull2 = S (lwdul2 + | Dul3),

which plays important roles in obtaining the coercive properties.

For s > 1, it seems troublesome to obtain similar results by integrals. Fortunately,
these quantities can be expressed by some simple matrices, which enable us to show
that
25 +1

2

1
(A.9) bs(w) = S(ID* (20, [I5 + | D ull5).

(A.8) bs(u) > 1D* 0 ul?,

To simplify the presentation, we first introduce a special symmetric matrix A =
(ai;) with elements of the form

] agdy, i+ 7 even, i< 7,
(A.10) g = i = { 0, i+jodd, i<j,
which will be called a symmetric proportional splitting matrix and denoted by A =
SPS(a;,b;). We first give the following result.
LEMMA A.l. Let A = SPS(a“bJ) (Z,] > 1) Ifalbl,azbg >0 and

(A.11) A, =0, <an — bbnan_2> >0 Vn > 3,
n—2

then A is positive definite.

Proof. Let A, be the leading principal submatrix of A of order n. Adding
—bp/bp—o times (n — 2)th column to the nth column of A,,, we find that the nth
column vanishes except for its last element A,. Therefore, it is easy to see that the
determinants satisfy

(A.12) Det(An) = AnDet(An_l) =---=aybjasby HAZ >0, n> 2.
=3

The desired result follows from the well-known theorem of matrices. In fact, if we do
the same transformations on the rows, we can see that A is congruent to a diagonal
matrix such that

PAPT = diag(a1b17a2b2a A37 . .,An, .. .),

where P is nonsingular. 0
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Now we prove (A.8) and (A.9). We suppose that v is a polynomial. For u €

HB’LQ (I) the results can be justified through a limit procedure. Let
(A.13) T=(To,T1,...,Tj,...), 0 = (tig, gy .oy gy ) 7

The following relations,

j—1
T
(A.14) 0T =2 Y. = =2 a=1(0120),
—  «
zifgdd
(A15) J}TO = T17 2$TJ = ijl + Tj+1, _j Z 1,
can be expressed as
_ _ 2j/ci, 1 <j, 14 j even,
(A.16) 0,1 = TDy, (Dr)ij = { 0, otherwise,
= P cj/27 |i_j|:1»
(A.17) o' =TM, (M) = { 0, otherwise.
Let A = diag(0,1,...,4,...) . We have
(A.18) D?$%2y = D27 = (—1)s T TA* 24,
(A.19) 20,u = 20, T4 = TMD,1.
Thus, we get that
T T 5 25+2 A T T pa
(A.20) bs(u) = 5l AT M Dyt = 5l B,
where the elements of A25t2M D, are
22542, i <, i+ even,
(A.21) (A>T2MD,);; = { 02512, i= 7,
0, otherwise,

and its symmetric form is

1
A.22 B=—-
(A22) :

In the same way, for s > 1 we have that

|D*0,u)? = gﬂTDfAQSDmﬂ = gaTca,
where C' = SPS(¢;, d;) with
1—1
C; = 43 125, dj =]
1=0
I+ odd

Therefore, by denoting o = (25 + 1)/2 we find that

bs(u) — 0| D*Opu])2 = gﬁT(B — 0, C)a = g

(A2**2M D, + (A***?MD,)T) = SPS(i**+2, j) (i, 5 > 0).
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where A = SPS(a;, b;) with

a; = i%12 4o, Z 1%, b; = j.

=0
l+1iodd

Since the first row and column of A are zeros, we drop them and still denote the
matrix by A. It is easy to see that a;b; = 1, agby = 2(45T1 — 80,) > 0, and

n
bnfl

=(n+12[(n+ 1> — (n— 1> — 4o,n%]
2s+1 2s5+1
1 1 1
(I R
n n n

2s+1 1 l
= 2(n + 1)2n2+! Z Chin <n> >0 VYn>2.

=3
l odd

bn
(A23) An+1 = bn+1 <an+1 - ——Ha _1>

— (n + 1)2n25+1

From Lemma A.1 we know that A is positive definite and (A.8) follows.
Next, we consider (A.9). We have

| D* (20,u)||% = gﬂT(MDx)TAQS(MD:C)ﬁ = gaTca.
We find that C + A2+2 = SPS(c;, d;) (i,j > 0) with
1—2
e =24 D 1P dj=j.
1 —‘: i:egen

Therefore, we get

1 T, 1 s N T
b) = 5D @O + D) = Fa B (€ + 4% o= TaTa
where B is given in (A.22), and hence A = SPS(a;,b;) with
i—2
a; =it =29 NP b=
l+i:even

In this case, the first two rows and columns of A are zeros, asby = 22512, and

(A.24) A,=0, (an — bn an_g)

bn72
=n[n*T2 —p2t _p(n —2)*M Ln(n —2)% — 2n(n — 2)%]
=n?(n—1)[n* - (n—2)*]>0 Vn > 3,
which combined with Lemma A.1 gives (A.9).

Now the desired result (3.7) follows immediately from (A.6) and (A.8), and (3.9)
follows from (A.4) and (A.8). Also, we have from (A.9) that

(A25)  [[D*(@uu)|Z + ID*  ull} < 2b5(u) < 2| D 2ull | D* (20,u) |
1
< 2D 2ullf + D (20, )15,
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which leads to
(A.26) 1D* (20au) [ + 2D ullf, < 4]D°F2ull3.
Thus, we have from (A.1) that
(A.27) ID*DLully < (1D 2ull?, + || D* (20,u)]12)?
< 3Dl + 2D (wd0)|2

<3| DRIl + 32 D2l — [ DT ull?)
= 9| D* 2ul|f = 3[D* ull2,

and (3.8) follows. Finally, combining (A.4) with (A.5) and using (A.9) and (3.8), we
get

(A.28) das(u) = | D*Diull?, + 3[1D° 2ullf + 2bs(u) — | D* (20,u)]|3

\%

1
(1+3) 10 DRl + 210,

and (3.10) follows.
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