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ON THE ZERO RELAXATION LIMIT FOR A SYSTEM MODELING
THE MOTIONS OF A VISCOELASTIC SOLID*

WEN SHENT, ASLAK TVEITOf, AND RAGNAR WINTHER'

Abstract. We consider a simple model of the motions of a viscoelastic solid. The model consists
of a two-by-two system of conservation laws including a strong relaxation term. We establish the
existence of a BV-solution of this system for any positive value of the relaxation parameter. We
also show that this solution is stable with respect to the perturbations of the initial data in L!. By
deriving the uniform bounds, with respect to the relaxation parameter, on the total variation of the
solution, we obtain the convergence of the solutions of the relaxation system towards the solutions
of a scalar conservation law as the relaxation parameter § goes to zero. Due to the Lip™ bound on
the solutions of the relaxation system, an estimate on the rate of convergence towards equilibrium is
derived. In particular, an O@(+v/6) bound on the L!-error is established.
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1. Introduction. In this paper we study the following system of conservation
laws:

(1.1) Uy + 0 =0,

1
(0 = f(u))e + 5(o — pf(w) =0,
where the parameters p and 6 satisfy 0 < g < 1 and 0 < § < 1. Here p is a
fixed parameter, while we are, in particular, interested in the limit as the relaxation
parameter ¢ tends to zero.
If 6 — 0, we formally obtain the equilibrium relation

o= pf(u),
and hence the equilibrium model
(1.2) g+ pf(a), =0.

The purpose of this paper is to study the limit process rigorously. We will prove
that under proper conditions on the initial data, the solutions of the nonequilibrium
model converge to the solutions of the equilibrium model in L!, uniformly in § at a
rate of O(V/9).

The system (1.1) arises in the modeling of motions of a viscoelastic solid, where the
relaxation phenomenon presents the strength of memory. The Riemann problem for
the system with § = 1 is studied by Greenberg and Hsiao [4]. The zero relaxation limit
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of this viscoelasticity model with vanishing memory is analyzed in the fundamental
paper of Chen and Liu [1], where nonlinear stability in the zero relaxation limit is
established for the model. This is achieved by first deriving energy estimates from
proper construction of entropy pairs, and then applying the theory of compensated
compactness. More recent results can be found in the paper by Chen, Levermore,
and Liu [2]. In this paper, we will establish similar results, but in the BV-framework.
For any positive values of the relaxation parameter, we will prove the existence of
a BV-solution of the system. The bound on the total variation of the solution, and
a proper stability estimate with respect to perturbations of the initial data in L',
are both independent of the relaxation parameter. Furthermore, a uniform Lip™*
bound, similar to Oleinik’s entropy condition (cf. [12]), is obtained. By following
the framework of Tadmor, Nessyahu, and Kurganov [15, 11, 6], this bound is used
to establish an O(v/8) estimate for the L' difference between the solution of the
relaxation system (1.1) and the solution of the equilibrium model (1.2).

Hyperbolic conservation laws with relaxation terms arise in modeling of many
physical phenomena, such as chromatography, traffic modeling, water waves, and
viscoelasticity (see, e.g., the book of Whitham [17]). General relaxation effect was
analyzed by Liu [8], and the convergence was studied by Natalini [10]. For a system
modeling chromatography, convergence and rate of convergence towards equilibrium
are proved (cf., [13, 16] for the 1D case and [14] for the 2D case). Sharper estimates
on the rate of convergence for this model have been recently derived by Kurganov and
Tadmor [6]. The approach here resembles the techniques used in [6, 13, 16]. The same
model problem is also studied independently by Yong [18] and Luo and Natalini [9].
However, these papers do not derive a rate for the convergence to equilibrium.

The structure of the paper is as follows. In section 2, we give the preliminaries
for the model, and we also state the main results of the paper. Then the prop-
erties of the finite difference solutions are studied in section 3, where we establish
the uniform bound, the TV bound, and the bound on the deviation from the equi-
librium state. In section 4, we prove that the limit of the finite difference solu-
tion is the entropy solution of the system, and the stability in L' is then proved by
Kruzkov-type arguments. Finally, the proof of the convergence of the solution of the
nonequilibrium model towards the solution of the equilibrium model is given in sec-
tion 5.

2. Preliminaries and statement of the main results. In this section, we
will give the preliminaries of the paper and state the main result. Throughout this
paper we will assume that the flux function f = f(u) is a smooth function with the
following properties:

f(0)=0, f'(u)>0, f'(u)>0 forallu>0.

We introduce the variable v = f(u) — ¢ such that u = g(o + v), where the
function g = f~!. Under the assumption that u > 0, we obtain a reformulation of
the system (1.1):

(2.1) 9l +v)e + 0. =0,
1
vy = ER(O', v),

where R(o,v) = ((1 — p)o — pv). The associated equilibrium model is

(2.2) g (Z)t PP
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We observe that the “reaction function” R has the monotonicity property
(2.3) R(o,v)(sgn(o) —sgn(v)) > 0.
We seek solutions of (2.1) in the state space
(2.4) S={(o,0):0<o<pu,0<v<1—p}

and solutions of (2.2) in [0, u]. For a scalar function u(z), let TV (u) denote the total

variation defined as
_Sup/ u(z — u(z)| d.
h=£0

and the L' norm is defined as

Jul s = | fu(o)] do
R
Furthermore, we define

Lip™ (u) := max (0, ess sup u(x)—u(y)) .

] r—y

Let p = R(o,v) denote the residual. We assume the initial data (0¥, v°) satisfies
the following requirements:

i) (6°(2),0%(x)) €S, VreR,
i) TV (6%) + TV (2°) < M,

(2.5) iit) [ . < M,
iv) o ( 00) = v°(+00) =0,
v) Lip*(0”) < M, Lip* (%) < M.

Here, and throughout this paper, M denotes a generic positive finite constant
independent of ¢ and the grid parameters (Axz, At). Let G = G(o,v,k,q) be defined
as

glo+v)—g(k+q)
(c+v)—(k+q) ’

G(o,v,k,q) =

and for any T' > 0, let Do (T') be the set of all nonnegative C*°-functions with compact
support in R x [0,7]. Then the entropy solutions of (2.1) are defined as follows.
DEFINITION 2.1. Let (0°,0°) be the initial data of (2.1) which satisfies the as-
sumptions in (2.5). Then a pair of functions (o,v) is called the entropy solution
of (2.1) with initial data (c°,v°) if the following requirements are satisfied:
i) ( v) €S, V(x,t) eRxR{,
i) TV(0 () + TV (u(- 1)) < M, Vi 0,
i) [lo(-,t) —o(, )l + IIU( t) —v( 7 < Mt —7], Vi, 720,
i) Lipt(o(8) < M. Lip* (u(,1) < M, ¥t >0,
v) for any (k,q) € S and any ¢ € D (T), the following inequality is valid for
allT > 0:
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@5)Até@@ﬂ$ﬂm0—m+W—QWVHU—M%Vmﬁ
+/ G(0°,0°, k, q) (|0 — k| + [v° — ¢])¢(,0) da
R
_/]RG(U<x7T)7U(x’T)akaQ)(‘U(va) - k' + |U($’T) - CI|) (b(va) dx
T
2 [ [ o= al = 0= gpsonio )0 da

> %/0 /RG(O', v, k, q)R(o,v)[sgn(c — k) — sgn(v — q)]¢ dx dt.

Note that the entropy inequality in (2.6) is the weak formulation of an inequality
of the form

1
&+ Fo < —5G+ MH,

where

&= [G(O’,'U,k,q)(‘(f - k| + |U - Q|)]7
F=|o—kK|,

G = G(o,v,k,q)R(o,v)[sgn(o — k) — sgn(v — q)],
H =l gl - (v — q)sen(o — k).

Remarks. In order to motivate the weak entropy formulation above, let us assume
that (o,v) and (7,7) are two smooth solutions of the system (2.1). The errors, o — &
and v — v, will then be governed by the system

[G((0—3)+ (v—10))]t + (0 —7)z =0,

1
—0)s==R
(v—10), 5
where G = G(0,v,5,0) and R = R(0 —&,v—7). The system can also be rewritten as

Gi(0—5) 4G (0—5)t (0 —5)s = —Co (v—@)—%GR,

Glv—70):+ Gt (v—7) =Gy (U—@)—F%GR.

By multiplying the first equation above by sgn(c — &) and the second one by
sgn(v — 7), and summing, we obtain

2.7)  [G(lo = o]+ v = oDl + (Jo = a])a
1
= Gy[lv — 9| — (v —D)sgn(oc — 7)] — EGR(sgn(a —a) —sgn(v —)).
If the function G = G(x,t) satisfies a one-sided Lipschitz condition of the form

(2.8) Gi(z,t) < M,
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then clearly (2.7) implies that
(2.9) [G(lo —a[+[v=v])]; + (J]o = 7))z
< Mv—10]—(v—17v)sgn(c — )] — %GR(sgn (0 —7) —sgn(v —0)).

The weak entropy formulation above is motivated from this differential inequality.
We also note that since G > 0, it follows from (2.3) and (2.9) that

[G(lo = ol + v =] + (lo = 7))o < 2M[v —3|.

This formal inequality indicates the continuous dependence result which will be
established rigorously in this paper.

The motivation for the entropy formulation above relies on the one-sided bound (2.8).
Since

G(o,v,5,0) = /0 g (0(c+v)+ (1—0)(c+0)) db,

and

g" (o0 +v)

(g (c+v))=— 7o+

the bound (2.8) will follow from an estimate of the form
Lip+(0(" t))a Lip+(6<'7 t)) <M.

As we shall see below, this property for solutions of the system (2.1) will essentially
follow from the corresponding assumption (2.5v) on the initial data. This ends our
discussion on the motivation for the weak entropy formulation.

For the scalar equilibrium equation, the entropy solutions are defined in the sense
of Kruzkov [5]. For a given T' > 0, the entropy solutions satisfy the following inequality
for any k € S and any ¢ € Dy (T),

LE) o)
+/R [g (2) 7 <i> '¢(x’0) - ‘g (W) 7 (i) ‘¢(x7T)] dz > 0.

Our main tool in analyzing the system will be a finite difference scheme derived
from the formulation (2.1). Let At and Ax denote the steplengths in the ¢ and x
directions, respectively. We consider a semi-implicit difference scheme of the form

g (O’;H_l + ’U;H_l) —g (cr;-I + v;L) N ot — ol

2.10 J I =
( ) At Ax ’
g 1
J J n+l _n+l
A TR,

Here o} and v} denote approximations of o(z,t) and v(z,t) over the gridblocks

B} =[x 1/2,%j41/2) X [tn, tny1),
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where z; = jAz and ¢, = nAt. Let u,, = g(1) > 0, and let
-1
My = max 70 = (min o0)
Throughout the paper we shall assume that the CFL-condition
(2.11) AMy <1

is satisfied, where A = At¢/Ax is the mesh ratio which we assume to be a constant.
The discrete initial data is taken to be the cell averages

0 1 /$i+1/2 0 0 1 Tit1/2 0
o, = — o (x) dx, v, = —/ v (x) dx.
' AJZ Ti—1/2 ' AJ? Ti—1/2
The total variation of a grid function u; is defined as
TV (u) := Z lu; — wi—q],
i

and the discrete L!-norm is
ull o o= Az > Jul.
i

We assume that the following requirements are satisfied:

i) (o,0)) €S, Vi,
i) TV (o) + TV (2°) < M,
(2.12) iii) ||p° ||L1 < Mo,
)
)

iv

S

ioo_vioc_o

sup(o; —O‘O 1) < MAG, sup(v?—vofl) < MAt, Vj.

v J
J J

Note that the requirement (v) follows directly from the assumption in (2.5v).

The existence of an entropy solution of the Cauchy problem can be obtained based
on the properties of the finite different solutions of the scheme (2.10). Furthermore,
the well-posedness of the initial value problem, independent of 8, is also proved.

THEOREM 2.2. Let (6°,0°) be the initial data of (2.1) satisfying the condi-
tions (2.5), and let (69,v?) be the discrete initial data for scheme (2.10). Let (oa,va)
be the piecewise constant representation of the grid data (o}, v}) generated by scheme
(2.10). Then the family {(ca,va)} of approzimate solutions converge in (L}, (R x
R{))? towards a pair of functions (o,v) as the grid parameters (Ax, At) tend to zero.
The limit is the unique entropy solution which satisfies the requirements in Defini-
tion 2.1, and the following bounds are valid:

PG, Ol < Mo,
Lip*(o(-,t)) < M,  Lip*(v(-,1)) < M.

Moreover, the solution is stable with respect to perturbations in initial data in
the following sense: Let (,7) be another entropy solution of (2.1) with initial data
(°,0%). Then the following bound holds for all t > 0:

lo(-t) = (D)l gy + o) = 0C, Ol < MeM [0 = a°| 1 + [[o° = 2% 1],
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where M and M are finite constants independent of 6.

This theorem eventually leads to the main result of this paper, i.e., the con-
vergence of the solutions of the nonequilibrium system towards the solutions of the
equilibrium equation as ¢ tends to zero, and an estimate of the rate of convergence.
The error estimates are derived by following the framework of Tadmor, Nessyahu, and
Kurganov [15, 11, 6]. Hence, we estimate the Lip’-norm of the error. For any function
¢ € L' with [ ¢ =0, we define

Ja Ppde
1l

Here the supremum is taken over all smooth functions v with compact support and

[$llpyree := max ([l oo, [[9]] Lip) -

The following convergence result will be proved in section 5.

THEOREM 2.3. Let (6°,v°) and 5° be the initial data for (2.1) and (2.2), respec-
tively. We assume that the initial data (o9, v°) for the nonequilibrium system satisfies
the requirements in (2.5) and that 6° = o°. Let (0s,vs) be the entropy solution of (2.1)
with initial data (6°,0°) and & the corresponding entropy solution of (2.2). For each
T > 0 there is a constant M, independent of 6, such that

Il Lip = Sup

llus(-,t) —ul, t)ll pzy < M6, 0<E<T,

where us = g(os +vs) and 4 = g(%)

We note that the variables (us,os) and (@, &) in the theorem above correspond
to the solutions of the original models (1.1) and (1.2). The following corollary is a
consequence of Theorem 2.3.

COROLLARY 2.4. Let (us,0s) and (4,) be as stated in Theorem 2.3. For each
T > 0 there is a constant M, independent of 6, such that for any p € [1,00)

us(-,t) — (-, t)||, < M6%, 0<t<T.
Furthermore,
los(-t) = ()l < MV6, 0<t<T.

3. Existence of a weak solution. The purpose of this section is to use the
finite difference scheme (2.10) to establish the existence of weak solutions of Cauchy
problem for (2.1) (or (1.1)). We first show that the finite difference solution is well
defined.

LEMMA 3.1. Assume that {09} and {v}} for j € Z are given. Then the solutions
{07} and {v}'} are uniquely determined by (2.10) for all j € Z and n > 0.

Proof. Assume that {¢}'} and {v}'} are computed. Let

rj=g(of +of) =A(of —ofa).

The solutions {O’;L-H} and {U;-H'l} then satisfy the linear system

n+1 n
() -("),
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where the 2 x 2 matrix A is given by

1 1
A<—u—m%t1+u%>'

Since det(A) = 1 + £ > 0, the results follows by induction. d

The following results show that the state space S defined in (2.4), is an invariant
region for the scheme (2.10).

LEMMA 3.2. Assume (G‘?,’U?) €S forallje Z. Then (o},v}) €S foralljeZ
and n > 0.

Proof. For given ,0y, and 0, let (0,v) be the unique solution of the system

(3.1) glo+v)=g(@+0)—A(G—0L),

At At
+ — - —(1-— = 7.
<1 §M)U 5 ( w)o =70

This system defines functions ¢ = o(¢,0,,v) and v = v(7,0y,0). Furthermore,

o™ =g(o?, 07,07 and 0" = v(e?, 07 |, v"). Hence, the lemma can be estab-

J Jrrg=1 g J Jrri=1 g
lished by studying the functions ¢ and v.
Assume that (7,7) € S and oy, € [0, u]. By differentiating the system (3.1) with

respect to & and by using the CFL-condition (2.11), we obtain

g (o +v) <80+8v) =g (+9)— >0,

060G
Atp\ v At do
Q+5)%—5WW%-

From this we easily conclude that g—g, g—g > 0, and by a similar calculation we

: do ov
also obtain d0s 9ar > 0

Assume now that o7, = &. Then we obtain from (3.1) that

o+v=0+07,
and hence

o0 ov_

ov  0v

Furthermore, from the second equation of (3.1) we have
At v At 0o
= (12— “
5 Moo (*5( “))av’
and hence we can conclude that
0o ov

%(5557 ) > Oa %(5’7(?’

Sl
S]]

) > 0.

From the monotonicity properties derived above we now have for (7,7) € S and
oL € [07 /’L]

o(c,0p,0) > 0(0,0,0) > 0(0,0,0) =0
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and
0(6-7 oL, @) < U(M7 Hy ’D) < U(M? My 1- H’) = K.
Similarly, we obtain
0<wv(g,00,0) <1—p,

and the invariance of S follows by induction. ]

We let p} denote the residual, i.e., p = (1 — p)o} — pvj .

LEMMA 3.3. Assume that ||p°||, ,TV (¢°) and TV (v°) are finite. Then
(3.2) TV (6™) + TV (™) < TV (6®) + TV (2°) .

Furthermore, there is a constant My, depending only on p, g, TV (c°), and
TV (v°) such that

n 0
s < e (35, 121

Proof. We first establish the total variation estimate. Let

(U?H + v}”l) — (O';L + Uf)

i~ g (O';H‘l + 1};”‘1) —-g (O';L + ’U;L) ’

It follows from the monotonicity of g and the CFL-condition (2.11) that
0< )\a;-‘ < 1.
Furthermore, the difference scheme (2.10) can be written in the form

At
(33 ot =0} = A (of —ofa) = TR (o] 5,

At
n+l _ n n+1l _ n+1
vj —Uj—|——6R(Uj yU; )

Hence, if we let

n_gn _gn gno_ gm0
of =054 =0y, B =vi - v,

we obtain
(3.4) ot =aff — Aajy 0 + Aafaf ;- 7]% (e, 871,
At
n+l _ on n+1 on+t1
By =07 + 5 R, 7).

By multiplying the first equation in (3.4) by sgn (oz;”rl

sgn (ﬁ}’+1), using the monotonicity property (2.3), and by summation with respect
to j, we obtain

), the second equation by

> (g =+ 187 < 3 (laf] +1871)

J J
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and this is exactly the total variation bound.
From (3.3) it also follows that

i =pf = (L= mhaj (o] —of_y) = —=pf ™.

Therefore, it follows from the total variation estimate above that

At

I < "+ M A= ",

and this implies that

n+1 n
"2 e (3, 1Y

This completes the proof of Lemma 3.3. 0
We recall that the initial data satisfies

1%l < M,

where M is independent of § and the grid parameters At and Ax. Hence, by induction,
we have

(3.5) Ilp™]1 < M6  for all n>0.
From the total variation estimate (3.2) and (3.5), we now obtain
o™ — |y + o™+ — o7, < MAL,
and hence we obtain L'-Lipschitz continuity with respect to time, i.e.,
lo™ — o™i + v = 0™y < M|n —m|At,

where M is independent of § and the grid parameters.

4. Entropy solutions and stability in L!. The purpose of this section is
to derive bounds for Lip™ (o) and Lip™(v), which can be used to obtain stability
results with respect to perturbations of the initial data which are independent of the
relaxation parameter 6. The extra regularity results will technically be derived for
the finite difference solutions (o7, v}}).

Define coefficients b7 by

= a?+1 B a?
J = n+l n+1 )
At gt a4 By

no_gn _gn no_ gn g i no_
where as above af = o}',; — 07 and ] i1 — vy. Observe that if we let u’

g(o7 +v}), then

1
aj = /0 f(uf 40 (u}l+1 —uf)) db.

Hence, it follows from the monotonicity of f’ and f that there is a positive constant
M, such that

0<by§Mb
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We claim that for sufficiently small At and 6, the initial data (¢%,v?) of (2.10)

FAR
satisfies the following one-side bound:
At
. L pad < (1
(4.1) Sl;p{( pog By p < (1—p)p 55 1 pA

Indeed, since a? < p and ﬁ? < 1—yu for all j, then by (2.12v), there exists a finite
constant M* and a sufficiently small At* satisfying the relation M* - At* < 1 such
that

sup {af} < M*Atu, sup {3} < M*At(1 - p),
J J

for all At < At*. Then it follows that

sup {(1 — p)af, pf)} < (1 — p)uM*At,
J

for all At < At*. By choosing § sufficiently small, i.e.,

5 < w(l— M At)7
- 2M*

the relation (4.1) follows.

In order to derive the proper results for the solution of the finite difference scheme,
we will need a strengthened CFL-condition. We will assume throughout this section
that

(4.2) A(My+ 2+ p)M) < 1.

LEMMA 4.1. Assume that the initial data (o9,v)) of (2.10) satisfies (4.1) for
sufficiently small 6 and At. Then

sup {(1 - u)a%uﬂﬁo} < sup {(1 — p)af, nby, 0}-
J J

Proof. Define function o = a(a, 3,ar) and 8 = 8(a, 3, ar) implicitly by

(4.3) a:o_zf)\a(&faL)f)\b(a+ﬁ+d+5)5zf%((17;00[7#6),

B=F+ 50 - wa - ).

Here a and b are positive constants, bounded by My and My, respectively.

Recall that it follows from (3.4) that if @ = a} and b = b}, then a?“ =
aaf, B}, aj_y) and ﬁ;“rl = B(a}, B} ,aj_q). Recall also that Lemma 3.2 implies
that || < p and |87 <1 — p.

We will first show that, under the assumptions that |&|, |ar| < p, |3] < 1—p and

At

4.4 A< i ——
(44) a‘“25+ﬂAt’

the functions o« and 3 are monotonically increasing in all three arguments. Observe
that the second equation of (4.3) implies that
6 5 (1—pAt
R )
5+ pAt 6+ pAt

(4.5) p=
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Hence we can eliminate 8 from the first equation. We obtain the equation

(4.6) ca=r,
where
_ 6+ At (11— p)At . 0+ At
c=cla) =1+ N et Ay~ WA SR
and
- _ _ 20 + pAt _ - JT7AN -
= =(1— — 2 .
r=r(a,f,ar) =(1—Xa)a+ laar — \ba /\bé—i-uAtaﬂ_'_é—i—,uAtﬂ
Note that since & > —pu, it follows that
0+ At
>cel—p) > — (1 — M,
et “)—5+um( pAM)
and hence (4.2) implies that ¢ > 0. Observe that
or
—=Xa>0
dorr a >0,
which implies that % > 0.
Similarly, by (4.2) and (4.4), we get
At — Ab(2 At)a A
677::” t— X\b(26 + L‘)ocZ AL (1— Abyr) > 0,
op 0+ nAt 0+ pAt
which implies that
a2y
a8 —
Finally, we observe that
oa_or i
“0a ~0a “da
. 26 4 pAt - 5+ At
=(1- —2Xba — Nb——F B — Ab———
(1= Aa) =2Aba = A= P B = A A
26 4 pAt 5+ At
>(1-— -2 —A———(1—p) =N .
= (L= Aa) =20y = Wb Ry (L i) = A !
This implies that
e
—>1-A b(2 .
o5 2 (@a+b(2+p)
Hence, it follows from (4.2) that
O
— >0
oa —

We have therefore established that the function « is an increasing function in
all three of its arguments. Furthermore, from (4.5) we easily derive that § has the
corresponding property. We now use induction to complete the proof. Assume that

2" = sup {(1 —p)ay  uBy ,0} < 20,
j
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In particular, this implies that (cf. (4.4))

At

[ —
TN

Hence, the monotonicity property of o implies that

n

an+1<a<z ﬁ Z")
! l—p p 1—p

Furthermore, since 2™ > 0,

and

. 2" 2 2" < 2" n Atzm 2" o+ At
1—p ' p'l—p) = 1—p S+puAt 1—p\6+pAt)’
We therefore obtain from (4.6) that
ot — ( K’ 7 )< 2
j (=) e
Finally, from (4.5), we derive

g+l < 2" 2 2 < 6 z”_}_(l—u)At 2t 2"
= 1—p p’'1—p) = 6+ ult p S+puAt 1—p

Hence, we conclude that 2"t < 27 . 0
Next we will show that the finite difference solution satisfies a “discrete entropy

inequality.” Recall that the initial data (0°,v°) satisfies a one-sided bound of the
form (cf. (2.12v))

(4.7) Sljlp {00 — 0’? 1,1}? — v?_l} < MAt,

where M > 0 is a finite constant independent of 6 and the mesh parameters. For
(o,v),(k,q) € S, we define

glo+v) —glk+q)
(c+v)—(k+q)

G(o,v,k,q) =

Hence,
G(o,v,k,q) > Mf_1 > 0.
For a fixed (k,q) € S, let

G;’L:G( i J’kq)
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where {(o7,v}')} denotes the solution of the difference scheme (2.10). Observe that
it follows from (2.10) that

+1 +1
N . i e R A T
Therefore, since f is increasing and g is concave (because g” = —f"/(f')? < 0),

it follows that there is a positive constant M, depending only on f (or g), such that
(4.8) G?H -G} < Mmax (0,0} — 0} ).

Hence, we obtain from (4.8), (4.7), and Lemma 4.1 that
(4.9) G — G < MAt,

where M > 0 is independent of 6 and the mesh parameters.
LEMMA 4.2. There is a positive constant M, independent of 6 and the mesh
parameters such that for any (k,q) € S the solution of (2.10) satisfies

G (|of ™ = Kl + [ — d])
< G} (|of = k| + |off =) = A (|of = k| = |oj_s — k)

LR (o3 0y [son (03— K) — sgn (0 — )]

i Y
+MAt Hv;"'H — q| — (U;H_l —q) sgn (O’;H_l — q)] ,

where, as above, G} = G(o7,v7, k,q).
Proof. Let (k,q) € S. From the first equation in (2.10) we directly obtain
n+1 n+1 _ n n n n
Gy (o = k) = G (0] —k) = A (0] —0j)
- (G?‘H -GY) (U;H_l —q) -G} (U;H_l —of).

Hence, by using the second equation of (2.10), this can be written in the form

@10 G = k) = G (07— K) < A [(} — F) — (o1 — )]
_ (G;H‘l _ G;L) (U;H_l _ q) _ %G?R;H_l’
where R?H = R(a?“,v?“).
The next step in the derivation is to multiply (4.10) by sgn (0}”rl — k). Observe
that since 0 < A < M; ' < G, the inequality
{67 (0] = k) = A[(0F = k) = (o)1 = k)] }sen (o7 — k)

< Gloy — k] = A(|o — K|~ |2y — )
holds. Hence, from (4.10), we obtain

(@11) G o7 — K| < @l — k] A (| — k] — |oy — k)

At
= (G5 = GF) (vj ! = q) + - GTRITY sgn (o5 — k).
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Next, write the second equation of (2.10) in the form
G;_l+1 (,U"]V_l+1 ) Gn ( n _ q) + (G;H»l Gn) ( n+1 q)

n pn+1

Hence, if we multiply this equation by sgn (U;L+1 —¢) and add the result to (4.11)
we obtain the inequality

Gt ([of ™ — k| + 0]t —q]) < GF (|of — k| + [0] — )
(4.12) = A(|o = k[ = |01 — &)

- SR e w“ — k) = sgn (! )]
(G =G (0 = q) fsen (7 = ) s (077 ).
However, note that
0= (05— q) [sem (o — 0) —sem (o3 B)]
therefore, it follows from the one-sided bound (4.9) that

(G = G7) (0™ = q) [sen (v — q) —sgn (o] = k)]
< MAt[|oft! —g] = (I = q) sgn (07! — q)]

and hence the desired inequality follows from (4.12). 0
Consider a real valued function £ : S — R of the form

E(0,0) = Lglo +v)) + /S Pk, q)G(o,v, k, q)(|o — k| + |v — q|) dk dq.

Here, £ is a linear function and P : § — R is a smooth, nonnegative function.
Define, correspondingly,

Flo) = L(o) + / Pk, q)lo — k| dk dg,
G(o,v,0 /Pk q)G(7,0,k,q)R(co,v)] sgn (0 — k) —sgn (v — q)] dk dq,
H(v) = /8 Pk, ) [lv— gl — (v — g) sgn (o — k)] dk dg.

It follows from (2.10) and by integrating the inequality of Lemma 4.2 that the
solution of (2.10) satisfies the discrete entropy inequality

(4.13) E (a7 0 <5(a o) = A[F (o7) = F (o7_1)]

J JrYg J Jj—1

J’]’J’]

7?g(a of o o) + MAEH (0]

The properties of the entropy solutions of the system (2.1) will be derived from the
corresponding properties of the finite difference solutions generated by the scheme (2.10).
The convergence of the finite difference solutions is first established by a proper ap-
plication of Helly’s theorem, cf., e.g., [16].
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LEMMA 4.3. Suppose (6°,0°) is the initial data which satisfies all the assump-
tions in (2.12) and let (o™, v™N)a be the piecewise constant representation of the data
generated by the scheme (2.10). Then, as the mesh parameters Ax and At tend
to zero, there is a subsequence of (o™, vN)a, which converges in (Li,.(R x R))?
to a pair of functions (o,v). Furthermore, o(-,t),v(-,t) € BV, for all t > 0, and
(o(z,y),v(z,t)) €S for (z,t) € R x R, and the following estimates hold:

L. (o(z,t),v(z,t)) €S, ¥(x,t) €RxRY,
TV (o(, 1) + TV (v(,t)) < TV (%) + TV (),
- pC Dl < M,
o) — ool + o, 8) = vl Pl < Mt — 7,
. LipT(o(-,t)) < MLip™(c°), Lip™(v(-,t)) < MLip*t(2°), Vt>0.

Here, M is a constant independent of t and 6.

From the entropy inequality in (4.13), we derived that the limit solution is the
entropy solution of (2.1).

LEMMA 4.4. The limit solution (o,v) constructed in Lemma 4.3 is the entropy
solution of the system (2.1), which satisfies the following Kruzkov-type inequality:

T W N

(4.14) / / (G(o,0,k,q) (o — k| + [v — ql)e + |o — Klg] da dt
+/ G (0°,0° k,q) (|o° — k| + |v° — q|) ¢(2,0) da
R
- / G(o(x,T), v(z,T), k, q) (0@, T) — K| + [v(z, T) — q))(, T) da
T
+M/O /ﬂ{{[|v—q|f(qu)sgn(afk)]gbdxdt

> %/0 /]RG(O',U, k,q)R(o,v)[sgn (o — k) — sgn (v — q)]¢ dz dt.

Here, (k,q) € S and ¢ € D (T) is any test function with compact support. We
recall that the function G = G(o,v,k,q) is defined as

g(o+v) —g(k+q)

G(o,v,k,q) = (c+v)—(k+q)

Proof. Let ¢ € D4 (T) be a test function with compact support. We multiply the
inequality in (4.13) by ¢(z;,t,), then sum over 0 <n < N —1 and j € Z, and apply
summation by parts with respect to n and j, and we obtain the following:

N-—-1
6 (2 tnst) — 6 (2, t0)
AtY Ar Y {g (o7t 1y 20 j
n=0 jeZ ’ ! At

+ F (0?)

G (Tjq1,tn) — ¢ (5,10)
Az

+A$Z(€(U?7’U]Q)¢({Bj,to) —AmZE(UJN,vjV)¢(xj,tN)

JjEZ JjEZ
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+ At Z Ax ZMH ”H o (xj,tn)

JjEZ

Z Az Zg i, j ’O;HIW;LH) & (xj,tn).

JjEZ

oo\»—'

Now, by letting Az, At — 0 in the previous inequality, we get

T
/0 /R[E(Uav)@ + F(0)pe + MH(v)¢] dx dt
+/[5(J°,v0)¢(x,0) — &(o(2,T),v(z,T))p(z,T)] dz
R

1 T
> f/ /g(a,v,a,v)¢dm dt.
6Jo Jr

Hence, by choosing a sequence of smooth function pairs (g, Fy, Gg, He) such that,
as 0 — 0,

& — G(o,v, k. q)(|lo — k| +[v—q]),

Fo — |o — k|,

Go — G(o,v,k,q)R(0,v)] sgn (o — k) — sgn (v —q)],
Hyo — [v—gq|— (v—q) sgn (o — k),

uniformly, and we get the inequality (4.14) in Lemma 4.4 by the dominated conver-
gence theorem. 1]

The uniqueness and continuous dependence with respect to the initial data in L'
is then obtained by the Kruzkov-type argument.

LEMMA 4.5. Let ( v) and (_ ¥) be two entropy solutions of the system (2.1)
with initial data (o, v°) and (%, 0%, respectively. Then,

o 8) = a(, )l + o 8) = o, )| o < MM [llo” = a°[ , + ([0 = 2°| 1] -

Proof. The uniqueness of the entropy solutions is proved by generalizing the
arguments by Kruzkov [5] for scalar conservation laws. In this paper, only the sketch
of the proof is given, and we refer to [14, 16] for the details in the proof.

For any 6 € (0,1], we introduce the mollifier function wp on R as

o= 32 (5).

where 2 : R — R is a nonnegative, symmetric C*°-function with support in [—1, 1]
and satisfying

/Rﬂ(x) do = 1.

Let T > 0. In (4.14), we choose (k,q) = ((y,7),0(y, 7)) and ¢(x,t) = wo(x —
y)wy(t — 7) for solution (o, v), and integrate over R x [0,T] with respect to y and 7,
and we get an inequality. For the solution (&, v), we perform a similar operation, but
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where we reverse the role of the variable (x,t) and (y,7), we get another inequality.
Now, adding these two inequalities, we get

L) + %1(9) < R(0) + 2Mr(9),

where
T
0) = /0 /R/RG(U(CE,T)av($,T),5,17)(|a(x,T) — 5|+ v(z,T) — 9|)
wo(z — y)we(T — 7) dz dy dr
T
+/0 /R/RG(FT(%T),ﬁ(y,T),a,v)(|6(y,T)_g|_~_|@(y,T)_v|)
WQ(I’ - y)wﬂ(T — 7') dx dy dr
and
T
0= [ [ [ Glote.0).0w.0.2.5)o(.0) o] + o(z.0) 7
wp(x — y)we(7) dx dy dr
T
+A /R/RG(a—(yvo)?'D(y,O),J,'U)(|5'(y’0)_O—|+|,U(y70)_U|)
wo(z — y)we(7) dx dy dr
/ // / o,0,5,0)[ sgn (6 — ) — sgn (v— )]
— R(0,0)]wp (2 — y)wp(t — 7) dx dt dy dr
and

9):2/0T/R/OT/R|U—6|w9(x—y)w9(t—7)dxdtdydT.

First we note that [(6) is non-negative. In order to estimate the turns L(f) and
R(#), we introduce the function N (¢) as

= /RG(U(x,t),v(a:,t), a(z,t),0(x,t))(|o(z,t) — oz, t)]| + |v(z,t) — 0(z,t)|) de.
Note that the function N () is equivalent to
At) = llo(8) =a (D)l + vl 1) = o Bl s
in the sense that there exist two positive constants, M7, M, such that
(4.15) MiA(t) S N(t) < Mo A(t).
Then, as 8 — 0, we get(cf., e.g., [16])
L(8) = N(T), R(9) — N (0),
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and

T
r(0) — 2M/O 1o(-,8) — B(-, 1)l dt.

Combining these estimates we conclude, in the limit case as § — 0, that
T
N(T) gN(0)+M/ N(t) dt,
0

where M is a finite constant independent of §. Thus, it follows that
N(T) < N(0)eMT,
and again, using (4.15), we get
lo(at) = 3Dl g+ o) = 1) < WM [[Jo® = 3], + [Jo® 9] ,.]

where M and M are finite constants independent of §. This completes the proof of
Theorem 2.2. O

5. Rate of convergence towards equilibrium: Proof of Theorem 2.3
and Corollary 2.4. We recall that Lemma 4.3 establishes bounds, uniformly with
respect to 8, on the solutions (og,vs) of the non-equilibrium model (1.1) or (2.1).
By combining these estimates with standard compactness arguments we could have
concluded, more or less directly, that these solutions converge to a solution of the
equilibrium model (1.2) or (2.2) as the relaxation parameter 6 tends to zero. However,
we are not only interested in convergence, but also in a rate of convergence. Hence, in
order to prove the error estimates in Theorem 2.3 and Corollary 2.4, we shall follow
the work of Tadmor [15] and Kurganov and Tadmor [6]. First we observe that the
entropy solutions of (1.1) are weak solutions of a scalar equation with an “error term.”

LEMMA 5.1. Let (u,0) (resp., (o,v)) be the entropy solutions of (1.1) (resp., (2.1)).
Then the solutions u are weak solutions of the following “error equation”

ug + puf(u)e = —R(0,v),

in the sense that the following integral equation holds for all test functions ¢ € D4 (T):

/ / (ube + pf (w)ads) e dt + / [, 0)(z,0) — u(z, T)(, T)] da
0 R R

= _/OT /RR(U,U)% dx dt.

In addition, u satisfies the Lip®™ bound
Lip®(u(-,t)) < M, Vt>0.

Proof. Let (o, v) be the entropy solutions of (2.1). Then they satisfy the Kruzkov-
type inequality given in (2.6). Choosing (k = oy, q = Us,), where o, = min(o) and
U = min(v), (one can use, e.g., k = ¢ = 0), the last terms on the left-hand side and
the right-hand side are 0. Using the definition of G, the relation u = g(o + v), and
the fact that (k,q) are constants, we get

T
/ / [ugs + o] dx dt —|—/ (u(z,0)¢(x,0) —u(x, T)p(x,T)) > 0.
o Jr R
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Similarly, by choosing (k = oar, ¢ = var), where o)y = max(c) and vy = max(v)
(e'g'a k= g =1- ,LL), we get

T
/ / (s + 06,] de dt + / (ul, 0)(x, 0) — ulz, T)p(x, T)) < 0.
0 R R

These two inequalities lead to

T
| [ twon+ 6. do e+ [ fuw,0)62.0) - u(e Tyole ) <01
0o JR R
Furthermore, using the relation

o—pf(u) =0—plo+v)=(1-p)o—pv=R(o,v),

we get the weak formulation in Lemma 5.1, and thus u is a weak solution of the
error equation. Finally, the Lip™ bound follows from the monotonicity of the
function g. 0

Let T > 0 be given and define ¥ = —R, = —p,. Hence, u = ug is a weak solution
of the inhomogeneous equation

ut+/“cf(u)£ = E7

and @ is a solution of the corresponding homogeneous equation (1.2). Furthermore,
these solutions satisfy an Oleinik condition of the form

Lip™ (u(-,t)), Lip™(a(-,t) < M, Vt>0.

Since the flux function f is convex, we can therefore conclude from the arguments in
Kurganov and Tadmor [6] that the following stability estimate holds:

Ju( ) = )Ly <M sup [[EC,7)|Ly, 0<t<T.
0<r<t

From Lemma 4.3 we obtain that
IEC Oy < GO < M.

This completes the proof of Theorem 2.3.

The LP estimate in Corollary 2.4 can be proved by interpolation between the
Lip’-error estimate in Theorem 2.3 and the BV-boundness of the error, exactly in the
same way as is done in Nessyahu and Tadmor [11]. We therefore omit the details.

The L' estimate for o — & follows from the L! estimate for u — @. To be precise,
since & = pf(u), we have

o =5l = llo—puf(w) +pf(w) =0l < llo—pfw)lp +[[p(f(w) = f@)I] L
<|lpllpr + Mllu(-t) —a( 1) 12
< MV,

which gives the second estimate in Corollary 2.4.
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