
Problem Sheet 2 (Do Carmo: Chapter 3, Chapter 1)
Differentiable Manifolds, calculus of differential forms

I. Examples of Differentiable Manifolds

1. Real projective space. Define real projective n-space by

RPn =
(
Rn+1 \ {0}

)
/∼,

where
(x0, . . . , xn) ∼ (λx0, . . . , λxn) (λ ∈ R \ {0}).

Write [x0 : · · · : xn] for the equivalence class of (x0, . . . , xn). For i = 0, . . . , n, let

Vi = {[x0 : · · · : xn] ∈ RPn : xi ̸= 0}.

Define a map φi : Vi → Rn by dividing all coordinates by xi and omitting the ith coordinate.

(a) Prove that φi is well defined and bijective, and write down φ−1
i explicitly.

(b) Prove that the sets V0, . . . , Vn cover RPn.

(c) For i ̸= j, determine the open set φi(Vi ∩ Vj) ⊆ Rn and compute the transition map

φj ◦ φ−1
i : φi(Vi ∩ Vj) −→ φj(Vi ∩ Vj).

Prove that this transition map is smooth.

(d) Conclude that the charts (Vi, φi) give RPn the structure of a differentiable n-manifold.

(e) Show that RP1 is diffeomorphic to the circle S1.

2. The product of two differentiable manifolds. Let Mm and Nn be differentiable manifolds.
Suppose that

{(Uα, φα)} and {(Vβ, ψβ)}
are differentiable atlases for M and N , respectively. For each pair (α, β), define

Φαβ : Uα × Vβ −→ Rm+n

by
Φαβ(p, q) =

(
φα(p), ψβ(q)

)
.

(a) Prove that the sets Uα × Vβ cover M ×N and that each Φαβ is a homeomorphism onto
an open subset of Rm+n.

(b) Compute the transition map between two overlapping product charts and prove that it is
smooth.

(c) Deduce that M × N has a natural structure of a differentiable manifold of dimension
m+ n.

(d) Prove that the coordinate projections

πM :M ×N →M, πN :M ×N → N

are smooth.
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