Problem Sheet 2 (Do Carmo: Chapter 3, Chapter 1)

Differentiable Manifolds, calculus of differential forms

I. Examples of Differentiable Manifolds

1. Real projective space. Define real projective n-space by
R]Pm — (RnJrl \ {0})/N,
where
(Xoy vy ) ~ (Azg, ..., A\Tp) (A e R\ {0}).
Write [zg : - - - : 2] for the equivalence class of (zg,...,z,). For i =0,...,n, let
Vi=A{[zo: 1 zy]) € RP": x; # 0}.
Define a map ¢; : V; — R" by dividing all coordinates by x; and omitting the ith coordinate.

(a) Prove that ¢; is well defined and bijective, and write down cp;l explicitly.
(b) Prove that the sets Vp,...,V, cover RP".

c) For ¢ # j, determine the open set ¢;(V; N V;) C R™ and compute the transition map
12 J
piow; @i(VinVy) — ¢i(VinVj).
Prove that this transition map is smooth.

(d) Conclude that the charts (V;, ;) give RP" the structure of a differentiable n-manifold.
(e) Show that RP! is diffeomorphic to the circle S'.

2. The product of two differentiable manifolds. Let M™ and N" be differentiable manifolds.
Suppose that

{(Uar )} and  {(V3,4p)}
are differentiable atlases for M and N, respectively. For each pair («, [3), define
Dot Uy x Vg — R™H"
by
Dap(p,q) = (Palp), ¥s(q))-

(a) Prove that the sets U, x Vg cover M x N and that each ®,4 is a homeomorphism onto
an open subset of R,

(b) Compute the transition map between two overlapping product charts and prove that it is
smooth.

(c) Deduce that M x N has a natural structure of a differentiable manifold of dimension
m 4+ n.

(d) Prove that the coordinate projections

Ty M X N — M, N M XxN—>N

are smooth.



