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Abstract

We consider a nonlinear stochastic heat equation in spatial dimension d = 2, forced by a white-in-time
multiplicative Gaussian noise with spatial correlation length & > 0 but divided by a factor of y/loge~!.
We impose a condition on the Lipschitz constant of the nonlinearity so that the problem is in the “weak
noise” regime. We show that, as & | 0, the one-point distribution of the solution converges, with the limit
characterized in terms of the solution to a forward-backward stochastic differential equation (FBSDE).
We also characterize the limiting multipoint statistics of the solution, when the points are chosen on
appropriate scales, in similar terms. Our approach is new even for the linear case, in which the FBSDE
can be solved explicitly and we recover results of Caravenna, Sun, and Zygouras (Ann. Appl. Probab.
27(5):3050-3112, 2017).

1 Introduction

Fix a Lipschitz function o : [0,c0) — [0, 00) with o (0) = 0. Define 8 = Lip(c-). We are interested in the
following two-dimensional stochastic heat equation with colored noise of spatial correlation length £ > 0,
started at constant initial condition a € R.:

1
dug q(t,x) = EAug,a(t,x)dt+ (logs_l)_%G(ug,a(t,x))dW‘g(t,x), t>0,x e R% (1.1)
Ue q(0,x) =a. (1.2)

Here we define W® = G .2/, * W, where G, (x) = ﬁe"x */21) is the two-dimensional heat kernel, dW is a

spacetime white noise, and * denotes convolution in space. The choice of mollifier is not essential, and we
restrict to this choice only to simplify some of the computations. The covariance operator of dW ¢ is formally

given by

EdW* (1,x)dW*(1',.x") = 6(t = 1')G 2 (x —x") = 6(t —1') LG (52). (1.3)

&

For € > 0, the well-posedness of the initial value problem (1.1)—(1.2) is well-known (see e.g. [36]), and we
consider the mild formulation

Ugall,x)=a+ Gi—s(x =)o (g,al(s,y) AW (s,y). (1.4)

b/

General properties of solutions to the nonlinear stochastic heat equation have previously been studied in
general spatial dimensions by many authors. We mention the non-exhaustive list of works [13, 14, 10, 8, 9].
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We are interested in taking £ | 0 and identifying nontrivial limiting behavior for the solutions of (1.1)-
(1.2). The linear problem, in which o (x) = Bx, is a particularly important special case. Here it is known
that the attenuating factor (loge™! )‘% in (1.1) is required, and that there is phase transition at 8 = V2z. The
subcritical linear problem (8 < V27) was previously studied in [4] (which we will discuss in more detail
shortly), while the critical linear problem (8 = \/ﬂ) was studied in [3, 5, 22]. It is worth mentioning that
the notion of “criticality” here is different from the one in [24, Section 8]. In the linear case, the equation is
related by the Cole—Hopf transform to the two-dimensional KPZ equation, as considered in [7, 6, 20]. The
linear problem also admits a Feynman—Kac formula [2] and thus a connection to directed polymers, with the
solution to the SPDE interpreted as the partition function of directed polymers in random environment. The
Feynman—Kac representation has proved to be very useful in analyzing properties of the solutions, but is not
available in the nonlinear case. In [4], Caravenna, Sun, and Zygouras showed that if o(x) = Bx, B € (0, V2n),
then for any fixed T > 0 and X € R?, u, (T, X) converges in distribution as & | 0 to a log-normal random
variable. Their proof used the Feynman—Kac formula to connect the problem to directed polymers, and then
worked to understand a polynomial chaos expansion in great detail.

The goal of the present paper is to study the nonlinear case in which many previously-used tools are
not available. We will show in Theorem 1.2 below that if o is S-Lipschitz, 8 € (0,V2x), then u (T, X)
converges in distribution as € | 0. The limit depends on ¢ and is obtained through the solution of a forward-
backward stochastic differential equation. Our method is also new in the linear case. In the nonlinear case,
the limit does not seem to be log-normal in general.

Part of the reason we are interested in such a problem comes from the recent progress in proving the
Edwards-Wilkinson limit of the KPZ equation [7, 6, 20, 33, 18, 29, 11] in d > 2. Most of these results rely
on the Cole-Hopf transformation which, in some sense, linearizes the problem so that one can focus on
studying the linear stochastic heat equation (as in [15, 38, 35, 23, 17, 29, 11]) and how its solution behaves
after the logarithmic transformation. For general Hamilton—Jacobi type equations, this linearization does
not exist and there are no results of this type (see a conjecture in [26, p. 5]). We hope that working on the
nonlinear stochastic heat equation could help bridge the difficulty and shed light on more nonlinear problems
such as the Hamilton—Jacobi equation. A similar effort in d > 3 was carried out in [21]. The convergence to
Edwards-Wilkinson equation in d > 2 is as random Schwartz distributions, which, in our case, corresponds to
the convergence in distribution of the random variable

Jioge~! / (100 (T.x) —al g (x)dx

for Schwartz test function g. The limiting marginal distributions of u . , play an important role in passing to
the limit of the above random variable, which we will discuss in more detail below in Remark 8.1.

In order to state our main result (Theorem 1.2 below) precisely, we first have to define the limit object.
Let {B(q)}4>0 be an 1D standard Brownian motion with the natural filtration {G, }4>0. We consider the
following system of equations, satisfied by {Z,,0(-)}4,0, With the parameters a > 0 and Q € [0,2]:

dE4,0(q) =J(Q~-q,E4,0(q))dB(q), q € (0,0]; (1.5)

Eu,0(0) = a; (1.6)
1

J(g,b)= ﬁ[Eaz(Eb,q(q»]‘”. (1.7)

The parameter a plays the role of initial data, Q is the terminal time, and the above equation can be interpreted
as follows: for the process started at a with the terminal time Q, to determine the diffusion coefficient
at any time ¢ € [0,Q], we run an independent process, starting from the current position b = Z, o(q)
and with terminal time Q —¢g. The new process at time Q — ¢ is distributed like 2, o_,(Q —¢g). Then
the square of the diffusion coefficient for the original process, at time ¢, is given by the expectation of



L(TZ(EI,,Q_C,(Q —¢q)). We emphasize that a solution to (1.5)—(1.7) consists of both a family of random
processes {E4,0()}a>0,0¢[0,2] and also a deterministic function J : [0,2] X R>9 — Ryg. That is, J is not
given as part of the data of the problem but is rather found as part of the solution. Probabilistically, the
processes E, o are not coupled in any particular way across various choices of a and Q: each £, o could
be taken to live on a different probability space. However, their laws are related through the deterministic
function J.

We note that another, equivalent, way to write the system (1.5)—(1.7) is as

dZa0(4) =3 I( [02(E0,0(0)) | G41) PdB(q), ¢ € (0,0]; (1.8)
Ea.0(0) = a. (1.9)

The formulation (1.8)—(1.9) is essentially a forward-backward stochastic differential equation (FBSDE).
Fixing a > 0 and Q € [0,2], we consider the process {(X(q),Y(q),Z(q))}4e[0,0], With all components
adapted to the filtration {G, }, >0, satisfying the coupled forward-backward stochastic differential equation

dX(q) =Y (9)dB(q),  X(0)=a, (1.10)
d¥(q) =Z(q)dB(q),  Y(Q)= —UZ(X(Q)) (1.11)

Here the equation for X (-) is forward since the initial condition is given, and the equation for Y (-) is
backward since the terminal condition is given. Because Y is supposed to be a martingale with terminal value

L o02(X(Q)), we actually have Y (g) = 41—”E[0'2(X(Q)) | G4]. As aresult, X(-) solves the same equation as
Ea,0 ().

In the FBSDE formulation, the auxiliary function J (called a “decoupling function” in the FBSDE
literature [30, 31, 19]) is not required, although it can be recovered from (1.8) by (1.7). The formulations
(1.8)~(1.9) and (1.5)—(1.7) are equivalent because the law of 2, o (Q) conditional on 2, o (q) = b is the same
as the law of 25, o_,(Q —¢g). The formulation (1.5)—(1.7) turns out to be easier to work with, since one can
first solve for the deterministic decoupling function J, and once J is known the problem (1.5)—(1.6) becomes
a standard stochastic differential equation. We refer the reader to, for example, [32] for background on
FBSDEs. We also point out that the function J?(g, b) is a viscosity solution to the quasilinear heat equation

1
8,0 = Eﬂabbﬂ; (1.12)

J*(0,b) = — 2(b) (1.13)

as can be seen by an argument similar to that of [32, Section 8.2], using the moment bound in Remark 2.1
below.

The non-Lipschitz dependence of (1.10) on Y, as well as the potentially quadratic growth of o> at infinity,
exclude the system (1.10)—(1.11) from the established well-posedness theories for FBSDEs, discussed in
[32, 31]. Nonetheless, we can prove the following well-posedness result.

Theorem 1.1. If B < V2n, then there is a unique continuous function J : [0,2] X Rs¢g — Rsq satisfying the
following conditions:

1. Foreach q € [0,2], J(q,-) is Lipschitz,
J(q,0) =0, (1.14)

and
LipJ(q,") < (4n/p*—q)'/%. (1.15)



2. For each a > 0 and Q € [0,2], the solution {E,,0(q)}o<q<o to the problem (1.5)—(1.6) (with this
choice of J) satisfies #;(EO'(EQ,Q(Q))Z)I/2 =J(Q,a). In other words, (1.7) is satisfied with g = Q
and b =a.

The proof of Theorem 1.1 is given in Section 2. Now that we have established existence and uniqueness
of solutions to (1.5)—(1.7), in the sense of Theorem 1.1, we can state our main theorem.

Theorem 1.2. If 8 < \V2x, then for any Q € [0,2] and X € R?, we have

law

Ue.a(72,X) T Ea.0(0), (1.16)

where 2, o comes from the solution to (1.5)—(1.7). For any fixed T >0 and X € R? we have
us,a(Tax) la_W)Eu,Z(z)- (1.17)
10

The constant 2 appearing (twice) in (1.17) comes from the fact that, for fixed 7 > 0, the time variables ¢
and ¢, corresponding to the ODE (1.5) and the PDE (1.1) respectively, are (informally) related by

t=T-¢19.

This is related to the fact that the noise contributes to the solution on this e-dependent exponential scale, as
we discuss more in Sections 1.1 and 1.2 below. The terminal time 2 corresponds to the G ,» in the correlation
function (1.3) for the noise: the mollification cuts off the dynamics below this scale.

Of course, even deterministic ODEs are not generally integrable in elementary terms, so we do not expect
to be able to solve the system (1.5)—(1.7) explicitly for general o-. However, in the linear case o («) = Bu, the
system can indeed be solved explicitly. In that case, we recover the log-normal fluctuations proved in [4]. We
show how to do this in Section 1.3 below.

The work [4] also dealt with limiting multipoint statistics of solutions to (1.1)—(1.2) with o(x) = Bx. It
turns out that u . 4(#1,x1) and u . 4(t2,x,) are asymptotically independent if

d((t1,x1), (12,x2)) = max{|r; — 12| /%, |x; — 22} (1.18)

is of order 1. To see a nontrivial correlation structure, we must put #, = t; + &% and x, = x; + &8 for some
a, 8 > 0. This situation persists in the nonlinear case, and we can express the limiting joint laws of multiple
points separated on these scales by a branching version of the ODE (1.5)—(1.6), as we state in the following
theorem. Note that once J has been obtained from the single-point problem (1.5)—(1.7), it is no longer
necessary to consider (1.7) in the multipoint problem: J is then simply a fixed deterministic function,
depending only on o.

Theorem 1.3. Suppose that B < V2n. Let N € N and let (t51,X¢.1),...,(Te.N-Xe.N) € RogXR? be N
space-time points, depending on €. Define the metric d as in (1.18). Suppose that

dij = l—lgi%logg d((Te,i:%6,0), (Te,j2Xs,5)) (1.19)

exists and is an element of [—o0, 1] for all i, j, and suppose that

Q =2-limlog 7. ; (1.20)

e|l0

exists, is independent of j, and is at most 2. Define

ig(j)=min{i € {1,...,N} : d;; <q}. (1.21)

4



Let J be as in the solution to (1.5)—(1.7). Let By,...,Bn be a family of N independent standard Brownian
motions. For a € R, let (I'y o, J-)j.V: | Solve the family of SDEs

dla,0,j(q) =J(Q-q.Ta,0,j()dBi_,,(h(q),  je{l,....N}; (1.22)
Ta0.,(0)=a. (1.23)
Then we have |
aw
(te.a(TejXe )] — Ta0 Q)Y (1.24)
J £10 J

The quantity d;; represents the distance between (7 ;,X¢ ;) and (7, j,X¢ ;) on the exponential scale. Of
particular note here is the ultrametricity property

dix < max{d,;,d i} (1.25)

for all i, j,k € {1,...,N}. If one restricts to a single point (N = 1) then it is of course clear that (1.22)—
(1.23) agrees with (1.5)—(1.6). For two points, if we consider 7.1 = 7.2 =T > 0 independent of & and
|xg1 —xg2| =&% withsome @ € [0,1], then Q =2, dj| =dy =—00,djp=1—a, and it is clear that 5, ¢ i is
driven by Bj in [0,2], while E, ¢ > is driven by By in [0,2a] and by B; in [2«,2]. Two extreme cases are
a=0and a =1, in which &, o1 and &, ¢ > are independent and identical respectively. In the general case,
we note that the set {ij_4/2(j) : j € {1,...,N}} only grows larger as g increases. Therefore, the members of
the family of SDEs (1.22)—(1.23) will generally start stuck together and then branch apart at times ¢ such that
1- % =d;;j for some i,j € {1,...,N}. Thus we obtain a multiscale correlation structure similar to the one
obtained in [4, Theorem 2.15 and (2.18)] for the linear case. (What we call d;; is denoted ¢; ; in [4].) Indeed,
they agree in the linear case, as we discuss in Section 1.3.

1.1 The exponential time scale

A key feature of the SPDE (1.1)—(1.2) is that, in the subcritical regime 8 < V2, it evolves on an exponential
time scale, with respect to the strength of the random noise. To see this, consider the following equation in
microscopic variables:

1
dug(t,x) = 5Aua(z,x)dt+5(r(u,,(z,x))dvv1(r,x), ug(0,°) = a,

with dW! the Gaussian noise that is white in time and smooth in space (the spatial covariance function
being G by (1.3)), and ¢ > 0 a fixed small parameter. We are interested in determining the scales on which
nontrivial effects from the random noise can be observed. As expected, it depends on the dimension through
the integrability of the heat kernel.

In d =1, the correct scale turns out to be (z,x) = %, %), where (T, X) are the corresponding macroscopic
variables as discussed for directed polymers in [1] and for SPDEs in [2, 25]. In d > 3, if 68 is small enough
so that the problem is in the weak disorder regime, one can consider an “arbitrarily long” diffusive scale
(t,x) = (%, %) with & — 0 independent of 6. The d = 2 case is very special. As observed in [4] for the linear
case o (x) = Bx, the second moment of u, satisfies a closed-form equation

202 t
OB [ fals)

1

fu(?) =Bu,(t,x)?,  fa(t)=a*+
4r Jo t—s+3

This is a Volterra equation, and one can easily analyze the asymptotic behavior of f,(¢) for large ¢ and small
o:
2 232
a . 0B
IR if . logt < 1.
=

Ja(t) =
1



Due to the dependence on logt, to see a nontrivial evolution, one should consider an exponential time scale
and let = e2/9” with 0O <2 (we used Q rather than T as the macroscopic variable here, to emphasize this
is on the exponential scale). For ¢ = (log 8_1)_%, this leads to # = £72. On the other hand, by the scaling
property of the white noise, one can easily check that, in d =2, we have

law

Upa() B (. 2),  if5=(loge™) 7.

&2’
Thus, u. (279 0) = 1,(£72,0), and from this perspective, it is natural to consider the scaling used in
(1.16), which says that for any macroscopic variable Q € [0,2], we have

_ law
ua(672,0) — E4.0(0).
£l0

1.2 Sketch of the proof

The proof of Theorem 1.2 begins with a series of approximations of the SPDE (1.1)—(1.2). Fix T > 0, X € R2.
The underlying phenomenology behind these approximations is that the contribution of the noise dW# on
an interval [T —&4,T — g9*”] to the solution u. (7, X) can be bounded from above by y!/2. Therefore, we
can “turn off” the noise on intervals [T —&%, T —%*Y],i=1,...,M, and as long as Myl/z < 1, this will not
change u. (T, X) in the limit. (We describe precisely how we choose these increments at the beginning of
Section 6.) For any A c [0, ), we define u’é, « as the solution to

1R\a(?)

A altix)= —AuA () dt+ ——Z0 (uf ,(t,x))dW* (1,x); (1.26)

loge~!
uf ,(0,x) =a. (1.27)

This comes from the problem (1.1)—(1.2) by “turning off” the noise on the set A. Section 4 is devoted to
bounding the error incurred by turning off the noise on an interval.

Letiiz o= ug" 4 With A = Uf‘fl [T —%,T — g%*7], denote the solution with the noise turned off in this
way. Fix any i = 1,...,M. Since we expect the problem to have a diffusive scaling, i ,(T — %7, x)
should contribute to u , (T, X) only for those x such that [x — X| < £(@*¥)/2_ We further choose y so that
&” < 1. The noise is turned off on the interval [T — &%, T —%*7], so iz, (T — %", -) has been subject to
the deterministic heat equation (with no noise) for the last 7 — £4*Y — (T — %) = 9 (1 — £7) ~ &9 amount of
time, and thus is essentially constant on spatial scales much smaller than £%/2. Thus, since £¥ < 1 and thus
gl@i*7)/2 « £4i/2 the main contribution of noise up until time 7 — £%*” on ug q(T,X) is via the constant
e q(T—e%%Y,X). Section 5 is devoted to bounding the error incurred by replacing the field by a (random)
constant after the solution has been subject to the deterministic heat equation for some time. In Section 6, we
define the time discretization that we use, and then iterate the results of Sections 4 and 5 to bound the total
error incurred by this approximation scheme.

Our approximation scheme approximates the solution u. (7, X) in terms of a scalar-valued Markov
chain whose ith value is i (T —€?*7,X). This Markov chain, which is also a discrete martingale, will
approximate the solution to (1.5)—(1.7). To see why, we note that step (i + 1) of the Markov chain is given
by solving the original equation (1.1)—(1.2) with the initial condition a equaling to the current value of the
Markov chain, which is ii ¢ (T — &%*Y, X), on an interval of length %% — g9+ ~ £4i*7 and then letting the
solution evolve according to the heat equation for time g%i+! — g4i+1*7 ~ g4i+1 | Although it only represents one
step of the Markov chain, approximating the solution on these time scales require running another instance of
the Markov chain for M —i steps. This corresponds to the Q — g in the argument of J in (1.5). On the other
hand, since this only represents one step of the Markov chain, only the variance is important rather than the



random value. Accounting for the averaging from the heat equation (which gives us a factor of g; — g;_1; see
Lemma 7.7 below), it turns out that this variance is approximated by the expression on the right side of (1.7)
in the limit. In particular, the fact that only the variance is important is reflected in the fact that an expectation
is taken on the right side of (1.7). Making these ideas precise is the main task of Section 7.

The fact that the diffusion coefficient of the limiting SDE can be represented in terms of statistics of
the chain itself is of course critical to proving the existence of the limit. The fact that the self-similar
structure characterizes the limit is reflected in the fact that the problem (1.5)—(1.7) is well-posed, as stated in
Theorem 1.1. This well-posedness allows us to construct the limiting diffusion coefficient and then show that
the Markov chain converges to the diffusion using standard techniques. This is the content of Section 8.

We address multipoint statistics, and prove Theorem 1.3, in Section 9. At this stage, since the problem
(1.5)—(1.7) has been solved, the function J has been identified. The Markov chains corresponding to multiple
points stay together at earlier times, but then eventually branch apart from each other as the remaining
time scale approaches the spatial separation of the points. It turns out that once they branch apart, they are
completely independent in the limit. This yields the branching diffusion structure (1.22)—(1.23).

1.3 The linear case

In this subsection, we consider the linear case o-(u#) = Bu and show that solutions to (1.5)—(1.7) have
log-normal one-point statistics, and moreover that we recover the limiting variance [4, (2.18)] obtained
in [4, Theorem 2.15]. In this case, the linearity of the problem (1.5)—(1.7) allows us to make the ansatz
J(g,b)=bJ(q), with J(q) = J(q,1). Then the problem becomes

d=2,.0(q) =J(Q-9)Ea.0(9)dB(q),  q€[0,0]; (1.28)
Ba.0(0) =a; (1.29)
J(q) = %(E&,q(q)z)”z. (1.30)

We can already see that (up to a time-change determined by J) the problem (1.28)—(1.29) is solved by a
geometric Brownian motion. It turns out that we can compute J explicitly. By It6’s formula applied to (1.28)
we have

1
d(logZ4,0)(9) = 4(Q - 9)dB(g) - 5J(Q - 9)*dg, (1.31)
and hence

0 0
2.0@) =aexo| [ 20-0)a80) -5 [ 2007 aa). (132

Taking a = 1, substituting (1.32) into (1.30), and computing the expectation, we obtain

2 o
507 =4 el [ 2024,

Differentiating this expression gives us the differential equation %1 (0)? = J(Q)*. Combining this with the

initial condition J(0) = which is evident from (1.6) and (1.7), we obtain

B
2V’
J(Q) = (4n/p*- Q)2 (1.33)

Note that the resulting J saturates the bound (1.15). Substituting (1.33) into (1.32), we have

la

W 1
= exp{S—EESZ}, (1.34)

E'a,Q(Q) =acxp

ARy
0 471-/182_(Q—q) 2 Jo 4”/B2_(Q_CI)

7



where S ~ N (0, logJ%f_zg). In the case Q =2, this agrees with the expression [4, (2.12)].

Now we address the multipoint statistics, i.e. the problem (1.22)—(1.23). As in (1.31), but now knowing
(1.33), we have

IO dg
Vanjpi—(0-q) 87/B*-2(Q-q)

From this linear SDE we see that the family (logI'y o, ;(Q)) ;V: , 1s jointly Gaussian. All of the means are
equal as

d(logra,Q,J’) (q) =

1 9 dg 1 4r | B>
E[logTa.0.;(Q)] = ——/ —— = log—
@0 2Jo 4n/B-(Q-q) 2 “4n/pP-0Q
as in (1.34). The covariance structure is given by
Cov(1ogTa.0./(Q)10gT0.0,(@)) = [ %
ov(logl'y,0,:(Q),logl'y o,/ = -t
o o (qel0.2] < ir_qpp(D)=ii_qi2()} 47/ B* = (Q = q) (1.35)
/2—2% dg | 4n /B> - Q+2-2d;; ‘
= = Og .
0 4r/B*-(Q~q) 4n/B*-Q

The second equality is by the ultrametricity property (1.25) of the d;s. For Q =2, (1.35) is the same as the
covariance structure [4, (2.18)] obtained in [4, Theorem 2.15].

2 Proof of Theorem 1.1

In this section we prove Theorem 1.1, establishing the well-posedness of the limiting problem. The analysis
here is essentially independent of the rest of the paper.

Proof of Theorem 1.1. 1If g : [0,0] X Rsg — Ry is continuous, is Lipschitz in the second variable, and

satisfies g(-,0) =0, then for each @ > 0 and Q € [0,2] we let Ei 0 solve the problem

g} ,(a) =5(0~-q.E} ,(9))dB(q); 2.1)
Ea00) =a. 2.2)

It is standard that (2.1)—(2.2) has a unique strong solution with continuous sample paths almost surely, and
that this solution is positive with probability 1. (For the last property see e.g. [34, Lemma 2.1].) We write
(2.1)—(2.2) in the mild formulation

q
2 0(a) = a+/0 (0 ~5,E% ,(5))dB;.

Define

Qe(Q.a) = ﬁ(Ea(Ea,Q(Q»Z)I/Z.

We note that J satisfies the condition 2 in the statement of the theorem if and only if QJ = J. We will show
that there is a unique such fixed point J under the additional assumption that condition 1 in the statement of
the theorem is satisfied.

To this end, let X be the Banach space of continuous functions f : Rso — R such that f(0) = 0 and the

norm
|/ (@)l

1 /1lx = sup

a>0



is finite. Let M/ be the Banach space of continuous functions g : [0,2] X R>g — R such that g(g,0) =0 for all
q € [0,2] and the norm

lelly = sup eR®al8@dl .
q€[0,2] a
a>0
is finite, where we have defined
3
4r /B>
==k e

Finally, let Z c Y be the closed subset defined by
Z= {g €Y : g(g,a)>0forall (¢,a) € [0,2] xRsg and Lipg(q,-) < (4n/B*—q)~"/* for all ¢ € [0, 2]} .

Thus, we are done if we can show that the map Q has a unique fixed point in Z, and we will do this by
showing that Q maps Z into itself and moreover is a contraction on Z.
Step 1: L? bound. If g € Z, by the fact that g(g,0) = 0 we have g(g,x) < Lipg(q,-)x for any x > 0, so

q EEin(p)2

q
= 2_ 2 = 2 2
=) =a"+ E -p,B dp <a“+ ——=—dp.
apl@) =a /0 8(Q-p.E; o(p))°dp<a /0 g —0+pF
By Gronwall’s inequality, this means that
- 7 ! /B> -0 +q
:i Q(q)2 < azexp{/ 2—dp} :az-’B—z. (2.5)
’ o 4/ -Q+p 4n/B>-Q

Step 2: Q maps Z to itself. Let g € Z. Ttis clear that Qg(g,0) = 0 for all g € [0,2]. It remains to check
that Qg is continuous and Lip(Qg(gq,-)) < (47/B*—¢q)~"/? for all ¢ € [0,2]. For the Lipschitz property, we
have

Qg(0.0)-Qg(0.b)| = ﬁ |(Bor (22 (0022 - (Bor (5§ (002
ﬁ _ _ 1/2
<5 (BIEL 0@ -2, F) . 2.6)

Now we note that, for any ¢ < O, we have
E[Z ,(9)-E} ,(9)]* = (a=b)’ +/OqE[g(Q -p.ES 5(p) -g(Q-p.ES ,(p)]*dp
< (a=02+ [ Lip(g(Q - p )V EIES o(0) -5, o (1) 4.
By Gronwall’s inequality, this means that
E[ES ,(9)~Ef 5 (@] < (a—b)zeXP{/OqLip(g(Q—p,-))zdS}-

Using this in (2.6), we have

1Q2(0.a)~ Qg(0.b)| < L—la—b] {1/QL' (2(0—p.)7d }
g\, a g\, —2\/;0 expzo 1p(g P P

1 re
%la —blexp {5 ‘/0 Lip(g(p,-))> dp} ;



SO 0
Lip(Q¢(0.) < 5 \Fexp{l /0 Lip(g(p,->>2dp}.

Therefore, since
Lip(g(p.-)) < (4 /B> = p)~'/2,

we also have

Lip(Qs(0.)) < P—ex p{l / Q;dp}=(4ﬂ/ﬁ2—Q)‘”2-
2\ o 4n/B-p

Next we show that for each a > 0, Qg(+,a) is continuous on [0,2]. The argument is rather standard and
similar to the above discussion, so we do not provide all details. Taking 0 < Q; < Q> < 2, we have

Q5(01.0)~Q(02.0)] = 5= (BI ,(00 -5 o, (020F)

For any ¢ < Q1, we write the difference as

B8 o, (Q1)~ES , (02) =ES , (01)-EE 5, (Q)+ES , (Q1)-E5 , (0.
and the first term can be estimated as follows: for any ¢ < Q1,
=0, (1)~ 0,0 = [ 8(01-5.85 6, (D48~ [ o055 o, (9)a.
01 a,Qs 0 a,Qi 0 a,Qy

which yields
EIE% (@) ~E o, (@) <2 / Elg(Q1-5.25 , (5) = 8(Q2- 5,55 ()7 ds

q
+2/0 E|g(Q2—S,Ei,Q1(S))—g(Qz—S,Ei,QZ(S)NZdS =L +D.

The term [, can be bounded from above by

2 [ Lip(e(02 5. PBIES ,(5) -5 o, (9P .

For I, the integrand
E[g(Q1 - 5.ES () ~g(Q2-5.ES , ()]

is bounded, and converges to zero as O, — Q1 for each s, by the dominated convergence theorem, (2.5) and
the fact that g is continuous in the first variable and g(g,x) < Cx for all x > 0, ¢ € [0,2]. Therefore, invoking
Gronwall’s inequality again, we obtain

EIES , (0)-ES 5, (QDIP =0,  asQ»— Q.

A simpler argument shows that

E|E% , (02)-ES , (01 =0, as 02 — Q).

Therefore, Qg(-,a) is continuous, so @ maps Z to itself.
Step 3: contraction. Let g1, g, € Z. Then we have

q
By o(@)—EY (q)=/0 [§1(Q-p.E] ,(P) —82(Q - p.ET ,(P)]dB(p),

10



SO
q
BISo -1 = [ Els1(Q-p S0 () - 5200~ n S5 (m)Fd

< 2'/0 (”(gl _gZ)(Q—p,)HE\, EilQ(P)2+Llp(g2(Q D ))ZE[.—gl —Esz](p)z) dp

a ) o 4n/B-Q+p EIE-Elo1(p)
_2‘/0‘ (||(81—82)(Q_p,')”xa ’ 47T/,82—Q + 471'/,32—Q+p P

with the last inequality by (2.5). By Gronwall’s inequality, this means that

=81 _ =& 2 2 ! _ -p,- 24ﬂ/ﬁ2_Q+p ) {/q 2 }
E[E, B ol@)"<2a (/O (g1 —82)(Q—p.o)lIx /-0 dp |exp 5 47T/ﬁ2_Q+pdp

. (AnIB=0+a)* [ 47/ = Q+p
—2a (B2 M- pli LS ap,

In particular, we have

E[EY ,-E%,1(0)* <24 ( fe )3/Q||(g1—gz)(p,-)ll2 dp.
a0~ Za,0 = dn/B% - 0 X

Then we have

(@Qs1-Qe2) (0.0 = [(Eor (251, (0)))* ~ (B (B2, (@) | < PEIZE (0) 222, ()1

an)p? \> 4
%) | 1= .

This implies that, as long as 8 < V2, for all g € [0,2] we have

<2a*p? (

1(@e1-Qg) (.1 < 2ﬂ2(4ﬂ—/ﬂ2)3 [ ie@-e) 1R
oA An/B*-q) Jo P
Therefore,
1Qg1 - Qgally = sup eRP|(Qg1-Qg2)(q.)IIx
q€[0,2]
o(_4n1B\ argprg [ 2
< sup 2] 20 [
q€l0,2] 4r /B> -2 0 X
3
4r/B? 1 1
<2 o2 = o — a2
<B (471/[32—2) RGB) llg1 —g2lly 2||g1 22015
where we recalled R(8) was defined in (2.4). Therefore, Q is a contraction on Z (equipped with the norm
inherited from V) and so Q admits a unique fixed point in Z, which is what we needed to show. O

Remark 2.1. By stochastic comparison principle for SDEs [12] and the fact that the geometric Brownian
motion (i.e. a log-normal random variable) has finite positive moments of all orders, we see that EE,, o (9)k <
oo for all k € [0, 00) as well.

11



3 Moment bounds

The next several sections will work towards a proof of Theorem 1.2. In order to carry out our analysis, we
will need some bounds on the moments of the solutions to (1.1)—(1.2). We establish these in this section.
Moment bounds depend crucially on the subcriticality of the problem, which for us means 8 < V2r. We
will assume throughout the paper that this is true without further comment. We also now fix a time horizon
Ty € [1, 00) which will also remain fixed throughout the paper. Furthermore, fix gy € (0, 1] so that

2 log(1+2&72T;
B~ log(1+2e7T)

1
4 loge™! -1

for all € € (0,&0]. The condition that 8 < V27 means that such an g exists. As we are ultimately interested in
the limit £ | 0, the condition (3.1) is simply a convenience so that various quantities are finite. In Definition 3.5
below, we fix a constant K < oo, which depends on S, €9, and Ty, and will appear in upper bounds throughout
the paper.

Proposition 3.1. There exist constants p > 2 and K < oo (depending on Ty and ) so that, for all € € (0,&],
alla >0, and all t € [0,Tp],x € R%, we have

Eu. ,(t,x)P < KPaP. (3.2)

Proof. Let v, solve the linear problem given by (1.1)—(1.2) with o (u) = Bu. By [6, (5.11)], for any
p € [1,2n/B%+1) we have a constant K so that Ev. 4(t,x)? < KPaP. Using the stochastic comparison
principle proved in [9, (E-4)], since o (u) < Bu forall u € [0,00) we have Eu . ,(t,x)P <Ev ,(t,x)? < KPaP.
By the assumption that 8 < V27, we have 27r/82+1 > 2, so we can choose p > 2 as required. O

Remark 3.2. The case p =2 in (3.2) is much simpler than the case p > 2. Indeed, the p = 2 case is a special
case of Proposition 3.3 below. On the other hand, the proof of the moment bound for p > 2 in [6] for the
linear case uses hypercontractivity, and the stochastic comparison principle [9] takes a substantial amount of
analysis to prove. Most of the analysis in this paper will be in the L? setting, so we will mostly use the p =2
case. However, we will rely on some tightness statements that require a higher moment bound.

The following proposition gives an L? bound on the difference of two solutions started at different initial
conditions. Recall that u*g‘, 4 solves the problem (1.26)—(1.27), with the noise turned off on the set of times A.
The problem (1.26)—(1.27) has the mild formulation

ug,a(t,x) =a+ /G,_s(x—y)a(u’g’a(s,y))dWs(s,y). 3.3)

ol
loge=! Jio.r\A

Proposition 3.3. There exists a constant K < oo (depending on Ty and B) so that, for all € € (0,&9], ay,az >0,
T € [0,Ty], x € R?, and measurable A C [0,0), we have

12
(E[ug,az(t,x)—u‘g’al(t,x)]z) < Kl|az —ay|. (3.4)
In particular, for any a > 0,
A 2\'/?
(Eus’a(t,x) ) <Ka. (3.5)

In fact, (3.4) and (3.5) hold with

2 2\ ~1/2
K:(I—E-M) . (3.6)

4 loge™!

12



Of course, a very important special case is when A = (. Then the bounds (3.4) and (3.5) just involve u ¢ 4.
(In the latter case this of course is a special case of Proposition 3.1.)

Proof. Since (3.5) is just (3.4) with a, = a and a; = 0, it suffices to prove (3.4). Subtracting two copies of
(3.3) (with a = a1 and a = a;) and taking second moments, we obtain

E(uf ,, (t,x) —ufs , (1,x))?

= (612—611)2
/Ot]\A”//En [0 (g, (5,7:)) =0 (e al(svyi))]Gt—s(X—yi))G82(y1 —y5)dy;dy,ds
ﬁz /t E|u£ az(s x) Ms ,aj (S x)|2 ds

2rloge! 2(t —s) +&2

logs 1

< (ay—a)*+

Then (3.4) follows from Lemma 3.4 below. O
It remains to prove the lemma used above, which will also be useful in the future.

Lemma 3.4. Forall € € (0,g0], all a >0, and all T € [0,Ty], the following holds. Let f : [0,T] — [0, 0) be

such that ) )
2 B ! S
f()<a“+ /0

2rloge™! 2(t—s)+&2

forallt € [0,T]. Then, forallt € [0,T], we have

a2

1 B2 log(1+28721)
4r log &~!

f) <

Proof. Define [O,t]i ={(s1,...,8j) € [0,¢]7 |51 <--- < s;}. Then we have

o0 j J

ft)<a Z—(47rlogs 1)1/ l_[s 1—sk+52/2dslmdsj

=1

s 2j J 1 5 o IBZj t 1 J
< . —dri---dr; = - d
a Z:: (47rlogg‘1)J /[0,,11'1]1*]-+82/2 " rp=a ]Z:(:) (4nloge1)J (‘/0 r+&%/2 r)

a2

J
2 -2 _
Z (47-(10g -1 10g(1 +2¢ t)) - 1— ,8_2 . log(142&72¢) ’
4r log &~1

3.7

where we used (3.1) for the last identity. O

To avoid having to constantly quantify constants, we now fix our essential constant once and for all.

Definition 3.5. Fix
-1/2

Ko> sup

£€(0,&

2 -2
(1_,8 2+log(1+26™71) (3.8)
]

4 loge™!
large enough so that Propositions 3.1 and 3.3 hold with K = Kj.

13



By (3.6) and the proof of [6, (5.11)], we see that we could take

~ _ -1/2
_ B> 2+log(1+2&7%1)
Ko= b \'7an ™ oge

£€(0,&9] ge

for some 3 € (B, V27). The precise form of Ky will not be important for us (although at one point we will
directly use the explicit expression (3.6)). The extra summand of 2 in the lower limit condition (3.8) for K
(compared to (3.6)) is to allow Kj to also suffice for bounds in later sections. (See the proofs of Lemmas 4.3
and 5.2 below.)

Now we can bootstrap Proposition 3.3 to obtain a stronger bound on the variance of the solution.

Proposition 3.6. Ifa > 0, € € [0,&g), and A C [0, 00) is measurable, then

-2
(Bl o (1) —a]z)l/2 < /; ‘i/l;), /log(kl);jj 2 (3.9)

Of course, for 7 of order 1, the bound (3.9) is redundant to (3.5). It will be used when ¢ is chosen small so
that log(1+&72t) < loge™.

Proof. Similar to the computation in Proposition 3.3, we have

2
E[uf ,(t,x)—a]* < A /
0

" 2rlogeT!

4 El,t‘;‘,a(s,x)2
2(t—s) +&2 >

and then (3.9) follows from (3.5). O

4 Turning off the noise on an interval

As discussed in the introduction, an important part of our argument will be turning off the noise in the
equation (1.1)—(1.2) for a certain set of times, and comparing the resulting solution to the original solution.
In this section we bound the error incurred by this noise shutoff procedure when the noise is shut off on a
single interval. In Section 6, we will iterate this procedure to turn off the noise on multiple intervals. For now
our goal is to prove the following proposition.

Proposition 4.1. Let A C [0, 00) and suppose that supA < 11 < 1 < Ty. Then for any t € [12,Ty] and any
x € R? we have

2
E (u’g,a(t,x) - u?’ua[ﬂ’h] (t,x)) <

K, B*a* t-n+&*2  ,
" 4rloge!

gl—T2+82/2 o)

Proof. Subtracting two copies of the mild formulation (3.3) (with the sets A and AU [, 2] respectively),
we have

u?,a (t’x) - u?,kil[n o] (t7x)

Gios(x = y)o (uf o (5,))dW*(s,y)

=1
loge=! J[0.r]\A

/ Gy (x =)o (™) (5, 1)) AW (5. )

=g
loge=! J[0.e1\(AU[71,72])

Gios(x =)0 (s 4 (5,7)) AW (s, )

=l
- loge™! J7

Nun— Gios (=) [ 4 (5,3) = o (e d ™™ (5,9))1 dWE (s, ).
1 1
vioge™ Jn

14



In the second inequality we used that u‘9 o(t,X) = U, a[T‘ 7] (t,x) whenever ¢ < 7|. Taking the second moment,
we have for all ¢ > 7, that

E( (tx) —u A Tz}(t,x))z

1 i 2
= — / //ng (1 —yz)El_[ (Gt—s(x—yi)O'(M?,a(S,yi))) dyidy>ds
loge™" J+, i

t 2
/ // G (1 =32 [ [ (Grms =y [0 o (s.00) = (bl ™ ™) (5,3))] ) dyr dyzds
2 i=1

loge™!
P / Buta(sy)? P / Elugo(s0)—uea 1
T 2rloge™! Jo 2(t—s)+&2 2rloge™! J,, 2(t—s) +&2
2a’K? f— 2/9 2 s, uAU[Tl 73] 5,9)]2
< B 0 1o T +&°/ N B / E[u? a(8,y) = (s,3)] ds. @.1)
drloge™' Tr-m+&%/2 4rmloge! J,, t—s+&2/2
In the last inequality we used (3.5). Now if we put
_ Aufr.ra] 2
f()=Elu (T2+I X)—ug (m+t,x)] , >0, 4.2)
then (4.1) can be rewritten as
202K2 pyp— 2/n > :
f(t) < 0 log tnonte/ + A / f1s) ds.
4drloge! t+&2/2 drloge™ Jo t—s+&2/2

Now we apply Lemma 4.3 below with M = (477)‘1,82a2K§ and r = 7, — 7. This gives us

Kypa’ 147y — 2/2

0 2—T1+€& / 2

1) < +K;].

) 4drloge™! °8 r+&2/2 0)

Recalling the definition (4.2) completes the proof. O

We will prove Lemma 4.3, which we used in the above proof, shortly. First we need a preliminary lemma.

Lemma 4.2. Foranyt,r,e > 0 we have

t+r+2/2

t log t 2/2
/ ﬂds§(2+log(l+28_2t)) 1+10gL€/ .
0o t—s+&%/2 t+&2/2
Proof. We write
t+r+e2/2 t+r+&%/2
/ log s+.92/2 /t/2 / log S+82/2 ds
0 t—s+82/2 (/2 t—s+82/2
2 t 2/2 t 22\ ! 1
s—/ log THES2 4oy (1og EEHES / ds. (4.3)
t Jo s+&2/2 t/2+&%/2 ) Jo t—s+&%/2
Now we have
ty 22 2 iy t 2/2 t 2/2
/ log TIFE2 qo E10g FET2 L 10g TEIFET2 (1 410g IELZ) gy
0 s+&2/2 2 g2/2 t+&%/2 t+&2/2
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Also, we have

2 2 2
t+r+e°/2 2t+2r+e¢ t+r+e-/2
1 =1 <log2+log————. 4.5
°8 t/2+&%/2 R 0goTiog +&2/2 *3)
Using (4.4) and (4.5) in (4.3), we have
tlogt::; [2 2 2
72 t+r+e°/2 t+r+e°/2 )
———————ds <2+2log————— +(log2+log ————— | log(1 +2&™“¢
/0 t—s+&2/2 > ©8 t+&%/2 (og o8 t+&%/2 og(1+2&771)
t+r+g/2
< (2+1log(1+2 ‘Zt) 1+log———= 4.6
(2:+10g( e)( og +82/2) “.6)
which was the claim. O
Lemma 4.3. Let € € (0,&9] and M,r > 0, suppose that f satisfies the bound
M t+r+g%/2 2 !
£ < log Fr¥e 2, B / f(s) 4.7)
loge™! t+&£2/2  dmloge™! Jy t—s+&2/2
forall't € [0,To], and sup, (o 1,1 | f (1)| < 00. Then we have
KM t+r+&2/2
0 2
) < 1 4.8
) loge™! (og r+&%/2 0) (48)
forallt € [0,Ty].
Proof. Suppose that
2
t 2
£(1) < By long/ +B,. 4.9)
+&2/2

By assumption, this inequality holds with By =0 and By = sup,¢[o 7, |/ (#)|. Substituting (4.9) into the r.h.s.
of (4.7), we have

2
£l < M t+r+82/2+ B? ‘/tB 10gs+r+;:/£ +Bzd
lo s
loge~! g t+£2/2  drloge=! Jo t—s+&2/2
2 2  log £+e 2 2 -2
< M o t+r+e /2+ B B / s+£2/2 d +/3 Brlog(1+2&~ TO) 4.10)
< s .
loge™! g t+&2/2  Amloge™' Jo t—s+&2/2 drloge!
For the middle term of the above inequality, we have
t log s+r+;; 2/2 t log t+r+‘29 2/2 e/
/ L/zdss‘/ Lﬂdss(2+log(l+2s_2t)) I +log Fr¥e/2 .11
0o t—s+&%/2 0o t—s+&%/2 t+&%/2

by Lemma 4.2. Substituting (4.11) into (4.10), we have

M t 2/2 ’B t 2/2 2By log(1+2&72Ty
F(0) < ogltrre /2, BB (2+1og(1+2g—2t)) | +log Fr*e/2) , B Balog(1+257T)

loge~! t+&2/2  4mloge! +&2/2 4rloge!

1 ’B t 2/2 ’B

_ B 1(2+10g(1+28_2t))+M log Fr¥e /2, BB (2+1og(1+2g—2t))

loge™!\ 4rn t+&2/2  4drloge™!

/3232 log(1+272Ty)

4rloge~!

t+r+82/2
t+&%/2

M
< ((1_K62)B1+10g8‘1)10 +Bl+(1—K62)B2,
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where in the last inequality we used (3.8). Define Bio) =0and B;O) = sup, co,51 |/ ()], so for each n > 0,
(4.9) holds with

_ pln) _ —2 p(n-1)
B, =B" = (1-K;*)B, +1ogs—1’ (4.12)
By=B" =B" V1 (1-k;%)B" V. (4.13)
From (4.12) we conclude that
K2M
B < 20— (4.14)
loge~
for all n. Then we have from (4.13) that
g o KoM (1-K-2)B"D
2 = 1Og8_1 + 0 2 ’
SO 4
KiM
limsup BY" < ——. (4.15)
N—s00 loge™
Using (4.14) and (4.15) in (4.9), we obtain (4.8). u

S Replacing a smoothed field with a constant

In Section 4, we estimated the effect on the solution of turning off the noise on a given time interval. In this
section we seek a further simplification. After an interval of time in which the noise has been turned off,
the resulting solution will have been undergoing nothing more than the deterministic heat equation on that
interval. Therefore, it will have been smoothed, with a strength depending on the length of the interval. By
restricting our attention to a comparatively small spatial region, we would expect that the solution may be
replaced by a constant at the end of this interval. The following proposition is to quantify the induced error
when we replace the solution by a (random) constant at the end of each “quiet” interval.

Proposition 5.1. Let A C [0,00) be measurable and let T) < 1y < T be such that » = sup A and [11,72] C A.
Fix X € R? and let v solve the problem

1
dv(t,x) = 5Av(t,x)dt+ (logg_l)_%a'(v(t,x))dW‘g(t,x), t>1,xeR% 5.D
v(T,Xx) = u?aa(Tz,X). (5.2)

Then we have, for all t € [12,T] and € < e_Kg, that

23(t—72)+|x—X|2

A 2 4
E(v-ug ,)(t,x)" < Kja
-1

(5.3)

Proof. We first note that M’g’a(Tz,X) = / Gz (X - y)ufg"a(n,y)dy, since u’g,a solves the deterministic
heat equation in the time interval [71,72]. Then, we have for any ¢ > 1, that

=)= [ 160 (X=3) = Goory (e (1)
+\/$/T:/G"S(x_y)[o-(v(s’y))_O'(”?,a(syy))]dwg(s,y),
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Taking the second moment, we obtain

B0 -l ) s [[ Eﬂ oo (X =30 =G, (=)l o (1,30 ) s

(5.4)
o / J[ 60 yz)El_[ (s =y v (5,30 =t o (5301 ) dyr dyzds = 1 + .
For the first term, we estimate by the Cauchy—Schwarz inequality (on the probability space) that
12 \?
I < ( [ 16 (=)= Gy (6= )1 (B o (1.97?) dy)
< K3 IG oy (X =) = Gy (1= )71 ey (5.5)

where the second inequality is by (3.5). By Pinsker’s inequality (see e.g. [27, Lemma 1.5.3 and Theorem
1.5.4]), we have

||GT2—T1 (X_')_Gt—ﬂ (x )”Ll RZ) S2DKL(Gt—‘I'l (x_')“GTz—T] (X_))7 (56)

where Dxp denotes the Kullback-Leibler divergence. Then we can compute explicitly (see e.g. [27, Theorem
1.8.2]) that

-7 t—71 X —x|? t—72+l|X—x|2
Diw(Grry (1 =) |Gy (X =) =log 2D g LT, Xoal IRl sy
-7 -1 2(n-7) -7
Substituting (5.7) into (5.6) and then into (5.5), we have
2.2
I < [2(t— 1) +|X —x|]. (5.8)
-7

Considering the second term of (5.4), we first apply the inequality |ab| < %(a2 +b?) and use the symmetry
in y,y2 to derive

ﬁZ
loge™!

I< / Gros(t=Y)Gy_yrur (= E[v(5.y) — e 4(s.3)]dyds.

Recalling the simple fact that in d =2,

1
G, ()Gh(-) = mGrlﬂz(-), (5.9
for any #1,1, > 0, we further obtain
wrogr ), | O s
< ——— 70 wsie E dyds. 5.10
4rloge™! o t—s+e2)2 <2(t<s)+g2)(x VE[v(s,y) - M (S }’)] ydas ( )

Using (5.8) and (5.10) in (5.4), we obtain

2.2
E(v—ul )(1.0)? < K“T (20t =) +]X —x[?]

b [ [ o6 i (=BG )Py

2(t- Y)+F
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Thus the hypotheses of Lemma 5.2 below are satisfied with

t— K2a?
f(t,x) =E@—ul ) (1,%)?, Ay =2K2d®—=, Ay=—20—,
T T
from which we obtain
2(t - K5 (t—1 - X2
E(v—u? )(t,x)* < Kja? (1=m), FKy (1) = X ,
’ -1 2n(n-1)loge™!  m-T1
hence (5.3), since we have Kg < loge™! by assumption. O

It remains to prove the lemma we used above.

Lemma 5.2. Suppose that 0 <7 <T < T, sup,c( 1] xer? |f(1,X)| < 0, and there exist constants Ay, Az
such that

=l e T
1,x) <A+ Ay — X4 ——— ——————G () tosie - ,y)dyd 5.11
Ft.0) 1+ Azl = X| drloge! J; r—s+82/2 2(,):;);,822) (x=2)f(s.y)dyds G-I
forallt € [7,T] and all x € R%. Then, for all t € [t,T] and all x € R?, we have
B(1-1)

T——— KAy + Agx - X|*|. (5.12)
2rloge~

f(t,x) <K} (A1 FRER AR
Proof. Suppose that
f(t,y) < Bi+Boly—X|? (5.13)

forall t € [,T] and all y € R?, where B;, B, > 0 are constants. Of course this holds for

B = sup |f(t,x)|, B, =0.
te[r,T],xeR?

Assuming (5.13), we compute from (5.11) that

132 t 1
f(t.x) <A +A2|X—X|2+W m(}mgmﬁgz) (x—=y)[Bi+Baly—X|*]dyds. (5.14)
T

2(t—s)+s2

Now we can evaluate the spatial integral by noting that

2(t—5)(t—s+&%)

/Gm)(,mz) (x=y)ly-XPdy= +lx-XP <i-s+&+lx-X|.

2(t-s)+&2 2(t—s)+ &2
This implies that
G(t s) (1— Y+F2) ('x y) t
Bi+By(t—s+&%)+By|x - X|?
2(t-s) 2 1 2 2
B1+Bs|y—X|"]dyds < ds
/ / l—S+82/2 [Bi+Boly = X" dy /T t—s+&2/2

t—T+&%/2
£2/2

Substituting this back into (5.14) and rearranging (also recalling (3.8)), we obtain

< (31 +lex—X|2) log +2By(1-7) < (31 +Bylx—X]| )1og(1 +2672T) +2By (1 — 7).

2
F(6.x) < Ay + Ay — XP+ —P [(B1 +lex—X|2)log(l+2s_2T) +2By(1-7)
4rloge™!
2 [—
<(a+0-k2)8+ 2D g, +(A2+(1—K52)Bz) - X[, (5.15)
2rloge!
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0 0
Let Bi ) = SUP;e[7.11,xer? | (£, X)], B§ ) = 0, and

2
() _ 2 1) BIE=T) pnen)
Bl —A1+(1—KO )Bl +Wg3_132 , (516)

B = Ay +(1-K;?)B Y (5.17)

for each n > 1. By (5.15) and induction, (5.13) holds with B; = B" and B, = B\ for all n. From (5.17) we
see that
(n) 2
B, <KjA,

for all n, and thus from (5.16) we obtain

2
. (n) _ 2 B (t—7)
llrl;l'l_)Sol;lpB1 SKO A]+Wg8_1KOA2 .

Using the last two displays in (5.13), we obtain (5.12). O

6 The time discretization and the approximating functions

In this section, we will iterate Propositions 4.1 and Proposition 5.1 on many subintervals of time to construct
a discrete Markov chain which approximates the marginal distribution of the solution to the SPDE. First we
construct these intervals, which will correspond to our time-discretization scheme.

6.1 The time discretization

Our approximation scheme will ultimately be focused on approximating the distribution of u . , at a single
space-time point (7', X). The time intervals of interest thus depend on the terminal time 7.
For € € (0,&¢], define 6, v, {s, and A, such that

(loge™) ' <y, <62 <1, <1, (6.1)
67ler”s <« 1, (6.2)
(loge H ' < ¢, <1, (6.3)

where the notation f (&) < g(&) means that f(g) < g(&) for all £ and h?(} é ((;) =0. To avoid introducing
&

further constants later on, we further assume that

max{s“,s‘sb‘/z} <1/2 (6.4)
for all £ > 0. The choices of the parameters will become more clear later.
Now we define, for T > g2 1=,
S =M% and s/, =gMoetVe (6.5)
and
tm=T —5Sm and t,=T-s. (6.6)

Note that these quantities all depend on &, and t,,, and ¢,, also depend on 7', but we suppress this to simplify
notations. We note that the time of interest 7', unlike the time horizon Ty, is not fixed throughout the paper.
However, whenever we use t,, and t,,, the T of current interest will be clear from the context.
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Define

My(e,T) =[6."og, T 1, (6.7)
My(e) = 65" (2-¢s)]. (6.8)

Thus M (&,T) +1 is the least integer m so that 1, > 0, and M, (&) is the greatest integer m so that s,, > £>~%¢.
For example, for fixed T > 0 independent of &, we have for sufficiently small & that

-1, ifT>1,

Mi(e.T) = { 0, ifTe(0,1).

For the discrete time Markov chain to be constructed, the starting point in time will be given by M| (g,T),
and the ending point will be given by M;(&). We note for future use that

My(g)—M(e,T)+1 <6, (2-log,.T). (6.9)

Note that by the assumption of 6, > v and £¥¢ < 1, we have

tmp1 =T —M0e%08 5 T gM0et¥e —y!

t) =T —gm0*Ve > T —gMoe =y,

Thus we can write

[trr,(e1)stp, ] =11V DL, with ) = Ufig‘;l)(gj) (tmot),], D= uﬁ‘:j\jl)(‘;n (1), tm+1].
To approximate u . (T, X), we will turn off the noise in /;, which are those “quiet” intervals. For each m,
we first solve the deterministic heat equation in the interval [#,,,¢,,]. Then we replace the solution at (z,,-)
by its value at (¢,,, X). In the next “noisy” interval [¢,,,?,+1], we solve the stochastic heat equation with
the corresponding “constant” initial data. The error incurred in those “quiet” intervals will be quantified by
Proposition 4.1, and is negligible as € — 0 by the assumption y. < §2. The error incurred by modifying
the initial data for those “noisy” intervals will be quantified by Proposition 5.1, and goes to zero by the
assumption of 63127 < 1.
In the inequality (6.9), we need log . T < 2 for all & < 1 so that the above construction makes sense with
M, (g) > M, (g,T), and this prevents us from considering those T of order O(&?). From Proposition 3.6, we
already know that, if T is chosen so that log(1+2£72T) < loge™!, the random noise plays no role in the short
interval [0,T], and we have u. ,(T,x) — a as € — 0. Therefore, those small T can be treated separately
without constructing the Markov chain. To unify the notations, we use the following conventions:

1. If T > &=, we have 2—log, T > 6, and M| (&,T), M, (&) are defined as above.
2. If T € [0,6271=], we have log(1+2&2T) < loge~! and hence u . (T) — a as € — 0, and we simply

define M, (&,T) = M(g) = 1.

6.2 The approximating functions

As we have mentioned, our approximation will be focused on a particular terminal space-time point (7, X).
So in this section we fix T > 0, X € R2. To define our approximation, we introduce a sequence of functions
{w(m)}m:Ml(E,T) ,,,,, M (&) as follows. Define

WM (T Zy (6.10)
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Form € {M(&,T)+1,...,Ms(g)}, let {w™ (z,x) : t >t/ ,x € R?} be the solution to
dw ™ (1,x) = —Aw(m)(t x)dt+(loge ™) 2o (w™ (1,x))dW* (1,x),  t>1,.x € R%, (6.11)
w™ (17,,x) = / Gt (X =)W D (1, y)dy,  xeR% (6.12)

Therefore, w(™ solves (1.1)—(1.2) but with constant initial condition at time t;,. Recall that X is fixed which
is our reference spatial point. We also emphasize that the function w™ depends on the parameters ¢,a,T, X,
and the simplified notation w"™ = (m) TX will be used when there is no confusion. We will make the
dependence explicit when needed. It is worth mentioning that for those T < £2~1¢, we only have one element
in the chain which is w(») = Ug,q

To compare u, , with w(™ it turns out to be convenient to introduce another sequence of functions
{wm Ym=M, (&,T),....M(&)- Define wim (1,x) > t,, X € R?} as the solution to

1 IR\ [1y1,07 1(2)
A (1,y) = =A% (1,x)dr 4+ L7 gom (4 )aw e (1,x), 1> 1. x€RE, (6.13)
2 Vloge!
W (17, x) = / Gt X =)W D (1, y)dy,  xeREm> M (e,T)+1, (6.14)
wMIED) (0 x) = a. (6.15)

It is easy to check that the initial condition (6.12) is equivalent to

w™ (1! x)=wm D X) (6.16)
and indeed (6.14) can be replaced by the initial condition

W (17,,x) =" (17, X) (6.17)

as well. Thus, for each m > M, (&,T), we initiate w(™ and (™ with the same data at 7 = t;,, with wm)
solving the usual stochastic heat equation in # > ¢/, and w "™ solving the equation with the noise turned off in
[tm+1,t,/n+1]-

Our goal in this section is to estimate the approximation error |w™ (¢,x) —u, o (t,x)| fort >t/ , x €
R?, and m € {M,(&,T),...,M>(g)}. By definition, we have wM1(&T) =y . thus by applying triangle
inequality it suffices to estimate w ™ —w("~Dfor each m. We briefly explain below how it will be achieved,
by applying the results from Sections 4 and 5. First, through w("~!) we can write the difference as

w™ (1,x) =w ™ VD (1, x) = [w™ (£,x) = "D (1,0) ] + WV (6, x) —=w D (1,x)], t>1, xR
We bound the two terms separately:

1. For the first error term w ™ (¢,x) —w "~V (1,x), we recall three facts (i) w™ (¢/,,-) = w" D (¢! . X);
(i) w1 solves the deterministic heat equation in the interval [z,,,¢,,]; (iii) for ¢ > ¢, w ()
and w1 solve the same stochastic heat equation. Therefore, the difference of w(™ (z,x) from
w =D (¢,x) only comes from replacing the initial data "~V (¢’ ,-) by its value at X, which can be
quantified by Proposition 5.1.

2. For the second error term w1 (¢,x) —w "D (z,x), we have

wm D@ Ly =w @ ) =w R LX),

m—1°

The equations satisfied by w1 and "~V in ¢ > t’._, are the same except that the noise is turned
off in [¢,,,7,] for w1 Therefore, the error only comes from turning off the noise in [7,,,/,]. This
can be quantified by Proposition 4.1.
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The following proposition is the main result of the section.

Proposition 6.1. Suppose that C, — oo as € — 0 and ¢ € [0, 1) is a fixed constant. Define the set
Setye = {(T,a,k,t,x): T € [0,Tyl, a >0, Mi(&,T)+1 <k < My(e),t € [T —ce*®=*7= T], x e R*}.

Then we have

1/2
k

(E(”&“ - wi’L’T’X)(Z,X)Z)
lim sup

=0. (6.18)
el (TakixveSen. @(1+Ceek0e2x—X])

In order to prove Proposition 6.1, we need the following second moment bound.

Lemma 6.2. There is a constant K1 < oo so that if T € [0,Tp], € € (0,&0], m € {M,(&,T),...,M(g)}, a>0,
then we have for all x € R? that
Ew'™ | (th.x)? < Kld?, (6.19)

£,a,

Proof. Throughout the proof, we will again use the simplified notation w ("™, ™_ Consider a fixed m. For
allz >t/ . by the mild formulation of the equation satisfied by wm=1) and (6.17), we have

1
1/ //Gt s(X=yD)Gi-s(X =y2)G 2(y1 - y2)
loge™ Ji i\ [tn.th]

B[ (5D (5,31)a (77 (5,y2)) | dy1 dya ds

2 E ~(m—1) X 2
X)2+’8—1 / oG, 2) I gs. (6.20)
2rrloge RN 2(t—s5)+e

Eiv" (6, X)? =Ew "2 (1], . X)*+

<Ew"m 2 (¢

m—1°

Here we used the fact that v ("~1) is stationary in the spatial variable. By Lemma 3.4, this implies that
Ew "D (1,X)* < KZEw ™2 (¢! |, X)%.

Substituting this back into (6.20), taking 7 = ¢,,, and recalling (6.16), we have

232
KyB /Zm 1 ds
4rloge! v th,—s+&%/2

22 ’ ’
PO L VO
4rloge™! th—tm |

Ew™ (17, X)> =Ew " V(1) X)? <Ew"™ 2 (¢!, X)?[1+

<Ew"2 (¢! |, X)? (6.21)

The logarithm can be estimated as

tr/n t’ 8(m—1)68+75 — 8m6g+y£ 878_68 —_gYe
lo =lo =log=——“
£ t —Im g gMmbs _ gmbs+ys g 1—-g7e

e _1
<ocloge™,
—876

< 6zloge ! +log 1

where the last inequality is by (6.4). Substituting this back into (6.21), we have

K2B%6
Ew™ () X)?=Ex™ V(' X)? <Ew"™ 2 X)? 1+&).
JT

ml’
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Iterating this and recalling (6.9), we have for all x € R?,

K2/325 m—Ml(s,T) ﬂz
Ew™ (1],,x)? = Ew™(t},,X)* < K2a® 1+ 04—‘9) < Kja’exp {4—K368(m — M, (s,T))}
TT T
2-log.T
< Kgazexp{ng,BZKg}

for all m < M;(&). The exponential on the right-hand side is uniformly bounded over all T < Tj and all
g € (0,g¢], so we obtain (6.19). O

Now we can prove Proposition 6.1.

Proof of Proposition 6.1. For any t € [T —cg™%*Y= T], we clearly have ¢ > t/,. By Proposition 5.1 and
Lemma 6.2, we have

3(t—t),)+|x—X|?
tr/n_tm
3(t—t,’n)+|x—X|2)

1y —tm

E(w™ — (" V) (1,x)% < K¢ ( )Efv<’"‘”(t;n_1,X)2

(6.22)

< KgKia* (

We have 1], —t,, = ™% (1 —g7%) € [1em%2, M9 ] by (6.4), and t — 1], < T —t,, = ™%=*7= by (6.6), s0 (6.22)
yields

E(w ™ —70"0) (1,07 < KiKa? (6677 +267%|x — X ). (023)

On the other hand, by Proposition 4.1 and Lemma 6.2, we have for all # > ¢;, that

2 14
K t—tm+&2/2
E(w(m—l)_w(m—l))(t,x)ZS B 0 m+e”/ +K§ Ew(’"‘2)(t,’n_1,X)2
4drloge™! t—ty+&%[2
2 pd g2 2
_ BKiKa L=tm+&2[2 o) (6.24)
~ 4nrloge! t—tj+e2/2 0

We have t —t,, <T —t,,, = ™% and t —t}, > T —ce™%*Ys —t! = (1—c)&™%*7= 50 (6.24) gives us

log ﬁ +K3
loge™! |’

2
EGw Y —wm D) (1,x)? < 4’1K3K%a2 Yo+ (6.25)
T

Iterating (6.23) and (6.25) and using the triangle inequality, we get

(v ez ) o)

k { 1 2
log— +K
SKgKla E 6878/2+28_m6‘°‘/2|x—X|+—18 y‘lg/2+ A - 0
m=M, (£.T)+1 v loge

1/2 1
/2+/3)/g/ y9og —+Ko

+ +4|x — X|g7k0=/2

2\m Vloge™!

where in the last inequality we used (6.9) and (6.4). The first summand in the square brackets goes to O as
£ | 0by (6.1) and (6.2). Thus we obtain (6.18). O

< KjKia |(2-log,T)5,' |67
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7 The discrete martingale

The key advantage of the approximation carried out in Proposition 6.1 is that we now have an essentially
one-dimensional problem. Note from the definitions (6.11)—(6.14) that if we (fix once and for all X € R? and)
define

Ys,a,T (Ml (8, T)) =da;

Year(m)=wl = (t,.X),  Mi(eT)+1<m<Me),

then the process {Ys 4.7 (M) }m=m, (&,1),....M> (&) 15 both a Markov chain (with respect to its own filtration)
and a martingale. Recall that for those small T € [0, &> <], we have defined M, (&,T) = M»(g) =1, and in
this case we simply let Y. .7 (M (e,T)) =Ye a7 (M2(€)) =ttg o(T,X).

7.1 Approximating the one-point SPDE solution by the Markov chain

In this section we show that Y. , 7 (M>(&)), atits terminal time M; (&), is a good approximation for u o (T, X)
(in fact, for u . 4(T,x) if x is close to X). Most of the work has already been done in Proposition 6.1.

Proposition 7.1. We have

(E(Ye.07 (Ma(€)) — g (T,2))%) "/

lim sup =0. (7.1)
£l0 Te[0,Ty] a(l+& x—X])
a>0,x€R2
Proof. By Proposition 6.1 (choosing C,. = £7%/2 — oo by (6.3)), we have
12
| (B, — w250 (7, 7?)
lim sup - =0. (7.2)
el0 7e(0.] a(l+e72(M2(&)0e48e) | X))
a>0,xeR?

’

_ o 2—{e—0¢
Ma(e) = Shy(e) < SMa(e) S & °7°¢, we have

Moreover, by Proposition 3.6, Lemma 6.2 and the fact that 7 —¢

1 1/2
(B0 ~ Y0 (Ma(2))?)

_ , 12
K, 1/2 (log(1+2&2(T —t ))
. BKo (EW(Mz(s)) (tl/\/lz(s)’X)z) ( M (&)

= 2a\/7_r &,a,T . X 10g =
< PKoK; log(1+2&=¢s=05)
~ 2n loge™! ’
and the quantity on the right side goes to 0 uniformly in 7', a,x by (6.1) and (6.3). This, along with (7.2),
implies (7.1). )

The following spatial regularity statement for u . (7', ) is a consequence of Proposition 7.1, so we record
it here for future use.

Corollary 7.2. We have

1/2
. (E(tte,a(T,x1) = tt,0(T,x2))%)"
lim  sup

el07 e[0.1y],a>0 a(l+&7x —xz])
x1,x2€R?

=0.
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Proof. By spatial homogeneity, we can assume that x; = X. Then the result follows immediately by writing

(E(us,a(T,xl) - ”s,a(T’XZ))z)l/z < Z (E(us,a(Taxi) _Ys,a,T (MZ(S)))z)l/z

2
i=1

and applying Proposition 7.1 to both terms. O

7.2 The martingale differences

The approximation result in Proposition 7.1 motivates us to study the discrete martingale {Y. 4.7 (m)},,. Our
ultimate goal will be to show that it approximates a continuous martingale (coming from a solution to (1.5)—
(1.7)) as € | 0. We will use the martingale problem approach as explained in [37, Section 11.2], and en route
it will be important to understand some statistical properties of the increments Y, ,7(m) =Yz o7 (m—1)
conditional on Y. 4 7 (m — 1), a task to which we now set ourselves. The first observation is that, due to the
independence of dW# on disjoint time intervals, if we define

Zs,a,m = / Gsm—s;n (X_Z)us,a(sin_l — Smo Z) dz, M, (8’T) +1<m< MZ(E)a (7.3)

(with s, s, defined as in (6.5)) then

LaW[Ys,a,T (m) | Ys,a,T (m—1)=>b] =Law Zs,b,m- (7.4)

7.2.1 Martingale difference variances

Our first interest is in the conditional variance Var[Y. ,7(m) | Ye.qr(m—1) =b] = VarZ p_m, and we
proceed to study this quantity. The first step is to approximate it by a simpler quantity using the regularity
established in Corollary 7.2. An important role will be played by the function J : (—c0,2+log -1 To] XR9 —
R defined by

1 -
Js(Qaa) = ﬁ(EU(ua,a(‘gz q’x))Z)l/Z. (75)
As u 4 is stationary in the spatial variable, the r.h.s. of (7.5) does not depend on x. Here
g € (—00,2+log -1 Ty] corresponds to £279 € (0,T],

i.e., we parameterize J. on an exponential scale in time, which is natural in light of Lemma 7.5 below. This
section has two main results. First, we show how to use J. to approximate VarZ p, ;'

Proposition 7.3. We have

lim sup a6 VarZe g m = Jo(2— (m—1)85,a)*| = 0. (7.6)
£10 T €[0,7y]
M (e, T)+1<m<M;(&)

Also, we will prove the following compactness result for the family {J.} ¢, which will help us in our
limit procedure:

Proposition 7.4. For any sequence i | O, there is a subsequence gy, | 0 and a continuous function J :
[0,2] XRsp — Ry so that
gli_)n(}o Jer, [10,21xRo0 =7 (1.7

uniformly on compact subsets of [0,2] X Rxo.

26



As we assumed that Ty > 1, each J . is indeed defined on [0,2]xR5o. We will prove Proposition 7.4 first,
since the intermediate results will be useful in the proof of Proposition 7.3. We need two preparatory lemmas,
addressing the regularity of J. in ¢ and in a. First we address the regularity in g.

Lemma 7.5. Forall e,a >0 and q1,q> € (—,2+log -1 Tp], we have

2 2
0 (qu—ql|”2+Ko(10g8‘1)‘”2). (7.8)

ap
[V2(q2,a) = Js(q1,a)| <
Proof. Assume g1 < q5. Define I, = [0,£%~% — £2791]. We can write

101,00 = (.0 = 52 (ol (62,0 P = (B a2 .0)") )

) ) 2 1/2
< B E( Igsa 0 x)—u, (8270, ) ) )
\/_( ug,(e X)—Ugq(e X)

In the first equality we used the fact that
_ 1 _
ule (72, x) B ug (6779, x),

where u{; « 18 defined as in (1.26)—(1.27), i.e., the noise is turned off in /.. Now we apply Proposition 4.1
witht=&>%, A=0, 1 =0, and 7, = 2792 — £2791 {0 obtain

ap’K? / a2 4+ g2/2
J , —J , < 1 + K 79
|Ve(q1,a) —J&(q2.a)l 47{\/@ 0g82—cn +&2/2 0 7

aB2K2
47

as claimed. O

> (Ig2 - g11"+ Ko(loge™)™"2), (7.10)

Now we address the regularity of J. in a. Later on, we will also use the following result to prove that
(1.15) is satisfied for the limits of {J.} . as € | 0. Thus we need the explicit constant in the middle expression
of (7.11).

Lemma 7.6. For all € € (0,&¢], g € (—0,2+1log_-1Tp], and ay,az > 0, we have

4 log(1+2&79)\ "2
e(q,a2) —Je(g,a1)| < ([?_logT laz—ail < Flaz—al (7.11)
In particular, for all a > 0, we have
ClK()
|Ve(g,a)| < /;/77. (7.12)

Proof. We have

e(g.a1) =T e(g.a2)] = % (B (. (6279,00)) 2 = (B (1,05 (6, 20))

L (Bl (67,2 = .y () 2)

2\/_
B 2 2- 2\!'/?
< ﬁ (E[ug,a1 (e79,x) —ug,q,(79,x)] ) ,
and then the first inequality in (7.11) follows from (3.4) with the explicit constant (3.6). The second inequality
in (7.11) is then just (3.8). The bound (7.12) comes from (7.11) with a; = a and a; = 0. O
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Given the regularity results in Lemmas 7.5 and 7.6, the compactness of the family (J) is straightforward.

Proof of Proposition 7.4. By Lemmas 7.5 and 7.6, along with a simple modification of the Arzela—Ascoli
theorem to account for the second term on the r.h.s. of (7.8) (see e.g. [16, Lemma A.4]), we can extract a
suitable subsequence and pass to the limit on any rectangular subset of [0,2] X Rsq. Taking an increasing
sequence of rectangles that exhausts [0,2] X R5( and using a diagonalization argument, we obtain the desired
limit and convergence (7.7). O

Now we turn to the proof of Proposition 7.3. We first prove the following intermediate result.

Lemma 7.7. Define

1 S ™Sm - J (2 -1log, s,a)? 1 Sm-175m B (g q(s,X))?
Veam=——— ds = . ds.
T loge! Jo s = Sm—s+e?]2 2rloge™! Jo 2(s! | =S —5)+e?
(7.13)
Then we have, for any fixed Ty < oo, that
V —VarZ
lim sup Ve.a.m = saml _ o (7.14)
£10 T €[0,Tp] a0

M (&, T)+1<m<M; (&)

Proof. We can first write (recalling (7.3))

1 S ~Sm
Zg’a,m :a+—/ Gsm—s;n(X_Z)‘/ / Gs;n_l—sm—s(z_y)o-(”s,a(s’y))dWE(S’Y) dZ
Vloge~! 0

1 8)_1=Sm
:a+—/ 1 /Gsr —sp—s (X =)o (ug a(s,y))dW=(s,y). (7.15)
yloge=1 Jo e

Therefore, we have

1 Sy ~Sm 2
VarZe a,m = —_1/ //ng(m -n)E[ ] (Gs’ _l-s,;,-s(X—yi)tf(ug,a(s,yi))) dy;dyads.
loge= Jo i m

(7.16)
Now we have, by spatial homogeneity, that

Eo'(ua,a(S’YI))O'(ua,a(svyZ)) = Eo'(us,a(saX))O'(ua,a(st+)’1 _)’2))~
We also have (using the Cauchy—Schwarz inequality) that
|E0-(us,a(s’yl))o-(us,a(s’yZ)) _Eo-(us,a(s’yl))2| < EO’(“a,a(S,)’1))|0'(Ms,a(S,y1)) - O-(us,a(s’yZ)”
1/2

< (Buras.907) " (Bltssals.00) ~uealsy?)

so by (3.5) and Corollary 7.2 we have a function f satisfying li?(} f(e)=0and
&

S[gp | |E0—(u8,a(s’yl))o—(us,a(s’yZ)) _Eo—(us,a(s’yl))2| < a2(1+8_1 |y1 _y2|)f(8) (717)
s€[0,Ty

y1,y2€R?
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for all y1,y, € R and all @ > 0. Now we note that

17 5m
/ G rmsms X316, s (X =31 (3 =3 VB (5 dydy s

logs 1
ml —Sm
: / [ Gopmiams X=3)Gy i (X 3B ()2 dyds
logs m-1
—Sm E X 2
—_1/ B 7 (it s,a (5, X)) ~ds =V am. (7.18)
2rloge 2(s) _ —Sm—S)te

where in the second-to-last identity we used spatial homogeneity. Subtracting (7.16) and (7.18) and applying
(7.17), we have

|V£,a,m - Varzs,a,ml
2

()a? [ Sm-175m B (7.19)
S{ )_1 ]_[Gsf_,_sfm_s(X—yi) G o2 (yi=y2) (14 [y1 = y2l) dyr dyads.
oge ~ Jo =1
2
If we define h(r) = (2m)~'e=7 (1+7) for r > 0, then the last double integral is equal to
2
JTTT60, s =30 &0 1 - yahavi v
i=1
D h(lyl)dy
< /8 2h(s™yl) dy /G ' mses (X =) dy / —,
-1 " 4n (s —Sm—S5)
where the inequality is Young’s convolution inequality. Substituting this back into (7.19), we have
f(&)a® [ h(lyhdy [smi=sm 1
|Vg,a,m—Vang,a,m| 4 / 1 / ,—ds
nmloge 0 s = Sm—S
(8)a2/h(|yl)dy St = Sm J‘(«S)az/h(lyl)dy1 gYe7% —g¥e
4rloge! Sm—Sm 4rloge! l-gve
From this and (6.1) we obtain (7.14). O

In Lemma 7.5 we derived the regularity of J in time (where time is taken on an exponential scale). Since
log,. s varies slowly on most of the interval [0,s/ _, —s;], it should be plausible that we could approximate
Je(2-log, s,a)? by

Je(2=log, s/ ,a)?=Jc(2—=(m=1)8c—yea)? 2 Jo (2~ (m—1)5¢,a)*
in (7.13). Indeed we can, and that is how we will prove Proposition 7.3.
Proof of Proposition 7.3. In light of (7.14), Lemma 7.5 and (7.12), it suffices to show that
lim sup a2 1e(2=(m=1)6o~y6.0)* =65 Veam| =0
£l0 T €[0,Tp]

M (e, T)+1<m<M; (&)

We will compare both J (2 — (m —1)§ s~y ¢,a)? and 6! Ve 4 m to the intermediate quantity

\% o J8(2_(m_1)68_78,a)2 /'s;/nﬁsm 1

= ds
g,a,m —
loge~! S 1= Sm s+&2/2

Je2-(m=1)6,-vs,a)* Io gYe708 — g¥e 4 g2z [)
B loge™! 1 —g¥e +g2mée |2
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First, we have

|Js(2 - (I’}’l - 1)58_7& a)Z - 6;1‘7€,a,m|
1 8'}’5_55 —g¥e +82_m5£ /2

=J.(2—=(m=1)6s—ys.a)?|1-
é‘( (m ) & 78 Cl) 5510g5_1 Og 1_878 +82_m68/2

’

and from this, (7.12) of Lemma 7.6, (6.1), and (6.8) we have

lim sup a2 [Jo(2=(m=1)85~y5.a)* =6, Vs am| = 0. (7.20)
£l0 T €[0,To]
M, (&, T)+1<m<M; (&)

On the other hand, we have by (7.12) and (7.9) that

6;1 Va,a,m_vs,a,m|
1 /S:n—]_sm |Jg(2— (m=1)8e—ye,a)*—J(2-log, s,a)2| d
\)
0

< -
A S = Sm—s+e/2
s, +&2/2
2BK? /s;,,_l—Sm log 5= + Ko |
T 4n325 ,(loge1)3 Jo Sty = Sm—s+&2/2
’ 2 2
223 13 T log Sm1*e /2 _s
a K Sm-1"5m g 2 Ye=0s _ Ve
< F . [/ : ne 2 ds+(1+K0)log;] (7.21)
47325 ,(loge=1)2 L Jo S~ Sm—s+&*/2 1-gYe
For the first term in brackets, we have by Lemma 4.2 (applied with z = s’ | —s;, and r = s,) that
, , ) 422
Spuo1 =S 10g % 5 st g2
/ - - s 5ds < (2+log(1+28_ (s;n_l—s,’n))) 1 +log— —
0 S~ Sm—S+e*/2 S~ Smtes/2
1
< (2+log(1 +28_2+(’”_1)68+78)) 1 +log )
1 —g%

The second bracketed factor goes to 1 as & | 0 (recalling (6.1)) while the first factor is bounded by a constant
times loge~!. On the other hand, the second term in brackets on the right side of (7.21) is bounded by a
constant times ¢ . log &1, Therefore, there is a constant C < oo so that

21| C
a 2551 |V£,a,m_Vs,a,m| < —|(1+(58),
5s(loge™1)2

and the right side goes to 0 as € | O (uniformly in a and in T € [0,Tp]) by (6.1). This and (7.20) imply
(7.6). O

7.2.2 Higher moments

For tightness purposes, we will also need an upper bound on a higher moment of Z 5, ,,,. Let p > 2 be as in
Proposition 3.1.

Proposition 7.8. We have

. Elzs,a,mlp

lim sup sup — 5 <™. (7.22)
£l0 a>0 apég/
My (&,T)+1<m<M(&)
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Proof. Fix e, m and define the martingale

Z(r)y=a+ =sin—s (X =y)0 (Ug,a(s5,y)) AW (s, y), r>0,

1 r
==/
loge=! Jo "

so by (7.15) we have Z¢ 4 m = Z(s/,_, —Sm). The quadratic variation process is

@0 == [ [ 6011 ﬁ[ (G s (X =300 (s 370)) Ay dyads.

By the Burkholder—Davis—Gundy inequality (see e.g. [28, Proposition 4.4]), we have a constant C, < o0 s0
that

E|Z aml” < CLE[(Z)(s],_ —sm)] P2 (7.23)
By the inequality

2
00,05 70) (532D < a3 (532,

we can estimate the quadratic variation as

ﬂZ r
(Z)(r) < oz Jo Gy msta-s (X =9)Gy g o2 (X =Y)ga(s,y)*dyds
’82 /r 1 / 5
= G —sh,—s) (s —sh,—s+& X - s dyds.
Arloge Jo ), | —spu—s+&%/2 Gt i) ) i y (X )eals,y) dyds

2(sm_1 s/ —.s)+s

By Jensen’s inequality we have

/2-1
p r
O L p— / ! i
(4rloge™ NP2 \Jo s/ | —sp—s+&2/2

G s/ s, =) (s’ —s) —s+& X - u S, pd dS
./ / sm—s+82/2 s 5t 5y st-sre?) (X = V)0 (s, 7)P dy

Z(S;nil—s;ﬂ—s)hez
’ ’ /2-1
< A log S ~Sm_\" .
(4rloge=1)p/2 ,'n_l —Sm—T
G (8" =Shy=s) (s’ —sh—s+e?) (X - y)ué?,a(s7 )’)p dy ds.
/ / Sm - S+82/2 m_lz(s;n_l—xr’;_—iﬂaz
Taking expectations and using spatial homogeneity, we have

p Y —y p/2

AN L — (1og Jusl o ) sup Eita(5.y)”.
(47T1 oge™ )p/ m_l—Sm—F s€[0,r]

Substituting r =5/, _, — 5., and recalling (7.23) and Proposition 3.1, we have

O e L A . L A
s (47rlog_;§¢s‘1)l’/2 Sm—Sm (4nloge=1)p/2 1—gve '
From this and (6.1) we see (7.22). O
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8 Proof of Theorem 1.2

In this section we complete the proof of Theorem 1.2. The key remaining step is to show the convergence of
the Markov chain defined in Section 7 to a continuous diffusion. The technology for doing this is well-known,
through the martingale problem of Stroock and Varadhan. We will essentially use [37, Theorem 11.2.3] as a
black box, but we state a special case in a form convenient for us in Appendix A.

Proof of Theorem 1.2. Suppose that & | 0 and J : [0,2] X R59 — R are such that

Jerl[0.21xRs0 — (8.1

uniformly on compact subsets of [0,2] X R>g. By Lemma 7.6, this implies in particular that J is uniformly
Lipschitz in its second argument. For Q € [0,2] and a > 0, we consider the stochastic differential equation

A=) ,(9)=J(2-4.E] ,(9))dB(g),  q€(2-0Q.2]; 8.2)
g, 0(2-0)=a, (8.3)

where B is a standard Brownian motion. Since J is Lipschitz in the spatial variable, the problem (8.2)—(8.3)
has a unique strong solution (given Q and J). For the moment, the limit J may depend on the sequence {&},
as may the solution to (8.3).

Suppose that {Q . € [0,2]} >0 is such that

=1 8.4
0 ;?(}Qs (8.4)
. 2-Q¢ :
exists. Define T, =&, ~*. We claim that
1 =
toya(Top X) —— Bf 5(2). (8.5)
By Proposition 7.1, it suffices to show that
1 =
Vora,, (Ma(er) — &) 5(2). (8.6)

We now explain how (8.6) follows from Theorem A.1 with A} =2—-0, A, =2, and L(q,b) =J(2—q,b). From
(6.7)—(6.8) and (8.4) we have 6, M (&k,Tg,) = 2—Q and 6., M>(gx) — 2 as k — oo. The condition (A.1)
is verified by Proposition 7.3, while the condition (A.2) is verified by Proposition 7.8. Thus Theorem A.1
applies and we obtain (8.6) and thus (8.5).

We note that the family of random variables {0 (¢, . (Te,,X))*}x>1 is uniformly integrable by the p > 2
moment bound in Proposition 3.1, so from (8.5) we can derive

= lim J = lim ——(E 1. x02) = L (Br@ ) 8.7
JQ.) = Jim Juy (Q.0) = Jim = (B a(Teyn XIP) = 5 (Br @ p20) 7 87)

The problem (8.2), (8.3), (8.7) agrees with the problem (1.5)—(1.7) by the change of variables

Ba.0(q) =8, 5(q+2-0Q). (8.8)

Note also that
J(Q’O) = khm Jgk(Q’O) = 07
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for all Q € [0, 2], and that

47 log(l+ 23?)

-1)2
LipJ(Q,-) <limsupLipJ, (Q,") slimsup([z— ) = (47r/ﬂ2—q)_1/2
k—o0 k—0o0

log s,:l
by Lemma 7.6. Therefore, J satisfies both conditions of Theorem 1.1, and thus J is uniquely characterized by
the properties we have established for it. By Proposition 7.4, this means that in fact

limJ =J
81?(} £110,2]xRx0

uniformly on compact subsets of [0,2] X R, so the limiting procedure above does not depend on the specific
choice of {e;}. By the same argument as that leading to (8.5), we have

law —

- law =
e.a(67790,X) — 8] 5(2) ¥ Ea0(Q)- (8.9)

In particular, for any 7" independent of ¢, taking Q. =2-log, T — Q =2, we have

law
us,a(T3 X) E) :*a,2(2)7

as claimed. O

Remark 8.1. Now we are able to prove the convergence of the variance of the random variable

Upar (8) = Afloge! / [ttg.0 (T.) - alg()dr,

where T > 0 and a Schwartz function g are fixed. By the mild formulation (1.4), recalling that * denotes the
spatial convolution, we have

Eq/{a,a,T (8)2

T
/ / Gy ()0 (itp.a(5,y)) AW (s, y)
0

2
=E

T
- /0 // Gy % 8(y)Gr—s *8(y2)G s2(y1 = y2)Ee (1.0 (5:y1)) 0 (1.0 (5, 2))dyrdyads

- ' J] G- n0)Gr- 51 +£92)G1 (B U (5:70)0 5.1+ 232y,
’ (8.10)
By Theorem 1.2, Corollary 7.2, and Proposition 3.1, we have, for any s € (0,T),y1,y2 € R2,
Eo (its.a(5:1)0 (Ug,a(5,y1+8y2)) > Eor(Ban(2))?,  ase—0.
Then we pass to the limit in (8.10) to derive

T
EUs a1 (5)> — Eo(Eqs(2)? / / 1Gr_y +g(y)Pdyds,
0

so the variance of U, , 1 (g) converges as € — 0. By adopting the approach in [21], one should be able to
further prove the convergence of

law
Upa (&) 225 Unir (2) = / Ua(T.x)g (x)dx,

with the random distribution U, solving the Edwards-Wilkinson equation

|
du, = EAUadt+1/Ea'(Ea,2(2))2dW(t,x), U, (0,x) = 0.

To avoid further lengthening the paper we do not pursue this direction here.
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9 Multipoint statistics

Now we turn our attention to multipoint statistics and work towards proving Theorem 1.3.

9.1 Local-in-space dependence of the solution on the noise

We can interpret Proposition 4.1 of Section 4 as a form of local-in-time dependence of the solution # . , on
the noise. In particular, we can turn off the noise in an area temporally distant from where we evaluate the
solution without affecting the solution much. To discuss multipoint statistics, we will need a similar property
when we turn off the noise in a spatial region that is distant from our point of interest.

For B c R?, let vf, « solve the problem

]
dvB ,(1,x) = EAvg’a(t,x)dt+ (loge™) 2o (vE . (1,x))dW 5B (1,%); 9.1)
vg’a(O,x) =a. 9.2)

Here, W5 = G 2/ * (W1p). Note that W® = W*-8 +WeB° and moreover that W&8 and W*-5° are
independent. Define

R () = [ Gopx=3)G ! =)y 93)
B
so that, formally,
EdW® B (r,x)dW®B (t',x") = 6(t —t")R®B (x,x").

Note that R®B(x,x") < G .2(x,x’) for all x,x’ € R?>. We note that v‘g’a has nothing to do with the v ,
considered in Section 5.

Our first goal will be an estimate on what happens if we turn off the noise in a half-plane, which we
do in Lemma 9.2 below. We then consider complements of rectangles by taking unions of half-planes in
Proposition 9.3. First we record a simple moment bound.

Lemma 9.1. For any T € [0,Ty] and any B C R?, we have

1/2
sup (Evg’a(t,x)z) < Kpa. 9.4)

xeR?

Proof. By the mild solution formula and Young’s inequality, we have

l t
Evf’a(t,x)2:a2+l —1/ //Gf—s(x—)’1)Gz—s(x—yz)RS’B(yl,yz)'
oge 0
Elo(vE ,(t.y1)o(vE ,(1,y2))]dyi dy2ds

2
1 t

D[] G 3G 3RO (13 B0 )Py s
i=1

<a’+
2loge™!

This means that

1 t
supZEv]g’a(t,x)2 < az+210gg_l/0 //Gz—s(x_)’I)Gz—s(x_y2)G52(y1 -y2)
x€eR

- sup EO'(vg’a (t,x))*dy, dy, ds

xeR?
<+ 1 /t sup,ep: Ec(vE ,(1,x))? 4
B 2rloge=t Jo 2(t—s) +&2 ’
and (9.4) then follows from Lemma 3.4 (and (3.8)). O
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Lemma 9.2. Let B ¢ R? and let H be a half-plane in R?. Then we have, for all x ¢ H, that

B? log(1+2&7%1) *

i doget ) (Clirerery 1) (0)- 9.5)

E(V vg\f)(t x)? < SazKSZ(
Proof. From (9.1)—(9.2) we write the mild solution formula

1 t
VB (1x) = at —— / / Gy (=) (v 4 (5.3)) dWSB (s, ).
yloge=1 Jo

Subtracting the corresponding expression for vg\f , We obtain

(Vga_Vg\a )t,x) = —— Gi-s(x—y)o (Vg a(8:¥)) — U(Vga (s,y)]d dw =B\ (s,y)
1 1
yloge~

b / [ Gestx=3)a (2 sy aws o s y),
Vloge~1 Jo
Taking second moments in this expression, using the independence of W&8\H and W#-B"H | we have

E(E  —vB\M (4 x)?

sa_vsa

12
< 1ogs—1/ //Gz s(x=y1)R* B\H(yl,yz)l_[(E(VSU—VB\H)(S 30?) " dyydyads

12
&,BNH
logs—lf //Gt s(x=y1)Gi—s(x—y2)R (yl,yz)l_[( (8. yi) ) dy; dy,ds
= 11 +12. (96)

For the first term we can estimate

/ //Gt s =y1)Gi-s(x=y2)G 2 (y1 = yz)]—[(E(vM—vB\H)(S yi) )1/2 dyidy>ds

logs—1
< 10g8_1/ /Gt S(x yl)Gt S+82('x yl)E(Vga vga )(S yl)zdylds
G(t —s)(1— A+I;2) (X )’)
2(t— A)+& B\H 2 ) 2

1y<(y)E - ,y)2+4K2a%1 )dd, 97

47r10g8 1/ / 1—s+e2)2 ( e (NEWE o —vea )(5.3)’ +4K5a1h (y)) dyds,  (9.7)

where in the last inequality we used Lemma 9.1. For the second term of (9.6) we can estimate
,32 2K2
= logg / '//Gt s =y1)Gr—s(x - yz)RSBmH(yl,yZ)d)’ldyzds

ds, 9.9)

Ba’Ky 1 (Cypseerja *10) ()
 4rloge! / t—s+&2/2
where in the identity we used (5.9). Using (9.7) and (9.8) in (9.6), we have

(z $)(1— ;+a2) (x-y)

B\H 2 21-5)+e2 B\H )
( sa_Vga )(t X) 47T10g8_1,/ / Z—S+82/2 IHC(Y)E(Vga—V )(S y) dde
9.9)
B2a’K? 1 ([4G<w>(m+sz>+G' [1-s+&2/2] *IH)(X)
0 2(t-s)+&2
+ ds.
4mloge™! /0 t—s+&2/2 s
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Now we note that for all x ¢ H and all s € [0,¢] we have

(G%[I_S+82/2] #*1p)(x) < (G%(ng/z) #1p)(x) < (G%(ng) *1p)(x) (9.10)

and similarly
(G(t s) (1— s+£2) *IH)(X) < (G t(t+82) *IH)(X) < (G 1 (H.gz) *IH)(X)

2(t-s)+&2 T2+e2

Using these estimates in (9.9), we see that if we put f(#,x) = E(v‘9 a— vf\f)(t,x)z, then for all x € H® we

have
(t (t-s)(t-s+&”) s+£2) (x y)

2(t—. \)+s
Flt,x) < 47rlog8‘1 / ./ t—s+&2/2 La:()f(s.7) dyds 9.11)

log(1+2&7%¢)
2 2p2
+Eﬁ a’Ky (G%[ng] *IH) () ————

loge™!
Define
b " (1) = £+k8—2. 9.12)
2 2
We note that
— _ 2 2 2 _ _ 2 2
sup b(k)(s)+(t s)(t s+28 / )}: sup £+k8— (r—s)(t s+;: /2) < bk (p) (9.13)
s€[0.7] 2(t=s)+&/2 selo] 12 2 2(t=s)+&%/2

for all s € [0,7] and all £ > 1. Define

_ k
B;k) 54 2K2(B 10g(1+28 21‘)) .

4 loge~!
Suppose that
n
F(1.2) < B+ > BY (G (1 # 11) (%) (9.14)
k=1

for all x € H®. This is automatically true for n = 0 with Bio) = [[fllL=([0,:]xr2)- Then we have from (9.11)
that, for all x € H®,

(t 5) (2= v+£2) ()C y)

2(t—. s)+s
t < 14
flt,x) < 47rlog8 1,/ / t—s+&2/2 we(y)

n
k
B?”ZBE )(Gb(k>(s) #1)(y)] dyds

k=1
S5 2 2.0 log(1+2&7%1)
+ K (Gl ere?] *1H) (x)logT
(n) _
ﬁzB log(1+2&7% 2
8 g(1 1 )+ . -1 (k)/ / 2 (G ) (5)4 (zs)li=ste?) s+82> *1p)(x)ds
Vs oge~ 4rloge e t—s+&2/2 S TP

5 5 0.0 log(1+2&7%1)
+—,3 a Ky (Gb(l)(t) *IH) (x)logT
ﬁzB( " log(1+2&7%t) +ﬁ210g(1 +2¢e”

8m loge™! 4drloge™!

%t
) ZB(k)(GbW”(t) 1) (x) +B (Gb(n(t) * lH) (x)

ﬁzB( " log(1+2¢
& loge™!

2
2 ZB( (Gt 1y 1a1) (x).
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In the third inequality we used (9.13). By induction, this means that (9.14) holds for all n > 0, with

2 2.4\
B{") = ||f||Lm([0,t]XRz) (5—” . %) — (0 as n — oo. Therefore, we in fact have

B* log(1+2&7%t) ,

in loge ! (Gpw (1) *1u) (%),

f(t,x) < SaQKgZ (
k=1

which (recalling (9.12)) is (9.5). O
Now we apply Lemma 9.2 four times to bound the effect of turning off the noise outside of a square.

Proposition 9.3. Suppose that

¢ t1/2
lim2£ =1lim £ =0. 9.15)
l0ne  £l0 Mg
and
limsup?, < oo. 9.16)
10

Let O, = [-1g,1:)% Then we have for all x € [—&4,&.]? that

n%E(ug,a —v2e) (te,x)* = 0. 9.17)

Proof. Using Lemma 9.2 four times, we have

[0e]

4
E(is,q—v25) (10,0) <5a°K5 D Y k(G pory * 1) (%), (9.18)
i=1 k=1

where Hy, ..., H4 are four half-planes so that O, = ﬂ?zl H;. Here we have also defined

3 B2 log(1 +e7%t,)
“ T 4n loge!

We note that (9.16) and the subcriticality assumption 8 < V27 that

limsupc, < 1. (9.19)
0

Now if limsupe ™2t < oo, then ¢, — 0 as £ |, 0, so using the trivial bound (G% (ro+ke2) * 1) (x) < 1in (9.18)

£l0
we get (9.17). Therefore, we can assume that

limsupe2t, = oo. (9.20)
10

We break the inner sum in (9.18) into two pieces. First we estimate

sl & Ls_zteJ
C
> Gy )W s 3 b= — 20
k=l 21, ] k=[& 21, ] £

as € | 0 by (9.19) and (9.20). Then we estimate

Lg‘zt&,J

(G yanery * 1) (0 < (G ¥ 1) (0) ) ek =
k=1 k=1

C
1 = (Gtg * 1Hi)(x)’
—Cg
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using the fact that 7, /2+ ke?/2 < t, whenever k < e7%t,. Now we have, for x € [—£,,&]?, that

a(ne—£€e)
27rt8./ exp{ } \/27rt.9 Ne— §F { 2t }

=\/2f£/”exp{ (n: - fg)} o
778_‘_’;:8 2t

as € | 0 by (9.15). Combining the last three displays and (9.18) gives us (9.17). O

(G, #1p,)(x) <

&

9.2 Proof of Theorem 1.3

We now have the tools we need to prove Theorem 1.3. Throughout this section, our setup is as in the statement
of Theorem 1.3. We note in particular that (1.19) implies (with d as in (1.18)) that

d((TeiXe.i)s (Te.jrXe, ) = 8700,
and (1.20) implies that
15, =720 (9.21)
as € | 0. Let x. be such that k, — 0 and
1
10g!~diitxe < d((Te,irXe.i)s (Ts,j,xs,j)) < §8l_di'j_Kg- 9.22)
and
22~ 0+2ks < Tei < g2 Q- 2ks (9.23)

Our first step will apply Proposition 9.3 to show that the values of the solution u . , at distant space-time
points are asymptotically independent.

Proposition 9.4. Let Py,...,Pg be a partition of [N] so that
dij>Q/2 & i€Py,j€Pyn#m. (9.24)

Then there is an €1 € (0,&¢] so that if € € [0,&1) then there are independent processes uf;l)a .. ungC)l so that

ufskzl la——wug,a (k=1,...,R), and for each j € Py (k=1,...,R), we have

i B (o (Te.joxe ) = te,a(Te. e ) =0. (9.25)
Proof. Foreach k=1,...,R, leti; be an arbitrary element of Pj. Define
Dy = i,rj'leagk dij <QJ/2. (9.26)
Define the sets S x € RX R? by
Sex = (Ts,ik + [_82—Q+2Kg+2gg’82—Q+2Kg+248]) 2 (xs’l_k + [_gl—Q/2+K£781—Q/2+K8]2) .

Here k. is as in (9.22)—(9.23) and  is as in (6.3).
If k1 # k, then we have by (9.24) that d,k i, = > (/2,50 by (1.18) and (9.22) we have

1/2 1-Q/2
max{|Te.i, ~Te.ig |/ [Keniy, —Xe, |} 2 108! 7G4,
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This means that {S. 1,...,Ss r} forms a pairwise-disjoint family of sets.
Let Ag = [0,7¢ i, — & @**e*]. Define u*, as in (1.26)~(1.27). By Proposition 4.1, we have, for all
J € Py, that

172 BakKj Te j+&2
E(tty o — 1) (To. i X e 2) <2700 gy+qi -J 927
( (us,a Ms,a)(Ts,J xé‘,j) — 2 ﬂ-logs—l 0 Og Tg’j_Tg,ik +82_Q+2K5+2§6 +82 ( )

We note (still assuming j € Py) that

2-2Dy 2-OQ+2Ks+2L &

1 -
7o, = Teil < 7€ wo<e and 7, < 79T (©:28)

by (9.22), (9.23), and (9.26). Thus from (9.27) we obtain a constant C so that
1/2 CBak?
(E(ug,a - u?,"a)(Tg,i,xg,i)z) < A (Ko + \/logs‘“s‘zﬁ) -0 (9.29)
o 2\/rloge™!

as € | Osince kg, s — 0.
Define 1 : Rx R? — R be given by 7 (7,x) = ¢ and 7, : Rx R? — R? be given by 715 (#,x) = x. Let il
solve the problem

(k)

dit®) (1,x) = Aug";(t X)di+(loge™) g, (s, o) (Do (@8 (1,x)dW S (1, x); (9.30)
ik 0,x)=a. 9.31)

This turns off some temporal part of the noise as in (1.26)—(1.27) but also a s%)atlal part of the noise as in
(9.1)-(9.2). Since {S¢.1,...,Se r} is pairwise-disjoint, the processes ua a»- Uz g are independent. We now
want to apply (a translated version of) Proposition 9.3 with

s ne = g1"Q/2e 2-0+2k42Ls

te :T(c/"j_Tg,ikl +£

Note that
f 1-Dp—kge
lim2& =lim ———— =1ime@/2 Px=2%= — )
el0ns £l0 gl-Q/2+ke  ¢]0

since Dy < Q/2 and k. — 0, and also that (using these facts along with (6.3) and (9.28)) that

i té/z iy (Tg,j_Ts’l-k])]/ . e1-0/2+ket+le i £1-Di—xe N
1m —— < lim ———/-"7>———+1im 1m +limeés =0.
el0 Mg £l0 cl-0/2+ks £l0 gl-Q/2+ke £l0 £1-0Q/24ks g0

Therefore, (9.15) is verified, so Proposition 9.3 applies, and we have (combining the result with (9.29)) that
E%E(us a ufc:k()l)(Ts,ij’xs,ij)2 =0 (932)
for all j € Py. Now let u(k) solve the problem

dull) (1,x) = Au(k) (t,x)dt + (logs™) 21, (s, ) (Do (k) (1,2))A[WE T Seb) (1, x) 4 WE R (Sek)]

+(loge™") gy m, s, (D0 () (1,0))dW* (1, x) (9.33)
Ue q(0,x) =a, (9.34)
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where W is an independent copy of W (different and independent across different choices of k). Note

that u((sl,)a, e u(glz are independent since the family {S. 1,...,S¢ r} is disjoint. The pairs (u, 4, zlfgkz) and
(ugfz,, il Eokzl) have the same joint laws because to go from u . , to ufokzl we simply replaced a part of the noise

(on Si ) that is independent of & fgkz (for which the noise on S‘; « 1s turned off). Therefore, (9.32) also means

that

. (k) _ ~(k) 2 _
E%E(us,a - us,a)(Ts,ij’xs,ij) =0, (9.35)
and combining this with (9.32) yields (9.25). O

Now we can prove Theorem 1.3.

Proof of Theorem 1.3. We use induction on N. The base case, (1.24) with N =1, is is simply an application
of (8.9). Now suppose that N > 2 and that (1.24) holds for all strictly smaller N. Let

=2-2 i i .
q0 i,?e?])fl] d; (9.36)
Then we have
q<qo = i1-¢p([N])={1} 9.37)
by the definition (1.21). Define
me(qo) = max{Mi(&,74,1), (g0 —2ks—2y:)55' |}, (9.38)

recalling the definition (6.7), and also recall the definition (6.11)—(6.12) of w In the case m.(qg) =

g,a,T,X"
My(e,7¢,1), we have

Ue.a(Te jixe ) =Wl ), | (9.39)

by the definition (6.10). Otherwise, we note using (9.22) that
Te. > Tel— %82_2d1j_2’<s > Tel— %8‘]0_2’(&‘ > Tel— %sms(q(ﬁ 66"’75‘ (940)

Thus we can apply Proposition 6.1 with C, = ev=/2 (recalling (6.1)) and ¢ = 1/2, and by (9.40) take T = 7 1,
k=mg(qo), and t = 7, ; in the supremum in (6.18), to obtain

1/2
(Baa =l 0, ) (oo )?)
lim

el0 a(l +8_m€(q0)58/2_7“’/2|xg,j _x8,1|)

=0. 9.41)

Note that (9.39) implies (9.41) as well, so in fact (9.41) holds unconditionally. On the other hand, we also
have, using (9.38), (9.22), (9.36), and (6.1), that

limg—mg(qo)68/2—78/2|x8’j x| < llimgys/Z—qo/ZH—du < lhmgyg/Z =0.
elo 2 &l £l0

Combined with (9.41), this means that

tima- (B — e @) oY 2o 0.42
;%Cl (Ms,a Ws,a,‘rggl,xg’l)(T8,17x8,1) - ( . )

Now define
le=Te 1 — gMe(q0)6e+ys (9.43)
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and

w(t,x) = wfgm;(ﬁ‘)?)xﬂ (t+€e,xe1).

Note that if 7 = 7. ; then t lgo) = Ted ™ —{¢, s0o w(0,-) is constant in space and w (0, x) faw Year.,(me(qo)).

Thus, by applying Theorem ‘A1 as in the proof of (8.6) (recalling (8.8) and (9.37)), we see that
law
w(0,x) —>l0 I'a0,1(q0+0-2). (9.44)
£

Moreover, w is equal in law to u . 5, where b = w(0,x) is taken to be independent of the noise driving u . 5.
Recall the definition (1.21) and let

Pr=iy!, (k) ={j € [N] : i1_gy2(j) =k}.

Note that Py,...,Py form a partition of [N], and by (9.36) this partition is nontrivial. If ij_g,2(j1) =
i1—qo/2(J2) then d;, ;, < 1—go/2 by the strong triangle inequality (1.25). On the other hand, if ij_4,/2(j1) #
i1-gy/2(j2) and d}, j, < 1-¢qo/2, then we have by (1.25) and (9.36) that

dis_go 2 G)sirgo () < MaX{diy (1), 1> Dy jos Djosig, (i)} < 1= q0/2,

contradicting the definition (1.21). Therefore, we have

1-go/2(J1) =l1-o2(J2) &= djy, j, <1-q0/2. (9.45)

Furthermore, we note that, for all j € Py, we have 2d; x <2 - qo, which means that (recalling (9.43), (9.22),
and (9.36)) we have
2—li1l1(}log‘9 (te.j =€) =2—qo. (9.46)
&

Comparing this with (1.20), we see that the collection {(7,j — ¢, X¢ )} je[n] Of space-time points satisfies
the hypotheses of the theorem with the same d; ;s but with Q replaced by 2—g¢. Thus by (9.45), Proposition 9.4
applies and we obtain independent processes w(!),...,w™)  each distributed identically to w, so that,
whenever j € P, we have

E%E(W(k) ~w)(te.j—Lesxe ;)? =0. (9.47)

By the nontriviality of the partition {Py,..., Py} we have |Py| < N for each k. Therefore, by the inductive
hypothesis, we have

1
) (e = Corxejere o> (To2-a0.s (2= 40) e

with b = w(0,x) independent of the randomness in the processes on the right side. But since the family
(w(k))]i\’:1 is independent, as is the family ((I'p,0—q,,;(Q — qo))jepk)livzl, this means that in fact

1
W (e = Lo jer 0 (To2-00.i 2= G051 9.48)

again with b = w(0,x) independent of the randomness in the processes on the right side. Combining (9.42),
(9.44), (9.47), (9.48), and the continuity of the SDE (1.22)—(1.23) with respect to the initial condition, we
obtain (1.24). O
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A Convergence of discrete Markov martingales to continuous diffusions

For the convenience of readers, we recall in this section a classical result on the convergence of Markov
chains to diffusions that is used in the paper. We use the formulation and results given in [37, Section 11.2].

Theorem A.1. Suppose that we have a sequence of numbers 8y | 0, a sequence of discrete Markov martingales
({Yk(m) }m=a, (k).,....A>(k)) ey and a continuous function L : [A;,Az] X R — R satisfying the following
conditions:

1. The sequence of random variables (Y. (A1(k))) converges in law to a random variable X as k — oo,
2. Foreach q € [Ay, Ay], the function L(q,-) is Lipschitz with the Lipschitz constant independent of q.

3. We have §ym € [Ay,Az] forall k > 1 and m = A (k),...,Ax(k), and

klimcSkAl(k):Al and klimcSkAz(k)=Az-

4. For each R < oo, we have

lim sup |6 Var[Yx (m +1) | Yi(m) =x] = L(6xm,x)| = 0. (A.1)
k—co <R
A (k)|21n<A2(k)

5. Thereis a p > 2 so that, for each R < oo, we have

sup 5P PE[(YVicm+ 1) = Yie(m))? | Ye(m) =x] < oo. (A2)
k<oo,|x|<R
Ay (k)<m<Ay (k)

Let (Y(q))ge[A,,A,] Solve the stochastic differential equation

dY(q) = L(q,Y(q))dB(q), q> A (A.3)
Y(A) =X, (A4)

where B(q) is a standard Brownian motion. Then we have

law

Yy (Az(k)) T Y(Az). (A.5)

Proof. This is essentially an application of [37, Theorem 11.2.3]. Since that theorem is stated in a general
form, we provide some details on how to check the conditions. First we note that although [37, Theorem
11.2.3] is stated for time-independent diffusions, it is trivial to add the time-dependence simply by considering
the space-time processes of the form {(Yix(m),0km)}m=a, (k)....,a,(k)- Applying [37, Theorem 11.2.3]
requires also knowing that the limiting martingale problem corresponding for (A.3)—(A.4) is well-posed.
The SDE (A.3)-(A.4) has pathwise unique solutions by the standard theory and condition 2 in the statement
of theorem. This implies that there are unique solutions for the martingale problem by results [40, 39] of
Watanabe and Yamada; see [37, Corollary 8.1.6]. Finally, [37, Theorem 11.2.3] is stated for diffusions
starting at time O and lasting for all time; this can be adapted to our setting by shifting time and extending the
Markov chains to later times in some arbitrary way.

The quantitative conditions for [37, Theorem 11.2.3] are [37, (11.2.4)—(11.2.6)]. In our setting, [37,
(11.2.4)] is a consequence of (A.1) (and the fact that there is no diffusion for the time process). The fact that
we have assumed that each Y (+) is a martingale means that there is no drift for the space process, and of
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course the drift condition is satisfied trivially for the time process, so [37, (11.2.5)] is trivial in our setting.
Finally, [37, (11.2.6] holds because, by (A.2) and Markov’s inequality, we have for any fixed « > O that

P (IYe(m+ 1)~ Yelm)| 2 | Vi) = x) s PR DO V) =]
k K

<csPr

for a constant C < oo, and the last quantity goes to 0 as k — oo since p > 2 and &y | 0.
Now condition 1 and the proof of [37, Theorem 11.2.3] show that, if we define

Yi(A +6k[m—A1(k)]) =Yi(m), m=A(k),...,A2(k),

and extend Y to [A}, A>] by linear interpolation (possibly extending it by a constant on the small interval
[A1+6r(Ax(k)— A (k)),Asz]), then Y converges to Y in distribution with respect to the uniform topology
on continuous functions on [A1, A;]. Then (A.5) follows. O
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