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To my friends around the world, with-
out whose help neither this book nor
1ts author would be seeing the light.



Preface

This is a free translation of a set of notes published originally in Portuguese in
1971. They were translated for a course in the College of Differential Geome-
try, ICTP, Trieste, 1989. In the English translation we omitted a chapter on
the Frobenius theorem and an appendix on the nonexistence of a complete
hyperbolic plane in euclidean 3-space (Hilbert’s theorem). For the present
edition, we introduced a chapter on line integrals.

In Chapter 1 we introduce the differential forms in R™. We only assume
an elementary knowledge of calculus, and the chapter can be used as a basis
for a course on differential forms for “users” of Mathematics.

In Chapter 2 we start integrating differential forms of degree one along
curves in R™. This already allows some applications of the ideas of Chapter 1.
This material is not used in the rest of the book.

In Chapter 3 we present the basic notions of differentiable manifolds. It
is useful (but not essential) that the reader be familiar with the notion of a
regular surface in R3.

In Chapter 4 we introduce the notion of manifold with boundary and
prove Stokes theorem and Poincare’s lemma.

Starting from this basic material, we could follow any of the possi-
ble routes for applications: Topology, Differential Geometry, Mechanics, Lie
Groups, etc. We have chosen Differential Geometry. For simplicity, we re-
stricted ourselves to surfaces.

Thus in Chapter 5 we develop the method of moving frames of Elie Cartan
for surfaces. We first treat immersed surfaces and next the intrinsic geometry
of surfaces.

Finally, in Chapter 6, we prove the Gauss-Bonnet theorem for compact
orientable surfaces. The proof we present here is essentially due to S.S.Chern.
We also prove a relation, due to M. Morse, between the Euler characteristic
of such a surface and the critical points of a certain class of differentiable
functions on the surface.

As most authors, I am indebted to so many sources that it is hardly
possible to acknowledge them all. Let me at least mention that the first four



VIII  Preface

chapters were strongly influenced by the writings of my friend and colleague
Elon Lima and the last two chapters bear the imprint of my teacher and
friend S.S. Chern.

For the present version I am indebted to my colleagues M. Dajczer, L.
Rodriguez and W. Santos for reading critically the manuscript and offering a
number of useful suggestions. Special thanks are due to Lucio Rodriguez for
his care in the camera ready presentation of the final text.

Rio de Janeiro, February 1994. Manfredo Perdigdo do Carmo
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1. Differential Forms in R"

The goal of this chapter is to define in R™ “fields of alternate forms” that
will be used later to obtain geometric results.

In order to fix the ideas, we will work initially with the three-dimensional
space R®.

Let p be a point of R3. The set of vectors ¢ — p, ¢ € R? (that have origin
at p) will be called the tangent space of R? at p and will be denoted by Rf,.
The vectors e; = (1,0,0), e2 = (0,1,0), e3 = (0,0,1) of the canonical basis
of R3 will be identified with their translates (e1)p, (€2)p, (e3)p at the point p.

A vector field in R? is a map v that associates to each point p € R® a
vector v(p) € R‘;. We can write v as

v(p) = a1(p)e1 + az(p)ez + as(p)es,

thereby defining three functions a;:R® > R, i = 1,2,3, that characterize
the vector field v. We say that v is differentiable if the functions a; are
differentiable.

To each tangent space Rf, we can associate its dual space (R?,)* which is
the set of linear maps ¢: R?, — R. A basis for (Rf,)‘ is obtained by taking
(dz:)p, i = 1,2,3, where x;: R® — R is the map which assigns to each point
its it" -coordinate. The set

{(dzi)p; i =1,2,3}

is in fact the dual basis of {(e;),} since

L0z [0, ifi#j
(dzl)p(ej)—a_.']}j—{l, lf’L=]

Definition 1. A field of linear forms (or an exterior form of degree 1) in
R3 is a map w that associates to each p € R® an element w(p) € (Rf,)*; w
can be written as

w(p) = a1(p)(dz1)p + a2(p)(dz2), + a3(p)(dzs),

or
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3
w = Z a; d.’L‘,’,
i=1

where a; are real functions in R3. If the functions a; are differentiable, w is
called a differential form of degree 1.

Now let A2(R3)‘ be the set of maps : R3 X R3 — R that are bilinear
(i.e., ¢ is linear in each variable) and alternate (i.e., <p v1,V2) = —p(v2,v1)).
Wlth the usual operations of functions, the set A2( »)* becomes a vector
space.

When ¢; and @3 belong to (Rf,)*, we can obtain an element ¢; A 2 €
A? (Rf,)‘ by setting

(1 A p2)(v1,v2) = det(pi(v;))

The element (dz;), A (dz;), € A2(R3)* will be denoted by (dz; A dz;),. It is
easy to see that the set {(dz; A dz;)p, i < j} is a basis for A2(Rf,)‘ (this will
be proved in a more general setting in Proposition 1 below). Furthermore,

(dz; A d:c_.,-)p = —(dl‘j A dzi)p, i# 7,

and
(d:l:,' A dl‘,’)p =0.

Definition 2. A field of bilinear alternating forms or an exterior form of
degree 2 in R3 is a correspondence w that associates to each p € R? an
element w(p) € AZ(R;’,)‘; w can be written in the form

w(p) = a12(p)(dz1 A dz2), + a13(p)(dx1 A dz3), + a23(p)(dz2 A dx3),

or
wzz:a.-jdx,-Adxj, 1,7 =123,
i<j

where a;; are real functions in R?®. When the functions a;;j are differentiable,
w is a differential form of degree 2.

We will now generalize the notion of differential form to R". Let p € R",
R} the tangent space of R" at p and (R})* its dual space. Let A*(R})* be
the set of all k-linear alternating maps

. n n
<p.Rp x...xRp—»R
A —
k times

(alternating means that ¢ changes signs with the interchange of two con-
secutive arguments). With the usual operations, A* (Rp)* is a vector space.
Given ¢1,...,px € (R})*, we can obtain an element 1 A 2 A ... A @i of
A*(R7)* by setting



1. Differential Forms in R" 3

(pr1 A2 Ao Apr)(v1, v, ..., vk) = det(pi(vy), 4,5 =1,... .,k

It follows from the properties of determinants that @3 A2 A... Ay is in fact
k-linear and alternate. In particular (dz;, ), A(dzi,)pA. . . A(dzi,) € A¥(RD)*,
i1,%2,...,0k = 1,...,n. We will denote this element by (dz;, Adz;, A ... A
dIBik )p.

Proposition 1. The set

{(dm,-l/\.../\dzik)p, 11 <i2 <...<tk, 1j G{l,...,n}}

is a basis for A¥(Rp)*.
Proof. The elements of the set are linearly independent. For, if

Z ail..‘ik dwi]_ AN A dxik = 0,

11 <...<ix

is applied to
(eju”'aejk)v jl <... <jk’ jl € {1,"',n}’
we obtain (Exercise 2)

E Qi ..o d:L‘il AN A d.'l:,'k (ejn e ,ejk) = Q4. = 0.
11 <...<ig

We now show that if f € A*(R})*, then f is a linear combination of the
form

f= Z Qiy..i dzi AL ANdT, .

1 <...<ig
For that, set

g= Z f(eil,...,eik)d:ril/\.../\d:vik.

11<...<ix

Notice that g € A*(R})* and that

g(eila""eik) = f(eila"'yeik)1

for all 4y,...,4. It follows that f = g. Setting f(ei,,...,€:,) = ai,...i,, We
obtain the above expression for f. O

Definition 3. An ezterior k-form in R" is a map w that associates to each
p € R" an element w(p) € A* (R3)*; by Proposition 1, w can be written as

w(p) = Z ailmik(p)(d:z:,-l /\.../\dl‘ik)p, Z] € {1,...,77/},

11<...<ig
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where @, i, are real functions in R”. When the a;,.;, are differentiable
functions, w is called a differential k-form.

For notational convenience, we will denote by I the k-upla (iy,...,3),
i1 <...<tk 4 € {1,...,n}, and will use the following notation for w:

w= Za,dm;.
I

We also set the convention that a differential 0-form is a differentiable func-
tion f:R" — R.

Ezample 1. In R* we have the following types of exterior forms (where a;, aij,
etc., are real functions in R*):
0-forms, functions in R*,
1-forms, a1dz; + a2dz2 + a3dzrs + aqdzy,
2-forms, aj2dz) A dza + ay3dzy A dz3 + a14dzy A dzy + a23dze A dz3 +
a24dz2 A dz4 + azedz3z A dxy,
3-forms, aj23dzi Adzo A dz3 +a124dz1 AdTo AdTy + a134dz3 Adzz Adzy +
a234dz2 A dx3 A dzy,
4-forms, @1234dx; A dz2 A dz3 A dzy.
From now on, we will restrict ourselves to differential k-forms and we will
call them simply k-forms.
We are going to define some operations on k-forms in R™.
First, if w and ¢ are two k-forms:

w=;a1da:1, <p=;b1dz‘1,

we can define their sum

w+ep= Z(a; + br)dz;.
I

Next, if w is a k-form and ¢ is an s-form, we can define their ezterior product
w A @, which is an (s + k)-form, as follows.

Definition 4. Let

w=Za1dw1, I=(i1,...,ik), 11 <...< i,

0= bydzs,  J=(r,eeerde)y 1 <... <J
By definition,

wAp= Zaﬂndw; Adzy.
IJ



1. Differential Forms in R" 5

Ezample 2. Let w = z1dr + T2dz2 + z3dz3 be a 1-form in R? and Y=
£1dZy A dzs + dz; A dz3 be a 2-form in R3. Then, since dz; A dz; = 0 and
dz; Adz; = —dz; Adz;, i # j, we obtain
wA @ = 22dz2 Adzy Adz3 + z321dx3 A dzy A dTo
= (2123 — T2)dz, A dz2 A dz3.

Remark 1. The definition of exterior product is made in such a way that if
®¥1,...,9pk are 1-forms, then the exterior product ¢; A ... A ¢, agrees with
the k-form previously defined by

P1A . Apk(vr,. .., k) = det(pi(v;)).

This follows immediately from the definition and will be left as an exercise
(Exercise 3).

The exterior product of forms in R"™ has the following properties.

Proposition 2. Let w be a k-form, ¢ be an s-form and 8 be an r-form.
Then:

a) (WAQ)AI=wA(pAD),
b) (wAe)=(-1)*(pAw),
) wA(p+0)=wAhp+wAb, ifr=s.

Proof. (a) and (c) are straightforward. To prove (b), we write

w=Y ardz;, I=(ir,...,0x), @1 <...<ig

p=> bydzy,  J=(..rds)y 51 <. <o
Then

wAcp:ZaIdem,-l A...ANdz, Adzj, A... Adzj,
J
= me,(—l)dzh Ao Adzi_ A d.’l?jl Adzi AL A dil)j,
J
= Zb]d{(—l)kdl'jl ANdzi, A A dz;, A d.’le, A A dl‘js.
1J

Since J has s elements, we obtain, by repeating the above argument for
each dz;,,j, € J,

wAp= ZbJaI(—l)kad:Ejl A... /\dZL‘j, Adzi, A ... /\d.’L‘,'k
JI

= (-1D)*pAw. O
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Remark 2. Although dz; Adz; = 0, it is not true that for any form wAw = 0.
For instance, if
w = z1dz1 A dzo + T2dT3 A dxy,

then
WAwW=221T2dx1 Adx2 Adz3 A dxy.

See however Exercise 4.

One of the most important features of differential forms is the way they
behave under differentiable maps. Let f: R™ — R™ be a differentiable map.
Then f induces a map f* that takes k-forms in R™ into k-forms in R™ and is
defined as follows. Let w be a k-form in R™. By definition, f*w is the k-form
in R™ given by

(Fr)@)(v1, ..., v) = w(F@))(dfp(v1), - . ., dfp(wk))-

Here p € R™, v1,...,vk € R, and dfp: R} — RY(,, is the differential of the
map f at p. We set the conventlon that 1f g is a 0-form,

fr(g)=gof.

We are going to show that the operation f* on forms is equivalent to
“substitution of variables”. Before that, we need some properties of f*.

Proposition 3. Let f:R" — R™ be a differentiable map, w and ¢ be k-forms
on R™ and g: R™ — R be a 0-form on R™. Then:
a) f*(w+p) = f'w+ [,
b) f*(gw) = f*(9)f*(w),
¢) If 1,...,pk are 1-forms in R™, f*(p1 A...Agk) = f*(p1)A... A
f*(ex)-

Proof. The proofs are very simple. Let p € R" and let v1,...,vx € Rj.
Then

(@) f*w+o)P)(v1,...,0) = (W + Q) (f(P))(dfp(v1), - .., dfp(vr)) =
(frw)(@)(v1,- . o) + (£ Q) (P)(vr, - ., k) = (Frw+ f*0)(p) (01, .. . k).

(b) f*(gw)(P)(v1, ..., v) = (gw)(F(P))(dfp(v1),...,dfp(vr)) = (90 f)(P) -
frw@)(v,... o) = f9(p) - frw(p)(vr, ..., k).

(c) By omitting the indication of the point p, we obtain

fror A Ag)(vrs .oy ok) = (1 A A i) (df (v1), -5 df (ve))

= det(pi(df (vj)) = det(f*pi(v;))
= (f*o1 Ao A fror) (V1 vE).

Remark 8. We will show below (See Proposition 4) that (c) holds not only
for 1-forms but for k-forms as well.
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We can now present the promised interpretation of f*. Let (z1,...,Z5) be
coordinates in R", (y1,...,Ym) be coordinates in R™ and let f:R" — R™
be written as

y1=f1(x1,...,a:,,),...,ym=fm(:1:1,...,:vn). (*)
Let w = ) ardys be a k-form in R™. By using the above properties of f*,
we obtain

fro=Y"fan(fdy,) A A(fdyi).
I

Since

f*(dy:)(v) = dyi(df (v)) = d(yi o £)(v) = dfi(v),
we have

f*w = Za](fl(xla"'axn)v""fm(wlv”-vxn))dfil A"'Adfika
I

where f; and df; are functions of x;. Thus to apply f* to w is equivalent to
“substitute” in w the variables y; and their differentials by the functions of
z), and dzj obtained from ().

Remark 4. In various situations, it is convenient to use differential forms
defined only on some open set U C R"™ and not on the entire R". It is clear
that everything done so far extends trivially to this situation.

Ezample. (Polar coordinates). Let w be the 1-form in R? — {0,0} by

w= Y dz +

Y dy.

$2 + y2
Let U be the set in the plane (r, ) given by
U={r>00<86<2n}

and let f:U — R? be the map

£(r,6) = {m =rcosf

y=rsenf
Let us compute f*w. Since
dx = cos 0dr — rsen 6d#,
dy = senfdr + r cos 0d6,
we obtain
fro=-
= d#.

rsend  osddr — rsenfdg) + <22

(sen 8dr + r cos 8d6)

r2 r2
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Notice that (a) of Proposition 3 states that the addition of differential
forms commutes with the “substitution of variables”. We will now show that
the same holds for the exterior product.

Proposition 4. Let f:R"™ — R™ be a differentiable map. Then
(a) f*(wA @) = (f*'w) A (f*¢), where w and ¢ any two forms in R™.
(b) (f o 9)*w = g*(f*w), where g:R? — R" is a differentiable map.

Proof. By setting (y1,-..,Ym) = (fi(z1,---,%a);- .-, fm(z1,. .., %0)) € R™,
(z1,...,2n) € R", w =3 ardyr, ¢ =), bsdy,, we obtain

Frlwhe)= (O arbsdyr Adyy)
7
=Y ar(fiyeees fmdbs(fis- s fm)dft Adf s
7
=Y ar(fise s fm)dfr A bs(fryeee, fm)dfs
T 7

=frwA fre.

b) (fog)w=3 ar((fogh,...,(fog)m)d(fog):
= 21 a’I(fl(gl’ vee ’gn)v vee 1fm(gl’ oo agﬂ))dfl(dgh' . 7dgn)
= g*(f*(w)). o

We are now going to define an operation on differential form that gen-
eralizes the differentiation of functions. Let g:R™ — R be a 0-form (i.e., a
differentiable function). Then the differential

dg = Z gzg—id:ci

i=1

is a 1-form. We want to generalize this process by defining an operation that
takes k-forms into (k + 1)-forms.

Definition 5. Let w = )_ ardzs be a k-form in R". The ezterior differential
dw of w is defined by

dw =" das Adazy.
I

Ezample 4. Let w = zy2dz + yzdy + (z + 2)dz and let us compute dw:

dw = d(zyz) Ndz + d(yz) Ady + d(z + 2) Ndz
= (yzdz + z2dy + zydz) A dz + (2dy + ydz) A dy + (dz + dz) A dz
= —zzdz Ady + (1 — zy)dz A dz — ydy A dz.
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We now present some properties of exterior differentiation. Item (c) is
probably the most important one and item (d) means that the operation d
commutes with substitution of variables.

Proposition 5.

a) d(wi + we) = dwy + dwa, where wy and we are k-forms

b) dwAy) =dwAp+(—1)*wAdp, where w is a k-form and ¢ is an s-form

¢) d(dw) = d?w = 0.

d) d(f*w) = f*(dw), where w is a k-form in R™ and f:R" - R™ is a
differentiable map.

Proof.
(a) is straightforward.
(b) Let w =3 ,ardzr, ¢ =Y ;bydz;. Then

= Zd(ale) AdzyAdzy
J

= bydar Adz; Adzy+ ) ardbs Ader Adxy
1J 1J

=dwAgp+ (—1)kza1d.’l}[ Adby ANdz g
1J
=dwA g+ (-1)*w A dp.

(c) Let us first assume that w is a 0-form, i.e., w is a function f:R™ — R
that associates to each (zi,...,z,) € R" the value f(z1,...,2,) € R. Then

d(df) = ( %dxj) =) d (g—gi) A da;
Jj=1

j=1 "

=. ( 52,07 d:v,/\dz,)
j=1 \i=

Since %—gx— aTb% and dz; A dz; = —dz; A dz;, i # j, we obtain that

d(df)=2( or _ & )dx,-/\d:cjzo.

< O0z;0z; Oz;0x;

Now let w = )  ardz;. By (a), we can restrict ourselves to the case w =
ardzy with ay # 0. By (b), we have that

dw = day A dz; + ad(dzy).
But d(dz;) = d(1) A dzy = 0. Therefore,
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d(dw) = d(day A dzy) = d(das) Adz; + day Ad(dz;) =0,

since d(dar) = 0 and d(dzs) = 0, which proves (c).

(d) We will first prove the result for a 0-form. Let g:R™ — R be a dif-
ferentiable function that associates to each (y1,...,ym) € R™ the value
g(yla v yym)‘ Then

£*(dg) = (Z 29 4 ) > S o da,
=S 202 s; — atgo 1) = aiso)
J

Now, let ¢ = 3 ;ardzr be a k-form. By using the above, and the fact
that f* commutes with the exterior product, we obtain

d(f*0) =d(D_ f*(ar) f*(dz))
= Zld(f‘(az)) A f*(den) =Y £*(dar) A £*(der)
= fi(le dar Adzy) = f*(dyp) I
which proves (d). o

In the exercises that follow we will often use the canonical isomorphism be-
tween R and its dual (Rp)* that is established by the natural inner product
(, ) of R". We recall that if {e;} is the canonical basis of R" and v, = _ a;e;,
vy = ) bie; belong to (R"),, then (vi,v2) = Y a;b;. The above canonical
isomorphism takes a vector v € R} to an element w € (Rj;)* given by
w(u) = (v,u), for all u € Ry. If we let the point p vary, this establishes a
one-to-one correspondence between vector fields in R" and exterior 1-forms
in R"™; it is easily seen that this correspondence takes differentiable vector
fields into differential 1-forms and conversely.

EXERCISES

1) Prove that a bilinear form ¢: R® x R3 — R is alternate if and only if
@(v,v) =0, for all v € R3.
2) Prove that if i3 < iy < ... <14 and j; < j2 <... < Ji, then

' _ ‘ N it =g, 0 = g,
(dziy A A doiy )€y o0 5) = {0, otherwise.



3)
4)

5)

6)

7)

8)

9)

1. Differential Forms in R" 11

Hint: Consider the determinant o = |dz;,(e;,)|. If 1 > ji, then i >
... > 19 > 11 > Jp, that is, da:i,(ejl) =0,foré=1,...,k If i}y < ji, then
Jk > ... > j2 > j1 > iy, that is, dzi (e;,) =0, for n = 1,...,k. In any
case, a = 0 if 4; # j;. Assume now that i; = j; and 42 # jo. Proceeding
as before, we show that o = 0. The argument can be easily continued.
Prove the statement of Remark 1.

Let ¢ be an exterior k-form, where k is an odd integer. Show that pAyp =
0.
Let ¢, and 0 the following forms in R3:

¢ = zdz — ydy,
Y = 2dz Ady + zdy A dz,
0 = zdy.

Compute : ¢ A, 8 Ap A, dy, dip, db.

Let f:U C R™ — R" be a differentiable map. Assume that m < n and
let w be a k-form in R", with k > m. Show that f*w = 0.

Let w be the 2-form in R?" given by

w=dz) Adzs +drz ANdxgy + ...+ dTop_1 A dTo,.

Compute the exterior product of n copies of w
Let f:R"™ — R" be a differentiable map given by

f(xla"'awn) = (yla"')yn)v
and let w =dy; A ... Ady,. Show that

frw =det(df)dzy A ... Adzp.

Let v the n-form in R" defined by

v(en,...,en) =1,
where {e;}, 1 =1,...,n, is the canonical basis of R". Show that:
a) If v; = ) aijej, then
v(v1,...,0s) = det(ai;) = vol(vy,...,vp).

(the form v is called the volume element of R™)
b) v=dzr; A... Adz,.

10) (Hodge star operation). Given a k-form w in R™ we will define an (n—k)-

form *w by setting

#(dzi, Ao Adzy) = (-1)7(dzj, A... ANdzj,_,)
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and extending it linearly, where i3 < ... < iy, j1 < ... < In—k,
(i1y+-+ 5%k J1,+ -, Jn—k) is a permutation of (1,2,...,n), and o is 0 or
1 according to the permutation is even or odd, respectively. Show that:
a) If w = a12dzy Adza + a13dT) A dz3 + ag3dzy A dzs is a 2-form in R3,
then
*w = a12dT3 — a13dT2 + az3dr,

b) If w = a1dz; + az2dz, is a 1-form in R2, then
*Ww = a1dTs — azdzx;.

c) #xw = (—1)k(n=k)y,

11) (The divergence). A differentiable vector field v in R™ may be consid-
ered as a differentiable map v:R"” — R"™. We will define a function
div v:R™ — R (to be called the divergence of v) as follows:

(div v)(p) = trace(dv),, p€R",

where (dv),: Ry — Ry is the differential of v at p. Show that:
a) If v =3 a;e;, where {e;} is the canonical basis of R", then

divv=Zg%.

b) If w denotes the differential 1-form obtained from v by the canonical
isomorphism induced by the inner product ( , ) and v is the volume
element of R"™ (Exercise 9), the divergence can be obtained as follows:

v — w — xw — d(xw) = (div v)y,

where we have used the star operation introduced in Exercise 10.
12) (The gradient). Given a differentiable function f: R™ — R, define a vec-
tor field grad f in R™ (the gradient of f) by

(grad f(p),u) = dfp(u), for allp € R" and all u € R;.

Notice that grad f is the vector field corresponding to the 1-form df in
the canonical isomorphism. Show that:
a) In the canonical basis {e;} of R™:

grad f = Z %‘:ei.

b) If p € R™ is such that grad f(p) # 0, then grad f(p) is perpendicular
to the “level surface” {g € R"; f(q) = f(p)}.
¢) The linear map dfp: R",' — R restricted to unit sphere with center at
p reaches its maximum for v = grad f/ |grad f]|.
13) (The Laplacian). Given a differentiable function f:R"™ — R, we will

define the Laplacian Af:R"™ — R by
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Af = div(grad f).
Show that:

a) Af =Y &4,
b) A(fg) = fAg+gAf +2(grad f,grad g),
c) dx*(df) = (Af)v, where v is the volume element of R"™.

14) (The rotational). Let v be a differentiable vector field in R". The rota-
tional rot v is the (n — 2)-form defined by:

v +— w — dw — *(dw) = rot v,

where v — w is the correspondence between 1-forms and vector fields
induced by the inner product.

a) Prove that rot(grad f) =

b) In the particular case when n = 3, the 1-form rot v corresponds to a
vector field which is also denoted by rot v. Show that, for n = 3:

b1)
0 7]
rot(z aie;) = (azz B_ZZ) e
da; Oas
¥ (5“ )
Oay Oa
+ ('5;1- - 51;) es.
b2) div (rot v) =

15) (A geometric definition of the * operation). An element ¢ € A¥(R})*
is called decomposable if ¢ = 1 A ... A i, where @;, 1 = 1,...,k, are
linearly independent elements of A'(R})* =~ (R})*. Prove that:

a) If p; = Zj aijBj, i = 1,...,k, Bj € (Rp)*, and det(a;;) = 1, then
PY1A... A = P1 A...APBg; thus, a decomposable element may have
more than one representation.

b) If ("41 A...A Pk = ﬁl A...A :Bk = p are two l'epl'esentations Of @, then
pi = 3, aijB;, with det(a;;) = 1.

Hint: Extend the §; into a basis B1,. .., Bk, Bk+1,- .. Bn of (R;,')* and
write

¢,=Za,-jﬂj+2bi,,ﬂ,,, n=k+1,...,n
J n
Notice that Sy A~ APk A i = o1 A+ Ak A p; = 0. This implies
that
D binBi AL ABEABy =0,
n

and since 51 A ... A By A (B, are linearly independent, b;,, = 0.



14

c)

1. Differential Forms in R

If o = p1A.. . Apx is decomposable, the vectors vy, . .., v € R;,‘, where
Vi &> @; is the correspondence induced by the inner product (, ) of
R", are linearly independent, and the subspace of R™ generated by
them does not depend on the representation of ¢. This will be called
the subspace of .

d) If ¢ = p1 A... Ay is decomposable, the k-volume of the solid gener-

e)

f)

g)

ated by v1,...,vx does not depend on the representation of ¢. This
will be called the volume of ¢.

If o = o1 A... A px is decomposable, define ¢ as an element of
A"F(R})* with the following properties:

i) the subspace of *¢ is perpendicular to the subspace of ¢.

ii) the volume of *y is equal to the volume of .

iii) p A*p is positive, i.e., its value in a positive basis of R} is positive.
Prove: That ¢ is well defined.

Hint: Let v; & ¢;,i=1,..., k, as in (c) and let W be the subspace
of R} generated by the vjs. In W+ consider an orthonormal basis
€k+1,---,€n SO that the basis vy,...,v,, €xy1,...,€, of R is positive.
Define ¢; € (R})*,j = k +1,...,7, by the correspondence y; e;
mentioned in (c), and let A > 0 be the volume of W. Check that
A@k+1,A ... Ay, satisfies (i), (ii) and (iii).

Let vy, v2 be two vectors in R® and let p1 & V1, Y2 < V2 be the one-
forms given by the correspondence in (c). Define the vector product
v1 X U2 &> *(¢p1 A 2) and describe geometrically the vector v; X v,.
A k-form w in R™ is decomposable if w(p) is decomposable for each
p € R™. Every k-form in R" is a linear combination of decomposable
k-forms of the type dz;, A...Adz;,. Show that with the above defini-
tion, *(dz;, A ... Adz;,) gives the same expression as in Exercise 10.

16) (Poincaré’s lemma for 1-forms). Let

w = a(z,y, 2)dz + b(z, y, 2)dy + c(z,y, 2)dz

be a differentiable 1-form in R? such that dw = 0. Define f:R* S Rby

1
f(z,y,2) = / (altz, ty, tz)z + b(tx, ty, t2)y + c(tz, ty, tz)2) dt.
0

Show that df = w (This means that the condition dw = 0, which is
satisfied when w = df, is in R? also sufficient for the existence of an f
such that w = df. We have used R? for notational convenience but the
result holds for R". Also, if w is only defined in an open set U C R",
the result still holds in a neighborhood of each p € U).

Hint: Notice that dw = 0 implies that

B _0a 0 _oa o _oe
0z Oy’ 0z ~ 98z’ 9z Oy

and use the identity
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1
a(z,y, 2) =/ -l%(a(t:v,ty,tz)t)dt
0

1 1
= / a(tz, ty, tz)dt + / t(a1z + azy + a3z)dt,
0 0

where a1, a2 and a3 denote the partial derivatives of a(tz, ty, tz) relative

to the first, second and third argument, respectively.

We say that a differentiable vector field v defined in an open set U C R"

derives locally from a potential if for each p € U then exists a neighbor-

hood V 3 p, V C U, and a differentiable function g: V' — R (to be called

the potential) such that v = grad g.

a) Let v be as above and let w be the 1-form corresponding to v, i.e.,
w(u) = (v,u), for all v € R". Show that v derives locally from a
potential if and only if dw = 0.

Hint: Use the local form of Exercise 16.
b) Show that v derives locally from a potential if and only if rot v =0.
c) Let v be the vector field (electric attraction):

1 3
'l)(p) = —(132 +y2 +22)3/2 (m,y,z), PE R” - {0,0,0}

Show that v derives locally from a potential g:

1
T @42+ 222

g + const.

and that Ag = 0.
A function g : R® — R is said to be homogeneous of degree k if
g(tz, ty, tz) = thg(z,y,2), t > 0, (z,y, 2) € R3. Prove that:
a) If g is differentiable and homogeneous of degree k, then (Fuler’s re-
lation)

gz + Y9y + 29: = kg.
Hint: Differentiate g(tz,ty,tz) = t*g(z,y,2) in t and set t = 1.
b) If the differential form
w = adz + bdy + cdz

is such that a,b and ¢ are homogeneous of degree k and dw = 0, then
w = df, where
_za+yb+zc

f= k+1
Hint: Notice that dw = 0 implies that
B e B _0a 2 _o
oz 8y’ 0O0r 0z' 0z Oy

and apply Euler’s relation
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c) If the differential form
o =adyAdz+bdz Adz + cdz A dy

is such that a,b and c are homogeneous of degree k and do = 0, then
o = dvy, where
_ (2b—yc)dz + (zc — za)dy + (ya — zb)dz
1= k+2 '




2. Line Integrals*

Differential forms are to be integrated. We will do that soon (Chapter 4) after
some preliminaries on the natural “habitat” of differential forms (Chapter 3).
However, the special case of integration of forms of degree one along curves
(the so called line integrals) is so simple that it can be treated independently
of the general theory. We will do that in this chapter.

Although we restrict ourselves to curves in R", proofs are organized in
such a way that will be valid in a more general setting to be considered later.

Let w= Z a;idz; be a differential form of degree one defined in an open
set U C R" and let c:[a,b] — U be a piecewise differentiable curve in U;
we recall that c is piecewise differentiable if ¢ is continuous and there ex-
ists a partition a = to,%1,...,tk, tk+1 = b of [a,b] such that the restriction
c|[tj tj1] = c; is differentiable, j = 0,1,...,k. Notice that in each interval
[tj)t541], cjw is a form in R given by

da:,

Cw = Zai(xl(t)v ,fb‘n(t))

where ¢(t) = (z1(t), ..., Tn(t)). Define
~ tj+1 dx,
fe-T s -/ (za,u )

A change of parametrization of c: [a,b] — U is a differentiable homeomor-
phism ¢: [c,d] — [a, b]. We say that ¢ preserves orientation if ¢ is increasing;
otherwise, it reverses orientation. If t = ¢(7) and g is increasing, we obtain,
using the formula of change of variables for integrals,

/c(t)w= /b (Zai(t)d—zi> / (Za,(go( ))(‘11? Z:)
/ Zat(‘r)@—'d‘r——/c(f)w’

This chapter is not used in the rest of the book and can be omitted on a first
reading.
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which shows that / w is invariant by a change of parametrization that pre-
C

serves orientation; similarly, if ¢ changes orientation, / w changes sign.
[+
We will denote by c the trace of ¢(t) with a given orientation and by —c

the same curve with the opposite orientation. Then fcw is well defined and

[ o]

We will say that w is closed if dw = 0, and that w is ezact in V C U if
there exist a differentiable function f:V — R such that w = df in V. Notice
that if w is exact in V, and c:[a,b) — V is a curve,

[o=[a=] " e (df) = 1) - Flela)),

that is, / w depends only on the end points of c. It also follows that if w is
[+

exact in V and c is a closed curve in V, then / w=0.
[+
Actually, these three properties are equivalent. From now on, w =

Z a;dz; is a differential form defined in an open set U C R".

Proposition 1. The following are equivalent:

1) w is exact in a connected open set V C U.

2) / w depends only on the end points of ¢ for allc C V.
c

3) /w =0, for all closed curvesc C V.
c

Proof. We have already shown that (1) = (2) = (3). That (3) = (2) is
immediate. It remains to show that (2) = (1).
Let us assume (2) and fix a point p € V. For each x € V, let ¢ be a

piecewise differentiable curve joining p to z. Define f: V — R by f(z) = / w.
By (2), f is well defined. We claim that df = w, which will conclude the pr(c)of.
. af ) .
Since df = Z ém—idz;, we must show that 3{7(x) =ai(z),i=1,...,n.
Let e; = (0,...,0,1,0,...,0), where 1 is in i-th place, and consider the curve
ci:t >z +te, te€(—¢¢),

that joins z to z + te; and is contained in V for ¢ small. Then
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oL @) = lig 1 /(o +te) - F(@)}

= lim - {/ / } = llm w
t—0 { +ei t—0 { )

Ci

= }1_{:(1) A a,(s)ds = a;(0) = a;(z).

Example 1. Consider the form

Wy = — dz + dy

Y z
2 + y2 z2 + y2
defined in U = R? — {(0,0)}. A direct computation shows that dwo = 0.
Rather than doing this computation, we prefer a geometric approach. Choose
a half-line L i 1ssu1ng from the origin 0 = {(0,0)} and consider polar coordi-
nates (p, ) in R?— L. Since z = pcos(6+6p), y = psin(8+8,), we obtain that
wo = df in R? — L; here 6 is the angle from Oz to L. Since L is arbitrary,
dwo = d%6 = 0, hence wy is closed. In addition, this shows that the form wq
is locally (that is, in a neighborhood V' of each point of U) the differential of

a function @ that measures the positive angle of O, with L, p € V. We call 4
an angle function and wy the element of angle (with respect to the origin 0).

Although the form wy is closed and locally exact, it is not exact in R? —
{0}. To see this, consider the unit circle ¢(t) = (cost,sint), t € [0,27], around
the origin. Then ¢: [0,27] — U, and

2x 27
/ wo = / C*wy = dt = 2x.
c(t) 0 0

It follows by (3) of Proposition 1 that wy is not exact in R? — {0}. This means
that it is not possible to patch together the various angle functions locally
defined to make an angle function globally defined in R® — {0}.

Remark 1. (The winding number) Although wp is not exact in R? — {0}, it
determines, along a given curve 7:[0,1] — R? ~ {0}, a well defined “angle
function” ¢(t), t € [0, 1], given by

1 !
o0 = [ HT o, 20 = @0.10)

Setting

al) = Tt W) = ()

it is easily checked that y*wo = (ab’ — ba’)dt, where a? + b?> = 1. It can be
shown that if g is such that
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cos o = a(0), sinpp = b(0),

then cosp(t) = a(t), sinp(t) = b(t) (for details, see M. do Carmo [dC],
Lemma 1, p. 250, or Lemma 5 of Chapter 5 below). Thus ¢(¢) is a continuous
determination of the angle that v(t) makes with ~(Z). If 7 is closed (i.e.,
(1) = 7(0)), then ¢(1) # ©(0), but since cos ¢(1) = cos ¢(0) and sin (1) =
sin ¢(0), we obtain that ¢(1) — ¢(0) is an integral multiple of 2. This integer
is usually called the winding number of v around 0.

The fact that the closed form wg in Example 1 is locally exact is a general
fact. More precisely.

Theorem 1. (Poincaré’s Lemma for 1-forms) Let w = Zaidxi be defined

in an open set U C R™. Then dw = 0 if and only if for each p € U there is a
neighborhood V. .C U of p and a differentiable function f:V — R with df = w
(i.e., w is locally exact) .

Proof. If w is locally exact, clearly dw = 0. Let us now assume that dw = 0.
For simplicity of notation, let us restrict ~urselves to the case where w =
adz + bdy + cdz is defined in U ¢ R3. For - 1 p € U, let B(p) be a ball
of center p = (o, Y0, 20) contained U. Zor each ¢ € B(p),q = (z,y, 2), let
B(t) = p+t(qg — p), t € [0,1], be the line that joins p to ¢. Since B(p) is a
ball, 5(t) C B(p). Define

1
flg) = / w= / {a(B(t))(z — o) + b(B(t))(y — yo) + c(B(¢))(z — 20) }dt
B(t) 0
We want to show that df = w, that is,
Lw=-da F@=ta F@=co

To see this, notice that the condition that dw = 0 is equivalent to:

Bo_ o 0a_oc o_pe
dy 0z’ 09z 09r’ 0z Oy

Let us consider first the case gf = a. Differentiating f and using the first
two identities above, we obtain

1
g—i(Q) = / {?gt(ﬂi —zo) +a+ %t(y - %)+ %t(z - zo)} dt =

1{(_(x To) + Z(y—yo)+g%(z—zo))t+a}dt-_—
R

( 4 (a(ﬂ(t)))) t+ a} dt =
- /0 di(a(ﬂ(t))t)dt = a(B(1)) = a(g).
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In a similar way, we can prove that

@ =40, Zg)=cla)

This completes the proof of Theorem 1. a

One of the interesting applications of Theorem 1 is to extend the definition
of the integral of a closed form to curves that are merely continuous. To do
that, observe first that if w is defined in U C R™ is closed and ¢:[0,1] —» U
is a differentiable curve, we can choose a partition

O=to<t1 < - <tp<tpp1 =1

of [0,1] in such a way that the restriction oltistivi] = ¢iy i = 0,1,...,k, is
contained in a ball B; where w is exact, i.e., there exists a function fiiBi = R
with df; = w. Then

/Cw = Z/c: w = Z[fi(ti+1) — fi(t:)). (1)

Now, if ¢:[0,1] — U is only continuous, such a partition still exists and
we define /w by (1).

We musi show that this is independent of the chosen subdivision. This is
a standard argument and we will present it here for completeness.

Given a partition P, a refinement of P is a new partition obtained from
P by adding new points to it. If we add a point ¢’ € (t;,1;4,), we have that
c(t) € B;. Since

[filtiv1) = Fi(&)] + [£i(F') = fults)] = [fi(tirr) — fi(t)),

the value of the integral for this new partition does not change. It follows
that the integral remains the same under refinements of a given partition.
Now, given two distinct partitions, we can form a third partition, by adding
to the first all the points of the second. This is a common refinement, the
integral of which must be equal to the integrals of the first and of the second
partitions, which are therefore equal. This shows the required independence.

Theorem 1 also raises the following question. We know that a closed form
is locally exact. When is it globally exact? We know that we need some
restriction on the domain of the closed form, since by Example 1, the form
element of angle is closed in R? — {0} but it is not exact there.

The answer to this question will depend on how the integral of a closed
form along a continuous curve varies when we deform the curve continuously.
To make this notion precise, we introduce the notion of homotopy.
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Definition 1. Two continuous curves ¢, ¢1: [a,b] = U C R" with the same
end points co(a) = ci(a) and co(b) = c1(b) are homotopic if there exists a
continuous map

H:la,b] x[0,1] = U, (s,t) € [a,b] x [0,1],

such that:
H(S,O) = cO(S)a H(S, 1) = 01(3), (2)

H(a,t) = co(a) = c1(a), H(b,t) = co(b) = c1(b). (3)

Thus the homotopy H(s,t) = H.(s) is a continuous family of curves
parametrized by ¢ € [0,1] that deforms the curve Hy(s) = co(s) into the
curve H;(s) = ci(s) (condition (2)), by keeping fixed the end points H(a)
and H,(b) (condition (3)).

Sometimes it is convenient to drop condition (3) in the definition of ho-
motopy and to let the end points vary; in this case, we say that H is a free
homotopy between ¢y and c;.

It turns out that line integrals of closed forms are invariant under homo-
topies. More precisely.

Theorem 2. Let w be a closed 1-j.rm uefined in an open set U C R". Let
co, €1 [a,b] = U be two continuous homotopic curves in U. Then

/cow=/c1w. (4)

Proof. Since dw = 0, w is locally exact. Let H be a homotopy between
co and cy, and let {B;} be a covering of H([a,b] x [0,1]) C U by balls B;
where w is exact. Since [a,b] x [0,1] = R is compact, the covering of R by
{H~1(B;)} = W; has a Lebesgue number d (that is, each subset of R with
diameter < d is contained in some W;). Divide R into subrectangles Rjx by
the lines s = const., ¢ = const., in such a way that the diameter of each

R is smaller than d. By local exactness, / w = 0. Therefore, if R;; has
OR;y,

sides ajk, Bj k+1, @j11,k, Bjx, wWith the orientations given by increasing s and

increasing ¢, we obtain (Fig. 2.1).

x oo L)
g,; OR; Jzk{ ajik Bj.k+1 aji1.k B;

J ¢

But the sides of R, that are interior to R appear twice with opposite orien-
tations in the above sum. So the corresponding integrals cancel out, and we
have
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ajt+1, k
>~ t= tj+1
t
Bik Rjk Bj, k+1
- t=tj
c1 ajk J
1 8 = SR 8 = 8R41
Rijk
ﬂa ﬂb
0 a co b 8

Fig. 2.1

Oz/cow—l-/ﬁbw—-/qw—/aw, ((5))

where 3, is the curve H(a,t) and S is the curve H(b,t). Since these curves
reduce to points, the corresponding integrals vanish, and we are left with

/ w - / w,
Co [+5}

as we wished. O

We should observe that if co and c; are closed curves (i.e., co(a) = co(b)
and ci{a) = c,(b)) that are freely homotopic, then, although the curves 3,
and S do not reduce to points, they are equal. Therefore, by (5), we still have
the equality in (4). For future reference, we will sum up the above discussion
in a proposition.

Proposition 2. Let w be a closed 1-form defined in U, and let ¢y and c; be

two closed curves freely homotopic in U. Then / w = w; tn particular,
co c1

if co is freely homotopic to a point, / w=0.

Co

We will say that a connected open set U C R" is simply-connected if
every continuous closed curve in U is freely homotopic to a point in U. This
is a topological property of a domain U C R". For example, the space R"
itself, the balls of R™ and its homeomorphic images are all simply connected
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domains in R". On the other hand, as we will show in a moment, R? -
{0} is not simply—connected. This will follow from Proposition 3 below and
Example 1. The notion of simple connectivity yields a sufficient condition on
a domain for a closed form to be exact.

Proposition 3. Let w be a closed form defined in a simply-connected domain.
Then w is exact.

Proof. By Proposition 2, / w = 0 for every closed curve ¢ in U. By Propo-
sition 1, w is exact. ¢ O

A further application of the invariance under free homotopy of the integral
of a closed form along a closed curve can be obtained as follows.

Let F:U Cc R? — R? be a differentiable map. We say that p € U is a
zero of F if F(p) = 0. If there exists a neighborhood V of p such that V
contains no zero of F' other than p, then p is called an isolated zero. If the
differential dF(p) of F at p is nonsingular, we say that p is a simple zero of
F. By the inverse function theorem, F is one-to-one in a neighborhood of a
simple zero, hence a simple zero is isolated.

Now let F(z,y) = (f(z,y),9(z,y)) and let D C U be a closed disk such
that the boundary 8D = C contains no zeroes of F. Consider the differential

form
g = £49 —9df
f2 + gz
defined at the points of U where f2 + g% # 0. We will call

1
5;/&De_n(pp)

the index of F in D. We claim that n(F; D) is an integer.
To see that, let u = f(z,y), v = g(z,y), and let wy = %—‘}3‘— be the
element of angle in the plane (u, v) relative to the origin (0,0). Then 8 = F*wy

and
1

1 1 .
n(F,D)—g/Cvo—ﬂLFWO—2W FOCWQ,

that is, n(F; D) is the winding number (see Remark 1) of the closed curve
F o C around the origin in the plane (u,v). This shows that n(F; D) is an
integer.

A consequence of the invariance under free homotopy of fc 0 is the fol-
lowing existence theorem for solutions of the equation F = 0.

Proposition 4. If n(F; D) # 0, there exists some point ¢ € D such that
F(g)=0.
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Proof. Assume that no such g exists, and let p be the center of the disk D.
Then the map H: [0, 27] x [0,1] — R? — {0} given by

H(s,t) = F((1 - t)C(s) + tp)

is a free homotopy between the curve F o C and the constant curve F(p).
Therefore,
1 0 1

E D) = o oo 27 Jpec

w0=0

which is a contradiction. O

It is clear that if we take another disk D; D D such that F' has no zeroes
in Dy — int D then n(F;D;) = n(F;D). This follows because there is an
obvious free homotopy between F(0D) and F(0D,).

Furthermore, if Fy, F3:U C R? — R? are two differentiable maps with no
zeroes in C = 8D, D C U, and there exists a continuous map H:C x [0,1] —
R? — {0} with H(g,0) = Fi(g), H(g,1) = F(q), H(g,t) # 0, for all g € C,
t € [0,1], then

n(Fy; D) = n(Fz; D).

This follows because the curves F; o C, F; o C are freely homotopic by
K:[0,27] x [0,1] - R? - {0}, K(s,t) = H(C(s),t).

A most interesting application of the index is the formula below that
is attributed to Kronecker (cf. [PIC] pp. 103-105; the proof below is taken
from [LIM 1] pp. 229-230). We say that a simple zero p of F is positive if
det(dF') > 0 and is negative otherwise. Since simple zeroes are isolated, there
are only finitely many of them in a compact set.

Theorem 3. Assume that F:U C R? — R? has only simple zeroes in a disk
D C U none of which is in dD. Then

n(F;D)=P - N,

where P is the number of positive zeroes in D and N is the number of negative
zeroes in D.

For the proof, we need the following lemma.

Lemma. Assume that F has a unique simple zero p € D C U. Then
n(F; D) = £1 according to det(dF,) > 0 or det(dF},) < 0.

Proof of the Lemma. We can assume that p = (0,0). By Taylor’s formula,
F(q)=Tq+R(q)lgl, limR(g) =0,
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where T = dF,. Consider the map H = U x [0,1] — R?
H(q,t) =Tq+(1-t)R(g)lgl, qeU, telo,1].

If we show that, for D sufficiently small, H(q,t) # 0, ¢ € D, we will have
that H(C(s),t) will be a free homotopy between the curves FoC and T o C,
hence n(F; D) = n(T; D). Since T is one-to-one, the image of a circle around
p will turn at most once. Thus

n(F;D) = n(T; D) = £1,

as we wished to prove.
It remains to show that there exists ¢ > 0 so that H(q,t) # 0 for all ¢ # 0,
lg| <, and all ¢ € [0,1]. To do this, set C = 1/|T~!| and observe that, for

all g,
lg| = |T~'Tq| < |T~||Tq| = 1/C|Tq,

hence |Tq| > C |g|. Now, take € > 0 so that in the disk D of radius ¢ we have
|R(g)| € C/2 (recall that lin}) R(q) =0). Then, if ¢ # 0,
q-—’

[H (g, )1 = Tg + (1 - )Rl
> [Tal - (1~ )R lal > Clal - 5 ol >0,

as we claimed. 0O
G
Si @
©
©
C=6D
Fig. 2.2

Proof of Theorem 3. Let py,...,pi be the zeroes of F in D. By homotopy we
can change slightly D; thus we can assume that no radius of D contains more
than one zero. We divide D into k sectors S;, i = 1,..., k, so that each such
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sector contains exactly one zero (Fig. 2.2). Let C; be a circle around p; € S;
so small that is contained in S;. There is an obvious free homotopy taking
C; in 0S;. Therefore n(F'; D) is given by

-2-1;/;0=Z%LSiO=Z%LiO=¥(iI)=P~N

as we wished to prove. ]
EXERCISES
1) Show that the form w = 2zy3dz + 3z%y2dy is closed and compute [ w,
c
where ¢ is the arc of the parabola y = 22 from (0,0) to (z,y).
2) a) Show that if w is a differential 1-form defined in U C R", c:[a,b] = U
is a differentiable curve and |w(c(t))] < M, for all ¢ € [a,b], then
/ w| <ML,
where L is the length of c.
b) Let w be a closed 1-form in R? — {0}. Assume that w is bounded
(that is, its coefficients are bounded) in a disk of center 0. Show that
w is exact in R? — {0}.
c¢) Show that the result of item (b) still holds if we only suppose that
dw = 0 and that
lim +z2+942 w=0.
x2+y2_,0
3) Consider the form

x

w= F%?{(x cosy + ysiny)dy + (zsiny — y cosy)dz}

defined in R? — {0}.
a) Show that w can be written as

w=e"cosy wy+e“siny d(logr),

where wo is the element of angle at 0 and r = /22 + y2; check by
computation that dw = 0.

b) Show that w — wy satisfies the condition of Exercise 2(c), hence is
exact.
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4)

5)

6)

2. Line Integrals

c) Compute / w, where ¢ is a simple (i.e., without self intersections)

c
closed curve in R? — {0}.
Let w be a 1-form defined in an open set U C R™. Assume that for each

closed differentiable curve ¢ in U, / w is a rational number. Prove that
c

w is closed.
Let U,V C R" be simply connected open sets such that U NV is con-
nected. Let w be a closed 1-form so that w is exact in U and w is exact
in V. Show that w is exact in UU V.
( Applications to complez functions). Line integrals are quite useful in
the study of complex functions f: C — C. Here the complex plane C
is identified with R? by setting z = = + iy, z € C, (z,y) € R% It is
convenient to introduce the complex differential form dz = dz + idy and
to write

f(z) = u(z,y) + iv(z,y) = u+1v.

Then the complex form

f(2)dz = (u + v)(dz + idy) = (udz — vdy) + i(udy + vdz)

has udz — vdy as its real part and udy + vdz as its imaginary part. Define

/cf(z)dz = /c(uda: —udy) +1 /c(udy + vdz)

Assume that u and v are C!. Recall that f is holomorphic if and only if
uz =vy, uy=-—-vy  (Cauchy-Riemann equations.)

Show that:

a) f is holomorphic if and only if the real and imaginary parts of f(z)dz
are closed.

b) (Cauchy’s theorem). If f is holomorphic in a simply-connected domain

U C C and c is a closed curve in U, then /f(z)dz =0.

c) If f is holomorphic, the function f’(2) (the :ierivative of f in z) given
by the equation df def du +idv = f'(z)dz is well defined and f'(z) =
Uy — iUy,

d) If f is holomorphic in U C C and f'(z) # 0, z € U, then all zeroes of

f are simple and positive; furthermore, if D C U is a disk such that
there are no zeroes in 8D, then

. 1 df

#ofzeroesofme—m oo

Hint. That the zeroes of f are simple and positive follows from
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det(df) =u2 +u = |f'(2)| > 0.
Now, a computation shows that

df du+idv  udv+vdu | udv-—vdu

= i
f u+ v u? 4+ v? + u? +v?

1 2, 2 .udv — vdu
= 2ai(log(u +v%)) +14 R

Thus, by Kronecker’s formula,

1 df 1 /udv—vdu

uv?

7 o 2 = # of zeroes of f in D.
Consider the form

v 2(x? — y? — 1)dy - 4zydz
T (242 -1)2+ 42

defined in R? — {p1Up2}, ;1 = (1,0), p2 = (~1,0). Let D, and D,
be disks centered in p; and p», respectively, and so small that p, ¢ Dy,
P € D,.

a) Show that the integrals

1 1
-— w=+1 — w=-1,
27 8D, 27[' 8D,

where 0D, and 8D, are oriented counterclockwise.
Hint. Set F' = (f,g) = (% +y%—1,2y) and observe that w = f%gg;’i.
Notice that p; and p, are the only zeroes of F, where p; is a positive
zero and p; is a negative zero.
b) Conclude by homotopy that the integral of w along the curve C below
(Fig. 2.3), with the indicated orientation, is 4.
Show that if F:U C R? — R? satisfies F(—q) = —F(q)forallge D C
U, where D is a disk centered at (0,0), and F has no zeroes in 8D, then
n(F; D) is an odd integer; in particular n(F; D) # 0, and there exists a
zero of F in D.
(Line integrals of vector fields). Let v be a differentiable vector field
defined in an open set U C R". At the end of Chapter 1, we have
associated to v a differentiable 1-form w by w(u) = (v,u), for all u € R™.
Let c: [a,b] — U be a piecewise differentiable curve. By defining

Jv=[e

we can translate the results of the present chapter into properties of
integrals of vector fields along curves. For instance:
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Fig.2.3

a) Assume that n = 3, that U C R? is simply-connected, and that
rot v = 0 (see the definition of rot v in Exercise 14, Chapter 1).
Prove that there exists a function f:U — R such that v = grad f
(see Exercise 12, Chapter 1); furthermore for any curve ¢ joining the
pOintS p1,p2 € Uv

/,_. v = f(p2) - (o)

(If v is a field of forces, f or rather —f, is called the potential energy
of v and the expression above means that the work done by v along
¢ is equal to change of potential energy between p; and ps).

b) Let the situation be as in (a) and assume, in addition, that div v =
0 (see Exercise 11, Chapter 1). Show that the potential is then a
harmonic function, i.e., fzz + fyy + f22 = 0.

Let w be a differentiable 1-form defined in U C R?. A local integrating

factor at p for w is a function g:V — R defined in a neighborhood

V C U of p such that the form gw is exact in V, i.e., there exists a

function f:V — R with gw = df.

a) Show that if w(p) # 0 there exists a local integrating factor at p.
Hint. The condition w(v) = 0 determines a vector field v, in a neigh-
borhood of p, which is nowhere zero. By the fundamental theorem
of ordinary differential equations, there exists a neighborhood V of
p and a function f:V — R (the so-called first integral of f) so that
f = const. along the trajectories of v. Thus

df(v) =0 = w(v).

It follows that df = gw.

b) Prove that if g:V — R is a local integrating factor at p € V, i.e.,
df = gw and 8:R — R is any differential function, then §:V — R
defined by G(p) = d0(f(p)) - 9(p) is still an integrating factor.
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Hint. We use the notation of the hint in (a). 6(f) is still constant
along the trajectories of v. Thus d(6(f)) = jw or df - gw = gw, where
g is a new integrating factor. Since w #0, df - g = §.
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Differential forms were introduced in the first chapter as objects in R™; how-
ever, they, as everything else that refers to differentiability, live naturally in
a differentiable manifold, a concept that we will develop presently.

We will start with the most familiar example of a differentiable manifold,
namely a regular surface in R3. In what follows, we will use as a reference
“M. do Carmo, Differential Geometry of Curves and Surfaces, Prentice-Hall,
1976”, to be quoted as [dC]. Let us recall (cf. [dC], Chap. 2 §2.2) that a
subset SC R¥isa regular surface if, for each p € S, there exist a neighbor-
hood V of p in R® and a map f,: U, C R?—>VNSofan open set U, in R?
onto V N S such that:

1) f. is a differentiable homeomorphism.
2) the differential (dfa),: T,(Us) — R is injective for each ¢ € U,.

The map f,: Uy — S is called a parametrization of S around p.

The most important consequence of the above definition is the fact that
the change of parameters is a diffeomorphism. More precisely, if fo: Uy — S
and fg:Up — S are two parametrizations such that f,(Uy) N fs(Ug) = W #
@, then (cf. [dC], Theorem of §2.5) the maps

f5to fai F3H(W) — R,

f&to fai f51 (W) - R?
are differentiable. It follows that on a regular surface it makes sense to talk
about differentiable functions and to apply the methods of Differential Cal-
culus.

The most serious problem with the above definition is its dependence on
R3. Indeed the natural idea of an abstract surface is that of an object that
is, in a certain sense, two-dimensional, and to which we can apply, locally,
the Differential Calculus in R2. Such an idea of an abstract surface (i.e.,
with no reference to an ambient space) has been foreseen since Gauss. It
took, however, about a century for the definition to reach the definitive form
that we present below. One of the reasons for this delay was that, even for
surfaces in R®, the fundamental rdle of the change of parameters was not
clearly understood (see Remark 1).

Since nothing is gained in limiting ourselves to dimension two, we will
present the definition for dimension n.
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Definition 1. An n-dimensional differentiable manifold is a set M together
with a family of injective maps f,:U, C R™ — M of open sets U, in R"
into M such that:

1) Ufa(Ua) =M.

2) For each pair a, 8, with fo(Us) N f5(Us) = W # ¢, the sets 1 w)
and fﬂ'l(W) are open sets in R™ and the maps fﬁ'1 o fa, f3l o f5 are
differentiable (Fig. 3.1).

Fig. 3.1

3) The family {(Ua, f4)} is maximal relative to (1) and (2).
The pair (U, fo) with p € fo(U,) is called a parametrization (or a coordi-
nate system) of M at p; fo(Us) is then called a coordinate neighborhood of p.

A family (fa, Ua) satisfying the properties (1) and (2) is called a differentiable
structure on M.

Condition 3 is a technical condition. Actually, we can always extend a dif-
ferentiable structure into a maximal one, by adjoining to the given structure
all parametrizations that together with some parametrization of the given
structure satisfy condition 2. Thus, with a certain abuse of language, we
can say that a differentiable manifold is a set endowed with a differentiable
structure, the extension to the maximal one being assumed whenever needed.

Remark 1. A comparison between the definition of a regular surface in R3
and the definition of a differentiable manifold shows that the crucial point
was to introduce the fundamental property of change of parameters (which
is a theorem for surfaces) as an axiom in Definition 1. As we will soon see,
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this is what allows to transport to differentiable manifolds all the notions of
Differential Calculus in R".

Remark 2. A differentiable structure on a set M induces in a natural way a
topology in M. It suffices to define that A C M is an open set if f71(AN
fa(Ug)) is an open set in R", for all a. It is easily checked that this defines
a topology in M in which the sets f,(U,) are open and the maps f, are
continuous.

Remark 3. The natural topology of a differentiable manifold can be quite
strange. In particular, it can happen that one (or both) of the following
axioms do not hold:

a) Aziom of Hausdorff. Given two distinct points of M there exist neigh-
borhoods of these points that do not intersect.

b) Aziom of countable basis. M can be covered by a countable number of
coordinate neighborhoods (we say then that M has a countable basis)
Axiom (a) is essential to prove that the limit of a converging sequence

is unique, and axiom (b) is essential for the existence of a partition of unity

(cf. Chapter 3) which is an almost indispensable tool for the study of the

topology of manifolds.

We shall assume, from now on, that all the manifolds to be considered
are Hausdorff and have a countable basis.

Of course, a regular surface is an example of a 2-dimensional differentiable
manifold. A trivial example of an n-dimensional differentiable manifold is the
euclidean space R™ with the differentiable structure given by the identity.
Less trivial examples are the following ones.

Ezample 1. The real projective plane P?(R). We will denote by P?(R) the
set of all lines in R® that pass through the origin (0,0,0) of R3, i.e., P2(R)
is the set of “directions” in R3.

We want to introduce a differentiable structure in P?(R). For that, let
(z,y,2) € R3, and notice that P?(R) is the quotient space of R® — {(0,0,0)}
by the equivalence relation ~:

(z,y,2) ~ (Az, Ay, Az), AER, A#O.

The points of P?(R) will be denoted by [z,y, z].
We now define sets V4, Vs, V3 in P?(R) by:

Vi = {[z,y,2];z # 0},

Vo= {[.’l), y’z];y # 0}»
Vs = {[xayv Z];Z ‘_Ié O}a
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and maps fi:R> >V}, i = 1,2,3, by
fi(u,v) = [1L,u,9),  fo(u,v) = [u, Lv), f3(u,v) = [u,v,1],

where (u,v) € R Geometrically V2, for instance, is the set of lines of R3
that pass through the origin and do not belong to the plane zOz. We claim
that the family {(f;, R?)} is a differentiable structure for P%(R).

Each f;, i =1,2,3, is clearly bijective and U fi(R?) = P*(R). It remains

1]
to be shown that f7'(V; N V;) is open in R? and fj‘l o f; is differentiable.
Let us consider the case i = 1, j = 2; the other cases are entirely analogous.
The points of fi'(Vy N V3) are of the form (u,v) with « # 0. Thus
i1 (Vi N V%) is open in R?, and

-1 -1 11 v 1 v
= = —_ 1 —_ == -
f2 °f1(u’v) f2 ([Lu’v]) f2 ([u’ au]) (u’u)
is clearly differentiable, as we claimed.

Ezample 1°. (The real projective space). Example 1 can easily be generalized.
Let (z1,...,Zn4+1) € R™! and define the n-dimensional real projective space
P"(R) as the quotient space of R**! — {0} by the equivalence relation:

(T15+0 oy Tng1) ~ (AZ1,..., AZny1), AER, A #0;

points in P"(R) will be denoted by [z1,...,Zn41].
Define subsets V; c P*(R),i=1,...,n+1, by

‘/i = {[1:17"' v$n+1];$i # O},
and maps f;: R" — V; by

fiyrs-ocyyn) = W1, Wi, L, 04y, ).

Proceeding as in Example 1, one easily checks that the family {(f;, R"™)}
is a differentiable structure in P"(R). (See Exercise 1).

Ezample 2. (The Klein bottle). The Klein bottle is the subset of R* defined
as follows (Fig. 3.2). Let Oz, Oy, Oz, Ow be the four coordinate axis in R*.
Let S be a circle with radius r, contained in the plane zOz, with center C
in the axis Oz so that C is at a distance a > r from 0. The Klein bottle
is generated by rotating this circle around Oz in such a way that when the
center C' has described a rotation of an angle u in the plane 20y, the plane of
S has described a rotation of angle u/2 around OC in the 3-space OCOz0w
(this is possible because we are in R?).
Let v and v be as in Fig. 3.1, and let U; C R? be given by

Ui = {(u,v) € R%0 < u < 27,0 < v < 27}
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Fig. 3.2

Now define a map f1:U; — R* by

z= (rcosv+a)cosu
_Jy= (rcosv+a)sinu
fi(u,v) = 2= rsinvcosu/2

w= rsinvsinu/2.

It is clear that f;(U;) contains the points of the Klein bottle that are not
on the circles ¥ = 0 and v = 0. We claim that f; is injective.

To see that, let us first assume that z # 0. Then both sinv and cosu/2
are nonzero. Since 0 < u/2 < m, the expression ¥ = tan § determines u. By
knowing u, we can use that

/2 2 _
- cosv:i_gy__a

sinv =
rsiny’ r

to determine v. This proves our claim if z #0. If z=0thenv=moru=m,
and again injectivity is easily checked.

It can be shown that if we change the origin of u and the origin of v, we
can cover the whole Klein bottle by the images of maps similar to the above.
For instance, if we define a map f: Uz — R* given by

z= —(rcosT+a)sinu
y= (rcos7+a)cosu
f290 7= rsinvcos 3+3), (@, ) € U,

rsinvsin (3 + )

(geometrically, this means that we measure % from Oy), we see that f2(U2)
includes the points of the Klein bottle with u = 0. It is easily checked that f2
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is injective. Notice that f1(Uy) N f2(Uz) = W is not connected but has two
connected components:

Wy ={f1(uav);'72£ <'Ur<27r}, Wg:{f;(u,v);0<u< g}

The change of coordinates is given by:

U= u-m/2
f2—1°.fl{ inWl,
v= v
U= u+3n/2
f;‘oﬁ{ in Wa,
v= 2m—v

which is clearly differentiable.

In a similar way, we can find an injective map f3:Us — R* whose image
covers the Klein bottle minus the circle v = 0 (this amounts to change the
origin of v). It also is not difficult to check that the changes of coordinates
fi 1o fi,i,5 =1,2,3, are differentiable, and this shows that the family (f;, U;)
is a differentiable structure on the Klein bottle.

Remark 4. The Klein bottle can be thought of as a twisted torus in the
following sense. The torus is obtained from a rectangle by identifying the
opposite sides. In the Klein bottle, one of the sides is reflected across its
center before performing the identification (Fig. 3.3). It can be shown that
the Klein bottle is not a regular surface in R3: the model of Fig. 3.3 has
self-intersections.

Before presenting further examples, we need to extend to differentiable
manifolds the local Differential Calculus that holds for R™.

From now on, when we denote a differentiable manifold by M", the upper
index n will denote the dimension of M = M™.

Definition 2. Let M} and M7 be differentiable manifolds. A map ¢: M; —
M, is differentiable at a point p € M, if given a parametrization ¢:V C
R™ — M, around ¢(p), there exists a parametrization f:U C R" — M,
around p such that ¢(f(U)) C g(V) and the map

g lopofiUCR" - R™

is differentiable at f~!(p). The map ¢ is differentiable in an open set of M,
if it is differentiable at all points of this set.

The map g~ ! o p o f is the ezpression of ¢ in the parametrizations f
and g. Since the change of parameters is differentiable, the fact that ¢ is
differentiable does not depend on the choice of parametrizations.
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In particular, it follows from the above that we can talk about differen-
tiable functions (¢: M™ — R) and differentiable curves (p:] C R — M™) on
a differentiable manifold (I C R will always denote an open interval of the
real line containing the origin 0 € R).

Now we would like to define the notion of a tangent vector to a differ-
entiable curve on a differentiable manifold. For the case of a differentiable
curve a:I ¢ R — § C R3 on a regular surface in R3, the tangent vector
o/ (t) is merely the speed of a as a vector in R3. Since we do not have the
support of a nice ambient space, we must choose a characteristic property of
the tangent vector that does not depend on the ambient space.

For that, let a: (—¢,¢) — R"™ be a differentiable curve in R", with a(0) =
p € R", and write

a(t) = (z1(t),...,za(t)), te€(-e,e), (z1,...,Zn) € R™

Then o/(0) = (2{(0),...,2,,(0)) = v € R™. Now let ¢ be a real function in
R", differentiable in a neighborhood of p. Then the derivative of ¢ along v
at p is given by

d _ 2 a‘P dz; _ i ’ 0
dt (po a)lt—.—O - yinc dz; dt |t=0 - (; z;(0) ax,-) ¥
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Thus the “directional derivative along v” is an operator over differentiable
functions which depends only on v. This is the characteristic property of
vectors that we will use to extend them to differentiable manifolds.

Definition 3. Let a: ] — M be a differentiable curve on a differentiable
manifold M, with a(0) = p € M, and let D be the set of functions of M
which are differentiable at p. The tangent vector to the curve a at p is the
map o/(0): D — R given by
d
a0 =2 (pea)_p ¢eD

A tangent vector at p € M is the tangent vector of some differentiable curve
a:I - M with a(0) = p.

We want to show that the set of tangent vectors at a point p € M™ makes
up an n-dimensional real vector space. For that, choose a parametrization
f:U Cc R® - M around p = f(0,...,0). Then a curve a:I — M and a
function ¢ € D can be written as:

foa(t) = (z1(t),..., za(t)),
po f(g) = ¢(z1,...,2a), g=(z1,...,70) €U,

respectively. Thus

(9= 500,y = o@D, 2a))],—o

= (gx:(m (%)o) "

so that the tangent vector a’(0) at p can be written as

=340 () 0

0
Notice that (22 ) is the tangent vector at p to the “coordinate curve”
dzi ) .
T; — f(O, . ,0,1/‘,',0,. .o ,0).

Now let T be the vector space generated by {(3%'_-)0}, i=1,...,n.

Lemma 1. The set T,M of tangent vectors to M at p is equal to Ty.

Proof. We have just shown that T,M C Ty. Conversely, if v € Ty, then
v= 30N (5%)0. Let o:1 — M be given in the parametrization f by
z; = A\it. Then o’(0) = v, i.e.,, v € T, M. a
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It follows that T,M is a vector space. Furthermore, the choice of a

parametrization f determines a basis {(%)0} for T,M. Thus T,M is an

n-dimensional vector space which is called the tangent space of M at p. The

basis {(3%_-)0} is called the associated basis to the parametrization f.

With the notion of a tangent space we can define the notions of differential
of a map ¢: M{* — M

Definition 4. Let M{* and M7" be differentiable manifolds and let ¢: M; —
M, be a differentiable map. For each p € M, the differential of ¢ at p is
the linear map dy,: T,M; — T,p)M2 which associates to each v € T, M;
the vector dp,(v) € Ty(p) M2 defined as follows: Choose a differentiable curve
a: (—¢,e) = My, with a(0) = p, &/(0) = v; then dy,(v) = (p o a)'(0).

For the definition to make sense, it is necessary to show that (¢ o a)’(0)
does not depend on the choice of a and that dy, is in fact a linear map. This
is proved by taking parametrizations around p and ¢(p) thus reducing the
question to the case of a map from R" to R™, where the properties are well
known (or can easily be proved); for the case n = 2, m = 3, see, for instance,
[dC] §2.4.

Definition 5. Let M; and M, be differentiable manifolds. A map ¢: M; —
M, is a diffeomorphism if it is differentiable, bijective, and its inverse ¢~ is
also differentiable. The map ¢ is a local diffeomorphism at p € M if there exist

neighborhoods U of p and V of (p) such that ¢: U — V is a diffeomorphism.

The linear map dy, may be thought as a first order approximation of the
map ¢ around p. Probably the most important local theorem in Calculus is the
inverse function theorem which states that if dy, is an isomorphism then ¢
is a local diffeomorphism at p. Being a local theorem, it extends immediately
to differentiable manifolds.

Ezample 3. (The tangent bundle). Let M™ be a differentiable manifold and
let
TM = {(p,v);p € M,v e T,M},

i.e., TM is the set of all tangent vectors to M. We will introduce in TM
a differentiable structure (of dimension 2n); with such an structure, TM is
called the tangent bundle of M.

Let fo: Uy C R™ — M be a parametrization of M with (z$,...,z2%) € U,.
For w € Ty, ()M, q € Uy, we can write

« 0
wzzyt az?

Define a map F: Uy X R" — TM by
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7]
Fa(x?v" 1x$|ayi’,' .. 7yz) = (fa(m?,. . ,Ig),zyfﬁ)
1 1

We claim that if {(Ua, fo)} is a differentiable structure for M then {(Uy x
R", F,)} is a differentiable structure for TM. Geometrically, this means that
we take as coordinates of a point (p,v) € TM the coordinates of p together
with the coordinates of v in the associated basis.

Let

(p, ’U) € Fa(Ua X Rn) ﬂFg(Ug X R"),

that is,
(,v) = (fa(ga): dfa(va)) = (f5(g8), dfs(vp)),
where g € Uq, g3 € U, va,v3 € R"™. Then

F,c-i_l 0 Fo(gasva) = F;;I(fa(QG)vdfa(va))
= (fﬁ—l ° fa(ga), d(fﬁ-l ° fa)(va)).

Since fg o f, is differentiable, so is d( f5 Yo fa). It follows that F, 5 Lo Fyis
differentiable. This proves condition (2) of Definition 1. Since condition (1)
is immediate, our claim follows.

Definition 6. Let M™ and N™ be differentiable manifolds. A differentiable
map ¢:M — N is an immersion if dpp,:ToM — T, N is injective for
all p € M. If, in addition, ¢ is a homeomorphism onto ¢(M) C N, where
(M) has the topology induced by N, ¢ is an embedding. If M C N and the
inclusion 7: M C N is an embedding, we say that M is a submanifold of N.

Ezample 4.

a) The curve a: R — R? given by a(t) = (t3,42) is a differentiable map
but not an immersion. In fact, the condition of immersion is this case is
equivalent to the fact that a/(t) # 0, which does not hold for ¢ = 0.

b) The curve a(t) = (3 —4t,t?—4) is an immersion that is not an embedding,
since it has a self-intersection at (0,0) (for t =2, t = —2).

c) The curve (Fig. 3.4)

{ = (0’_(t+2))) te (”33—1)
a(t) { = a regular curve as in Fig. 3.2, te€ (-1,-1/m)
= (—t’ - Sln(l/t))a te (—1/7(', 0)

is an immersion a:(—3,0) — R? without self-intersections. However, a
is not an embedding. For, in the topology of R?, a neighborhood of a
point p in the vertical part of the curve has infinitely many connected
components, where as in the topology induced by « it is a connected
interval.
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A N

Fig. 3.4

d) The inclusion i: S? C R3 of a regular surface in R? is an embedding. This
follows from conditions (1) and (2) of the definition of a regular surface
in the beginning of this chapter.

Ezample 5. (Regular surfaces of R™). The natural generalization of the idea
of a regular surface in R® is the notion of a k-dimensional surface in R",
k < n. A subset M* C R" is a k-dimensional regular surface if foreachp € M
there exist a neighborhood V of p in R" and a map f:U C RF > MNV of
an open set U of R* onto M NV such that:

1) f is a differentiable homeomorphism,

2) (df)q: RF — R" is injective for all ¢ € U.

Except for the dimensions involved, the definition is the same as the one
given for a regular surface of R,

It can be proved that given two parametrizations fy: Uy C RF - M,
f2:Us ¢ R* = M, with f1(U1) N f2(Uz) = W # ¢, the change of parameters
filo far fy Y (W) — fr (W) is a diffeomorphism. The proof is the same as
for surfaces (see [dC] pg. 71).

Ezample 6. It can be shown that the maps f;, i = 1,2, 3, given in Example 2,
have injective differentials. This shows that the Klein bottle is a 2-surface of
R*.

Ezample 7. (The projective plane revisited). The set of straight lines of R®
that pass through the origin may be looked upon as the quotient space of
the unit sphere $2 = {p € R¥|p| = 1} by the equivalence relation that
identifies p with the antipodal point —p. For each straight line through the
origin determines in S? two antipodal points, and the correspondence thus
obtained is clearly bijective.

Taking this into account, let us introduce another differentiable structure
in P2(R). For that, notice that we can cover the regular surface 2 ¢ R® by
a family of parametrizations:
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fi+:Ui_)S27 fi_:Ui—’Sz9 i=17273’

where s \
Uy = {(z1,22,73) € R% 71 = 0,2 + 72 < 1}

f#($2,$3) = (D1,$2,$3), -Dl = V 1- (IE% +IL‘§)

f;($2,$3) = (_Dlax2ax3);
Uz = {(21,%2,23) € R%; 22 = 0,2} + 23 < 1}

f¥ (1,23) = (#1,D2,23), D2 = /1~ (2} +23)

fz (z1,23) = (71, — D2, 23);

and similarly for : = 3 (Fig. 3.5). It is immediate to check that this is in fact
a differentiable structure for S2.

z3

f3+(-’€1,1'2)

T

f;(xlyx2)

Fig. 3.5

Let m: 52 — P2?(R) be the canonical projection, that is, 7(p) = {p, —p}
and notice that 7(f;"(U:)) = 7(f7(U;)). We will define g;: U; — P2(R) by

g=mof}

Since the restriction of m to f(U;) is injective, we obtain that

glogi=(moff)to(mo )y =uH" o fiF.

It follows that g;” 1, g; is differentiable for all 7, j = 1,2, 3, hence {(U;, ¢:)}
is a differentiable structure for P?(R).
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Actually the above structure and that of Example 1 will determine the
same maximal structure. For the coordinate neighborhoods are the same and
the coordinate changes are given (for i = 1, say) by

(17 93_2’ ﬂ) — (D$ 1}2,.’1)3)

T1 I

which is clearly differentiable. Notice also that it follows from the above that
the canonical projection m: $?2 — P?(R) is a local diffeomorphism at each
point of S2.

Remark 5. It is possible to prove that the projective plane cannot be em-
bedded in R3. Fig. 3.6 describes a differentiable map of the projective plane
into R? that has a line segment of self-intersection and two singular points at
the endpoints of this segment. With a more elaborate construction, one can
describe an immersion of P?(R) into R3 (the so-called Boy’s surface which,
of course, has self-intersections). For more details, see Gerd Fischer, [FISC],
Commentary, Chapter 6 (by U. Pinkall).

==X, !,
N—

%

&
LA
(1
N

Fig. 3.6

Ezample 8. (Immersion of the projective plane in R*). Let ¢:R3 — R* be
the map given by
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o(z,y,2) = (:z:2 -y, oy, z2,y2), (z,9,2) € RS.

Let S ¢ R? be the unit sphere and let 7:S> — P?(R) be the canonical
projection of S onto the real projective plane (see Example 7). Notice that
©(p) = ¢(—p), and define a map §: P2(R) — R* by

0({p, —p}) = ¢(p).

Since 7 is a local diffeomorphism, to show that # is an immersion, it
suffices to show that the restriction of ¢ to the sphere S? is an immersion.
To see that, choose the parametrization of S? given in Example 7. Then f3,
for instance, is given by

fF(z,y) = (z,y,V/1- (22 +3?))

and
po fi(z,y,2) = («* — y*,2y,2D,yD).
To show that d(p o f7) is injective, it suffices to show that the rank of the

matrix
2z y D+zD, yD,
-2y zDy D +yD,

is equal to two, and this is easily checked. Similarly, we can check that the
same holds for all other parametrizations and this completes the example.

The immersion 6 is actually an embedding. The details will be left as an
exercise (Exerc. 5).

Remark 6. A natural question in the theory of differentiable manifolds is to
know whether a given differentiable manifold can be immersed or embedded
in some euclidean space. A fundamental theorem due to Whitney states that:
every differentiable manifold (Hausdorff and with countable basis) of dimen-
sion n can be immersed in R*™ and embedded in R*>"*1. See, e.g., M. Hirsh,
[HIR].

We now extend for differentiable manifolds the notion of a differential
form of Chapter 1. Given a vector space V, we will denote by A¥(V) the set
of alternate, k-linear maps w:V x ... xV — R, where V x ... x V contains
k factors.

Definition 7. Let M™ be a differentiable manifold. An exterior k-form w in
M is the choice, for every p € M, of an element w(p) of the space A*(T,M)*
of alternate k-linear forms of the tangent space T, M.

Given an exterior k-form w and a parametrization f,:U, — M", around
P € fo(Uy), we define the representation of w in this parametrization as the
exterior k-form w, in U, C R™ given by
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Wa(v1,...,0%) = w(dfa(n1),...,dfa(ve), v1,...,05 € R™.

If we change coordinates to fg:Ug — M™", p € f3(Ug), we obtain that

(fﬂ'1 o fa) wa(v, ..., v) = wa(d(f5" o fa)(m1),... ,d(f5" 0 fa)(vi))
= w((dfg o d(f5" © fa))(01),..., (dfs 0 d(f5" 0 fa))(vk)

= wa(v1,..., V),

that is, (f‘,'1 o fa)*Wg = Wq.

Definition 8. A differential form of order k (or a differential k-form) in a
differentiable manifold M is an exterior k-form such that, in some coordinate
system (hence, in all), its representation is differentiable.

From the above, it follows that a differential k-form in M™ is the choice, for
each parametrization (Uy, fo) of M, of a differential k-form w, in U, in such
a way that for another parametrization (U, fg), with fo(Ua) N fs(Us) # ¢,
we have wo = (f5" o fa)*wp.

It is an important fact that all the operations defined for differential
forms in R™ can be extend to differential forms in M™ through their local
representations. For instance, if w is a differential form in M, dw is the
differential form in M whose local representation is dw,. Since

dwe =d(f5" o fa)*wp = (f5' © fa)*dwp,
dw is a well defined differential form on M.

Closely associated with differential forms is the notion of a vector field.

Definition 9. A vector field X on a differentiable manifold M is a corre-
spondence that associates to each point p € M a vector X (p) € T,M. The
vector field X is differentiable if for every differentiable function ¢: M — R,
X is again a differentiable function.

Let fo: Uy — M™ be a parametrization of M and X; = 5%, i=1,...,n,
the basis associated to the parametrization. Then a vector field X can be
written in fo(Uq) as

X = Za,’Xi.
i

Since a vector field X on M is an operation on the space D of differentiable
functions of M, we can take the iterates of this operation. For instance, if
X and Y are differentiable vector fields and ¢: M — R is a differentiable
function, we can consider the functions Y (X¢) and X(Y ). In general, such
iterated operations do not lead to vector fields, since they involve derivatives
of order higher than the first. However the following holds.
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Lemma 2. Let X and Y be differentiable vector fields on a differentiable
manifold M. Then there exists a unique vector field Z on M such that, for
eachp € D, Zp = (XY - Y X)p.

Proof. We first prove that if such a Z exists, then it is unique. For that, let
f:U — M be a parametrization, and let

X = Za;b%, Y = Zb.--;x—i

be the expressions of X and Y, respectively, in the parametrization f. Then
_ Oy 0b; 6<p
XY =X( (Z b; 3:1,']') Z {9z, Oz E a 3:1,‘]
_ v Ja; 3<p
YX‘p‘Y((Z“'azi) Zb’ax ar; Z a axJ

hence
ob; 6a 7]
XY -YX)p= i =
( )¢ zJ: (Z (a or; 33: ) 3:5,) ¢
It follows that if a Z exists with the required property, it must be expressed
as above in any coordinate system, hence it is unique

To prove existence, just define Z, in each coordmate neighborhood
fa(Ua) C M by the above expression. By uniqueness, Z, = Z3 in fo(Us) N
f8(Ug), hence Z is well defined on M. O

Definition 10. The vector field determined by the above lemma is called
the bracket [X,Y] = XY — Y X of X and Y, and it is clearly differentiable.

The bracket operation has the following properties:

Proposition 1. Let X,Y and Z be differentiable vector fields, a and b be
real numbers, and ¢ and 0 be differentiable functions. Then

a) [Xv Y] = _[va];

b) [aX +bY,Z] = a[X, Z] +b]Y, Z],

¢) [X,Y),Z]+ (Y, 2),X] +[[2,X),Y] =0  (Jacobi’s identity),

d) 0X,9Y] =0p(X,Y]+6-X(p)Y —p-Y(6)X.

Proof. (a) and (b) are immediate. To prove (c), we observe that

(X,Y),2|=[XY -YX,Z|=XYZ-YXZ - ZXY + ZYX
= [X,[Y, 2] +[v, (2, X]],



3. Differentiable Manifolds 49

and use (a) to obtain (c). The proof of (d) is a direct and simple computation.
O

There exists an interesting relation between exterior differentiation of dif-
ferential forms and the bracket operation. For the case of 1-forms, this relation
is as follows.

Proposition 2. Let w be a differentiable 1-form on a differentiable manifold
M and let X and Y be differentiable vector fields on M. Then

dw(X,Y) = Xw(Y) - Yw(X) - w([X,Y]) )

Proof. Set f:U — M be a parametrization of M and let
a 7]
X—;ai—a?i, Y—;b]a;

be the expressions of X and Y in this parametrization. We first observe that
if (2) holds for X; and Yj, then it also holds for X;X; and X2;Y;. Next, we
claim that if (2) holds for X and Y, it also holds for #X and ¢Y, when 6 and
@ are differentiable functions.

To see that, we first notice that, by hypothesis,

dw(8X,¢Y) = 0pdw(X,Y) = 0p{Xw(Y) - Yw(X) - w([X,Y])}.
By using (d) of Proposition 1, we obtain
(0X)w(pY) - (pY)w(0X) - w([6X, pY])
=0X(p)w(Y) + (fpX)w(Y) — Y (0)w(X) — (Y )w(X)
= Opw([X,Y]) - 60X (p)w(Y) + oY (O)w(X)
= 0p{Xw(Y) - Yw(X) - w([X,Y])}
= dw(8X, oY)

and this proves our claim.
It follows that it suffices to prove (2) for the vectors %,3%. Since

[a%,-’ 5%] = 0, it suffices to prove that

o 0Y)_ 0 7] 7] 0 ,

o (52 a;) = e (3;) ~ 2 (o) ®

Notice that if (2') holds for w; and ws, it also holds for w; + ws. Thus, it
suffices to show that

o 9 9 o)_2a 4
d(ad:ck) (5;::, (9_:1:1) = a—nadzk (5;;) - BZJTO‘d"”" (5;) 3
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where « is a differentiable function. The above reduces to

o 0 Oa Oa
(da A d:z:k) (3 ' 57 ) 6);1 92; — bpi— 3:1:]-

which holds by the very definition of exterior product. O

Remark 7. With essentially the same proof, one can show the following gener-

alization of Proposition 2. Let w be a differentiable k-form and X, -, Xx4+1
differentiable vector fields. Then
k+1
dw(Xy, -y Xp1) = D (1) Xiw(X, oo, Xy ooy Xien)
i=1
+ Z( DMw((X, X5), X1, Xy o0 Xy ooy Xag)
i<j

where X; means that X; is missing.

We will conclude this chapter with the global notion of orientability for
manifolds.

Definition 11. A differentiable manifold M is orientable if M has a differen-
tiable structure {(Ua, fo)} such that for each pair @, Bwith fo(Ua)Nf3(Ug) #
¢, the differential of the change of coordinates fﬁ o fo has positive determi-
nant. Otherwise, M is called nonorientable.

If M is orientable, the choice of a differentiable structure satisfying the
above is called an orientation for M.

Examples of orientable and nonorientable manifolds are given in the Ex-
ercises.

Remark 8. It can be shown that a compact regular surface in R? is orientable.
A beautiful and simple proof of this fact can be found in Elon Lima [LIM 2].
As we will see in Exercises 10 and 11, the projective plane and the Klein bottle
are not orientable; hence, they cannot be embedded in R3, a fact mentioned
earlier in Remarks 4 and 5 .

EXERCISES

1) Show with details that the real projective space P"(R) is a differentiable
manifold.



2)

3)

4)

5)

6)

7)

8)

9)
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Let M and N be differentiable manifolds where {(Us, fo)} is a differen-
tiable structure for M and {(Vp,gg)} is a differentiable structure for N.
Consider the cartesian product M x N and the maps hog: Uy x Vg —
M x N given by

haﬂ(z» y) = (fa(x)agﬂ(y))a zelU,, yeVs

Show that {(Us % Vg, hag)} is a differentiable structure for M x N which
is then called the product manifold of M and N. Describe the product
manifold S x S of two circles, where S! has the usual differentiable
structure.
Let ¢: M — N be a differentiable map. Show that the definition of the
differential dp,: ToM — Ty, N of ¢ at p (Definition 4) does not depend
on the choice of the curve and that dy, is a linear map.
Let ¢: M — N be an immersion and let p be a point in M. Show that
there exists a neighborhood V' C M of p such that the restriction ¢|V of
¢ to V is an embedding (This means that every immersion is locally an
embedding).
Prove that the immersion of P?(R) into R* given in Example 8 is an
embedding,.

Hint. To show the injectivity of 6 set

-y’ =a, zy=0b, z2=¢c, yz=4d. (%)
It suffices to check that, under the condition z2 + y2 + 22 = 1, the
above equations have only two solutions which are of the form (z, y, 2)
and (—z, -y, —2). The three last equations give:

?d=bc, ylc=0bd, 2’b=cd. (%%)

If b,c,d are all zero, the equation (*) shows that at least two of the
coordinates z,y, 2z are zero, the remaining one being 1, since z2 +
¥? + 2% = 1. If one of the values b, ¢, d is non zero the equation (**)
together with z2+y?+22 = 1 will determine 22, 42, 22. From equations
(*), we see that the choice of a sign for one of the z,y, z determines
the signs of the remaining two.

Consider the cylinder C = {(z,y,2) € R% 22 + y* = 1} and identify the

point (z,y,z) with (—z, —y, —z). Show that the quotient space of C by

this equivalence relation can be given a differentiable structure (infinite

Mobius band).

Show that the tangent bundle of a differentiable manifold is orientable

(even if the manifold is not so).

Let M be a differentiable manifold that can be covered by two coordinate

neighborhoods V; and V; in such a way that the intersection V3 N V3 is

connected. Show that M is orientable.

Show that the sphere S™ = {p € R"*!;|p| = 1} is orientable.
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10) Show that the real projective plane P?(R) is not orientable.

Hint. Show that if a manifold M is orientable, any open set in M is an
orientable manifold. Notice that PZ(R) contains an open Mébius band
that is not orientable (cf. [dC], §2.6, Example 3).

11) Show that the Klein bottle is not orientable.
12) A field of planes in an open set U C R? is a correspondence P that

13)

14)

associates to each p € U a plane P(p) passing through p. The field P is
differentiable if the coefficients of the equation of P(p) are differentiable
functions in p. A integral surface of P is a surface S C R? such that for
each g € S, we have TS = P(g), i.e., S is tangent at each of its points
to the plane of the field passing there.

Let w be a differentiable 1-form in U ¢ R® with w(q) # 0,q € U. Show
that:

(a) w determines a differentiable plane field P by the condition

v € P(p) C R? <= w,(v) = 0.

(b) If S is an integral surface of P passing through p, then i*(w) = 0,
where i: S ¢ R? is the inclusio® .

(c) If there exists an integral - .iace » of P passing through p, for all
p € U, there exists a 1-form ¢ in a neighborhood V C U of p such
that dw =w A 0.

Hint for (c): Consider two 1-forms we,ws in such that w = w;,wz,ws are

linearly independent in V', and write

dw = aws A w3 + Pws Awy + yw A ws

By using the fact that d(i*w) = i*dw = 0 and that the 2-form wy A w3 is
nonzero, one concludes that a = 0, hence

dw = wy A (w2 — Pws).

(d) If there exists an integral surface of P for all p € U and w = adz +
bdy + cdz, then

dc Ob 8a Oc b A 0
(5-5)+(G-5) (E-5)-

Hint for (d): One concludes from (c) that dw A w = 0 and writes this
equation in coordinates.

Set w = zdz + ydy + zdz, and let P be the field of planes in R® — {0}
determined by w. Show that the integral surface of P passing through
p = (z,¥, 2) is the sphere with center in the origin (0,0,0) and passing
through p.

Set w = zdz + zdy + ydz. Show that the plane field determined by w has
no integral surface.
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15) Consider in the real line R the two following differentiable structures: 1)
(R, f1) where fi(z) =z. 2) (R, f2), where fo(z) = z3. Show that:

a) The identity map i: (R, fi1) — (R, f2), i(z) = z, is not a diffeomor-
phism (thus the maximal structures determined by (R, f1) and (R, f2)
are distinct)

b) The map ¢: (R, f1) — (R, f2) given by p(z) = 3 is a diffeomorphism
(thus, although the differentiable structures are distinct, they define
differentiable manifolds that are diffeomorphic).

16) (The orientable double covering). Let M be a connected differentiable
manifold. For each p € M, denote by O, the quotient space of the set
of all bases of T,M under the following equivalence relation: two bases
are equivalent if they are related by a matrix with positive determinant.
Clearly O, has two elements, and each element O, of O, is called an
orientation at p. Now let

M = {(p,0p);p € M,0, € Op},

and let fo: Uy — M be a parametrization of M with p € f,(U,). Define
fcx Us — M by

. ] 7]
fa(.'l,'l, e ,Z’n) = (fa(Il:l, . ,$n), [E(E—l’ ey -51:—11])
where (21,...,2,) € Uy, and [2 AR "’Tgﬂ denotes the element of O,

determined by this basis. Show that:

a) If {(Ua, fa)} is a differentiable structure in M, then {(U,, fa)}isa
differentiable structure in M which is orientable (even if M is not).

b) The map m: M — M given by =(p, O,) = p is differentiable, sur-
jective, and each point p € M has a neighborhood V whose inverse
image 7#~1(V') is the disjoint union of two open sets each of which is
applied by = diffeomorphically onto V. By this reason, M is called
the orientable double covering of M.

¢) M is orientable if and only if M is not connected.

Hint. Notice that if M is orientable, the sets M; = {(p, orient. of M in

p)}, M2 = {(p, orient. opposite to that of M in p)}, are nonempty, dis-

joint, open subsets of M. For the converse, one has to show first that the

image 7(F) of a closed set F C M is a closed set in M; this follows from

the fact that for each p € M, the inverse image m~!(p) has two points.

Now, if M is not connected, denote by C a connected component of M

Then 7(C) is an open, closed and nonvoid subset of M, hence 7(C) =

Therefore, M is the disjoint union of two connected components and ™

applies diffeomorphically each such component onto M. It follows that

M is orientable.

17) (A non—Hausdorﬁ' mamfold) Let S be the set given by the disjoint union
of R? with a point p*. Let f; and f, maps of R? in S defined by
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fi(w,) = fa(u,v),if (u,v) # (0,0), (u,v) € R?,
fl(O’O) = (01 O)a
f2(0’ 0) =p".

Show that (R?, f;), i = 1,2, is a differentiable structure in S the topology
of which does not satisfy the axiom of Hausdorff.



4. Integration on Manifolds;
Stokes Theorem and Poincaré’s Lemma

1. Integration of Differential Forms

In this section we will define the integral of a differential n-form on an n-
dimensional differentiable manifold. We will start with the case of R".

Let w be a differential form defined in an open set U C M™. The support
K of w is the closure of the set

A={peM"; w(p) #0}.
Let w be a n-form and M™ = R". Then
w=a(z1,...,Zp)dz1 A... Ndz,.

Assume that the support K of w is compact and contained in U. We define

/w:/ adry...dc,,
U K

where the right hand side is the usual multiple integral in R".

We will now proceed to the definition of the integral of an n-form on
M™. To avoid convergence problems, it is convenient to assume that M is
compact; then the support K of w, being a closed set in a compact space, is
also compact. As we will see in a while, it is also necessary to assume that M
is orientable, i.e., that M is covered by a family of coordinate neighborhoods
{Va} such that the coordinate changes have positive jacobians.

Let us assume initially that K is contained in some coordinate neighbor-
hood V, = fo(Uy). Then, if the local representation wy of w in Uy is

Wo = ao(T1,...,Ta)dTy A ... AdZ,,

/w=/ wa=/ andzy,...,dc,,
M A s

where the right hand side is an integral in R".

It may happen that K is contained in another coordinate neighborhood
Vs = f3(Ug) of the same family, and we must show that the above definition
is independent of the choice of the coordinate neighborhood.

we define
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For that, we can assume, by contracting U, and U if necessary, that
Vo = V3. Let the change of coordinates

f=f0f3:Up > Uy
be given by
zi = fi(y1,-. ), t=1,...,n,
(z1y...,2,) € Uy, (¥15--+Yn) € Ug.
Since wg = f*(wa), we obtain that

wg = det(df)aﬁdyl A Adyy,

where
ag = aa(fl(yly- .. $yn)a'- 'ufn(yli"' iyn))~

On the other hand, by the formula of change of variables for multiple integrals
in R", we obtain that

/ aad:m...d:c,,:/ det(df)agdyi, ... dyn.
a UB

Thus, since det(df) > 0,

Wqo = / (Uﬁ 3
Va Vs

hence the asserted independence.

Notice that without the hypothesis of orientability for M, the sign of the
integral of w is not well defined. The choice of an orientation for M fixes a
sign for the integral of w which changes with the change of orientation.

Let us now consider the case in which the support K of w is contained
in no coordinate neighborhood. For that, we need some preliminaries, and
before going into details, we will present a sketch of what we intend to do.

Given a covering {V,} of a compact differentiable manifold M, we will
construct a finite family of differentiable functions ¢, ..., ¢, such that:

m
a') Z‘pl =1,
i=1

b) 0 < ¢; <1, and the support of y; is contained in some Vo, = Vi

The family {p;} is called a differentiable partition of unity subordinate to
the covering {V,}. (When M is orientable, we choose {V,} compatible with
the orientation).

Let us assume, for the time being, the existence of such a family. Assume
furthermore that M is orientable. We will define the integral of an n-form w
on M™ as follows.

The support of the form y;w is contained in V;. By a previous definition,
it makes sense to write



1. Integration of Differential Forms 57

m
w= Piw,
Joo= % e

the only question being whether this definition is independent of the choices
made.

Consider another covering {Wp} of M which determines on M the same
orientation as {V,}, and let {¢;}, = 1,...,s, be a partition of unity sub-
ordinate to {Wg}. Then {V, N W} will be a covering for M and the family
¢i; will be a partition of unity subordinate to {Va N Wg}. Thus

g/M piw = glM Vi (g 'l/)j) w= ;/M piYjw,

where in the last equality it was used that, for each 4, the functions ¢;1; are
defined in V;. Similarly,

,'5;1 /M Yjw = 12;1 /M (g; ‘Pi) Yiw = ; /M Pit;w

which proves the required independence.

Remark 1. What we have done was essentially the following. We observed
that the integral of a differential form whose domain is contained in a coor-
dinate neighborhood reduces to a multiple integral. To integrate differential
forms in more complicated domains we can proceed in either of the two fol-
lowing ways: We divide the complicated domain in simpler domains, and add
up the results, or we decompose the form into forms that are zero outside
simple domains and add up the results. Since it is easier to work with func-
tions than with domains, the second alternative is usually preferred, and it
was the one used here.

We now go into the proof of existence of a differentiable partition of unity
subordinate to a given covering by coordinate neighborhoods of a compact
differentiable manifold M™ (we will require no orientability for that).

In what follows, B,(0) = {p € R"; |p| < r}.

Lemma 1. There ezists a differentiable function ¢: B3(0) — R such that:

a) o(p) =1, if  p€ Bi(0)
b) 0<p(p) <1, if  p€ B(0)
¢) ¢(p) =0, if  p€ B3(0) - B3(0).

Proof. We first consider the function a: R — R given by (Fig. 1 (a))

at) = e~ @D, te (-2,-1).
a(t) =0 . té(=2,-1).
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Notice thatathe function o is a simple modification of the well known
function e~(1/%°), and the point is that it is C> everywhere.

Now take the integral

'y(t)=/ a(s)ds

to obtain a differentiable function v (Fig. 1, (b)) whose maximum value (at
t = —1) is given by f__; a(s)ds = A. Then, by setting B(t) = v(t)/A, we
obtain a differentiable function with the following properties:
ﬂ(t) = 07 if ¢ < —25
0<B(t)<1, if te(-2-1),
Bt)y=1, if t>-L

The required function ¢: B3(0) — R is obtained by ¢(p) = B(—|pl), p €
Bs(0); for the case of R? it has the form of Fig. 1 (c). O

N — 1

) 0 -2 -1 0

1(a) / 1)

1(c)

Fig. 4.1(a) Fig. 4.1(b) Fig. 4.1(c)

Lemma 2. Let M"™ be a differentiable manifold, let p € M and let g:U C
R™ — M be a parametrization around p. Then, it is possible to obtain a
parametrization f: B3(0) — M around p in such a way that f(B3(0)) C g(U)
and that f~1(p) = (0,...,0).

Proof. Let (z9,...,2%) € U be such that g(z?,...,2%) = p. Since U is open,
there exists an 7 > 0 such that B,.(z93,...,2%) C U. Let T the translation
in R™ that takes (z9,...,22) to (0,...,0), and let H:R™ — R" be the map
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that to each p € R™ associates the point %p. Then HoT takes B,(z9,...,22)
to 33(0)

We define the parametrization f: B3(0) —» M by
f=goT 'oH!

which is easily seen to satisfy the required conditions. a

Proposition 1. (Ezistence of a differentiable partition of unity). Let M be
a compact manifold and let {Vy} be a covering of M by coordinate neighbor-
hoods. Then there exist differentiable functions @1,...,pm such that:

&) Y pi=1

=1
b) 0 < ; <1, and the support of p; is contained in some V,, of the covering

{Va}.

Proof. For each p € M consider the parametrization f,: B3(0) — M given
by Lemma 2 with fp(B3(0) = V, C Va, for some Vy of the covering {Va}. Set
W, = fp(B1(0)) C V;.

The family {W,} is an open covering of M. Since M is compact, we can
select from it a finite covering Wi,...,Wpn,. The corresponding V1,...,Vn
will make up a covering of M.

Let us define functions ;: M - R, i¢=1,...,m, by

0‘-=<pofi-1 inV; 6;=0in M-V,

where ¢ : B3(0) — R is the function given by Lemma 1. The functions 6; are
differentiable and the support of 8; is contained in V;.
Finally define ¢; by

() — _ 0i()
‘pz(p) - E?:] 91'(17)’

It is immediate to check that the functions ¢; so constructed satisfy the
conditions (a) and (b). 0O

pEM.

Remark 2. The existence of a differentiable partition of unity is one of the
most useful facts for the study of global questions on differentiable manifolds.
Proposition 1 still holds for noncompact manifolds (with countable basis) by
considering locally finite countable coverings (locally finite means that each
point of the manifold meets only a finite number of members of the covering),
and the proof is essentially the same. That every manifold has a locally finite
countable covering can be found, for instance, in F. Warner, [WAR].
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2. Stokes Theorem

In this section we intend to establish Stokes theorem. For that, we will need a
series of definitions that will make it possible to state precisely the theorem;
once stated, the proof of the theorem is relatively simple.

For the two-dimensional case, a rough description of the theorem is as
follows.

Let w be a differential 1-form defined on a two-dimensional, oriented,
manifold M2, and let dw be its exterior differential. Consider a region R of
M? bounded by a closed regular curve C' = dR. The orientation of R induces
an orientation on C, and the inclusion i: C — M allows us to consider the
restriction i*w of w to C. Under these conditions, Stokes theorem states that
the integral of the 2-form dw in R is equal to the integral of i*w in R = C.
So, in a certain sense, the operators d (applied to forms) and 0 (applied to
smooth domains) are dual to each other.

If, in particular, M? = R? and w = Pdz + Qdy, Stokes theorem reduces
to Gauss theorem:

//R(%g“?a—;) dwdy=/cpdx+Qdy.

We now start to present the definitions we need and which are useful in
other contexts. The first one is an extension of the notion of a manifold to
include manifolds with “boundary”. The definition of a manifold does not
include, for instance, the set M, given by

M= {(z,y,2) €R® z=22+4% 2z<z, 2 >0}

(M is the closed set of the rotation paraboloid bounded above by z = 2),
because the intersection VNM of any neighborhood V of a point p = (z, y, zoz
in the “boundary” of M with M is not homeomorphic to an open set of R
(Fig. 4.2). Notice, however, that V N M is homeomorphic to an open set of
the closed half-space {(z1,z2) € R?; z; < 0}, whereas points of M that are
not in the boundary behave as points in a 2-manifold. This suggests a new
definition that will include the above situation.

A half-space of R" is the set
H" = {(z1,...,2,) € R"; z; <0}

An open set of H" is the intersection with H™ of an open U of R".

We say that a function f:V — R defined in an open set V of H" is
differentiable if there exists an open set U D V and a differentiable function
f in U such that the restriction of f to V is equal to f. In this case, the
differential df,, p € V, of f at p is defined to be df, = df .

When V does not contain points of the form (0,z2,...,z,), V is an open
set of R" and the definition of df, agrees with the usual one. If p is of the form
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(0,z2,...,Zp), dfp is defined for all tangent vector of curves in U passing

through p, i.e., for all vectors in R™ with origin in p. Using such curves it is

easy to show that the definition of df, is independent of the extension fof f.
In a similar way, we define a differentiable map f:V — R".

Definition 1. An n-dimensional differentiable manifold with (regular) bound-
ary is a set M and a family of injective maps f,: U, C H™ — M of open sets
of H™ into M such that:

1) [&Jfa(Ua) =M.

2) For all pairs a, 8 with fo(Us) N f3(Us) = W # ¢ the sets f31(W) and
f[,'1 (W) are open sets in H" and the maps f[,‘1 o fa, f! o fg are differ-
entiable.

3) The family {(Ua, fo)} is maximal relative to (1) and (2).

A point p € M is said to be a point in the boundary of M if for some
parametrization f:U C H™ — M around p we have that f(0,z2,...,z,) = p.

Lemma 3. The definition of point in the boundary does not depend on
parametrizations.

Proof. Let fi:U; — M be a parametrization around p such that f,(¢q) = p,
g=(0,z2,...,Zp). -~

Assume, by contradiction, that for some parametrization fo:Us — M
around p we have f;1(p) = ¢2 = (z1,...,Z,) with z; # 0. (Fig. 4.3)

Let W = f1(U1) N f2(Uz). The map

fito fa f7 (W) - fH(W)
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- x
il f2 !

Fig. 4.3

is a diffeomorphism. Since z; # 0, there exists a neighborhood U of g2,
U C f;7 (W), that does not intersect the z,-axis. Restricting f; ! o f5 to U,
we will have a differentiable map

f1_10f2:U—>H"

such that the determinant of d(f~ o f2),, is nonzero. By the inverse function
theorem, fi 6 f, will take a neighborhood V C U of ¢, diffeomorphically
onto fi ! o f2(V). But then f' o fo(V) would contain points of the form
(z1,...,2n) with £; > 0 which are not in H"™. This yields a contradiction
and completes the proof. O

The set of points in the boundary of M is therefore well defined; it is
called the boundary of M and denoted by OM. If 8M = ¢, Definition 1
agrees with the definition of a differentiable manifold given in Chapter 2.
The definitions of differentiable functions, tangent space, orientability, etc,
for manifolds with boundary are introduced in exactly the same way as the
corresponding definitions for differentiable manifolds, with the additional care
of replacing R" by H™.

Proposition 2. The boundary M of an n-dimensional differentiable man-
ifold M with boundary is an (n — 1)-differentiable manifold. Furthermore, if
M is orientable, an orientation for M induces an orientation for OM.

Proof. Let p € M be a point in the boundary of M and let f,:U, C H® —
M™ be a parametrization around p. Then f;1(p) = ¢ = (0,z2,...,%,) € U,.

Let _
Ua=UsN {(1131,. ..,.’Bn) eRY 1, = 0},
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By identifying the set {(x1,...,%,) € R z; = 0} with R""!, we see that
U, is an open set in R*. By denoting by 7a the restriction of f, to Ug,
we see, by Lemma 3, that f,(U,) C OM. Finally, by letting p run in the
points of M, we easily check that the family {(Uq, f,)} is a differentiable
structure for OM. This proves the first part of the Proposition.

To prove the second part, assume that M is orientable and choose an
orientation for M, i.e., a differentiable structure {(Ua, fa)} such that the
changes of coordinates have positive jacobian. Consider the elements of
the family that satisfy the condition f,(Us) N @M # ¢. Then the family
{{Ua, fo)} described in the first part is a differentiable structure for 9M. We
want to show that if f,(Ua) N f3(Ug) # ¢, the change of coordinates has
positive jacobian, i.e., that

det(d(F" 0 Fg)) > 0,

for all ¢ whose image, by some parametrization, is in the boundary.
Observe that the change of coordinates f, o f5 ! takes a point of the form

(O,xg,...,a:f,’) into a point of the form (0,z%,...,z%). Thus, for a point ¢
whose image is in the boundary,

det(d(f o f) = ";—,, det(d(F2" o 7).
T1

o

But g—:}; > 0, because z§ = 0 in ¢ = (0,z%,...,2%), and both z$ and :z:ﬁj are
1

negative in a neighborhood of p. Since det(d(f;! o f3)) > 0, by hypothesis,

we conclude that det(d(f, o f3)) > 0, as we wished. O

We can now state and prove Stokes theorem.
Theorem 1. Let M" be a differentiable manifold with boundary, compact

and oriented. Let w be a differential (n — 1)-form on M, and let i:0M — M
be the inclusion map of the boundary OM into M. Then

/ i‘w=/ dw.
oM M

Proof. Let K be the support of w. We will consider the following cases:
A) K is contained in some coordinate neighborhood V = f(U) of a
parametrization f:U C H® - M. In U,

n
w= Zajd.’h /\.../\dl‘j-l Ad$j+1 A...ANdxy,
Jj=1

where a; = a;(z1,...,Z,) is a differentiable function on U. Thus
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Z i_10a;
= —1)y1=2
dw (E (-1) aj)d:cll\.../\d:c,..

=1

A;) Assume first that f(U)NOM = ¢. Then w is zero in &M and i*w = 0.
Thus

We will show that

.1 0a;
dw=/ -1)'— | dz;...dz, = 0.
/M v (;( ) a"’j) !

For that, extend the functions a; to H™ by setting
aj(z1,...,Tn) = aj(T1,...,Zn), if (T1,...,Z4) €U
a;j(z1,...,Tq) =0, if (z1,...,z0)€H*"-U

Since f~1(K) C U, the functions a; so defined are differentiable in H". Now
let @ C H™ be a parallelepiped given by z} < z; <z}, j=1,...,n, and
containing f~!(K) in its interior (Fig. 4.4).

e | Q
— E—. [USSE—
O o 0O 1
~
U U -1 K
) o
Case A, Case A,

Fig. 4.4



2. Stokes Theorem 65

Then

., 0a; . Oa:
-1 _ -1
/U E (-1)y —6:1:::- dzy...dz, = E (-1y /Q-%—;d:vl...dzn
j j

= Z(—l)j_l /[a.j(:cl, ceey Tj—1, :z:?,a:j...l, cee :c,.)
Jj
- a_,-(:cl, cee ,:z:j_l,a:},:cjﬂ, v ,:c,,)]d:z;l SN dzj_l d.’L‘j+1 .o .d:l:n = 0,

since aj(Z1,...,T5,...,Tn) = aj(T1,...,25,...,20) =0, forall j.

Az) Assume now that f(U)NOM # ¢. Then the inclusion map i can be
written as: z; =0, z; = z;j. Thus, using the induced orientation on the
boundary,

i*w=0a,(0,Z2,...,Zp)dZ2 A ... A dZ,.

As in case (A;), we will extend the functions a; to H", and will consider the
parallelepiped Q given by

z}ﬁxlso, T

and such that the union of the interior of @ with the hyperplane z; = 0
contains f~!(K). Then

= . Oa;
= -1yt | =2
/M dw E (-1) /Q 7z, dz,---dz,

=1

= 4/Q[a1(0, T2, )xn) - al(x},az%' " )xn)]dx%’ v 1dxn

n

+Z(_l)]—lL[aj(xl’...’xg’...,xn)—aj(xl,..-,x}’...’xn)]
—2

d:c1 e d.’L‘j_l d.’l)j+1 L diL‘n.

Since a;(z1,...,2%,...,2a) =a;(z1,...,2},...,2a) =0, forj=2,...,n,

and ay(z},72,...,Z,) = 0, we obtain

/ w=/a;(O,xg,...,x,,)da:z...d:cn=/ i*w.
M M

B) Let us now consider the general case. Let {V,} be a covering of
M by coordinate neighborhoods compatible with the orientation, and let
¥1,.++,9m be a differentiable partition of unity subordinate to V,,. The forms
wj = @jw, j = 1,...,m satisfy the conditions of case A. Furthermore, since
2. ;dp; =0, we have

ij = Ww, Zdwj=dw.
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Therefore,

m m
Jyto= 3 f =2 ], o
=/8Mi';wj=/aMi‘w.

0

Ezample. Let M be a bounded region of R® such that the boundary M
of M is a regular hypersurface of R3; M is then a compact 3-dimensional
manifold with boundary M. Let v be a differentiable vector field in R3, and
let w be the 1-form in R? dual to v in the natural inner product of R3. Then
(cf. l::llxercise 11, Chap. 1) d(xw) = (div v)v, where v is the volume element
of R”.

Now choose an orientation for R® and let N be the unit normal vector of
OM in the induced orientation. Finally, let o be the area element of M.

Consider, in a neighborhood U C R3 of p € M, differentiable orthonormal
fields e;, e3, N such that, in the points of M, e; and e, are tangent to OM.
Then

i* xw(ey, e2) = w(N) =< v,N >,

i.e., i*(*w) = (v, N)o. Thus, in this case, Stokes theorem

/M d(*w) = /;M i* (*w)

/ divvu=/ <uv,N>co
M oM

which is the well known divergence theorem in Analysis.

can be written as

Remark. The divergence theorem is a fundamental tool in Analysis (see, for
instance, the beautiful account in O. Kellog, [KELL]). Although we have
proved it for regular boundaries and smooth functions, it can be generalized
considerably. See, for instance, the article of D. Figueiredo, [FIG].

3. Poincaré’s Lemma

Let M™ be a differentiable manifold. A differential k-form w is said to be
ezact if there exists a (k — 1)-form § such that d8 = w; w is said to be closed
if dw = 0. Since d? = 0, an exact form is closed.

The converse of the above fact does not hold in general. For instance, let
w = ZYUIE be defined in R” - {(0,0)} = U. It is easily checked that dw = 0,
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i.e., w is closed, but there exists no differentiable function g in U such that
dg = w; otherwise, by Stokes theorem,

/w=/dg=/g=o, C={(ey) €R% 2 +2 =1},
C C ac

and this contradicts the fact, easily computable, that fc w = 2. It is possible,
however, to show that for each p € U there exists a neighborhood V C U of
p and a differentiable function gy in V such that dgy = w.

In this section, we will show that the situation of this example is com-
pletely general, that is, that the condition dw = 0 is a sufficient condition for
w to be locally exact (Those who are familiar with the material of Chapter 2
will notice that we are generalizing Theorem 1 of that Chapter). Actually, we
will prove the result in a form slightly more general which is more convenient
for the applications.

Definition 2. A differentiable manifold M is contractible(to some point py €
M) if there exists a differentiable map H: M xR — M, H(p,t) e M,pe M,
t € R such that

H(p,1)=p, H(p,0)=po, forall pe M.

It is easy to see that R" is contractible to an arbitrary point po € R"; it
suffices to define H(p,t) = po + (p — po)t. The same argument shows that the
ball B,(0) = {p € R"; |p| < r} is contractible to the origin 0. It follows that
any differentiable manifold is locally contractible.

Theorem 2 (Poincaré’s lemma) Let M be a contractible differentiable
manifold, and let w be a differentiable k-form in M with dw = 0. Then w is
exact, i.e., there exists a (k — 1)-form a in M such that da = w.

Proof. Let m: M x R — M be the projection 7(p,t) = p, and let @ be the
k-form on M x R given by @ = H*w, where H is the map given in the
definition of contractability. We will need the following lemma.

Lemma 4. Fvery k-form @ in M x R can be written uniquely as
W=w +dtAn, (1)

where wy is a k-form on M x R with the property that wy(vy,...,v) = 0,
if some v;, i = 1,...,k, belongs to the kernel of dn, and n is a (k — 1)-form
with a similar property.

Proof of Lemma 4. Let p € M and let f : U — M be a parametrization
around p. Then f(U) x R is a coordinate neighborhood of M x R, with
coordinates, say, (z1,...,Zn,t). In f(U) x R, @ can be written as
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W= E aiy,..5, 4Ti A .. A dz,

1.9k
2
+dtAY bj e, dTiy A AdTj,_, @
=w AdtAn.

It is clear that w; and 7 have the required properties. Furthermore, if the
decomposition (1) holds in all of M, it has to be locally of the form (2),
hence it is unique. To prove existence, we define w; and 7 on each coordinate
neighborhood by (2). In the intersection of two such neighborhoods, the def-
initions agree by uniqueness, thus w; and 7 can be extended to the whole M
satisfying (1). This proves Lemma 4.

Now let i, : M — M x R the map given by i,(p) = (p, t); 4. is the inclusion
of M into M x R at the “level” . We will define a map I that takes k-forms of
M xR into (k —1)-forms of M as follows: If p € M and vy, v3,...,vx € TpM,
then at p,

1
(IU)(Ul,---,vk-1)=[) {n(p,t)(dis(v1),...,dis(vk-1))}dt,

where 7 is given by the decomposition @ = w; + dt A 1 of Lemma 4.
The crucial point of the theorem is contained in the following lemma.

Lemma 5. i{w — i{w = d(Iw) + I(dw).

Proof of Lemma 5. Let p € M. We will use the coordinate system (z,,...,
Z,,t) introduced in Lemma 4. We first notice that the operation I is additive,
ie., I(wy + w2) = I(wy) + I(wz). It follows that it suffices to consider the
following two cases: a) @ = fdz;, A...Adz;; b)w=fdtAdz; A...A
dz;,_,.
Case (a). If W = fdz;, A...Adz;,, then dw = %{dt/\dazgl A...Adz; + terms
without dt.

Notice that in the coordinate systems (z,,...,Z,,t) the operation I
amounts to integrate the local representations of @ along the second factor ¢.
Therefore,

) 1 af ,
I(dw)(p) = =7dt | dzi, A... Ada,
o Ot
= (f(»,1) - f(p,0))dz;, A... Adz;,
= 13@(p) — i;w(p).
Since Iw = 0, we conclude the lemma in case (a).

Case (b). If @ = fdt Adz;, A ... Adzi,_,,, then i}w = 0 = i§w. On the other
hand,
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dw = Z—dxa/\dt/\dz,-, A...Adz;,_,.

Therefore,

(Idw)(p) = — ; (/01 %dt) dzo Adzi, A... Adzi,_,

d(Iz)(p) = d { ( / 1 fdt) doi, A ... Adzi, }
= Z (/0 -éz—adt) dzo Adzi, A... Adzi,_,

which completes the Case (b), and the proof of the lemma. a

Now we can complete the proof of the theorem (notice that so far we have
not used that dw = 0). Since M is contractible,

H o i; = identity, H oig = const. =pg € M.

Thus
w=(Hoth)w=1](H'w) =11,
= (H oip)'w = ig(H'w) = igw.
Now, since dw = 0, we obtain that dw = H*dw = 0. It follows by Lemma 5
that

w = jw = d(I@) = da,

where a = Iw. (]

EXERCISES

1) Let f: R® - R be a differentiable function and let w be the 2-form in
R3 given by

_ fzdyAdz+ f,dzAdz + f,dz Ady
NGRI R

It is well known that if a € R is a regular value of f (that is, for all
p € f~1(a), the map df, is surjective) then

M? = {(z,y,2) € R% f(z,y,2) = a}
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2)

3)
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is a regular orientable surface in R® (cf. [dC], §2.2). Show that the
restriction of w to M? is the element of area of M2.

Hint: We want to show that if {vy,v2} is a positive basis of T,(M),
p € M then w(v;,v;) = area of the parallelogram made up by v; and vs.
Choose a parametrization g(u,v) of M around p, compatible with the
orientation, and notice that

dyAdz+dzAdz+dzAdy = (Z(gu A gy)i)du A dv,

where (g, A gy); is the i-th coordinate of the vector product g, A g, in the
canonical basis of R>. Since f(z, y, 2) = const., the vector (fz, fy, f:) = A
lies along the positive normal of M. Thus

w= %—T\g—v)du/\dv = |gu A gu| du A dv.
It is now easy to check that w(gy,9,) = area (gu, 9»), hence w(v1,v2) =
area (v, v2).
a) Let w = zdy — ydz and j:M < R? the inclusion of a bounded
region with regular boundary OM. Show that the area of M is given by
(1/2) Jops 3*w-
b) Let w = zdy A dz — ydz A dz + zdz A dy and j: M C R3 the inclusion
of a bounded region with regular boundary M. Show that the volume
of M is given by (1/3) [, J*w.
c) Generalize the above for R".
Let

v = zdyAdz + ydz Adz + zdz A dy
- (.’L‘2 + y2 + z2)3/2
a 2-form defined in R® — {0}, and let M2 C R® be an oriented surface

that does not pass through the origin 0 = (0,0, 0). Show that:
a) The restriction of w to M? is equal to

cosf
-z 7

where o is the area element of M2, r is the distance from 0 to a
point p € M? and 6 is the positive angle from Op to the unit positive
normal N to M2 at p.

Hint: Proceed is in Exercise 1. Set p = (z,y,2), 72 = 2% + y? + 22,
p/r = v. One obtains:

1
w= Z5(p,gu A gaddu Ado = =5 (v, N)lgu A gul du A do

cos
= o.

r2
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5)
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b) Define the solid angle under which M? is seen from 0 as

= w.
M2
(for justification sake, notice that if p € M?, cos8 # 0, and AM is a
small neighborhood around p, then (1/72) cos § (area AM) is the area
of the region of the unit sphere with center 0 that is determined by
the rays that join 0 to points of AM; this area is usually called the
solid angle under which AM is see from 0). Now let M be a bounded
region in R® with regular boundary &M such that 0 ¢ OM, and let
12 be the solid angle under which M is seen from 0. Show that

2=0,if0¢ M, and 2 = 4r, if 0 € M.

Hint: Notice that if 0 ¢ M, dw = 0, and apply Stokes theorem.
Let ¢ : R® — R a differentiable function, homogenous of degree k (that
is, p(tz,ty,tz) = t*p(z,y, z)). Show that:
a) If B= {p € R%|p| < 1} is the region bounded by the unit sphere S2,
then
/A2<p drANdyAdz = ky o,
B 52
where o is the area element of S? and A%y = Pzz + Pyy + @z is the
Laplacian of ¢.
Hint: Notice that by Euler’s relation for homogeneous functions (cf.
Exercise 18, Chapter 1) zy, +y¢, +2¢, = ky, and use the divergence
theorem.

b) Let ¢ = a1z + axy* + azz? + 3a42%y? + 3asy?2? + 3agz222, then

Let g: R? > R, f: R® - R be differentiable functions, and let M3 C
R2 be a compact differentiable manifold with boundary dM?2. Prove that:
a) (first Green’s identity)

/(gradf,grady)u+/ f4%g V=/ f(gradg, N)o,
M M oM

where v and o are, respectively, the volume element of M and the
area element of M, and N is the unit normal of M.
Hint: Set v = f grad g in the divergence theorem.

b) (second Green’s identity)

/ (f &% - gA2f)w = / (f(gradg, N) — g{grad f, N))o.
M M
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6)

7)

8)

9)

4. Integration on Manifolds; Stokes Theorem and Poincaré’s Lemma

Can one find a three-dimensional orientable differentiable manifold M3
whose boundary is the real projective plane?

Let w; and w9 be differential forms on a differentiable manifold M. As-
sume that w; and w, are closed and that ws is exact. Show that w; A we
is closed and exact.

Let M™ be a compact orientable manifold without boundary (i.e., M =
@) and let w be a differential (n — 1)-form on M™. Show that there exists
a point p € M such that dw(p) = 0.

Show that there exists no immersion f : S — R of the unit circle into
the real line R.

Hint: Use Exercise 8.

10) Let M? C R? be a compact, oriented, regular surface with regular bound-

ary OM, and let v be a differentiable vector field in an open set of R?
containing M2,
a) Show that

/M2 (rot v,N)o = /‘,M (v, T)ds

where N is the unit normal field, o the area element of M?2, T the
unit tangent vector to M, and ds the element of arc of OM.

Hint: Notice that rot v = *(dw), where w is the 1-form dual to v
in the natural inner product of R? (cf. Exercise 14, Chapter 1). By
choosing local orthonormal fields e;, ez, N such that e; and e; are
tangent to M and e; is tangent to dM, we obtain

dw(ey,ez) = (*dw)(N) = (rot v, N),

w(er) = (v,e1) = (v, T),

that is, dw = (rot v, N)o and i*w = (v, T )ds. Now apply Stokes
theorem.

b) Let p € R®, 7 a unit vector in R and P the plane normal to 7,
passing through p and whose orientation together with 7 gives the
orientation of R®. Consider a disk D C P, with center p, and apply
(a) to the surface made up of D and its boundary 8D to obtain

- o 1 red
(I'Ot v, T )(p) - Il)l_l_f'lp area D ‘/;DCU’ t )dsv

where the limit is taken when D runs in a family of concentric disks
that approach p.

11) (Introduction to potential theory in R3)

A differentiable function g : R® — R is said to be harmonic in a subset
B C R¥if A%g =0 for all p € B. Let M C R? be a bounded region with
regular boundary M. Prove that:
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a) If g1 and g2 are harmonic in M and g; = g2 in OM, then g; = g7 in
M

Hint: Use Green’s first identity (Exercise 5a) with f =g =g, — go
b) If g is harmonic in M and

99 def
ON
in OM, where N is the unit normal vector of M, then g = const. in
M.
Hint: Use Green’s first identity with f = g.
¢) If g, and g, are harmonic in M and

(gradg,N) =0

991 _ 99
ON ON
in OM, then g; = g2+ const. in M.
d) If g is harmonic in M, then

dg
== 5=0
am ON

e) The function -(;5+—y51+—z,)—,;; is harmonic in R® — {0}.

f) (Mean value theorem). Let f be harmonic in the region
B, ={peR%p-pol* <7’}

whose boundary is the sphere S, with center in pg. Then

1
f(Po)-‘-m/SrfU

Hint: Use Green’s second identity in the region D = B, — B, p<r,
with f = f and g = 1/r. Since g and f are harmonic,

L (e -28) o= [ (b= 130)e

Since 5% (1/r) = £&(1/r) = —1/r%, we obtain from (d),

1 1
4rp? /;P fo= 47r? /5r fo.

Now let p — 0 to obtain the desired conclusion.

g) (The mazimum principle). Let f be a nonconstant harmonic function
in a closed bounded region M C R? (i.e., M is the union of a bounded
connected open set with its boundary which is not necessarily regu-

lar). Then f reaches the maximum and the minimum in the boundary
OM of M.



74 4. Integration on Manifolds; Stokes Theorem and Poincaré’s Lemma

Hint: Assume that f(p) is maximum, p € M — M and consider a
ball B C M — OM with center p and such that f(p) > f(q), for all
g € B. Show this contradicts (f).

12) Let M™ be a compact differentiable manifold without boundary. Show
that M is orientable if and only if there exists a differential n-form w
defined on M and which is everywhere nonzero.

Hint: For the “only if” part use a partition of unity to construct a
nonzero n-form globally defined on M.

13) Let M be a compact, orientable, differentiable manifold without bound-
ary. Show that M is not contractible to a point.

Hint: Use Exercise 12, Poincaré’s lemma and Stokes theorem.

14) Let A, B and C be differentiable functions in R® and consider the differ-
ential system

d
9
S -%=B
9Q _ 8P,_C

[ 23

where P,Q and R are unknown functions in R3.
a) Show that a necessary and sufficient condition for a solution to the
above system to exist is that
0A 9B OdC

5;+a—y+'$=0.

Hint: Consider in R3 the differential form

w= AdyAdz+ BdzAdz + Cdz A dy

and notice that dw = ( + %ﬁ +2 )dz A dy A dz. By Poincaré’s

lemma, dw = 0 if and only if there exlsts a form a = Pdz+ Qdy+ Rdz
with da = w; this last condition is precisely the above system.

b) Assume the above condition to be satisfied and determine the func-
tions P,Q, R

Hint: Consider the contraction H(p,t) = tp of R? to (0,0,0). Then

w=H'w= A(tz, ty,tz)(ytdt Adz — ztdt Ady) + ... +
+ terms without dt.

Thus the form a of (a) is given by

1
a=Jw= (/ A(tz, ty, tz)tdt) (ydz — 2dy) + ...
0

15) Let v be a differentiable vector field in R®. Prove that:

a) If div v = 0, then there exists a vector field u in R® such that rot
u=v.
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b) If rot v = 0, then there exists a function f in R? such that grad f = v.
16) (Brouwer fized point theorem).
a) Let M™ be a compact, orientable, differentiable manifold with bound-
ary OM # ¢. Show that there exists no differentiable map f : M —
OM such that the restriction f|OM is the identity.
Hint (following E. Lima): Assume the existence of such an f, and let

w be the nonzero (n — 1)-form on &M given by Exercise 12. Clearly
d(f*w) = f*(dw) = 0, hence

0=/Md(f‘w)=/{;Mi‘f*w=/aMw¢0,

and this is a contradiction.

b) Prove the Brouwer fixed point theorem: Let B C R" be the ball

{p € R"|p| < 1}. Every differentiable map g: B — B has a fixed
point, i.e., there exists ¢ € B such that g(q) = g¢.
Hint: If g(p) # p, for all p € B, the half-line starting in g(p) and
passing through p intersects 0B in a unique point, say ¢ = f(p). The
map f: B — 0B so defined satisfy the conditions of (a) and yields a
contradiction.



5. Differential Geometry of Surfaces

1. The Structure Equations of R"

We now apply our knowledge of differential forms to study some differential
geometry. We start with a few definitions.

A Riemannian manifold is a differentiable manifold M and a choice, for
each point p € M, of a positive definite inner product (’, ), in T,M which
varies differentiably with p in the following sense: If X and Y are differentiable
vector fields in M, the function p — (X,Y), is differentiable in M. The inner
product ( , ) is usually called a Riemannian metric on M.

The notion of equivalence between Riemannian manifolds is the notion of
isometry. A diffeomorphism @: M — M’ between Riemannian manifolds M
and M’ is an isometry if for all p and all pairs z,y € T, M, we have

(,9)p = (dpp(2), dpp(¥)) o(p)-

The importance of the notion of Riemannian manifold is that we can de-
fine on it the usual metric notions (length, area, angles, etc.) of the euclidean
geometry. Actually, euclidean geometry is just the study of metric notions in
the simplest Riemannian geometry, namely, R" endowed with the following
inner product: If z = (z;,...,z,) and y = (y1,...,¥.) are vectors in R™, one
defines

(z,9) =11 + ... + TnYn.

Although R" is the simplest Riemannian manifold, it is, in a certain sense,
the universal Riemannian manifold. We hope to make this clearer later.

We will begin, therefore, by establishing the so-called structure equations
of R".

Let U C R" be an open set and let e;,...,e, be n differentiable vector
fields such that for each p € U, (ei,e;)p = 6;j, where 0;; = 0if i # j and
6;; = 1if i = j. Such a set of vector fields is called an orthonormal moving
frame. From now on, we will omit the adjective orthonormal.

Given the moving frame {e;}, i = 1,...,n, we can define differential 1-
forms w; by the condition w;(e;) = §;;, j = 1,...,n; in other words, at each
P, the basis {(w;),} is the dual basis of {(e;),}. The set of forms {w;} is called
the coframe associated to {e;}.
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Each vector field e; is a differentiable map e;: U C R™ — R". The differ-
ential at p € U, (de;)p: R™ — R", is a linear map. Thus, for each p and each
v € R" we can write

(de;)p(v) = Z(wij)p(v)ej'
J

It is easily checked that the expressions (w;;)p(v), above defined, depend
linearly on v. Thus (w;;), is a linear form in R™ and, since e; is a differentiable
vector field, w;; is a differential 1-form. Keeping this in mind, we write the

above as
de; = Zw.-jej. (1)
J

The n? forms wj; so defined are called the connection forms of R" in the
moving frame {e;}.

Not all of the forms w;; are independent. If we differentiate (e;,e;) = 6y,
we obtain

0= (dei, ej) + (e,-,dej) = wjj + wjj,

that is, the connection forms w;; = —wj; are antisymmetric in the indices
i,7.

The crucial point in the method of moving frames is that the forms w;
and w;; satisfy the structure equations of Elie Cartan.

Proposition 1. (The structure equations of R" ). Let {e;} be a moving frame
in an open set U C R". Let {w;} be the coframe associated to {e;} and w;;
the connection forms of U in the frame {e;}. Then

dw; = zune A Wi, (2)
x

dw‘ij:ZWikAij, i’jak=1,...,n. (3)
k

Proof. Leta; =(1,...,0),...,a, =(0,...,1) the canonical basis of R", and
let z;: U — R be the function that assigns to the point (z,...,z,) its i‘*-
coordinate. Then dz; is a differential 1-form on U and, since dz;(a;) = §;;,
we conclude that {dz;} is the coframe associated to {a;}.

Now write
ei =Y Bia;, (4)
J

where §;; is a differentiable function on U and, for each p € U, the matrix
(Bij(p)) is an orthogonal matrix. Since w;i(e;) = 6;j,

w; = Zﬂ,‘jd:l}j. (5)
J
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We first prove that df;; = Y, wikBk;- In fact,
de; = Z Wiker = Z Wik(z Brja;) = Z wikBrja;,
k k Jj Jk
and since from (4), de; = ) df;;a;, we obtain by comparison,

dBij =Y wikbPr;. (6)
k

To obtain the first structure equation (2), we differentiate (5) and use (6):

dw; = Zdﬂ,‘j Adzj = Ew,’kﬂkj ANdz; = Zwk A Wi;.
J ik k

For the second structure equation (3), we differentiate (6), obtaining
0= Zdwikﬂkj - Zwik A dBj,
k k

that is

Z dwikPrj = Zwik A Zwkaﬂsj,
k k 8

or, finally, multiplying by the inverse matrix of (fx;)

dwie = Zwik A Wie,
k
as we wished. O

Remark 1. If we denote by z:U — R" the inclusion map, to say that the
forms w; are dual to the frame {e;} is equivalent to saying that dz = ) w;e;.
Intuitively, the expressions that define w; and w;;, that is,

dx = E wi€q, d8i= E Wij€j,

describe how the moving frame z,e;,...,e, varies as we move (along a curve
z(t)) in U. This was how Elie Cartan introduced the method of moving
frames. The structure equations were then consequences of the “necessary”
relations:

d(dz) = 0, d(de;) = 0.

For instance, the first structure equation can be obtained as follows:

0= d(d.’l)) = Zdwie,- - Zw,’ A de;
= Edwje,- - Zw,' A Zw,'jej = Z(dw] - ij,' /\wi)ej,
J J J i
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hence
d(dj = Zw.- A wij.
i

The second equation can be obtained similarly.

The main idea of Cartan’s method to study the geometry of submanifolds
of R can be described as follows. Let z: M® — R"** be an immersion of a
differentiable manifold M™ into the euclidean space R Itisa consequence
of the inverse function theorem that for p € M there exists a neighborhood
U C M of p such that the restriction z|U ¢ M — R"** is an embedding.
(See Exercise 4 of Chap. 3).

Let V Cc R™F* be a neighborhood of z(p) in R"** such that V N

M = z(U). Assume that V is such that there exists a moving frame
{e1,... €ns€n41,...,€q} in V with the property that, when restricted to
z(U), the vectors ey, ..., e, are tangent to z(U); such a moving frame is said

to be an adapted frame.

In V we have, associated to the frame {e;}, the coframe forms w; and the
connection forms w;; which satisfy the structure equations (2) and (3). The
map z:U ¢ M — V c R™* induce forms z*(w;), z*(w;;) in U. Since z*
commutes with exterior derivation and exterior products, such forms in U
satisfy again the structure equations (2) and (3). It turns out that the local
metric geometry of U C M is all contained in the structure equations, and
this reflects the “universal character” of R",

In the next section we will apply the method of moving frames to a simple
but important case, namely, surfaces in R>. For that, we will need a few
preliminary lemmas that we establish now.

Lemma 1. (Cartan’s lemma). Let V" be a vector space of dimension n,
and let wy,...,wr:V® = R, r < n, be linear forms in V that are lin-
early independent. Assume that there exist forms 6y,...,6,:V — R such
that E:=1 w; AN0; =0. Then

0; = E a;jwij, with aij = Qji.
J

Proof. We complete the forms w; into a basis wy,...,wy, Wrt1,...,wy of V*
and we write

0i=zaijwj+zb“w" l=r+1,...,n.
j 1

By using the hypothesis, we obtain
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n
0= Zw,- ANO; = Zai,-wi Awj+ Zb,-;w,- Awp
i=1 ij 1
= Z(a,-j —aji)wi Awj + Z biw; A wy.

i<j i<l

Since wx Aw,, k < 8, k,8 = 1,...,n, are linearly independent, we conclude
that by = 0 and a;; = a ;. O

Lemma 2. LetU C R" and letw, ... ,wy, be linearly independent differential
1-forms in U. Assume that there exists a set of differential 1-forms {w;;},
i,j = 1,...,n that satisfy the conditions:

Wij = —Wji, dw; = Zwk A Wj.

Then such a set is unique.

Proof. Suppose the existence of another set @;; with

Wij = —Wjg, dwj = Zwk A W

k
Then
Zwk A (wk,- - wkj) =0
k

and, by Cartan’s lemma,

Wkj — Wkj = ZBiiwi, Bii = ng'

i

Notice that

— Wgj = ZBkzw' = —(w]k - w]k Z i Wi,

and, since the w; are linearly independent, B,’;i = —B;-‘,-. By using the above
symmetries, we obtain finally that
k _ i _ i _ pi _pi _ k _ k _
Bj; = -Bj;=-Bj; = B = Byj = —-B;; = -Bj; =0,

that is, Wkj = Wy 0
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2. Surfaces in R3

We now apply the method of moving frames to the special case of surfaces
in R3. Let : M2 — R3 be an immersion of a two-dimensional differentiable
manifold in R®. For each point p € M2, an inner product ( , )p is defined in
T, M by the rule:

(’01,‘02>p = (dxp(vl)adxp(vZ))z(p)a

where the inner product in the right hand side is the canonical inner product
of R3. It is straightforward to check that ( , )p is differentiable and defines a
Riemannian metric in M? to be called the metric induced by the immersion .

We will study the local geometry of M2 around a point p € M2. Let
U C M be a neighborhood of p such that the restriction z|U is an embedding,.
Let V C R? be a neighborhood of p is R? such that V N z(M) = z(U), and
that it is possible to choose in V an adapted moving frame e, ez, e3; this
means that, when restricted to z(U), e; and e, are tangent to z(U) (hence
es is normal to z(U)).

In V we have, associated to the frame {e;}, the coframe forms w; and
the connection forms w;; = —wj;, 4,j = 1,2,3, which satisfy the structure
equations:

dw; = wz Awoy + w3 Awsg,
dwz = w1 Awiz + w3 Awsz,
dws = w1 A w3 + w2 A wegs,

dwi2 = w13 A waa,

dwy3 = wi2 A was,

dwa3 = w21 A wi3.

The immersion z:U ¢ M — V C R? induces forms z*(w;), z*(wij) in
U. Since z* commutes with d and A, such forms still satisfy the structure
equations. Notice that z*(w3) = 0, since for all ¢ € U and all v € T, M,

" (w3)(v) = wa(dz(v)) = ws(are1 + azez) =0,

where v = a;e; + ages.
With a slight abuse of notation, we will write

z*(wi) = wi, o* (wij) = wij.

This amounts to look upon U as a subset of R3 by the inclusion z: U — R3
(notice that z|U is an embedding), and to look upon the forms w; and w;; as
restricted to U. These restricted forms satisfy the above structure equations
with the additional relation w3z = 0.
Since w3 = 0,
dws = wi Awig + w2 Awgg =0,
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hence, by Cartan’s lemma,

w13 = h1wy + hiaws,
wa3 = hgywy + haawy,

where h;; = h;; are differentiable functions in U.

We want to obtain a geometric interpretation of the functions h;;. For
that, observe that the map es:U — R3 takes its values in the unit sphere
S2 C R?, since |e3| = 1. By fixing orientations of U and R3, we can choose
the frame {e;} in such a way that, for each g € U, {e;, e,} is in the orientation
of U and {ey, ez, e3} is in the orientation of R3. In this case, e3: U — §2 C R®
is well defined, does not depend on the choice of the frame, and it is called
the Gauss (normal) map in U (Fig. 5.1).

The Gauss map
Fig.5.1

We notice the important fact that if M is oriented, the Gauss map can
be defined globally on M.

Now, since de3 = ws1e; + wszez, we obtain, for all ¢ € U and all v =

a1e1 + azez € Tom,
_ _(hu h2 a)
dea(v) = <h21 ha2 ) (az ) ’

that is, (—h;;) is the matrix of the differential of the Gauss map e3: U — S2
in the basis {e1,e2} which is the geometric interpretation we were looking
for.

Since the matrix (hi;) is symmetric, we conclude immediately that the
differential de3:TM — TS? of the Gauss map e3:U — $§? is a selfadjoint
linear map. From a well known result in Linear Algebra, we know that such a
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linear map can be diagonalized with real eigenvalues —\;, —\2 and orthogonal
eigenvectors.
It is usual to define the Gaussian curvature K of M in p by

K= det(des)p = A1A2 = hirhoo — h%z
and the mean curvature H of M at p by

A+A2 _ huthp
2 2 ’

where the functions involved are computed at p. Clearly K and H do not
depend on the choice of the moving frame. Notice that H changes sign with
a change of orientation but K remains the same under such a change. The
expressions of K and H in terms of a moving frame are immediately obtained:

H= —%(trace des), =

dwiz = w13 Awsz = —(hi1hee — hip)wr Awp = ~Kwy Aws,
wig Awe +wy Awogz = (hu + hzz)w1 Aws = 2Hwy A ws.

The expression dwy2 = —Kw; A wo iiiows us to prove one of the most
important theorems in the theory of <urfac- . .« R3.

Theorem 1. (Gauss). K only depends on the induced metric of M?; that is,
ifz,z': M? - R3 are two immersions with the same induced metrics, then
K(p) = K'(p), p € M, where K and K' are the Gaussian curvatures of the
immersions ¢ and z', respectively.

Proof. Let U C M be a neighborhood of p and consider a moving frame
{e1,e2} in U, orthonormal in the induced metric. The set {dz(e:1),dz(e2)}
can be extended into an adapted frame in V' D z(U) and, similarly, the set
{dz'(e1),dz'(e2)} can be extended into an adapted frame in V' D z'(U).

Let us denote by a prime the entities that refer to the immersion z’. Then,
w1 = w}, W2 = wj, by duality. By the uniqueness of Lemma 2, wjy = wi,. It
follows that

dwys = dw{z =-Kw Awy = —-K'w1 A wa,

hence K = K'. a

Gauss theorem means that the Gaussian curvature, the definition of which
made use of the ambient space R?, only depends on measurements made
on the surface. This led Gauss, around 1827, to imagine the existence of
geometries that were independent of the ambient space. Because he lacked
adequate tools (in particular, the notion of a differentiable manifold), Gauss
did not develop these ideas which were later (1852) taken up by Riemann.
In general, geometric entities on M that can be computed from w;,w; and
w2 depend only on the induced metric in the sense above described, and we
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ought to be able to define them with no mention to the immersion z. We will
come back to that in the next section.

Ezample 1. Consider the immersion z:U ¢ R? — R3, where U is
U = {(s,v) € R} —00 < 5 < 00,0 < v < 27},
and z is given by
z(z,v) = (h(s) sinv, h(s) cos v, g(s)).

Here h(s) # 0 and g(s) are differentiable functions that satisfy

2 2

dh)" L (98) <y,

ds ds
The image z(U) is a rotation surface with axis Oz whose generating curve
y = h(s), z = g(s) is parametrized by the arc length s (Fig. 5.2).

Fig.5.2

We want to show that the Gaussian curvature of this surface is K =
—(h"/h), where prime denotes derivative relative to s.
Observe that v/h measures the length of the parallel z(const., v) . Thus,

0 10
e = dz (a) y €y = dz (ﬁ%)
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are orthonormal vectors tangent to z(U). Together with a unit vector e;
normal to z(U), they constitute a frame adapted to the immersion z.

It is immediate to check that w; = ds, wy = hdv. On the other hand, if
we set wie = ads + bdv, we obtain

bds Adv=ds Awya =w) Awyg = dwy =dh Adv = h'ds Adv

and
ahds A dv = w12 A hdv = wia Awy = dw; = 0.

It follows that wi2 = h'dv, and

n

dwys = h'ds Adv = %wl Awy = —Kwy Aws,

and this yields the required expression. In particular, for the sphere of radius
R, we have h(s) = Rcos(s/R), hence K = 1/R2.

As we mentioned before, to a given immersion x: M2 — R? we associate
two quadratic forms at each T, M, p € M, which are defined as follows.

The first quadratic form I, is merely t»~ juadratic form associated to the
bilinear form ( , ), that is,

IP(vv v) = (v, ’U)p

In an adapted frame {e;}, ¢ = 1,2, 3, the expression of the quadratic form
I is given by
I(v) = (w1w1 + waws)(v) = (Wi + w3)(v), (7)
where wjwy, for instance, is the symmetric product (not the exterior product)
of wy with wy, that is, wiwi(v) = wi(v) - w1(v). To check (7), we write v =
aie; + asez. Then

Iy(v) = wi(v)wi(v) + wa(V)w2(v) = af + a} = (v, ).
Thus, the first quadratic form is given by
I=uw}+uwl

where, as usually, we dropped the indication of p.
The second quadratic form is defined in an adapted moving frame by

IIp(v) = (w13w1 +w23uJ2)(v) = Zh,'jwiwj, i,j = 1,2,
ij
where again we are considering symmetric products of differential forms. In
this case, we have to prove that II does not depend on the choice of frames.
This is actually so, since this is the quadratic form associated to minus the
differential of the Gauss map, that is,
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II,(v) = —(de3(v),v)p, veT,M.

It is convenient to describe still another interpretation of II that can be
obtained as follows. Let a: (—¢,€) — M be a curve in M parametrized by the
arclength s, with a(0) = p, a’(0) = v € T, M. Then, by writing zoa(s) = z(s)
and e3 o a(s) = e3(s), we obtain

( es() =0,

hence 2 d d
T x e
(G5 &N o= ~( 55> TN smo= —(d2(0), des(v)),
= (w1e1 + waez,w3i€1 + w32€2>(v)
= (w1w13 + waw23)(v) = IIp(v).

On the other hand, denoting by k(s) the curvature of the curve a(s) and by
n(s) the principal normal of a(s), we obtain that

2
(ZZ(0),e3(0)) = KOH(O),e5(0):

The expression k(n, e3)(p) is called the normal curvature k,(v) of the surface

in the direction v = a’(0) at the point p. Since II,(v) = k,(v), we have that

kn(v) is the same for all curves a(s) with the same tangent vector v at p.
Thus, collecting the two interpretations, we conclude that

IIP(U) = —<de3(v)!v)p = kn(v).

It is known from Linear Algebra that the maximum and minimum of I1,(v),
as v runs the unit circle S* C T,S, are the eigenvalues —A;, — A2 of (—de3) and
the corresponding vectors generate the eigenspaces of (—dez). The extremal
normal curvatures (—\;) = k;, (—\2) = k2 are called the principal curvatures
at p and the corresponding directions are called the principal directions at p.

The importance of the first and second fundamental forms is that they
determine the local geometry of surfaces in R3.

In the same vein, we can work out the whole local geometry of surfaces in
R? (See, for instance, [dC] Chapter 3). We stop here, however, in the hope
that the method is sufficiently clear. It only remains to be explained what is
meant by the statement that I and II determine entirely the local geometry
of a surface in R3. This is the content of the next theorem, and the corollary
following it.

Theorem 2. Let U and U’ be connected submanifolds of dimension two in
R3. Assume that there exist adapted frames {ei} mU, {ei} mU’,i=1,2,3,
and a diffeomorphism f:U — U’ such that

f‘wﬁ = wj, f‘w,’-j = W5 7=123.
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Then there ezists a rigid motion p: R3 — R such that the restriction plU =

f.

Proof. Let p € U and f(p) € U’. Let T be the translation of R? that takes
p to p’ = f(p) and let R be the rotation of R® that takes e; to e}. Set
p = RoT. We will show that g = f o p~1:p(U) — U’ is the identity in U’,
and this implies the statement of the theorem.

Since p is an isometry of R®, consider the orthonormal moving frame
é; = dp(e;) in p(U). We will denote with an upper index ~ the entities
associated to the frame {€;} in p(U). By definition, for all ¢ € p(U) and all

v € Ty(p(U)),
(d2:)g(v) = 3 (@37)g(0) (E))g-
J
Define ¢} o g by (¢} o g)(g) = ¢}(9(q)). Then

d(e; 0 9)q(v) = (de;)g(q) (dg(v)) = Z(wfj)g(q) (dg(v))(€})g(q)
= Z(g'w,{j)q(v)(e; °g)g = z(‘:’ij)q('“)(e;' ©9)gs
J J

where the last equality follows from the fact that
gth{j =(fo P_l)*wfj = (P—l)‘f'wfj = (p71) wij = @yj.

Because ¢ and v are arbitrary, it follows that €; — e} o g satisfies the system
of ordinary differential equations

d(é; —€jog) =) (& —€;0g),
J

with initial conditions at the point p(p) given by:

(& — ¢} 0 9)(o(p)) = 0.

By the uniqueness theorem for ordinary differential equations, €; = €} o p.
In a similar way, we can show that

d@E-a'og)=) @i(éi—€iog)=0,

where #:p(U) C R? and z":U’ C R? are the respective inclusions and the
last equality comes from what we just proved. Since the initial conditions in
p(p) are: (£ — z’ o g)(p(p)) = 0, we conclude that & = z’ o g. Since & and z’
are inclusions, this implies that g is the identity, as we wished. a

Corollary. Let U and U’ be connected submanifolds of dimension two in
R3. Assume that there ezists a diffeomorphism f:U — U’ which preserves
the first and second quadratic forms, that is,
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Ip(v,v) = I}(p)(df(v)’df(v))7 IIy(v,v) = II_/f(p)(df(v)1 df (v))

for allp € U and all v € T,U. Then, there exists a rigid motion p: R} - R?
such that p|U = f.

Proof. Consider in U an adapted frame {e;} and define in U’ a frame
{e}} = {df(e;)}. Since f preserves inner products, this is again an adapted
frame, and f*w; = w;. Because the second fundamental forms are preserved,
(hij) = (hij o f). Thus, f*wj3 = w13 and f*wh3 = wy3. Finally, by Lemma
2 (uniqueness of connection forms), we see that f*w;2 = w;o. We can now
apply the theorem to obtain the conclusion.

3. Intrinsic Geometry of Surfaces

In the study of surfaces M2 in R® we have seen that certain geometric entities,
for instance, the Gaussian curvature, only depend on the first fundamental
form, that is to say, on the Riemannian metric of M2. A surprising number
of geometric properties of surfaces are in the same situation as the Gaussian
curvature, i.e., they only depend on the first fundamental form, and they
constitute the intrinsic geometry of surfaces. In this section, we will present
a more systematic study of such properties by using the method of moving
frames.

Our starting point is a two-dimensional differentiable manifold M? to-
gether with a Riemannian metric ( , ). For each point p € M, choose a neigh-
borhood U C M of p such that one can define orthonormal vector fields e;
and e on U. From this moving frame {e;, e2}, we can define a corresponding
coframe {w;,w2} by the condition w;(e;) = 6;j, ¢,j = 1,2. The question now
is whether we can define differential forms that play the role of connection
forms.

The choice we make below can be motivated by the following consider-
ations. If U could be isometrically embedded (that is, in such a way that
the Riemannian inner product { , ) in M? is induced by R®), we would ob-
tain a moving frame e;, ez, e3 in a open set V O U of R? that extends the
frame e;, ez in U. From the forms wq, w2, w12, w13, w23, and from the structure
equations

dwy = wi2 A wa,

dwy = wyy Awy,
dwiz = w13 A w3z,
dwyz = wi2 A wag,
dws3 = wa1 Awig,

only the forms w;,ws,w;2 and the first two equations do not contain elements
related to the “external” vector e3. It is thus reasonable to expect that there
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exists in U a unique form w;s = —w»; such that the two first equations hold.
This is indeed the case.

Lemma 3. (Theorem of Levi-Civitta). Let M? be a Riemannian (two-
dimensional) manifold. Let U C M be an open set where a moving orthonor-
mal frame {e1,e2} is defined, and let {w1, w2} be the associated coframe. Then
there exists a unique 1-form wy2 = —wo1 such that

dw; = w12 Awz, dws = w1 Aw;.

Proof. Uniqueness has already been proved in Lemma 2 of Section 1. To
prove existence, just define

wiz(e1) = dwi(e1,e2),
wiz(e2) = dws (e, e2),
and check the required properties: For instance,
duwn (61, 62) = w12(€1) = wlz(el)wz(ez) - w12(€2)w2(61) = (w12 /\wz)(el, 62)-[3

The problem now is to obtain geometric entities (that is, independent of
the choice of frame) from the forms w,ws,w;2. For that, it is convenient to
see how such forms change under a change of frame.

Let {€1,€2} be another frame in U. If {€;,&;} has the same orientation
as {e1, ez}, we obtain

€ = fe1 + ge2
€ = —ge1 + fea,

where f and g and differentiable functions in U, and f2+ g2 = 1; on the other
hand, if the orientations of {€;,€2} and {e1, e} are opposite, we obtain

€ = fe1 + ges
€y =

2 = ge; — fea.

Lemma 4. If {¢1,€2} and {e1,e2} have the same orientation, then
wiz =Wi2 — T,
where T = fdg — gdf . If the above orientations are opposite,

Wi = —-Wi2 —T.

Proof. If the orientations are the same, we obtain that

wy = fwy — gwa, (1)
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wy = gwy + fwe. (2)
Differentiating (1), we obtain
dwy = df AWy + fdwy — dg A Wy — gdwa.

By using the structure equations for dw; and dws, and the fact that wy2 =
—Wq1, it follows that

dwy = W12 Awa + (fdf + gdg) A w1 + (g9df — fdg) Aws.
Since f2 + g2 = 1, fdf + gdg = 0. Thus,
dwy = W12 Awe — T Awp = (W12 — 7) Awa.
Similarly, by differentiating (2), we obtain
dws = — (W12 — T) Aws.
By the uniqueness of the connection form, we conclude finally that
w12 = W12 = T,

and this proves the first part of the lemma. The case in which the orientations
are opposite is analogous. 0O

A geometric interpretation for the 1-form 7 is given below and asserts
that, along a curve in U, 7 is the differential of the “angle function” between
e; and € along the curve; actually, what we will do is to show that it is
possible to define such a function in a way that it is differentiable.

Lemma 5. Let p € U C M be a point and let v: I — U be a curve such that
v(to) = p. Let po = angle (e1(p),€1(p)). Then

t
o(t) = / (f%% - gg{-) dt + o

18 a differentiable function such that:

cosp(t) = f, senp(t)=g, ¢(to)=wo, dp=7"T.

Proof. We first show that

f(t) cosp(t) + g(t) senp(t) = 1. 3)

To see that, notice that from the definition of ¢, we have that ¢’ = fg’' —gf’.
Thus,

(fcosp + gsenp) = f'cosyp — fsenpy’ + g'senp + gcospy’
=(9'+ fof' - f2q)senp+ (f' = 6*f' + 9fg) cos p = 0,
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where in the last equality we have used that, since f2+¢2 =1, ff'+gg' = 0.
Therefore, fcosy + gseny = const., and since

f(to) cos p(to) + g(to) sen p(to) = (f2 + ¢%)(to) = 1

we conclude (3).
It follows that

(f —cosp)® + (9 —senp)® = f> + g* —2f cosp — 2gsenp + 1 =0,

hence
cosp(t) = f(t),senp(t) = g(2),
and the lemma follows immediately. O

We are now in a position to develop the intrinsic geometry of surfaces.
The first observation is that from (1) and (2) it follows that in a oriented
surface the 2-form

wAw =W AW =0
does not depend on the choice of frames and is therefore globally defined in
M?2. The geometric meaning of the form o is obtained as follows. If v; =
ajie; + ajzez, V2 = ag1€; + azqe; are linearly independent vectors at a point
p € M, then
o(v1,v2) = det(ai;) = area (v1,v2),
where (v, v2) denotes the parallelogram generated by v; and v,. Because of
that, o is called the area element of M.
The next object of intrinsic geometry is motivated by Gauss theorem.

Proposition 2. Let M? be a Riemannian manifold of dimension two. For
each p € M, we define a number K(p) by choosing a moving frame {e1,e2}
around p and setting

dwi2(p) = —K(p)(w1 A w2)(p).

Then K(p) does not depend on the choice of frames, and it is called the
Gaussian curvature of M at p.

Proof. Let {€1,€;} be another moving frame around p. Assume first that
the orientations of the two moving frames are the same. Then

w12 = Wiz = T.
Since 7 = fdg — gdf, dr = 0, hence dwi2 = dwi2. It follows that
—Kw; Awy = dwyg = divyg = —7{-&71 AWy = —le A wo

hence K = K, as we wished.
If the orientations an opposite, we obtain
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dwiz = —dwyz, w1 Awr=-W1 AW
and the same conclusion holds. O

Another entity that does not depend on the choice of frames is the (co-
variant) derivative of vectors.

Definition 1. Let M2 be a Riemannian manifold and let Y be a differentiable
vector field on M. Let p € M, z € T,M, and consider a curve a: (—¢,€) = M
with a(0) = p, a’(0) = z. To define the covariant derivative (V.Y)(p) of Y
relative to x in p, we choose a moving frame {e;} around p, express Y (a(t))

in this frame
Y(a(t) =) e, =12,

and set

(V=Y)) = 3 (d”' ©+3 il ) ivj =12

where the convention is made that w;; = 0.
Lemma 6. The covariant derivative does not depend on the choice of frames.

Proof. Let {e1,e2} and {€1,€2} be two orthonormal frames around p. Assume
that they have the same orientation. Then

{yl = f¥ — 99, {61 = fe, — ge; (5)
Yv2 =gy + ¥, ez =ge1+ fer

where Y(a(t)) = Y vi(t)e; = >_7;(t)e;, and f, g are differentiable functions
with f2 + g2 = 1. By definition,

dy1
V.Y = ( T +w21(x)y2) e; + ( i +w12($)yl)

where the functions are taken at ¢ = 0. By using (5), and the facts that
wi2 = w2 — 7 and ff' + gg’ = 0, we arrive after a long but straightforward
computation that

dy, dy,
V.Y = ( it +W21($)y2) e+ ( T +W12($)yl) [

which proves the lemma in this case.
When the orientations of the frames are opposite, the proof is similar. 0O

The notion of covariant derivative can be used to give a geometric inter-
pretation of the connection form w;; associated to a moving frame {e;,e2}.
In fact, since e; = 1- €1 + Oez, we obtain V,e; = wi2(z)e2, hence
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wiz2(z) = (Vzer, e2).

Thus the form w2 applied to a vector z is the ez-component of the covariant
derivative Ve;.

Remark. The covariant derivative was introduced by Levi-Civitta in 1916.
For the induced metric of surfaces M2 C R3, it can be shown (See Exercise
7) that the covariant derivative V.Y is just the projection onto the tangent
plane of M of the usual derivative in R?® of Y along a curve tangent to
z. Thus, on a certain sense, V.Y is the derivative of Y as “seen from the
surface”.

Starting from the covariant derivative, we can develop all concepts of
the Riemannian geometry in dimension two (parallelism, geodesics, geodesic
curvature, etc; see, for instance, [dC] Chapter 4). In what follows, we will
present a short exposition of these ideas. M? will always be a two-dimensional
Riemannian manifold.

Definition 2. A vector field Y along a curve a: I — M? is said to be parallel
along a if VoY =0, for all ¢ € I.

Definition 3. A curve a: I — M? is a geodesic if o'(t) is a parallel field
along a.

Definition 4. Assume that M? is oriented, and let a:I — M be a differ-
entiable curve parametrized by the arc length s with o/(s) # 0, s € I. In
a neighborhood of a point a(s) € M, consider a moving frame {e;,e,} in
the orientation of M such that, restricted to a, e1(s) = o/(s). The geodesic
curvature kg of a in M is defined by

d
kg = (a'wn)(d—s),
where % is the canonical basis of R.

Proposition 3. Let a:1 — M? and {e;,e2} be as in Definition 4 (here we
don’t need to assume that M? is orientable, so that there are two possible
choices for ez ). Then e, is parallel along o if and only if a*wys = 0.

Proof. ey is parallel along « if and only if V. e; = 0. Since (V.,e;,€;) =0,
the last statement is equivalent to

0 = (Ve,e1,€2) = wi2(e1),

or to a*wy2 = 0, as we wished. ()
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Corollary. A differentiable curve a: I — M? is a geodesic if and only if its
geodesic curvature vanishes everywhere.

A geometric interpretation of the geodesic curvature is given below.

Proposition 4. Let M? be oriented and let a:I — M be a differentiable
curve parametrized by the arc length s with a'(s) # 0, s € I. Let V be a
parallel vector field along o and let ¢ = ang(V,a'(s)), where the angle is
measured in the given orientation. Then

Proof. Choose two frames {e1,e2} and {€,€2} around a(s) as follows: e; =
V/|V| and e; is normal to e; in the positive direction; & = a’(s), and &;
is normal to € in the positive direction. As usual, they are first defined
along a small interval of the curve a about a(s), and then extended to a
neighborhood of a(s) in M. Denote by w2 and @W;2 the connection forms
associated to {e;,e2} and {€;,€,}, respectively.

Now ¢ is the angle from e, to €;; ¢ is only defined up to a constant, but
dy is well defined, and

dp = oWz — a*wra.

Since e is a parallel field along a, a*w;2 = 0. Also, since € = o/(s), we have
that

= (@Bu)(3) = o) =

as we wished. a

The proof of the above proposition also contains the following interpreta-
tion of the Gaussian curvature in terms of parallel transport. Let p € M2, and
D C M be a neighborhood of p homeomorphic to a disk with smooth bound-
ary 8D. Let ¢ € 8D and Vy € TyM, |Vo| = 1, and transport V parallelly
around the closed curve D. When V returns to g, it makes an angle ¢ with
the initial position Vy. Parametrizing D as a(s), where s is the arc length
of dD, and using the frames {e;(s) = a/(s),e2(s)}, {€1(s) = V(s),e2(s)} as
in the above proof, we obtain

—/ a‘(w12)=/ dp = .
oD oD

On the other hand, by Stokes theorem,

<p=—/(9 a*(wr2) = /dwn-/Ka.

It follows, by the mean value theorem of integral calculus, that
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K(p) = lim

D—parea D’

that is, the Gaussian curvature at p measures how different from the identity
is parallel transport along small circles about p.

EXERCISES

1) (The flat torus). Let f:R? — R* be given by
f(z,y) = (cosz,sinz,cosy,siny), (z,y) € RZ

Prove that:
a) f is an immersion and f(R?) is homeomorphic to a torus,
b) The frame e; = gﬁ, e = %5 in f(R?) c R! is orthonormal in the
metric of f(R?) induced by R*. Compute w;, w, w2,
¢) The Gaussian curvature of the induced metric is identically zero.
2) (The hyperbolic plane). Let H? be the upper half-plane, that is,

H? = {(z,y) € R%y > 0}

Consider in H? the following inner product: If (z,y) € H? and u,v €

T,H?, then
(,0)p =
Yy

where u - v is the canonical inner product of R2. Prove that this is a
Riemannian metric in H? whose Gaussian curvature is K = —1; with this
Riemannian metric H? is called the hyperbolic plane.

Hint: Choose the orthonormal frame e; = %, ez = %2, where {a1,a2} is
the canonical frame of R2.

3) Let M? be a Riemannian manifold of dimension two. Let f:U ¢ R* — M
be a parametrization of M? such that f, = df(;%) and f, = df(%),
(u,v) € U, are orthogonal. Set E = (fy, fu) and G = (f,, fy). Choose an
orthonormal frame e; = f,/ VE, e3 = f,/V/G in U. Show that:

a) The associated coframe is given by

w = \/Edu, Wy = VGdv.
b) The connection form is given by

wig = —(—\/\/%’-du + i\/%dv.

Hint: Use the fact that wy2(e;) = dwi(e1,e2), i =1,2.
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5)

6)

7)

8)
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¢) The Gaussian curvature of M? is

oo L [(W/BN , (WO
VEG |\ VG ), \ VE |,
Let S? = {(z,y,2) € R%z? + y? + 22 = 1}. Prove that there exists no
differentiable nonzero vector field X on S2.

Hint: Assume the existence of such a field X. Let e; = X/|X| e consider
the orthonormal oriented frame {e;.e2}. Then dwi2 = —Kw; Awp = —0,

hence
area52=/ o= dwu=—/ wy2 =0,
S'Z S? 852 -

which is a contradiction.
Consider R? with the following inner product: If p = (z,y) € R? and
U,V € T,,Rz, then

where u - v is the canonical inner product of R? and g:R? — R is a
differentiable positive function. Prove that the Gaussian curvature of this
metric is

K = g(9zz + gyy) - (gi + gf, .

Let M? C R3 be a surface with the induced metric. Let p € M2,z € T,M?
and Y be a vector field tangent to M2 . Show that
(V.Y)(p) = projection onto T,M of (%‘@) (0),

where a: I — M is a differentiable curve, s € I, and % is the usual

derivative of vectors in R®. Conclude that a curve v(s) in M, parametrized

by the arc length s, is a geodesic in M if and only if the “acceleration”

vector %2;} in R3 is everywhere perpendicular to M.

Let 5 = {(z,y,2) € R%2® + y* + 2% = 1} be the unit sphere with the

metric induced from R3. Show that:

a) The geodesics of S? are its great circles,

b) The antipodal map A: S? — S2 given by A(z,y,2) = (—z, -y, —2) is
an isometry,

¢) The projective plane P?(R) (cf. Example 7 of Chapter 2) can be given a
Riemannian metric such that the canonical projection m: S — P?(R)
is a local isometry (that is, each p € S? has a neighborhood V such
that the restriction n/V is an isometry).

Let M? be a Riemannian manifold (of dimension two). The goal of the

exercise is to show that the Gaussian curvature K of M is identically zero
if and only if M is locally euclidean, that is, there exist local coordinates
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(u,v) around any point such that the first fundamental form I = du®+dv?.

Clearly if I is as above, K = 0. To prove the converse, proceed as follows:

a) Choose a frame {e;,e;} around p € M. Since dwy; = —Kwy Awz =0,
by Poincare’s Lemma, there exists a function ¢ defined in a neighbor-
hood V of such that df = w2,

b) Choose another frame {€;,€;} by setting ang (e;,€;) = 6. Show that
the connection form @;, of this frame vanishes identically,

c) Show that @y, = O implies that do; = dw, = 0 and use again
Poincare’s Lemma to obtain the required local coordinates.



6. The Theorem of Gauss-Bonnet
and the Theorem of Morse

1. The Theorem of Gauss-Bonnet

The considerations of the last chapter were strictly local. However, one of the
most interesting features of differential geometry is the connection between
local properties and properties that depend on the entire surface. One of the
most striking of such properties is the so-called Gauss-Bonnet theorem which
we intend to prove in this section.

In his fundamental work (Considerations on curved surfaces, 1827), Gauss
proved the special case of this theorem for geodesic triangles and foresaw its
importance for the development of differential geometry. The theorem for
more general regions is due to O. Bonnet (Jour. Ecole Polytech. 19 (1848),
1-146). With the advent of Topology, it became soon clear that a global for-
mulation of the Gauss-Bonnet theorem would be an important link between
Geometry and Topology. The extension of this result to higher dimensions
became then an important mathematical problem. After some preliminary
work by Allendoerfer and Weil, a satisfactory solution was obtained in 1944
by S.S. Chern, as an application of the method of moving frames. We will
come back to that in Remark 2 of this section.

Before starting, we want to make the general remark that any differen-
tiable manifold M™ (Hausdorff and with countable basis) can be given a
Riemannian metric. The proof depends on the existence of a partition of
unity. For the compact case (which is the only one we will use), it suffices
to define arbitrarily an inner product (,)* on each coordinate neighborhood
f*(U?) of a finite differentiable structure of M™, and to set

<’>P=Z‘pa(p)(1>:a pEM",

where ¢, is a differentiable partition of unit subordinate to the (finite) cov-
ering fo(Uy).

From now on, M will denote a compact, oriented, differentiable manifold
of dimension two. Let X be a differentiable vector field on M. A point p € M
is a singular point of X if X(p) = 0; the singular point p is isolated if there
exists a neighborhood V C M of p which contains no singular point other
than p. In what follows, it will be convenient to choose V' homeomorphic to
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an open disk in the plane. Notice that the number of isolated singular points
is finite, since M is compact.

To each isolated singular point of X, we are going to associate an integer
to be called the index of X at p, as follows. First, choose a Riemannian
metric on M, and consider the moving frame {e;, €2}, where €; = X/|X| and
ez is a unit vector field orthogonal to €; and in the orientation of M. This
determines differential forms @y, w2, @12 in V — {p}. Next, we choose another
moving frame {e;, ez}, in the same orientation as before, defined throughout
V, thus obtaining forms w;,wsz,w;2 in V. The difference

Wi —wi2 =7

is defined in V — {p}.

Now consider a simple closed curve C' that bounds a compact region of V
containing p in its interior; C will be oriented as the boundary of this region.
By Lemma 5 of Chapter 5, the restriction of 7 to C is the differential of the
angle (t) between e; and e; along C. Thus

/T:/d<p=27rI.
[ c

The integer I is called the indez of X at p.

Notice that in the definition of index we made various choices, namely,
the choice of a Riemannian metric, the choice of a frame {e;,e;}, and the
choice of a curve C. It is clearly necessary to show that the index I does not
depend on these choices.

Before that, let us look at some examples of singularities of vector fields in
the plane. Intuitively, the index is the number of “turns” given by the vector
field as we go along a simple closed curve around an isolated singularity. The
figure below (Fig. 6.1) displays some vector fields in the plane (described by
their trajectories) with isolated singularities, and their respective indices.

Lemma 1. The definition of I does not depend on the curve C.

Proof. Let C; and C2 be two simple closed curves around p, as in the def-
inition of index. Assume first that C; and C2 do not intersect and consider
the annular region A bounded by C; and C,. Let I; be the index computed
with C; and I; be the index computed with C. By Stokes theorem, and the
fact that dr = 0,

1 1 1
11—12—% ClT—E;/CZT-—g/AdT—O,

and this proves the Lemma in this case. If C; and C; intersect, we choose a
curve C3 that does not intersect both C; and C,. By applying the above, we
conclude that I = I3 = I. O
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Fig. 6.1

Lemma 2. The definition of I does not depend on the choice of the frame
{e1,e2}. More precisely, let S, = 0B, be the boundary of a disk of radius
r and center p, and consider the frame {e1, ez} of the definition. Then, the
limit

~

lim — Wig =
r—0 27 S, 12

exists, and I = I.

Proof. Let S,,,Sr, be concentric circles, 72 < 71, and let A be the annular
region bounded by S,, and S,,. By Stokes theorem,

Sry S

Notice that @j2 is not defined in B,,; however, dwj2 = —Ko is certainly
defined everywhere. It follows that any sequence

/ 512,---,/ W12y---y
S S

r T

Wio =/ dwyg — 0, asry,ry — 0. (1)
A ,

r2

with {r,} — 0, is a Cauchy sequence, hence converges. Thus the limit
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lim — Wi = j
r—0 21 Se

exists, and we want to show that I = I.
In (1), fix r; and let r; go to zero. Then

/ Wy — 27l = dwyz = — Kw, Aw,. (2)
S"] Brl B"l

On the other hand, since @12 = w12 + 7, we have

/512=/ w12+/ T= danz+/ T
s s s B, s

T 1 1 1 (3)

= - Kwy Awa + 2nl.
B.,

By (2) and (3), we conclude that I = I, as we wished. O
Lemma 3. The index does not depend on the metric.

Proof. Let (,)o and (,); be two Riemannian metrics on M. Let, for t € [0, 1],

(De=t()1+ A=) )o.

Then (,); is easily seen be a positive definite inner product on M which
varies differentiably with p. Thus (,); is a one-parameter family of metrics
on M that starts with (,)o and ends with (,);. Let Iy,I; and I; be the
corresponding indices. It is easily checked, by using Lemmas 1 and 2, that
I, is a continuous function of ¢. Being an integer, I; = const., ¢t € [0,1].
Thus Iy = I, as we wished. O

We can now state and prove the Gauss-Bonnet Theorem in the following
form.

Theorem 1. Let M? be a two-dimensional compact oriented differentiable

manifold. Let X be a differentiable vector field on M with isolated singulari-
ties p1,..., Pk whose indices are I1,...,I. Then, for any Riemannian metric

on M,
k
Ko=2n) I,

where K is the Gaussian curvature of the metric and o s its element of area.

Proof. Consider in M2 — U{p;} the frame {e; = X/|X]|, €2}, where ez is a
1
unit vector field orthogonal to e; in the orientation of M. Let us denote by
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B; a ball with center p; which is such that it contains no singular point other
than p;. From Stokes theorem, we have that

/ le/\w2="/ dD12=/ 512=Z/ W12,
M-UB; M-UB; U(8B;) T JoB;

where 9B; has the orientation induced by B; (this is the opposite of the
orientation of M — B;, hence the change of sign in the second equality). Now,
take the limit of the above, as the radii of B; go to zero, and use Lemma 2

to obtain that
/ Kuw, /\w2=27rZI,-,
M i

as we wished. O

Notice that the right hand side does not depend on the vector field X
and the left hand side does not depend on the metric. Thus we obtain the
striking conclusion that ) I; is the same for all vector fields with isolated
singularities, and [,, Ko is the same for all Riemannian metrics on M.

k
The number Z I; is called the FEuler-Poincaré characteristic of M and is

i=1
also denoted by x(M). By the above, x(M) is invariant by diffeomorphisms
and % i) u Ko does not depend on the metric on M and it is equal to this
invariant.

Remark 1. Another way of introducing x(M), for a compact surface M, is to
decompose M into a finite number of curvilinear triangles in such a way that
the intersection of two such triangles be either empty, a common edge, or a
common vertex of the triangles (such a decomposition is called a triangulation
of M and it is possible to prove that it always exists.)

Let us denote by F the total number of triangles, V the total number of
vertices and A the total number of edges of such a triangulation. By definition

x(M)=V -A+F.

We will show that, when M is orientable, this definition agrees with the
previous one. For that, choose a triangulation, and consider the vector field
in M indicated by its trajectories in Fig. 6.2 below (actually we only display
the field in two triangles of the triangulation). The indices of the vector fields
at the points B, and D are, respectively, 1,1 and —1. Thus the total sum
of the indices is

Y L=V-A+F.
L]

Since )_; I; = x(M) does not depend on the chosen field, we conclude that
V—-A+F=x(S).
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Fig. 6.2

Ezample 1. Let us compute x(M?) for the sphere S and the torus 7.

For the sphere, we choose the metric induced by R® on $? = {p €
R3; |p| = 1} for which K = 1 (cf. Example 1 of Chap. 4). Thus JsKo =
area S? = 47, hence x(S2) = 2. As a consequence, we see that every tangent
vector field on S? has at least one singularity.

For the torus T, we know that it is possible to introduce in T' a metric
with K = 0 (cf. Exercise 1 in Chap. 4). Since x(T") does not depend on the
metric, x(T) = 0.

Remark 2. The proof of the Gauss-Bonnet Theorem presented here is essen-
tially due to S.S. Chern. The crucial point of the proof is the existence of a
form @2 in M — U{p;} that depends on the vector field X but whose differ-
ential dw,2 = —Ko does not depend on X and is globally defined on M. The
idea that this was the crucial part of the proof lead Chern to give a proof
of a generalized Gauss-Bonnet theorem [CHER]. Furthermore, such an idea
opened the way for other Gauss-Bonnet type theorems and is in the basis of
the creation of the so-called Chern classes.

Remark 3. It can be shown that a surface M (connected, compact and ori-
entable) is homeomorphic to M’ if and only if x(M) = x(M’). A proof can
be found in W. Massey, [MAS).

We now go into the Gauss-Bonnet Theorem for surfaces with boundary.

Theorem 2. Let M be an oriented, compact, two-dimensional differentiable
manifold with boundary OM, and let X be a differentiable vector field on M
such that it is transversal to OM (that is, X is nowhere tangent to OM ).
Assume that the singularities py,...,pr of X are isolated, do not belong to
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OM and denote their indices by I, ..., Ix. Then, for any Riemannian metric

on M,
Ko + kods=2r ) I,
J ok [ hots =2 S

where kg is the geodesic curvature of OM and ds is the arc element of OM.

Proof. Choose a Riemannian metric on M and consider in M the orthonor-
mal oriented frame e; = X/|X|,e;. Choose, in a neighborhood V ¢ M
of OM, another oriented frame {e;,e,} such that, restricted to M, e; is
tangent to OM. Then

' = 1*wi2 + d,

where i:0M — M is the inclusion map and ¢ is the angle between e; and
e; along OM.

Let B; be a ball of center p;, ¢=1,...,k, so that B; contains no singular
point other than p;. Then

/ Ky, ANwg = -/ dys = / Wiz — / i*Wha,
M-UB; M-UB; UdB; oM

k
/ Kw, AN, +/ *wyp = Z/ Wia.
M-UB; oM i=1 /9B

But, by the definition of geodesic curvature,

/ *Wy = / i*wyg + dp = lcgds + dey.
oM oM oM oM oM

Since €, = X/|X| is nowhere tangent to M, [,,,dy = 0. Therefore, by
taking the limit when the radius of B; goes to zero, we obtain

Ko + keds =21 ) I,
/M oM © Z '

as we wished. a
The number )’ I; is again an invariant by diffeomorphisms of the (com-

pact, oriented) surface M with boundary M, and is again called the Euler-

Poincaré characteristic x(M) of M. Let us compute some examples:

hence

Ezample 2. Consider the segment of a right circular cylinder M bounded by
two parallel circles. The metric induced by R® on M has vanishing Gaussian
curvature and the two boundary circles that constitute M are geodesics in

M. Thus )
xM)=>"L= - (/MKU+/8ngds) =0.
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FEzample 3. The Euler-Poincaré characteristic of a plane disk D of radius r
is equal to one. In fact, taking the canonical metric in the plane of the disk,
we obtain that K = 0 and that the geodesic curvature of 8D is kg = 1/r.

Therefore, ) L1
X(D) = ZL = 2_;\/;[),6de= '2-7; ;27!'7"‘—‘ 1.

Remark 4. The Gauss-Bonnet Theorem still holds for compact surfaces with
boundaries and corners, that is, those surfaces for which the boundary fails
to be regular at finitely many points which are called corners. Each corner
gj, J =1,...,n, gives rise to an external angle a; (which is the positive
angle made by the tangents at the corner) and this must be added to the
total geodesic curvature, so that the theorem now reads:

n k
Ko+ kods + a;j =21 ) I,
-/M oM g ; ’ g{

The proof involves a certain number of technicalities and we will not enter
into that here.

2. The Theorem of Morse

Closely related with the Gauss-Bonnet theorem is a relation, due to Marston
Morse, between critical points of a certain class of functions on a compact
surface M2 and the topology of M2. In this section we intend to establish
this relation.

The class of functions that we have in mind can be described as follows.
As always, M? will denote an oriented compact differentiable manifold of
dimension two.

Let f: M? — R be a differentiable function on M2, The point p € M is
a critical point of f if df, = 0. If we choose any metric on M? and define a
vector field grad f by

(grad f(p),v) = dfp(v), for any v € T,M?,

we obtain that p is a critical point of f if and only if, for any metric on M2,
p is a singular point of grad f.

A critical point p of f: M2 — R is said to be nondegenerate if for some
parametrization g: U C R? — M? around p = ¢(0,0), we have that det(A) #
0, where A is the matrix

2 (] 2 o
(i <£ g &8 ij‘ yg) .
A= (0,0), (z,y) €U C R

2 2
o éyglgl ol éyfog!
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Since at a critical point the first derivatives vanish, it is easily checked that
the fact that det A # 0 does not depend on the parametrization g.

Nondegenerate critical points are the simplest type of critical points. The
behavior of the function f og = h in a neighborhood of such a point can be
easily described using Taylor’s expansion:

et b= () +2(28) o+ (20}

+ terms of higher order .

In fact, if 22 + y? is small enough, and det A # 0, the sign of d is controled
by the sign of the quadratic form in the right hand side. Thus if det A > 0,
we have one of the following alternatives:
a) d < 0 in some neighborhood of p; p is then called a point of mazimum
for f.
b) d > 0 in some neighborhood of p; p is then a point of minimum for f.
On the other hand, if det A < 0, there exist exactly two distinct directions for
which the quadratic form vanishes; for all other directions, either d is positive
(a direction of minimum) or negative (a direction of maximum). Such a point
is called a saddle point.
Now we can state the relation we want to prove

Theorem 3. (Morse) Let f: M2 — R be a differentiable function on a com-
pact oriented surface M? such that all its critical points are nondegenerate.
Let us denote by M, m, and s the number of points of mazimum, minimum
and saddle, respectively, of f. Then M — s + m does not depend on f; more
precisely,

M - s+m=x(M?).

Before going into the proof, we need some preliminary considerations.
From now on, assume that we have chosen a Riemannian metric on M?2. As
we have seen, p is a critical point of f if and only if the vector field grad f
has a singularity at p. How does the fact that p is a nondegenerate critical
point reflects on the field grad f?

To answer that question, we will need a definition.

Let X be a differentiable vector field on M2, p be a singular point of X
and g = U Cc R® > M a parametrization alound p = ¢(0,,0). In the basis
{5-, } (z,y) € U, associated to the parametrization g, we can write X

—a(zy) +ﬂ( y)

where a and § are differentiable functlons in U, and, since p is a singular
point, a(0,0) = (0,0) = 0. Let A, be the matrix of the linear part of X,
that is,
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%) (%),

(&), (&),

We say that p is a simple singularity of X if det A; # 0. This definition does
not depend on the parametrization g, since for another parametrization g,
we easily obtain

9

Az =dhoAgo(dh)7?,

where h is the change of coordinates.
We can now answer our question.

Proposition 1. Let p € M? be a critical point of a differentiable function
f:M? — R on a Riemannian manifold M%. Then p is a nondegenerate
critical point of f if and only if p is a simple singularity of grad f.

Proof. Let g:U c R? —» M? be a parametrization around p = 9(0,0) such
that (%, %) =0, for all (z,y) € U; such a parametrization always exist
(cf.[dC], §3.4). Let us compute grad f in this parametrization.

Let grad f = a 3‘?; +8 a%v and let Y = y1% + yzgg be an arbitrary
vector of Ty ,)M?. By definition,

(grad f,Y)=df(Y),
hence

9 0, _0(fey9)

) = fog)
8y’ 9y oz

ay Y2,

for all pairs (y1,¥2). Thus setting (3%, %) =g11 and (3%, %) = g22, We

btai
ovain dfog) 1 8 d(fog) 1 8
0r gn Oz 0y g2 Oy

a
n+ (

0 0
ayl(%, %) + By2(

grad f =

Observe now that it is possible to choose the parametrization g so that,
at p, g11(p) = g22(p) = 1. Thus the linear part of grad f is given, in this

parametrization, by
0’; fog) 8’1 Eoﬂ
T zOy
a=| o 0,0).
[ 0
31%:1 éy’
It now suffices to observe that both conditions in the statement of the Propo-
sition are equivalent to det(A,) # 0. O
It turns out that simple singularities of vector fields are all isolated.

Lemma 4. Let p € M? be a simple singularity of a differentiable vector field
X on M. Then p is an isolated singular point of X.
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Proof. Let g:U C R? » M? be a parametrization around p = g(0,0), and
let
0

0
X=a— =
oz + ﬂay
be the expression of X in this parametrization.

Consider the map ¢:U ¢ RZ — R? given by ¢(z,y) = (a(z, ), 8(z,1)).
Since p is a simple singularity,

det(dypo) =det A, #0, atp.

By the inverse function theorem, there exists a neighborhood V' C U of
(0,0) where ¢ is bijective. Thus if a(z,y) = B(z,y) =0, (z,y) € V, then
z =y =0, that is, in g(V') there is no singular point other than p. O

Corollary. Nondegenerate critical points of a differentiable functions f =
M? -5 R are isolated.

From Lemma 4 it follows that it makes sense to talk about the index of
a simple singularity. We will now show that they are easily computable.

Proposition 2. Let p € M? be a simple singular point of a differentiable
vector field X on M2. Then the index of X at p is either +1 (if the deter-
minant of the linear part of X is positive) or —1 (if the determinant of the
linear part of X is negative).

Proof. Since the index is local and does not depend on the choice of a
metric, we can take M2 = R? with the canonical metric, and assume that
p = (0,0) = 0. Thus X:R? — R? is a differentiable map with X(0) = 0,
and the linear part (the differential) of X at 0 is given by

dXo:R? = R?, dXy(p) = lim === ( ” p € R

Let us define a map F:R%? x I — R? by

X0p) if t#0
F(pvt)= (p,t)GszI.
dXo(p), if t=0

We claim that F is continuous. To see that, we need the following fact
from Calculus: If f:R"™ — R is differentiable and f(0,0,...,0) =0, we can

write
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1
f(zl"'~’$n)=/ in(_t_x__l’dt_’_t“i) dt
0

n 16f
= i —(t ,...,tndt;
;I/o 63:;(1:1 Tp)

then, by setting,

1 af
hg(zl,...,xn)—/o St ton)dt

we obtain that h; is differentiable, h;(0,...,0) = 38:{?(0’ ...,0), and

f(z1,...,z0) = Zz;hg(zl, ciiyTn).

It follows, by setting

X(z:l,:cg) = (a(xla:vZ): ﬂ(zlax2))’ ($1a$2) € R2’

that we can write:

a(z1,x2) = Zmihu(zl,m),
B(e1,32) = D mihoi(z1,22), =12,

where h;j, 4,7 =1,2, are differentiable functions. Since, even for ¢t = 0,

F((xl,xg),t) = (Z :l:,'hl,'(t:l,‘l,tfl:z), inhzi(t$1,t$2)),

we conclude that F is continuous, as we claimed.

F maps continuously the vector field dXo = F(p,0) to the vector field
X = F(p,1). Thus the index of X at 0 is equal to the index of d X, at 0, and
it suffices to compute the latter.

For that, consider the circle C = {(z1,72) € R%; 23 +22 =1}. Ifq1,2 €
C and q; # ¢2, since dXj is non-singular, dXo(q1) # dXo(g2). If det(dXo) >
0, the index I of dXj is positive and, by what we have just seen, cannot
be greater than one; thus I = 1. If det(dXo) < 0, the index I of dX is
negative and, by the same token, cannot be smaller than —1; Thus I = -1.
This proves the Proposition. 0

Remark. The above is just another proof of the Lemma used to prove Theo-
rem 3 in Chapter 2.

With all these preliminaries, the proof of Morse Theorem is almost im-
mediate.
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Proof of Theorem 3. Choose a Riemannian metric on M. Since the critical
points of f are nondegenerate, the singularities of grad f are isolated and
simple. Thus the index of grad f is 1, at a point where f is either maximum
or minimum, or the index of grad f is —1, at a saddle point of f. It follows
that M — s + m is equal to the sum of the indices of the singularities of
grad f. By the Gauss Bonnet theorem, such a sum does not depend on the
chosen metric or on the field grad f, and it is equal to x(M?). O

Remark. Theorem 2 is only a sample of the deep relations established by M.
Morse between the topology of differentiable manifolds and the critical points
of certain classes of differentiable functions. A beautiful introduction to the
subject is J. Milnor [MILN].

EXERCISES

1) Compute the Euler-Poincaré characteristic of
a) an ellipsoid,

b) M = {(z,y,2) € R 2> +3* + 0 = 1}.

2) Prove that there exists no Riemannian metric on a torus T such that K
is nonzero and does not change sign on T.

3) Let M? be a connected compact orientable manifold of dimension two.
Prove that the following statements are equivalent (Assume that if x(M?)
= x(—M-2) then M? is homeomorphic to M2):

a) These exists a nowhere zero differentiable vector field on M2.
b) x(M?) =0.
c) M? is homeomorphic to a torus.

4) Let M2 C R? be a regular surface in R3. Assume that M? is compact,
oriented and not homeomorphic to a sphere. Show that there exist points
in M2 for which the Gaussian curvature is positive, negative and zero.

5) Let M? be a connected, compact, oriented Riemannian manifold of dimen-
sion two such that the Gaussian curvature K is always positive. Prove that
two simple closed geodesics in M? have a common point.

6) Let f:R? — R be given by (the monkey saddle) f(z,y) = z® — 3zy?. Let
p = (0,0) € R?. Show that:

a) p is an isolated critical point of f.
b) p is a degenerate critical point.
c) The index of grad f at p is equal to —2.

7) Let z: M2 — R3 be an immersion of a two-dimensional differentiable
manifold M? into R3(i.e., a surface in R3), and let h,: M — R be the
height function, h,(p) = (z(p),v),p € M, of z relative to a fixed unit
vector v € R3(h,(p) measures the “height” of z(p) relative to a plane
through the origin and perpendicular to v.).
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Fig. 6.3

a) Show that p € M is a critical point of h, if and only if T,M Lv.

b) Show that a critical point p of h, is nondegenerate if and only the
Gaussian curvature K(p) of the surface at p is nonzero.
Hint. Choose a parametrization g:U C R?> — M? around p so that
9(0,0) = p. The condition that p is nondezenerate is given by det A # 0,

where A is the matrix (%3}'3%9;1(0)) v§,J = 1,2, Since

d%(hog) .\ _ /8*(zog)
a0 = (5200000,

A is the matrix of the second fundamental of the surface at p in the
parametrization g. But then det A = +K(p)

c) For this part assume the following version of Sard’s theorem. Let
f:M™ — N™ be a differentiable map and let ¢ € N; we call q a regular
value of f if at all points p € f~1(g) the differential df, is nonsingular
(notice that if ¢ ¢ f(M), then g is a regular value of f). Sard’s theorem
asserts that the set of reqular values of f is an open and dense subset
of N. Use Sard’s theorem and part (b) to show that then exists an
open and dense set U of the unit sphere of R® such that if v € U, all
critical points of h, are nondegenerate

8) The n-torus (a torus with n holes) is a compact orientable surface M
diffeomorphic to the surface that appears in Fig. 6.3 Consider the height
function h, of M (see Exercise 7) and choose v so that all critical points of

h, are nondegenerate (Exercise 7(e)). Use Morse’s theorem to show that

the Euler characteristic of the n-torus is 2 — 2n.

9) Let M2 C R? be a regular surface in R3, let ¢ € R%, ¢ ¢ M2, and let

f:M? — R be the function given by f,(p) = distance from p to ¢, p €

M?2, Show that:
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a) fq is differentiable

b) p € M2 is a critical point of fg if and only the straight line pg is normal
to M2,

c¢) The critical point p is degenerate if and only f,(p) = 1/k;,i = 1,2,
where k; and k. are the principal curvatures of M? at p relative to the
normal pg
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