MATH461 Midterm 3
May 7.

Name: . ThHMAS  BARVAS

Put away everything except a pen/pencil, eraser.

This exam contains 8§ problems.

Argue each step of your solution.

Use the back of the pages as scrap paper.
Good luck!






Problem 1 {16 points). Indicale whether the following statements are true of false:

(i) If a subspace W is spanned by & vectors then dim W = 3. T
(it} Ann xn matriz A is elways diagonalizable. ‘ ’:{
(435} R® does not have § dimensional subspaces. t’{
(iv) For any matriz A we have dim ColAT = dim RowA. E
(v) rankA + dimNulA = n, for any m x n mairiz A. ﬁ?
(vi) A wector v is in the orthogonal complement of a subspace W = span{uy, ug, ..., us} fv is " |
orthogonal to each of the vectors wy, ug, . .., Uy.
{viz) If the orthogonal projection of a vector y onto a subspace W is y itself then y is in W. T

(viii) Some orthogonal sets are not linearly independent. -y

T

Problem 2. You are given the following vectors in R®
1 1 0 -1
Uy = -1 , Ug = 1 , Uz = -1 , Y= —d
1 0
(i) (4 points) Argue that B = {ug,uz,us} is a basis of R3/

(i) (8 points }Determine the coordinate vector of y relative to the basis B. (in other words: find
the vector [¥]g)-
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Problem 3. You are given the following matriz:

e
—
S N TRy WO

(i) (8 points) Find a basis of RowA! What is dim RowA?

(i1} (4 points) What is dim ColAT? How about RankAT? How about dim NulAT? Argue your
answer!
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Problem 4. (12 points )Is the following matriz A diagonalizable? If yes, find the invertible matriz
P and dicgonal matriz D such that P~1AP = D.

13 3
A=1-3 -6 -3
3 3 1

Hint. One of the roots of the characteristic equation should be very easy to guess. Using this
information, a division of polynomials should help in finding all other roots.
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Problem 5. You are given the following matriz:

2 1
a=[4]
(i) (8 poinis) Find the complex eigenvalues and basis of each eigenspace in Cz for the matriz A.

(1) (4 points) If A is diagonalizable over C then provide the complex valued invertible matriz P
and diagonal matriz D such that P~*AP = D.
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Problem 6. You are given the following vectors in RA:

1

2 oo
1 ; Up = -1 3
-1 0

Uy = Uz =

o= o
e N R

We introduce the subspace W = Span{uy, uz, us}-
(i) (4 points) Check that B = {w1,u0, us} is an orthogonal basis of W/

(i) (8 points) Given that y is in W, write y as a linear combination of uy, ug, us.
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Problem 7. You are given the following vectors in R*:

2
&
H
[l o= o
R~
I

We introduce the subspace W = Span{uy, us, us}.

(i) (4 points) Check that B = {u1,us, us} is an orthogonal busis of W!
(it) (4 poinis) Writey asy =) + z, where § is in W and z is in W,
(ii1) (4 points) Find the distance of y from the subspace W/
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Problem 8. You are given the following vectors in R?

|

i

(i) (8 poinis) Using the Gram-Schmidt process turn the basis {uy, ug, us} into an orthogonal basis
{vlva)US}-

(i) (4 points) Turn the orthogonal basis {vi,va,va} you just obtained into an ortho-normal basis
{wn, we, wa}.
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