MOMENTS OF THE 2D SHE AT CRITICALITY

YU GU, JEREMY QUASTEL, AND LI-CHENG TSAI

ABSTRACT. We study the stochastic heat equation in two spatial dimensions with a multiplicative white
noise, as the limit of the equation driven by a noise that is mollified in space and white in time. As the
mollification radius € — 0, we tune the coupling constant near the critical point, and show that the single
time correlation functions converge to a limit written in terms of an explicit non-trivial semigroup. Our
approach consists of two steps. First we show the convergence of the resolvent of the (tuned) two-dimensional
delta Bose gas, by adapting the framework of [DR04] to our setup of spatial mollification. Then we match
this to the Laplace transform of our semigroup.

1. INTRODUCTION AND MAIN RESULT
In this paper, we study the Stochastic Heat Equation (SHE), which informally reads
WZ =3IVPZ+\/BEZ, Z=Z(tx), (ta)€Ry xR,

where V2 denotes the Laplacian, d € Z, denotes the spatial dimension, ¢ denotes the spacetime white noise,
and f > 0 is a tunable parameter. In broad terms, the SHE arises from a host of physical phenomena
including the particle density of diffusion in a random environment, the partition function for a directed
polymer in a random environment, and, through the inverse Hopf—Cole transformation, the height function
of a random growth surface; the two-dimensional Kardar—Parisi-Zhang (KPZ) equation. We refer to [Corl2,
Khol4, Com17] and the references therein.

When d = 1, the SHE enjoys a well-developed solution theory: For any Z(0,z) = Z;.(x) that is bounded
and continuous, and for each 5 > 0, the SHE (in d = 1) admits a unique %([0, c0) x R)-valued mild solution,
where € denotes continuous functions, c.f., [Wal86, Khol4]. Such a solution theory breaks down in d > 2, due
to the deteriorating regularity of the spacetime white noise &, as the dimension d increases. In the language of
stochastic PDE [Hail4, GIP15], d = 2 corresponds to the critical, and d = 3,4, ... the supercritical regimes.

Here we focus on the critical dimension d = 2. To set up the problem, fix a mollifier ¢ € €>°(R?), where
6>° denotes smooth functions with compact support, with ¢ > 0 and f pdx =1, and mollify the noise as

&)= [ plo =)y, pula) = (2.
Consider the corresponding SHE driven by &,
0 Ze = %V2ZE + VB Zey, Ze=Ze(t,x), (t,x) €Ry X RQ, (1.1)

with a parameter 5. > 0 that has to be finely tuned as ¢ — 0. The noise & is white in time, and we interpret

the product between & and Z. in the Ito sense. Let p(t, z) 1= 5L exp(— lel” ‘ ~), © € R?, denote the standard
heat kernel in two dimensions. For fixed Z(0,7) = Zi. € £?(R?) and ¢ > 0 it is standard, though tedious,
to show that the unique € ((0, c0) x R?)-valued mild solution of (1.1) is given by the chaos expansion

Za(t,:z:):/R2p(tx—a:) o dx+ZIEktz) (1.2)

k=1
k
Ik (t, ) == / (H p(Ts+1 — Ts, @ (s+1) _ S) W Bele(Ts, @ dngx( )> (Tl,x(l) — 2 Zi(2)da!,  (1.3)
s=1
where the integral goes over all 0 < 7 < ... < 7, < t and 2/, ... ) e R? with the convention

c* ) = 2 and 754 = t.
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From the expression (1.3) of I j, it is straightforward to check that, for fixed . = 8 > 0 as € — 0, the
variance Var[l, ;| diverges, confirming the breakdown of the standard theory in d = 2. We hence seek to
tune 5. — 0 in a way so that a meaningful limit of Z. can be observed. A close examination shows that
the divergence of Var[l x] originates from the singularity of p(¢,0) = (2mt)~! near ¢ = 0, so it is natural
to propose (. = \lgigs\ — 0, Bp > 0. The € — 0 behavior of Z. for small values of By has attracted
much attention recently. For fixed 8y € (0,27), [CSZ17] showed that the fluctuations of Z.(t, +) converge
(as a random measure) to a Gaussian field, more precisely, the solution of the two-dimensional Edwards—
Wilkinson (EW) equation. For Sy = By — 0, [Fenlb] showed that the corresponding polymer measure
exhibits diffusive behaviors. The logarithm h.(t,z) := (: 1/2 log Z.(t,z) is also a quantity of interest: it
describes the free energy of random polymers and the height function in surface growth phenomena which
solves the two dimensional KPZ equation. The tightness of the centered height function was obtained
in [CD18] for small enough Sy. It was then shown in [CSZ18Db] that the centered height function converges
to the EW equation for all 8y € (0,27), and in [Gul8] for small enough Sy, i.e., the limit is Gaussian.

However, the ¢ — 0 behavior of Z. goes through a transition at Sy = 2. Recall that by It6 calculus, the
n-th order correlation function of the solution of the mollified SHE (1.1) at a fixed time,

we(t, 1, . ) ::]E[ﬁZE(t,a:i)}, (1.4)

i=1
satisfies the n particle (approximate) delta Bose gas

Orue(t,xy,...,xp) = —(’}—[Eug)(t,xl,...,xn), z; €R?, u (0) = Z2" (1.5)

ic »

where H. is the Hamiltonian

H, = —% Z VZ - B Z Oc(zs — ), 6c(x) := e 2®(e ), O(x) := /R? oz +y)p(y) dy.

1<i<j<n

(1.6)

It can be shown (e.g., from [AGHKHS8, Equation (I1.5.56)]) that, for n = 2, the Hamiltonian H. has a
vanishing/diverging principal eigenvalue as € — 0, respectively for 5y < 27 and Sy > 27. This phenomenon
in turn suggests a transition in behaviors of Z. at Sy = 2w. This transition is also demonstrated at the level
of pointwise limit (in distribution) of Z.(¢,z) as ¢ — 0 by [CSZ17].

The preceding observations point to an intriguing question of understanding the behavior of Z. and wu,
at this critical value 8y = 2w. For the case of two particles (n = 2), by separating the center-of-mass and
the relative motions, the delta Bose gas can be reduced to a system of one particle with a delta potential at
the origin. Based on this reduction and the analysis of the one-particle system in [AGHKHS8, Chapter 1.5],
[BC98] gave an explicit € — 0 limit of the second order correlation functions (tested against .#2 functions).
Further, given the radial symmetry of the delta potential, the one particle system (in d = 2) can be reduced to
an one-dimensional problem along the radial direction. Despite its seeming simplicity, this one-dimensional
problem already requires sophisticated analysis. Although the final answer is non-trivial, it does not rule
out a lognormal limit. For n > 2, these reductions no longer exist, and to obtain information on the
correlation functions stands as a challenging problem; the only existing results are on third order (n = 3):
[Fen15] showed that for Z. the limiting ratio of the cube root of the third pointwise moment to the square
root of the second moment is not what one would expect from a lognormal distribution, indicating (but
not proving) non-trivial fluctuations. Using techniques developed in [CSZ18a] to control the chaos series,
[CSZ18c¢] obtained the convergence of the third order correlations of Z. to a limit given in terms of a sum of
integrals.

In this paper, we proceed through a different, functional analytic route, and obtain a unified description
of the e — 0 limit of all correlation functions of Z.. We now prepare some notation for stating our main
result. Hereafter throughout the paper, we set

_ 27 + 2,/Tﬁﬁne
"~ |loge|  |logel?’

Be (1.7)

where Bane € R is a fixed, fine-tuning constant. This fine-tuning constant does not complicate our analysis,
though the limiting expressions do depend on Bane. Let ygm = 0.577... denote the Euler-Mascheroni



MOMENTS OF THE 2D SHE AT CRITICALITY 3

constant, and, with ® as in (1.1) and (1.6), set

B i=2(10g2+ Brine — Bo — yun), B i= / (1) loglay — o |®(x}) dayda, (1.8)
R
and
00 tafleﬁ*oz
j(t = —da. 1.9
J( 76*) A F(Oé) o ( )
We will often work with vectors z = (z1,...,1,) € R?", where z; € R?, and similarly y = (y2,...,yn) €

R2"=2 4, € R2. We say z; is the i-th component of 2. For 1 < i < j < n, consider a linear transformation
Sij . R2n72 - R2n
* )

S’Lj(y237y’n):(y37u Y2 5. y27"~;yn)7 (110)
i-th j-th
and the induced operator S;; : ZL%(R*") — L?(R*"~2),
(Siju) (y) = u(Sijy). (1.11)

Let 7#*(R?") denote the Sobolev space of degree o € R. As we will show in Lemma 4.1, (1.11) defines an un-
bounded operator Z*(R*") — £*(R*"~?), and there exists an adjoint S : Z*(R**~ 2) = Nas1674(R™).
Adopting the shorthand notation V7 := Vii, we let

Pt = e% Z?:l V2

denote the heat semigroup on £?(R?"); its integral kernel will be denoted P(t,) =[], 5=; exp(— %)
Define the operator Py : £?(R*"~2) — £?(R**~2),

P = j(t, B)e Vi EEL (1.12)

As we will show in Lemma 8.5, P is a bounded operator on .£2(R?"~2).
We need to prepare some index sets. Hereafter we write ¢ < j for a pair of ordered indices in {1,...,n},

ie,i<je{l,...,n}. Forn,m € Z,, we consider (i,j; = ((ik, Jx)) 7 such that (ix < jg) # (tk+1 < Jr41),
i.e., m ordered pairs with consecutive pairs non-repeating. Let

Dem(n,m) == {(i,7) € ({1,....n}2)™ : (ix < ji) # (iks1 < jrs1)}, (1.13)
Dgm(n) := U Dgm(n,m) (1.14)

denote the sets of all such indices, with the convention that Dgm(1,m) := @, m € Zy. The notation Dgm(n)
refers to ‘diagrams’; as will be explained in Section 2. Let

Sm(t) = {7 = (Ta)aE%Zﬂ[O,m] eRY™ i+ T2+ oot T =t} (1.15)

so that for a fixed ¢ € R, the integral fEm(t)( - )d7 denotes a (2m + 1)-fold convolution over the set ,,(t).
For a bounded operator Q : # — £ between Hilbert spaces # and %7, let ||Ql[op := sup)jy =1 [|Qul.x~
denote the inherited operator norm. We use the subscript ‘op’ (standing for ‘operator’) to distinguish
the operator norm from the vector norm, and omit the dependence on ¥ and ¢, since the spaces will
always be speciﬁed along with a given operator. The .22 spaces in this paper are over C, and we write
= fRd z)dz for the inner product. (Note our convention of taking complex conjugate in the
ﬁrst functlon) Throughout this paper we use C(a,b,...) to denote a generic positive finite constant that
may change from line to line, but depends only on the designated variables a, b, . ... We view the mollifier ¢
as fixed throughout this paper, so the dependence on ¢ will not be specified.
We can now state our main result.

Theorem 1.1.
(a) The operators

Dgm(n) ng(n) (1,75 >
Py + D, : Zﬁeng(n) Dt >0, (1.16)
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define a morm-continuous semigroup on £*(R?™), where, for (i,j) = ((ix, jr))7,,

pi) = PryS;,, (4nP7 (HSM,CP Shcujin (A7P, 1)) i P AF, (1.17)

71/2 TSkt 1k+1 Th41/2
Em(t)

The sum in (1.16) converges absolutely in operator norm, uniformly in t over compact subsets of [0, 00).
(b) Start the mollified SHE (1.1) from Z.(0,+) = Zi(+) € ZL?(R?). For any f(x) = f(x1,...,7,) €
L2(R*™), n € Z, we have

E[(f, 257 = E|

F@ [ 2-(t,x) dx} — <f, (P, + DPEmM) Z§”> ase— 0, (1.18)
R2m i=1

uniformly in t over compact subsets of [0,00).

Remark 1.2. Our result does not apply to the flat initial condition Zi.(z) = 1. We conjecture that
Theorem 1.1 extends to such initial data, and leave this to future work.

Theorem 1.1 gives a complete characterization of the ¢ — 0 limit of fixed time, correlation functions of
the SHE with an .#? initial condition. We will show in Section 2 that D(’—JS permits an explicit integral
kernel, for each (z,—]; € Dgm(n). Hence the limiting correlation functions (i.e., r.h.s. of (1.18)) can be
expressed as a sum of integrals. From this expression, we check (in Remark 2.1) that for n = 2 our result
matches that of [BC98], and for n = 3, we derive (in Proposition 2.2) an analogous expression of [CSZ18b,
Equations (1.24)—(1.26)].

A question of interest arises as to whether one can uniquely characterize the limiting process of Z.. This
does not follow directly from correlation functions, or moments, since we expect a very fast moment growth
in n (see Remark 1.6). Still, as a simple corollary of Theorem 1.1, we are able to infer that every limit point
of Z. must have corrlation functions given by the r.h.s. of (1.18):

Corollary 1.3. Let Zi; and Z.(t, ) be as in Theorem 1.1, and, for each fized t, view Z.(t, x)dz := p. ((dz) as
a random measure. Then, for any fivedt € Ry, the law of {pic +(dx)}.c(0,1) is tight in the vague topology, and,
for any limit point p. (dx) of {pe,t,z(d)}oc0,1), and for any compactly supported, continuous fi,..., fn €
6.(R?), n € Zy,

E{H/Rz Fi@mei(de)| = (i@ @ fu, (Po+ DY) 287, (1.19)
i=1
Furthermore, if Zi.(x), f(x) = 0 are nonnegative and not identically zero, then
3
E[( [ f@)pide) =B [ f@)p(dw)])] >o0. (1.20)
R? R?

Due to the critical nature of our problem (8y = 27 and d = 2), the moments go through a non-trivial
transition as e — 0. To see this, in (1.2), use the orthogonality E[I. k(t, 1)l & (¢, x2)] = 0, k # k', to express
the second (n = 2) moment as

E[(/R Z.(t,2) f( /Rl:[p (t, 25 — ) (@) Zio () e d:z:H—Z/ Hlak (t, 2:) f ()] dz1daa.

As seen in [CSZ18b], the major contribution of the sum spans across a divergent number of terms — across
all k’s of order |loge| — co. We are probing a regime where the limiting process ‘escapes’ to indefinitely
high order chaos as ¢ — 0, reminiscent of the large time behavior of the SHE/KPZ equation in d = 1.

Because of this, obtaining the ¢ — 0 limit from chaos expansion requires elaborate and delicate analysis.
In fact, just to obtain an e-independent bound (for fixed Z;. and test functions f;’s) from the chaos expansion
is a challenging task. Such analysis is carried out for n = 2,3 in [CSZ18b] (in a discrete setting and in the
current continuum setting, both with Z;. = 1). Here, we progress through a different route. From (1.4),
(1.5), and (1.6) obtaining the limit of the correlation functions is equivalent to obtaining the limit of the
semigroup e~ "= which reduces to the study of H. itself, or its resolvent.

The delta Bose gas enjoys a long history of study, motivated in part by phenomena such as unbounded
ground-state energy and infinite discrete spectrum observed in d = 3. We do not survey the literature here,
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and refer to the references in [AGHKHS8]. Of most relevance to this paper is the work [DR04], which studied
d = 2 with a momentum cutoff, and established the convergence of the resolvent of the Hamiltonian to an
explicit limit [DR04, Equation (90)] (also (1.24)). Here, we follow the framework of [DR04], but instead of
the momentum cutoff, we work with the space-mollification scheme as in (1.6), in order to connect the delta
Bose gas to the SHE.

Hereafter we always assume n > 2, since the n = 1 case of Theorem 1.1 is trivial. We write I for the
identity operator in Hilbert spaces. For z € C\ [0, c0), let

G, = (— ;i}v? —zI)A (1.21)

denote the resolvent of the free Laplacian in R?". Let J, be the unbounded operator .#?(R?*"~2) —
Z?(R?*~2) defined via its Fourier transform

T0(p2—n) :=log(5|pl5_, — 2)0(p2—n), (1.22)
where pa_,, = (p2,...,pn) € R?""2 and
|p|%7n = %|p2|2 + |p3|2 +...+ |pn|27

with domain Dom(7.) := {v € L?(R*"2) : [os, |[0(p2—n) log(pl3_, + 1)|2dp2,n < 00}
Let ,fSQym(RQ”) denote the subspace of .Z2(R?") consisting of functions symmetric in the n-components,
ie, u(zi,...,2n) = u(2s(1), -+ To@m)), for all permutation o € S,,. Recall 3, and fBne from (1.8). As the

major step toward proving Theorem 1.1, in Sections 3-7, we show

Proposition 1.4 (Limiting resolvent). There exists C < oo such that, for z € C with Re(z) < — OBy
(a) the following defines a bounded operator on £?(R*") — £?(R?"):

R.=G.+> > 68k, (4n( = 807 [ (S n0:S0,, (4n(T = B 7)) i G
m=1 (iT;Eng(n,m) 5=2 ( )
1.23
where the sum converges absolutely in operator norm;
(b) when restricted to £2,,(R*"), the operator takes a simpler form,
RY™ =Gt 2 (376.85) (- (- 8D - 2 38,6.80) (846). (s
i n(n—1) = ) \dr n(n —1) I ¢ = / (1.24)

The sum Y% is over distinct pairs (i < j) # (k < ).

Theorem 1.5 (Convergence of the resolvent). There exist constants C; < 00, C2(Bane) > 0 such that for all
€ € (0,1/C3(Bhine)), and z € C with Re(z) < —eCin*+Bs

(a) (He — 2) has a bounded inverse £?(R?") — £2(R?");
(b) R..:=(He—2)"t — R, strongly on L*(R*™), as e — 0.

Remark 1.6. Given Theorem 1.5, by the Trotter—Kato Theorem, c.f., [RS72, Theorem VIII.22], there exists
an (unbounded) self-adjoint operator H on .Z2(R?"), the limiting Hamiltonian, such that R, = (H — 2I) 1,
Im(z) # 0. As implied by Theorem 1.5, the spectra of H. and H are bounded below by —eCn* B Such a
bound is first obtained under the momentum cutoff in [DFT94]. Using a non-rigorous mean-field analysis,
[Raj99] predicted that the lower end of the spectrum of H should approximate —e®", for some ¢, € (0, 0).

Remark 1.7 (SHE in d > 3). In higher dimensions d > 3, the appropriate tuning parameter is 3. = By 2.
For small fj, the studies on the EW-equation limit of the SHE/KPZ equation include [MU18, GRZ1S,
DGRZ18], and results on the pointwise fluctuations of Z. and the phase transition in 8y can be found in
[MSZ16, CL17, CCM18, CCM19, CN19]. For discussions on directed polymers in a random environment,
we refer to [Com17] and the references therein.
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Outline. In Section 2 we give an explicit expression for the limiting semigroup in terms of diagrams and
use this to derive Corollary 1.3 from Theorem 1.1. In Section 3, we derive the key expression (3.6) for
the resolvent R. ., which allows the limit to be taken term by term: The limits are obtained in Sections
4 through 6, and these are used in Section 7 to prove Proposition 1.4(a)—(b), Theorem 1.5(a)-(b) and the
convergence part of Theorem 1.1(b). In Section 8, we complete the proof of Theorem 1.1 by constructing
the semigroup and matching its Laplace transform to the limiting resolvent R ..

Acknowledgment. We thank Davar Khoshnevisan, Lawrence Thomas, and Horng-Tzer Yau for useful
discussions. YG was partially supported by the NSF through DMS-1613301/1807748 and the Center for
Nonlinear Analysis of CMU. JQ was supported by an NSERC Discovery grant. LCT was partially supported
by a Junior Fellow award from the Simons Foundation, and by the NSF through DMS-1712575.

2. DIAGRAM EXPANSION

In this section, we give an explicit integral kernel Dm(tw,w’ ) of the operator ’D,EZ_]S in Theorem 1.1.

and show how the kernel D(*9) (¢, z, z') can be encoded in terms of diagrams. This is then used to show how
Corollary 1.3 follows from Theorem 1.1. The operators S;; P, PtS;kj and S;;P;S;;, have integral kernels

(SijPeu) (y) = /R2 P(t, Sijy — x)u(x) dz, y=(Y2,...,yn) E R (2.1)
(PeSv) (@) = /2 . P(t,xz — Sijy)v(y) dy, r=(x1,...,2,) € R*™, (2.2)
R n
(SijPeSiev) (y) = /RQ PSSy = Skey )W) Ay g = (ye o yn) €RE (2:3)
From this we see that ’DO—J5 has integral kernel
DD (¢, 2, 2/) / dT/ 10,2 — Sinjuy D) dy /2 - 4P (gD — DY gy

m—1
T (PO Siaiat™ = Sig a0 72) g2 amPT (o, y B2 — 40 a4 (2.9)

k=1

: P(Tma Slmjmy(m) - ‘T/)a

where %,,(¢) is defined in (1.15), z,2’ € R?", and y(@ € R?"~2 with a € (3Z) N (0, m].
We wish to further reduce (2.4) to an expression that involves only the two-dimensional heat kernel p(7, x;)
and j(7, B,). Recall from (1.10) that (S;;y) := x is a vector in R?" such that z; = x;. In (2.4), we write
Sikjky(a) = (yéa), cee y(a) el yga) . ,yv(la)) = (xga), e ,x;a))l{xl(-:) = $§Z)}’
<~ <~
ir-th Jr-th

2,k The vector z(® is in R?", but the integrator d’z(® is
(a) (a)

and accordingly, dy(® = d’z(?), where a = k —
(2n — 2)-dimensional due to the contraction x;
R G | | dzg@) = (dx§j> [T af”),  a=k-4nk

[T LA, Jk

We express P as the product of two dimensional heat kernels, ie., P(r,z) = [[,_, p(7,2¢) with z =
(71,...,7,), and similarly for P7 (7, +) (as in (8.6)). This gives

n
Dm(tw,x') ::/ dF/HP(To,xz—xél/z))l{xgllm) 1/2 pdz (/2)

S (t)
'47Tj(7'1/2,ﬁ*) ( T1/2, T 511/2) 511)> H p<71/2,$21/2)—.’Eél))dla’}(l)
L#£i1,71

m—1 n
' <H1{$§ 25 Yp (e 2y — D)1 TP = T e ® (2.5)
k=1

More explicitly,
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- 4mj (Tk+1/2aB*)P(%Tk+l/2>x,('f:1/2) - ngjll)) H P(Tk+1/27$gk+1/2) - xﬁ“”) d/l"(kﬂ))
LAik,Jk

. H p(Tm,xEm) — y).
=1

This complicated looking formula can be conveniently recorded in terms of diagrams. Set A := (%Z) N
[0,m + %], and adopt the convention z(9) := z and z(m*+1/2) .= 2/, We schematically represent spacetime
R, x R? by the plane, with the horizontal direction being the time axis R, and the vertical direction
representing space R?. We put dots on the plan representing xﬁa), a € A. Dots with smaller a sit to the
left of those with bigger a, and those with the same a lie on the same vertical line. The horizontal distance

ga—1/2) and a:ga), a € A, represents a time lapse 7, > 0. We fix the time horizon between x, = xg))
(m+1/2

and x) = x, (a)

between x

) to be t, which forces 7o + 712 + ...+ T = t. The points z, ", are generically represented
(a) (a)
ik Jk

otherwise single. See Figure 1 for an example with n = 4 and (i,j; =((1<2),(2<3),(3<4)).

by distinct dots, expect that «;’ and ="’ are joined for k = a—1/2,a. In these cases we call the dot double,

/

Tle o L pu ol

1=2 1=2 v 2

[ ] [ ] 93 °® . o.L9H

T2 o 3 . 2=3 2 2 /

r3e ©® 3 ol
xi o °* o 3=4 s
4 ° _

° A 4 1q 3=4 ‘51321

FIGURE 1. Schematic representation of a:ﬁa), with n = 4 and (z:]) =((1<2),(2<3),3<
4)). Each dot represents a point zéa), a € (3Z)N[0,3 + 1], with the convention z, := zgo)
and zj := xf’H/ 2 Tn the figure, the ¢ indices are printed in back next to the dot, while
the a superscripts are put over the vertical, dashed line. The horizontal distances between
dash lines represent time lapses 7.

Next, connect dots that represent xfga_l/ 2 and :Ef) together, by a ‘single’ line except for the case when
both ends are double points, by a ‘double’ line otherwise. To each regular line we assign a two-dimensional

heat kernel p(7,, x§a71/2) —xga)), and to each double line assign the quantity 4mj(7q, ,B*)p(%ra, xéail/m —xéa)).

The kernel Dm(ux,x’ ) is then obtained by multiplying together the quantities assigned to the (regular

(0) (m+1/2)
14

and double) lines, and integrate the z(@)’s and 7,’s, with the points z, := z, ’ and x) =, being fixed.

See Figure 2 for an example with n = 4 and (i,j; =((1<2),(2<3),3<4).
In the follow two subsections, we examine the n = 2, 3 cases, and derive some useful formulas.

2.1. The n =2 case. In this case, the only index is the singleton (i,j; = ((1 < 2)), whereby
2
dF/H p(T0, ¢ — xgl/Q))dxgl/z) (2.6a)
=1

- Amj (71/2, 5*)[3(%71/27 $§1/2) - mgl))dxﬁl) (2.6b)
2
] el at? —a7), (2.6¢)
=1

2
(P I Dng(2))(t7x1,x2,CL‘/l,x’z) = H p(t,xy — ) +/
=1 To+T1/2+T1=t
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FIGURE 2. The diagram representation for D(ijj)(t,x,x'), with n = 4 and (Z:j) =((1<

2),(2 < 3),(3 < 4)). Each regular (single) line between dots is assigned p(r, an71/2) - xéa)),
1. (a—1/2) _ (a—1/2) (a)

while each double line is assigned 47j(7, B+ )p(57, 7, x&a)), where x, and z,
are represented by the dots at the two ends, and 7 is the horizontal distance between these
dots.
and the diagram of D(12) (¢, x 2') is given in Figure 3.
T /
1 _ T
Z 1=2

/
I9 L2

FIGURE 3. The diagram of D((12) (¢, 2, 2/).

In (2.6a), rewrite the products in the center-of-mass and relative coordinates,

2
[ p(r.20) = p (37, B522)p(27, 21 — ),
/=1

and then integrate over x§1/2), xgl)

(P + Dng(z))(ta 171,582,39/171'/2)

= p(%t,zc - l'/c) (p(2t,$d - xii) +/ de(2T07'rd) 47rj(7-1/27ﬂ*) p(27-17x£i))a

To+Ty1/2+T1=t

€ R2, using the semigroup property of p(-, +). We then obtain
(2.7)

where z. := LJ;’“’Z, xq := 11 — X2, and similarly for 2/, .

Remark 2.1. The formula (2.7) matches [BC98, Equation (3.11)—(3.12)] after a reparametrization. Recall
By from (1.8). Comparing our parameterization (1.7) and with [BC98, Equation (2.6)], we see that [
here corresponds to log 8 in [BC98]. The expression in (2.7) matches [BCI8, Equation (3.11)—(3.12)] upon
replacing (zq,2}) — (z,y), B« — log 8, and using the identity:

| plar =) mapp(zs.at) ds = e (= (a4 o) o (24, (28)

where K, denotes the modified Bessel function of the second kind.
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To prove (2.8), by scaling in 7, without lost of generality we assume 7 = 1. On the Lh.s. of (2.8), factor
out exp(—7(|za|* + |2}/?)), decompose the resulting integral into s € (0,1/2) and s € (1/2,1), for the former
perform the change of variable u = (1 — s)/s, and for the latter v = s/(1 — s). We have

< 1
(Lhus. of (2.8)) = exp ( — 3 (|lza|* + |24]*)) L, I, := 2/1 TEEn
The integrand within the last integral stays unchanged upon the change of variable u — 1/u, while the
range maps to (0,1). We hence replace 2 [~ ( + ) du with [;*(+)du. Within the result, perform a change of

1 2 1 2
o~ dulzaP+31e40) gy,

variable v = 2ulzq|?, and from the result recognize 51 ez (Zal*l2a*) = p(o, |2q|[2/}]). We get

T

1 _lwalPlegl? v 1 ,
I* = /0 W@ 2v e 8dv = gG_éﬂdede,
where G,(|z]) = G,(z) denote two-dimensional Green’s function. As argued in the proof of Lemma 6.2,
G.(z) = 2 Ko(v/—2z|z|). This gives (2.8).

2.2. The n = 3 case. Here we derive a formula for the limiting centered third moment. We say (i,7) =

((ix < jr))ie; € Dgm(n) is degenerate if UL, {ir,jr} S {1,...,n}, and otherwise nondegenerate. Let

Dgm’(n) denote the set of all nondegenerate elements of Dgm(n), and, accordingly,

-3 o[
(i.j)eDgm’(n) !

Proposition 2.2. Start the SHE from Z.(0,+) = Zi.(+) € £?(R?). For any f € £L*(R?),

D?gm/ (n) .

3 -
E[({f Zea) — I, Ze0]) | — (522 DD D28 ase o, (2.9)
uniformly in t over compact subsets of [0, 00).
Proof. Expand the Lh.s. of (2.9) into a sum of products of n’ = 1,2,3 moments of (f, Z. ;) as
3 3
E[((f, Zea) = ELS, Ze0)) | = E[(F, Ze00%) = 3E[{f, Ze2) B[{f, Ze.)) +2(E[(f, Z.0)° (2.10)
For the n’ = 1 moment, rewriting the SHE (1.1) in the mild (i.e., Duhamel) form and take expectation gives
E[(fa Zs,t” = <f> P * Zic> = /4 f((E/)p(t, J"/ - x)ZIC(x) d$d$/7
R

where * denotes convolution in z € R%. Note that for n’ = 2 the only index Dgm(2) = {((1 < 2))} is the
singleton and that (f&" PtZi‘%"l> = (f,p* Zic)™ . We then have

lim E[(f, Z.0)°] = ((f.p Ze))" + (£2°, DY) 257, (2.11)
i E[(f, Ze.0)?] = ((F,p* Zie))” + (£52, D) 282), (2.12)

Inserting (2.11)—(2.12) into (2.10) gives
lim E[({/. Ze.) ~ BI(7. Z:.)]) | = (/9. DX O 28%) —3(f.p % 220) (522 D00 287, (219)

For n' = 3, degenerate indices in Dgm(3) are the singletons ((1 < 2)),((1 < 3)),((2 < 3)). This be-
ing the case, we see that the last term in (2.13) exactly cancels the contribution of degenerate indices in

(f®3, D?gm(S)Z§3>. The desired result follows. O

2.3. Proof of Corollary 1.3. Here we prove Corollary 1.3 assuming Theorem 1.1 (which will be proven in
Section 8). Our first goal is to show Z.(t,x1)dxy := et z(dz1), as a random measure on R?, is tight in ¢,
under the vague topology. By [Kal97, Lemma 14.15], this amounts to showing [po g(#)pic,¢,z(dz) = (7, Z2 1)
is tight (as a C-valued random variable), for each g € %.(R?). Apply Theorem 1.1 with n = 2, with
Zie(x1) = | Zie(m1)] € ZL?(R?), and with f(z1,22) = |g(z1)g(x2)|. We obtain that E[|(Z. ¢+, g)|?] is uniformly
bounded in €, $0 [z (%) pte t,z(dx) is tight.

Fixing a limit point . ; of {c ¢,z }e, we proceed to show (1.19). Fix a sequence e, — 0 such that p., ¢,z —
e vaguely, as k — co. The desired result (1.19) follows from Theorem 1.1 if we can upgrade the preceding
vague convergence of yu., ¢ 7 to convergence in moments. For fixed f1, ..., fn € €.(R?), applying Theorem 1.1
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with n — 2n, with Zic(21) — | Zic(z1)] € L2(R?), and with f(z1,...,22,) = [11—; | fi(@:) fi(Znt4)], We obtain

that
‘H/ fz ,UstZ (da;) }

is uniformly bounded in e. Hence ([];-, fRz fi(zi) e, z(dx;)) is uniformly integrable in € (as C-valued
random variables), which guarantees the desired convergence in moments.

We now move on to showing (1.20). For Zi.(x1), fi(x1) = 0, both not identically zero, we apply Propo-
sition 2.2 to obtain the e — 0 limit of the centered, third moment of fR2 fi(z1)per,z(dx1). As just argued,
such a limit is also inherited by p. ;, whereby

E[( fi(@1) e (dey) — / fi(zy ﬂ*t(dzl)}) } = (§83 pPE™ () 723y (2.14)

E[<f» |Zs,t|®2”>:| = EH<f1 Q- ® fn,Z®”

As seem from (2.5), the operator D(z—JS has a strictly positive integral kernel. Under current assumption
Zic(1), f1(x1) = 0 and not identically zero, we see that the r.h.s. of (2.14) is strictly positive.

3. RESOLVENT IDENTITY

In this section we derive the identity (3.6) for the resolvent R. . = (H. — z)~! which is the key to our
analysis.
Let Mg := —1 3", V? denote the ‘free Hamiltonian’, and let V., : £?(R?") — £2(R*")

x) = 255(% —xj)u(z)

i<j
denote the operator of multiplication by the approximate delta potential, which is a bounded operator for

each ¢ > 0. The Hamiltonian H. is then an unbounded operator on -#?(R?") with domain #%(R?") (the
Sobolev space), i.e.,

He = Hap — BV, Dom(H,.) := #?(R?") C L*(R?"). (3.1)

The first step is to built a ‘square root’ of V.. More precisely, we seek to construct an operator Se;j, indexed
by a pair i < j, and its adjoint SZ;; such that V. = >, . 8%;S.;. To this end, for each ¢ > 0 and

1 <i < j < n, consider the linear transformation 7.;; : R?" — R?":
i +
Teij(x1, .-y an) o= (B2, 555 1), (3.2)

where T € R2("=2) denotes the vector obtained by removing the 4, j-th components from z € R?**. In
other words, the transformation T;; places the relative distance (on the scale of €) and the center of mass
corresponding to (x;,x;) in the first two components while keeping all other components unchanged. The

transformation T;;; has inverse Se;; = 8” :R?" — R2™:
Sfij(yla---ayn) ::(y37"'7y2+%3"'ay2 a"'7yn) (33)
—— H/—/
i-th j-th

Accordingly, we let S.;; and SZ;; be the induced operators £ (R*") — Z*(R*"),

(Seiju) (y) = u(Seijy),  (Siyv)(x) = e 0(Tuijx). (3.4)

It is straightforward to check that Sf;; is the adjoint of S.;j, i.e., the unique operator for which (SZ;.v,u) =

eij eij
(v, Seiju), Yu,v € L%(R?*). Since S.ij, Tri; are both 1nvert1able the operators S.;;,SZ;; are bounded for

each € > 0. ® is even and non-negative, so we can set ¢(x) := v/®(x) and view (¢v)(y) := d(y1)v(Y1, - -, Yn)
as a bounded multiplication operator on #2(R?"). From (3.4), it is straightforward to check

VE = Z 51]¢¢Sszj (35)

1<J
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Remark 3.1. We comment on how our setup compares to that of [DR04]. They work in .,Zg,m(R%),
corresponding to n Bosons in R?, the key idea being to decompose the action of the delta potential V. on

£2 (R?*) into some mtermedlate actions from .Z2  (R?") into an ‘auxiliary space’, consisting of n—2 Bosons

sym sym
and an ‘angle particle’. In our current setting, the auxiliary space is £?(R?*) > v = v(y1, ¥2,%3, - - -, Yn). The
components ys, .. ., Y, correspond to the n — 2 particles, the component y, corresponds to the angle particle,

while y; is a ‘residual’ component that arises from our space-mollification scheme, and is not presented under
the momentum-cutoff scheme of [DR04].

Given (3.5), the next step is to develop an expression for the resolvent R. . = (H. —2)~! that is amenable
for the e — 0 asymptotic. In the case of momentum cutoff, such a resolvent expression is obtained in (Eq (68)
of) [DR0O4] by comparing two different ways of inverting a two-by-two (operator-valued) matrix. Here, we
derive the analogous expression (i.e., (3.6)) using a more straightforward procedure — power-series expansion
of (operator-valued) geometric series. Recall Dgm(n,m) from (1.13), recall that ||Q||op denotes the operator
norm of Q, and recall from (1.21) that G, denotes the resolvent of the Laplacian.

Lemma 3.2. For alle € (0,1) and z € C such that Re(z) < —B:(1+3_,_; Seijbllop)?, we have

R i=(He— 21"t =G, + Z > (G.S2%,,,9) (3.6a)
m=1 (i,j)eDgm(n,m)

m
_ v -1 _ -1
(BT~ 08.126:57150) ' T ((68et, 10 1G=5%,,0) (BT~ 680126-52126) ') (36b)
k=2
(68i,,5,,G-)- (3.6¢)
Remark 3.3. As stated, Lemma 3.2 holds for Re(z) < —Ci(e,n), with a threshold Cy(e,n) that depends
on €. This may not seem useful as € — 0, however, as we will show later in Section 7, the r.h.s. of (3.6) is
actually analytic (in norm) in {z : Re(z) < —Ca(n)}, for some threshold Ca(n) < oo that is independent of
. It then follows immediately (as argued in Section 7) that (3.6) extends to all Re(z) < —Csy(n).

Proof. To simplify notation, set S” = 61/2¢85ij, St = (gzy)* = 1/28* ‘¢, and éff = ‘ijgzska. In (3.6b),

etj
factor 8-t from the inverse. Under the preceding shorthand notation, we rewrite (3.6) as

oo
Re.=G.+> S a8 H G, A-G13)7 8.0 (37
m=1 {i,j)eDgm(nm)
Our goal is to expand the inverse in (3.7), and then simplify the result to match (H. — 2I)~!
To expand the inverse in (3.7), we utilize the geometric series (I-Q) ™1 = I+>_72 ; O, valid for || Q]|op < 1.
Indeed, [|G. [lop < 1/(—Re(z)), so under the assumption on the range of Re(z) we have [|S12||lop < 1. Using
the geometric series for Q = G12, and inserting the result into (3.7) gives

_ Sinj1 p12 | F12 Fizje 512 512 Hisj Bimjm S12 . Al12
Re,. =G + Z G.8" G153 G15 G257 Gig G132 Ganin G G1a G Szmymgz (3.8)
w_/
£1 ez an
where the sum is over f1,..., 0, (i j; € Dgm(n,m), and m = 1,2,.... The sum converges absolutely in

operator norm by our assumptlon on z. Since G, acts symmetrically in the n components, we have gu = g ,
for any pair 7 < j. Use this property to rewrite (3.8) as
R.. —G. + Z G. Suh cigt | gzllljjll gzllzjjlz gzz]z . gmh gzsjs o ’gv?mjml glmjm . gNlme gimjmgz-
N————’ N————— N——————

1111 1272 1272 Tt2]2 tm—1Jm—1 7 tmIm tmIm

(3.9)
£ 2 L
The summation can be reorganized as > -, _, D i<y 2oi,<j,(+). To see this, recall from (1.13) that

(i,7) € Dgm(n,m) consists of pairs (i < ji) under the constraint that consecutive pairs are non-repeating,
Le., (ig—1 < jr—1) # (i < ji). The r.hs. of (3.9) replenishes all possible repeatings of consecutive pairs,
and hence lifts the constraints imposed by Dgm(n,m). In the resulting sum, express ka S4G,S to get

R..= Y 0.(3§75,0.)"

m=0 i<j
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From (3.5), we have gijgij = BV, hence R. . = G.(I — B.V.G,)"!. Further G, = (Hg — 2I)~! gives

i<j
Reo=(Hu— ) (1= BVe(Hu — D)) ' = (M — 2L — BoVe) ' = (He—21) .
This completes the proof. O

The resolvent identity (3.6) is the gateway to the ¢ — 0 limit. Roughly speaking, we will show that
all terms in (3.6) converge to their limiting counterparts in the expression of R, given in (1.23). The
expression (1.23), however, does not expose such a convergence very well. This is so because some operators
in (1.23) map one function space to a different one, (e.g., S;; maps functions of n components to n — 1
components), while the operators in (3.6) always maps Z2(R?") to £?(R?*"). We next rewrite (1.23) in a
way that better compares with (3.6). To this end, consider the operators

Qp 0 L2HR™) —» L2(R*™72), () (y2_n) = /Rz o(y1)v(Y1, y2—n)dys (3.10)

6@ - LARMY) o L2ART), (6@ 0)(yn,Ya-n) = By1)0(y2-n). (3.11)

Given that ¢ € €>°(R?), it is readily checked that Q, and ¢ ® - are bounded operators. Note that from
¢ = V@, ¢ has unit norm, ie., [, ¢*dy = 1. From this we obtain Q4(¢ ® Q) = Q, for a generic
Q: L2(R?") — L2(R?"2) or Q: L?(R*™2) - ¥%(R?"2). Using this property, we rewrite (1.23) as

R.=G.+ Y > (9:85;,) (3.12a)
m=1 (’iTSEng(n,m)
(oean(T. - D7) [T (0@ 81 15.,6:81,,%) (60 4n(J. - BI)'Q,))  (3.12b)
s=2
(¢®Si;6:). (3.12¢)

That is, we augment the missing y; dependence (in the operators S;;, S, etc.) along the subspace C¢ C
#%(R?). Equation (3.12) gives a better expression for comparison with (3.6).

For future references, let us setup some terminology for the operators in (3.6) and (3.12). We call the
operators S;;G, or ¢ ® S;;G, in (3.12¢) the limiting incoming operators, and the operators G,S;; or
G.5;C2y In (3.12¢) the limiting outgoing operators. Slightly abusing language, we will use these phrases
interchangeably to infer operators with and without the action by ¢® « or £14. Similarly, we call the operators
in (3.6¢c) the pre-limiting incoming operators, and the operators in (3.6a) the pre-limiting outgoing
operators. Next, with 7, defined in (1.22) in the following, we refer to (7, — B:I) and (81 — S.12G.S5)
as the limiting and pre-limiting diagonal mediating operators, respectively, and refer to S;;G.S;,
and S.;G.S%,,, with (i < j) # (k < £), as the the limiting and pre-limiting off-diagonal mediating
operators.

As we will show in Section 4, each pre-limiting incoming and outgoing operator converges to its limiting
counterpart, and, as will show in Section 5, each off-diagonal mediating operator converges to its limiting
counterpart. Diagonal mediating operators require a more delicate treatment because 81 and SsijQZS:ij
both diverge on their own, and we need to cancel the divergence (and also to take an inverse) to obtain a
limit. This procedure, sometimes referred to as renormalization in the physics literature, will be carried out
in Section 6.

4. INCOMING AND OUTGOING OPERATORS

In this section we obtain the ¢ — 0 limit of ¢S¢;;G. and G.S7;;¢ to ¢ ® (8i;G.) and G.S5;;Q. The main
result is stated in Lemma 4.4.

Recall the linear transformation S;; and its induced operator S;; from (1.10)—(1.11). Comparing (3.3) and
(1.10), we see that Sei;(y1,...,Yn) = Sij(y2,...,Yn) as € — 0. Namely, S;; is the pointwise limit of S.;;.
This observation hints that &;; should be the limit of S.;;, and the ¢ — 0 limit of the incoming operator
$S:ijG. should be obtained by replacing S;; with Sg;;. Note that, however, the operator S;; is unbounded,
because, unlike Se;;, S;;, maps between spaces of different dimensions; the y; dependence in Se;;(y1, - - -, Yn)
‘vanishes’ as ¢ — 0 (c.f., (3.3)).
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As the first step of building the limiting operators, we construct the domain of S;;, along with its adjoint
Sj;. In the following we will often work in the Fourier domain. Let f(q) := [z e‘iy‘qf(y)(%d% denote
Fourier transform of functions on R¢; the inverse Fourier transform then reads f(y) = fRd elvaf (q)(%‘jﬁ.

Let . (R?) denote the space of Schwartz functions. In our subsequential analysis, d is typically 2n or 2(n—1).
Consider the (invertible) linear transformation R?" — R2":

Mzgq = (Q37 SERE) %QQ +q,..., %q2 —q1,--. ;Qn) (41)
—— ———
i-th j-th
For ¢ € R?", we write ¢;_; := (¢, - - -,¢;) € R2U71D "and recall that a7 € R2"~4 is obtained from removing

the i-th and j-th components of q.

Lemma 4.1.
(a) The operator S;;, given by equation (1.11), is unbounded from £?(R*™) to Z?(R?*"~2), with

Dom(Sy) = {£ € L")+ [ |Fby(a )l € 2@} € 2@, (42)
and for f € Dom(S;;), we have
Soflar-) = [ Foro 5. (4.3

In addition, for all a > 1, we have #*(R*") C Dom(S;;).
(b) The operator

—

S59(p) = 5-9(pi + pj p7) (4.4)
maps LAR*2) = Nys1 7 4R?™), and is adjoint to S;; in the sense that
(S50, F) = (9,85 f), g€ LR, fe A R™), a> 1. (4.5)

Proof. (a) Let us first show (4.3) for f € Z(R?*"). On the Fourier transform of f, perform the change of
variables @ = Si;;y, where S1;; = Seij|e=1, and the substitute p = M,;q. From (3.3), it is readily checked
that | det(S145)| = 1, and from (4.1), we have (S1;;y) - (M;;9) =y - ¢, so

~

f(M;jq) = /R% €_iy‘qf(51ijy)(2dTy)n- (4.6)

Our goal is to calculate the Fourier transform of f(S;;+). Comparing (1.10) and (3.3) for ¢ = 1, we see that
(S14jY)|ly1=0 = Sij(y2—n). It is hence desirable to ‘remove’ the y; variable on the r.h.s. of (4.6). To this end,
apply the identity

e dya—n / ., vdaq1 9
_n 192 —n"Y2—n — —, Rn
/R2n_29(07y2 Je st = A ge s @)

with ¢g(+) = f(S1i;+) to obtain

3 dqgy —j . dy2—n / —j . dy2—n
Mi . — 1Y2—n-q2—n i — 1Y2—n-q2—n i Ua—n .
- f( JQ) \/]R2n—2 € f(Sl jy)|y1:0 (27T)n_1 o € f(S Y2 ) (27_‘_)»”_1

2T

The last expression is S/z;‘ (g2_n) by definition. We hence conclude (4.3) for f € .%(R?"). By approximation,
it follows that S;; extends to an unbounded operator with domain (4.2), and the identity (4.3) extends to
f € DOII](SZJ)

Fix a > 1, we proceed to show #*(R?") C Dom(S;;). For f € s*(R?"), it suffices to bound

/1%2n72

. 2
- ‘f(MijQ)|dQI‘ dga—n. (4.7)
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Within the integrals, multiply and divide by (1|M;;q|* + 1)2. Use 1|M;;q|* > |q1|? (as readily checked
from (4.1)) and apply the Cauchy—Schwart inequality over the integral in g;. We then obtain

@7%:4%4

1 a C
< —— ) d a(pon) < —— a(R2n)-
[, (omsg) dan 1 lemiaony < 25 e

This verifies #7%(R?") C Dom(S;;).
(b) That S}; maps £ (R*"?) to Ng>1.~“(R?") is checked by similar calculations as in (4.8). To check (4.5),
calculate the inner product (59, f) in Fourier variables from (4.4). Within the resulting integral, perform

1 " A
T e (5 Mial + D)2 (M
/]Rz (%|szq\2+1)2 2 ] |

ijq ’dCIl’ dga—p,
(4.8)

a change of variable p = M;;q, and use |det(M;;)| = 1 and (p; + pj,p5;) = [Miglp]Q_n (as readily checked
from (4.1)). We then obtain

=7, dp o dg
ka, = i iy Dz - = n 2
Sof) = [ T nai05E = [ T i 5
From (4.3), we see that the last expression matches (g, S;; f). |

Recall that, for each Re(z) < 0, G.(Z?(R?")) = #%(R?*"). This together with Lemma 4.1 implies that
Si;G. is defined on the entire .£> (RQ”) with image in .#*(R*"~?), and that G.S}; is defined on .Z*(R*"*~?),
with image in .#?(R?*"). Informally, G, increases regularity by 2, while S;; and S both decrease regularity
by —(17), as seen from Lemma 4.1. In total S;;G. and G.S;; have regularity exponent 2—(1T)=1">0.

We now establish a quantitative bound on the operator norm of the limiting operators S;;G. and G.S};

Lemma 4.2. For 1 <i< j<n and Re(z) <0, [|S;;G:llop = [GzS]jllop < C (Re(—2)) /2.

Proof. That ||SUQZ||Op 1G=S;;llop follows by (4.5), so it is enough to bound [|S;;G.lop. Fix u € Z%(R*")
and apply (4.3) for v’ = G,u to get

N u(Mijq)  da
SiiGulqgen) = | +7—L——. 4.9
iG-u(q2—n) /R? %|MijQ|2 Y- (4.9)

Calculate the norm of S;;G.u from (4.9) and by the same argument as in (4.8) we get

u(M;; dgi |2 u(M;jq) dgi)?
HSijgzu||2 :/ / 1(7#])&’ dga—n </ / wﬂ‘ dgo—n,
R2n—2 R2 §|MijQ|2 — 2z 27 R2n—2 R2 |q1| — 2z 27

Applying the Cauchy—Schwarz inequality over the ¢; integration, we conclude

155001 < ([ || ome) 1 < ( [, tomrmeraye ) 1™

The last integral over ¢; can be evaluated in polar coordinate to be ﬁRe(—z) . This completes the proof. [

Having built the limiting operator, our next step is to show the convergence. In the course of doing so,
we will often use a partial Fourier transform in the last n — 1 components:

7 . " dys
— —i(y2,....ya) (q2,---,qn) Yi 4.10
Floman)= [ e oo [ 52 (410)
Recall S.;; from (3.4). To prepare for the proof of the convergence, we establish an expression of S.;;u in
partial Fourier variables.

Lemma 4.3. For every 1 <i < j <n and u € . (R?*"), we have

— 1

dq
Seiju(yr, ga—n) = /Rz NN G(M,q) =

o (4.11)

Proof. A partial Fourier transform can be obtained by inverting a full transform in the first component:

— — .o d
Seij f(Y1,q2-n) = / Seijf(q)er ™ cn
R2

ot (4.12)
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We write the full Fourier transform as Sﬂj f(@) = Jgon €7V f( sljy) Qﬁ)n. We wish to perform a change of
variable z = S.;;y. Doing so requires understandmg how (y - q) transform accordingly. Defining

Msijq = (q37 sy %CD + 5_1(11> ey %(D - 5_1(11’ .. -7Qn)7

i-th j-th

it is readily checked that y - ¢ = (Mg;;q) - (Seijy). Given this, we perform the change of variable z = Sg;;y.
With | det(Sei;)| = €2, we now have

— e d .
Sl = [ T o) i - e M) (113)

Inserting (4.13) into the r.h.s. of (4.12), and performing a change of variable g; + €¢1, under which M.;;q —
M;;q, we conclude the desired result (4.11). O

We now show the convergence. Recall 2, from (3.10).

Lemma 4.4. For each i < j and Re(z) < 0, we have

"¢Saijgz - ¢ ®(Si;G-)

+|
op

G:SZij¢ — G:Si Q¢H %( Re(z ))71/4—>0, as € — 0.

Proof. It suffices to consider ¢S.;;G. since gz 8L = (¢8:i;G2)" and G.S5;5Q = (¢ ® (8i;G2))". Fix u €
S (R?™), and, to simplify notation, let u' := (¢S:;;G. — ¢ ® (S;;G.))u. We use (4.9) and (4.11) to calculate
the partial Fourier transform of u’ as

i

(1 dsn) = Bu1) /R

elevirar 1 dq
———u(M;;q) —
T

From this we calculate the norm of «' as

12 '_/| 2
| = / 1 (1, o) Pdyrdgs_ = /
R?n 2n

Recall that, by assumption, ¢ € €°(R?) is fixed, so |¢(y1)| < C1y)y,1<c}- For |y1] < C we have |el=v19 —1] <
C ((elq1|) A 1). Using this and |M;;q|? > 2|q1]? (as verified from (4.1)), we have

oo CadAL o dae [ (e,
I \C/Rmz—z(\/Rz |q1|2—Re(z)|u( ”q)|2 ) @2-n < Clu] R2(|q1\2—Re(z)) @

Set —Re(z) = a > 0 to simplify notation. We perform a change of variable g1 + y/aq; in the last integral to
1/2,1/4 1/2,1/4

ey =R dQ1 2
SV —’ dy1dga_n.
Qb(yl)/%z %|MijQ|2_ZU( z]q) o Yy1442—n

get 1 fRQ (evalgi )AL dg;. Decompose it according to |¢1] < € . For the former use

(Iq1?+1)?

% < 1, and for the latter use (v/alq1])®> A 1 < (ev/alq1])?. Tt is readily checked that the integrals

are both bounded by Cea~1/2. ]

and |¢1] > ¢

5. OFF-DIAGONAL MEDIATING OPERATORS

To get a rough idea of how the mediating operators (those in (3.6b)) should behave as ¢ — 0, we perform
a regularity exponent count similar to the discussion just before Lemma 4.2. Recall that G, increases
regularity by 2, while S;; and S}, decrease regularity by —(17). Formally the regularity of S;;G.S;, adds
up to 2— (1) — (17) = 0~ < 0. This being the case, one might expect S.;;G.S?,, to diverge, in a somewhat
marginal way, as € — 0.

As we will show in the next section, the diagonal operator S;12G,S2, diverges logarithmically in e. This
divergence, after a suitable manipulation, cancels the relevant, leading order divergence in - 'I (recall
from (1.7) that 82! — o0). On the other hand, for each (i < j) # (k < £), the off-diagonal operator
S:ijG.8%,, converges. This is not an obvious fact, cannot be teased out from the preceding regularity
counting, and is ultimately due to an inequality derived in [DFT94, Equation (3.2)]. We treat the off-
diagonal terms in this section.

We begin by building the limiting operator.
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Lemma 5.1. Fiz (i < j) # (k < £) and Re(z) < 0. We have that G.S;,(Z*(R?*"~2)) C Dom(S;;), so
8i;G.Si, maps L*(R*~2) to L2(R?*"2). Furthermore, ||S;;G.Sillop < C and

(
. - 1 ~ dp
(9,8ijG=Sief) = /2 (pi + pj, ”)Wﬂpk + pe, Prz) (2n)2’ (5.1)

for f,g € L?(R?"72),

Proof. The inequalities derived in [DFT94, Equations (3.1), (3.3), (3.4), (3.6)] translate, under our notation,
into

g i + 15 4 i + )
sup 19(pi + pj pj)| | f (P + pe sz)ldp <Cllgll £, (5.2)
2
a>0 JR2n |p| +a

for all (i < j) # (k < () and f,g € £*(R*"~2). Also, from (4.4) we have

S590) = 9 +pip)s Sif () = o For + pes py)- (5.3)

A priori, we only have G.S},f € £?(R?*") from Lemma 4.1. Given (5.2)—(5.3) together with Re(z) < 0, we
further obtain

1 —
9(pi + 23 75) T Sif (0)] :/
/R2n g(p’t p] zj)%|p|2_z kéf(p) p R2n

where, in deriving the equality, we apply a change of variable ¢ = Miglp, together with (p; + pj, 57 ) =
[Miglp]g_n and | det(M;;)| =1 (as readily verified from (4.1)). Referring to the definition (4.2) of Dom(

i)
since (5.4) holds for all g € .Z?(R*~2), we conclude G, S}, f € Dom(S;;) and further that |{g,S;;G.S; >|
= [(8}59,G:85, )1 < Cllgll || fIl. The desired identity (5.1) now follows from (5.3).

9(q2-n) sz( Mijq)|dg < CllgllIF1l, (5.4)

1
31 Mijal* —

We next derive the € > 0 analog of (5.1). Recall that W(y1, g2_,) denotes partial Fourier transform in the
last n — 1 components.

Lemma 5.2. For (not necessarily distinct) (i < j), (k < ¢), Re(z) <0, and v,w € . (R*"),
1

(w,8:jG.Slpv) = . w(5(pi — pj)spi +0jsPi7 ”)V (5P — pe)s P + pe; Prg) dp (5.5a)
ie((pi—py)-y1—(Pr—pe)-y1) durdy d
Yoy et v m Y14y ap
_ it DD : pry) R 5.5b
/R2+2+2n U)(yl b +pj z_]) %|p|2 . ’U(yl P + Do kZ) (27‘()2 ( )

Proof. Fixing v,w € #(R?), we write (w,S.;;G.S5,v) = (Sm]w G.Skv). Our goal is to expressing
the last quantity in Fourier variables, which amounts to expressing S7;,v and S;;w in Fourier variables.

eij
Recall (from (3.4)) that SZ;; acts on Z(R*") by v(+) = e ?v(T.i;+), where T.;; is the invertible linear
transformation defined in (3.2). Write
. dz
S* — —ip-x —2 Ti' .
ezg ( ) /Rz”e € w( ij) (27-(-)n

We wish to perform a change of variable T.;;2 = y. Doing so requires understanding how (p - =) transform
accordingly. Defining Mcijp := (5(pi — p;j),pi + pj,p5), it is readily checked that p -2 = Myp - (Tij2).
Given this, we perform the change of variable T.;;z = y. With | det(7.;;)| = £~2, we now have

; . dy ~
SEU w(p) = / e \MeiaP) V() = @(Mzi;p) = (5 (ps — pj): pi + pj. p7)s
R2n (27'(')

and similarly S*Mv( ) = (5P — pe)s Pk + pe, prz)- From these expressions of 8% ,v and SZ;w we con-

clude (5.5a). The identity (5.5b) follows from (5.5a) by writing V(y1,p2—n) = [z €Y1 P10(p) dzpl (and similarly
for w). O

A useful consequence of Lemma 5.2 is the following norm bound.

Lemma 5.3. For distinct (i < j) # (k <{), Re(z) <0, and € € (0,1), ||¢S:i;G-S20blop < C
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Proof. In (5.5b), apply (5.2) with f(+) = ¢(y1)V(y1, +) and g(+) = ¢(3;)W(y,, +). and integrate the result
over y1,y;. We have

(0505 (0oN] < C [ ot Mot [ [wlsh.-)otot)dsh

The last expression, upon an application of the Cauchy-Swchwarz inequality in y; and in yj, is bounded by
C|lv| |w||. From this we conclude ||¢S:i;G.S2.,P|lop < C. O

We are now ready to establish the convergence of the operator ¢ S.;;G.S%,, ¢ for distinct pairs. Recall
Q, from (3.10).

Lemma 5.4. For each (i < j) # (k < {), and Re(z) < 0, we have ¢S.;G.Sk, ¢ = ¢ @ (Si;G:.55,20)
strongly as € — 0.

Proof. Our goal is to show ¢8.;;G.S5,0v — ¢ ® 8;;G.S;,Qv, for each v € L?(R?*™). As shown in
Lemmas 5.1 and 5.3, the operators (S.,;G.S7,,) and (S;;G.S;,) are norm-bounded, uniformly in €. Hence
it suffices to consider Schwartz v. Fix v € #?(R?"), and, to simplify notation, set ue := (¢S.;;G.S2.,6)v
and u == (¢ ® S8;;G.S;,Q)v. The strategy of the proof is to express ||u. — ul|? as an integral, and use the
dominated convergence theorem.

The first step is to obtain expressions for the partial Fourier transforms of u. = (¢ S.;;G.S%,,¢)v and u =
(6© 545G-5} 2 )v. To this end, fix v,w € .7 (R"), in (5.1), set (£(+),9(+)) = (6(y1)o(y1, *), Sy w(vh, ),

o~

and integrate over y1,1,. Note that f(pa_n) = ¢(y1)"(y1,p2—n) (and similar for g). We have
1 dy1dy;dp
1/ / r 1 ’
_ R _ LN p 5.1
(w,u) /RHH% w(yy,pi + pj, p5)0(Y1) I[pp = Z¢(y1) v(y1, Pr + Pe, Prg) e (5.1)
Similarly, in (5.5b), substitute (v, w) = (¢v, pw) to get
3ie((pi—p;)-y1—(Pr—pe)-y1) /
_ T e i . dy,dyydp
() = [ P )00 o) B+ i) Y

(5.5b")

Equations (5.1°) and (5.5b’) express the inner product (against a generic w) of u. and w in partial Fourier
variables. From these expressions we can read off u (v}, ¢2_») and W(y}, q2_n). Specifically, we perform a
change of variable ¢ = Miglp = (3(pi — py),pi + pj,p7) in (5.17) and (5.5b%), so that W takes variables
(Y1, q2—n) instead of (y1,p; + pj, p77). From the result we read off

z‘ (ylla q2—n) = / fz,v dylth ,u_8| (Zli, q2—n> = / E. fz,v dyldq1- (56)
R4 R4

Here E. and f,, are (rather complicated-looking) functions of ¢, y1, ¥}, given in the following. The precisely
functional forms of f, , and E. will be irrelevant. Instead, we will explicitly signify what properties of these

. . . i . ! —1 —1 .. .
functions we are using whenever doing so. We have E, := ele@¥1—1e[My, Mijaliv1 and

1 . _
few = ¢(91)W¢(y1) Uy, [Myg Mijalo—n)

(2m)*
1
Additionally, we will need an auxiliary function v' € Z?(R?") such that v'(y1,p) = |v(y1,p)|. Such a
function v’ = v/(y) is obtained by taking inverse Fourier of |"(y1,¢2_»n)| in g2_,. Note that ||o/|| = |l < oo.
Set a := —Re(z) > 0 and v’ := (¢ ® S;;G_0S;,2g)v". We have
e
u (y17q27n) = /]]{4 ffa,v’ dyldqh ffa,v’ P |fz,v
Now, use (5.6) and (5.7) to write

2
e =l < [ ([ 1ol 1B~ tdyndar) dotidgan, (5.9

2
lu[1* = /R2 </]R4 f—a,v/dyldQI) dyydge—n. (5.9)

> 0. (5.7)
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View (5.8)—(5.9) as integrals over R8+2" i.e.
r.hs. of (5.8) := / ged(...), r.hs. of (5.9) := / gd(...).
R8+2n R8+2n
We now wish to apply the dominated convergence theorem on g. and g. To check the relevant conditions,
note that: since |E. —1| < 1and |f, | < f_a../, we have 0 < g. < g; since |E. — 1| — 0 pointwisely on R8+2"
we have g. — 0 pointwise on R872"; the integral of g over R¥™" evaluates to ||u/||? = ||(¢®S8i;G. S5 Q)0 ||%,

which is finite since the operators S;;G. Sy, (¢® « ), and Qg are bounded. The desired result [pq, g d(...) =
|lws — wl||? — 0 follows. O

6. DIAGONAL MEDIATING OPERATORS

The main task here is to analyze the asymptotic behavior of the diagonal part ¢S.12G.S%,¢, which
diverges logarithmically. We begin by deriving an expression for (w, ¢ S.12G.8 2,0 v) that exposes such
e — 0 behavior. Let G.(z), € R? denote the Green’s function in two dimensions. Recall that |p|3_,, :=
slp2® + [psl® + ...+ [pal®.

Lemma 6.1. For v,w € £%(R?"), we have
(w,¢8€12gz5'§12¢v> = /]RZ E|(yi>prn) ¢(yll) %GEQ(%Z7%|1)|§_”) (yll - yl) qb(y1) ,{}‘(ylap27n> dyldyidp27n
(6.1)

Proof. Apply Lemma 5.2 for (i < j) = (k < ¥¢) = (1 < 2) and for (v,w) — (¢v, pw), and perform a change

of variable (2522, p; + p2) +— (p1,p2) in the result. We obtain
- elep1(¥i—y1) dyrdy/, dp
w, SE ng; V) = / %‘ /a —n 1 ,’l_; sy M2—n 717 6.2
< ¢ 12 12¢ > R2+24+2n (yl D2 )¢(y1) |p1|2 + %lpg_n B Z(b(yl) (yl b2 ) (27T)2 ( )

eipl-wl dpl
slp1[?—z (2m)°

and we recognize fR2 as the Fourier transform of the two-dimensional Green’s function G,. [

Lemma 6.1 suggests analyzing the behavior of G,(z) for small |z|:

Lemma 6.2. Take the branch cut of the complez-variable functions \/z and (log z) to be (—00,0], let yEMm
denote the Euler—Mascheroni constant. For all x # 0 and z € C\ [0,00), we have

G.(z) = —%log Y22 — Lygy + A(V=22), (6.3)
for some A(-) that grows linearly near the origin, i.e., sup‘z‘ga(\zrl |A(2)]) € C(a), for all a < oo.

The proof follows from classical special function theory. We present it here for the convenience of the readers.

Proof. Write the equation (—%V2 — 2)G,(x) = 0, = # 0, in radial coordinate, compare the result to the
modified Bessel equation [AS65, 9.6.1], and note that G,(x) vanishes at |z| — co. We see that G,(z) =
cKo(v/—2z|x|), for some constant ¢, where K, denotes the modified Bessel function of second kind. To fix
¢, compare the know expansion of Ky(r) around r = 0 [AS65, 9.6.54] (noting that Io(0) = 1 therein), and
use —mr LG, (|r|) = 1 (because (—2 V3G, (z) — z) = §(x)) for r — 0. We find ¢ = 1. The claim now follows
from [AS65, 9.6.54]. O

For subsequent analysis, it is convenient to decompose .#%(R?") into a ‘projection onto ¢’ and its orthog-
onal compliment. More precisely, recall ), from (3.10), and that [ ¢? = 1, we define the projection

I := ¢ ®@Qy : LXR™) — L2R™), (¢ ©Q0)(y) == d(y1) /R Py (W yo—n)dyf.  (6.4)

Returning to the discussion about the ¢ — 0 behavior of ¢ S:12G.8% 59, inserting (6.3) into (6.1), we see
that (¢S.12G.S71,¢) has a divergent part (5| loge|)II,. The coefficient (5= |loge|) matches the leading order
of B! (see (1.7)), so (5=|loge|)IL, cancels the divergence 811 on the subspace Img(IL,), but still leaves
the remaining part B2 '|gar,)r = B (I — Ily) divergent. However, recall that (8.'T — ¢ S:12G.5%15¢)
appears as an inverse in the resolvent identity (3.6). Upon taking inverse, the divergent part on Img(I,)*
becomes a vanishing term.
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We now begin to show the convergence of (8- 11— ¢ S.12G.S8,¢) L. Doing so requires a technical lemma.
To setup the lemma, consider a collection of bounded operators {7;, : £*(R?) — Z?(R?)}, indexed by
e €(0,1) and p € R**~2, such that for each & > 0, sup,cgzn—2 || Tz pllop < 0. Note that here, unlike in the
preceding, here p = (pa,...,p,) € R?"~2 denotes a vector of n — 1 components. For each ¢ € (0, 1), construct
a bounded operator 7. as

T. : L3(R*™) — L%(R™), E('vp) = ﬁ,pﬂ(’vp)~

Roughly speaking, we are interested in an operator 7; that acts on y; € R? in a way that depends on the
partial Fourier components p = (pa,...,p,) € R?"~2. The operator 7.,p records the action of 7¢ on y; per
fired p € R?"~2. We are interested in obtaining the inverse 7.~! and its strong convergence (as € | 0). The
following lemma gives the suitable criteria in terms of each 7 .

Lemma 6.3. Let {7:,} and T¢ be as in the preceding. If each Tz, is invertible with
sup {[| 7.} lop : € € (0,1),p € R*" 2} :=b < o0,
and if each T, permits a norm limit, i.e., there exists T : £*(R?) — £*(R?) such that
7:1)1 — 7;’ in norm as € — 0,  for each fized p € R*" 2,
then Tz is invertible with sup.¢ o 1) [T op < b < 00,
T — T, strongly, ase — 0,
and || T'|lop < b < 00, where the operator T' : L2 (R*") — L*(R*") is built from the limit of each T_,)} as
T'u(,p) i= Ty (-.p).
Proof. We begin by constructing the inverse of 7.. By assumption each 7., has inverse 7'5_;)1, from which
we define E(-,p) =T, U(+,p). It is readily checked that ||77|op < sup, , | 7.}l < b, and the operator
T, actually gives the inverse of Tz, i.e., T/T: = T:T = L. Note that, for each p € R*"~2, the operator 7,
inherits a bound from 7}, i.e., sup, | 7 [lop < sup, [|7,'lop < b. Together with the definition of 7" we

ep
also have ||77||op < D.
It remains to check the strong convergence. For each u € #?(R?") we have

17 =Tl = [ (17 ) - T ) P dun )
2n—2 R2

R

</ <||7;,,}7;’||§p / |ﬂ<yl,p>|2dy1) ap.
R2n—2 R2

The integrand within the last integral converges to zero pointwisely, and is dominated by 4b2|'ﬂ'(y1,p)
which is integrable over R?". Hence by the dominated convergence theorem || 7. *u — T"ul|?> — 0. g

%

With Lemma 6.3, we next establish the norm boundedness and strong convergence of (8- 11—¢ S.12G.S%5¢) ™ *
in two steps, first for fized p € R*"~2. Slightly abusing notation, in the following lemma, we also treat IT, (de-
fined in (6.4)) as its analog on .22 (R?), namely the projection operator Ils f(y1) := ¢(y1) [po @(y1)f(¥1) Ay}

Lemma 6.4. For each p € R*"~2, define an operator T., : L?(R?) — £?*(R?),
Tenf (1) := B2 (1) — o) /R2 3Gzt 1z (1 —y1)e(y1) f (1) dyy. (6.5)
Then, there exist constants Cy < 00, Cy(Bane) > 0 such that, for all Re(z) < —e®+¢1 and e € (0,1/Ca(Bne))s
|(Te) ™, < C (log(—Re(2)) - 8) ",

—1 47
7. — I,
( EJ’) log(%\p@_n —Z) _B* o}

in norm as € — 0, for each fized p € R 2.

Proof. Through out the proof, we say a statement holds for —Re(z) large enough, if the statement holds for
all —Re(z) > e+ for some fixed constant C' < oo, and we say a statement holds for all ¢ small enough, if
the statement holds for all ¢ < 1/C(Bfine), for some constant C'(Bgne) < 0o that depends only on Sfipe.
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Our first goal is to show Tz, is invertible and establish bounds on ||7.}|lop. We do this in two separate

cases: i) |3|pl3_, — 2| <e % and i) |[p3_, — 2| > 2

i) The first step here is to derive a suitable expansion of 7c,. Recall that, we have abused notation
to write II4 (defined in (6.4)) for the projection operator Iy f(y1) = o(y1 fR2 f(yy) dy;. Applying
Lemma 6.2 yields

Tew =BT+ ( — ot |loge| + & log($Ipl3_, — 2) — 5= log2 + ivEM)m +Ly— Ay, (6.6)

where L4 and A, ., are integral operators .£?%(R?) — Z?(R?) defined as
1 / /
(ol ) 1= 3=0(n) [ To8 I — shl0(1) () Ao (6.7

(Ao o0) 1= 500n) [ A3 = viley/3lpB . = =)o) F04) ot (6.8)

and the function A(+) is the remainder term in Lemma 6.2. Let IT| := I—-II, denote the orthogonal projection
onto (C¢)* in £?(R?) and recall B from (1.7). In (6.6), decomposing ST = BT, + 5= (| log & — B¢ fine) Iy,

where B: fine := |loge| — |loge|(1 + |€§]gn2| )™, we rearrange terms to get
Tep = B ML + 1 (log(5lpl3 -, — 2) = BL) g + Lo = Aczp, (6.9)

where 51,5 = 2(log 2 + Be fine — YEM). We next take the inverse of 7., from (6.9), utilizing
(-9 => 922", Q=) op <12  lop/ (1 = 12 lopllQllop), (6.10)

valid for operators Q, Q such that Q is invertible with ||Q_1||0p||é||0p < 1. Our choice will be Q :=
B+ 4 (log(5pl3 -, — 2) = B, )Ty and Q= —Ly + Ac - p.

From (6.7), we have ||L4|lop < 0c0. Under our current assumption |3[p[3_, — 2| < e72, from (6.8) and the
property of A(+) stated in Lemma 6.2, we have || A, . p|lop < C < co. Hence

| = Lo+ Aczpll,, <C- (6.11)

With II; and II,; being projection operators orthogonal to each other, we calculate

(B + = (log(3[pf3_,, — 2) = Bl )y) ™ = ALy +4n(log(Llpl3_, —2) — A..) 'y (6.12)

The operator norm of this inverse is thus bounded by max{j. , log(*Rj(W}' Since 8 . — Bx + 205 and

B — 0, this allows us to get a convergent series (6.10) for —Re(z) large enough and ¢ small enough, with
1725 lop < Clog(—Re(2)) — £.) "

i1) We apply (6.10) again to (6.5) with @ = 8- 'I. To check the relevant condition, we write the operator

T (in (6.5)) in a coordinate-free form as 7, = BT — ¢%Q§Z@l) ) n)(b, where "= denotes the

z—1lpl5_
two-dimensional Laplace resolvent. Recall that Re(z) < —e 7% < 0, so Re(3z — 1|p|3_,,) < 0, which
gives ||g§§< 112)_7“0'2 lop = l€%(32 — §|p|3_,)| . Under the current assumption |3|p|3_,, — z| > e~2, this is

bounded by 2, so

Z

03650 1, ol <C

Since 8! — o0, (6.10) applied to (6.5) with @ = S 'I, show that 7! exists with || 7' [lop < C (loge)™!,
for all € small enough.

Having obtained 7_' and its bound, we next show the norm convergence. The condition 1Lpl3_, — 2| <
€72 holds for all ¢ < C(p), whence we have from (6.10) that

47 > A m
T = (BT + M) S ((~L + Aczp) (BT + )"
=P : 10g(%|p‘§—n —z) - i»e ’ mzz:o v SEATE log(%|p|§7n —z) - 1,6 ’
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We now take termwise limit in (6.13). Referring to (6.8), with p € R?"~2 being fized, the linear growth
property of A(+) in Lemma 6.2 gives that A, ., converges to 0 in norm. Since 3. — 0,

4 o — 4 I
log(3lpB_, —2) —Bic * logGGlpl3, —2) — B —26a
Further, the bound (6.11) guarantees that, for all —Re(z) large enough, the series (6.13) converges absolutely
in norm, uniformly for all € small enough. From this we conclude ’7:p1 — 7;’ in norm, where

55HJ_ +

in norm.

47 i 47 m
T = 11 — L)1 . 6.14
P log(3Ipl3_, — 2) — Bl — 2Bs mZ=0 d)(log(élplﬁ_n—Z)—ﬂ*—?ﬁcp( ) ¢) (6.14)

This expression can be further simplified using II}* = I and g Lylly = g—;‘;ﬂ(z,,

, 47 = —284 m 47
T = H¢< H¢) = Iy
P log(31pl3_, — 2) = Be — 28a mz::O log(51pl3-,, — 2) — Bx — 2Ba log(31pl3-,, — 2) — Bx
This completes the proof. (Il
Recall 7, from (1.22). Combining Lemmas 6.3—6.4 immediately gives the main result of this section:

Lemma 6.5. There exist constants C; < 00, Oy(Bane) > 0 such that, for all Re(z) < —eP++C1 | and for all
e € (0,1/C2(B)), the inverse (BT — ¢ S:12G.8150) 1 : L2(R?"™) — L2(R?™) exists, with

(81 = 6.8:126.8520) ™', < C (log(~Re(2)) — 8.) ", (6.15)
(5;11 — ngSglggZS;quS)_l — AT ® ((jz - 5*1)71(%), strongly, as € — 0. (6.16)

7. CONVERGENCE OF THE RESOLVENT

In this section we collect the results of Sections 3—6 to prove Proposition 1.4(a)—(b) and Theorem 1.5(a)—
(b) and the convergence part of Theorem 1.1(b).

Proposition 1.4(a) and Theorem 1.5(a) follow from the bounds obtained in Lemmas 4.2-4.4, 5.3, and 6.5.
We now turn to Theorem 1.5(b). Recall that Lemma 3.2, as stated, applies only for Re(z) < —C(n,¢),
for some threshold C(n,¢) that depends on . Here we argue that the threshold can be improved to be
independent of e. Given the bounds from Lemmas 4.2-4.4, 5.3, and 6.5, we see that the r.h.s. of (3.6) defines
an analytic function (in operator norm) in B := {Re(z) < —eC™ 8-}, On the other hand, we also know
that the Lh.s. (R, — G.) is analytic in z off o(#H.) U [0, 00), where o(#H.) C R denotes the spectrum of #..
Consequently, both sides must match on B\ o(H.). We now argue BNo(H.) = &, so the matching actually
holds on the entire B. Assuming the contrary, we fix zo € BNo(H.), take a sequence z; € B and approaches
2, — 7o along the vertical axis. Along this sequence (R. ., — G-, ) is bounded, contradicting zy € o(H.).

We now show the convergence of the resolvent, i.e. (3.6) to (3.12). As argued previously, both series
(3.6) and (3.12) converge absolutely in operator norm, uniformly over €. It hence suffices to show termwise
convergence. By Lemmas 4.4, 5.4, and 6.5, each factor in (3.6a)—(3.6¢) converges to its limiting counterparts
in (3.12a)—(3.12¢), strongly or in norm. Using this in conjunctionwith the elementary, readily checked fact

0.9, — QQ’ strongly if Q., Q. are uniformly bounded and Q. — Q, Q. — Q' strongly,

we conclude the desired convergence of the resolvent, Theorem 1.5(b).

Next we prove Proposition 1.4(b). First, given the bounds from Lemmas 4.2-4.4, 5.3, and 6.5, we see
that R¥Y™ in (1.24) defines a bounded operator on .#?(R?*") for all Re(z) < —ePtn*C - Our goal is to
match R¥™ to R, on Z£2, (R*"), for these values of z. Apply (6.10) with Q = +(J. — BI) and with

0= ﬁzd&-j G.S}, for the prescribed values of z (so that the condition for (6.10) to apply checks). We
obtain

RY™ =G, + ZS’Zkljlgz (471—(‘72 - B*I)_l H (n(anl)SkSkngS:sjs A (T — B*I)_l)) ”(”2*1) ngk’"*lkm*l’
s5=2
(7.1)
where the sum is over all pairs (i1 < j1), (k2 < €2) # (i2 < j2), -+, (km < Llm) # (im < Jm), (km+1 < Em+1),

and all m.
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At this point we need to use the symmetry of ,??Si,m (R?7). Given that G, acts symmetrically in the n
components, for the incoming operator we have

Sing’;zfym(Rzn) = Si,j/g'z’fgym(]RZn)’ V(i <), (il < .7/) (7.2)
A similar symmetry holds for the off-diagonal mediating operator. To state it, note that G, maps iﬁfym(Rzn)
into a subspace of #?(R*"~2) that consists of functions v(yz,...,y,) symmetric in the last (n — 2) compo-

nents. More explicitly,
gz (ag/ﬂfym(RQTL)) C ag/ﬂfym (RQTL—2> = {U S $2<R2n_2) : U(y27 Yo(3)s -+~ 7ya(n)) = y(y27 Ys, ... ayn) o€ Sn72}-

Also, this space .flfym, (R?"~2) is invariant under the action of mediating operators (both diagonal and

off-diagonal). From (5.1) we have
Skégz8:3|$2 , (R2n—2) = o(k)o(@)ng;(i)g(j)|$? ,(R2n—2)) V(Z < .]) 7& (k < Z)a o € Sp. (73)

In (7.1), use (7.3) to rearrange the sum over (ko < f2) # (iz < j2) as

2
m Z A SngQQZS;;j? |f52 (R2n-2) — Z S9-S5, i2j2 |fs2ym,(R%*?)1{(i2<j2)75(i1<i1)}'
(k2 <f2)#(i2<j2) i2<j2
That is, we use (7.3) for some o € S,, such that (o(k2) < o(k2)) = (i1 < j1). Doing so reduces the sum over
double pairs (ko < £3) # (iz < j2) into a sum over a single pair (iz < ja2) with (i2 < j2) # (i1 < j1), and
the counting in this reduction cancels the prefactor 2/(n(n — 1)). Continue this procedure inductively from
s = 2 through s = m, and then, at the m + 1 step, similarly use (7.2) to write

2
n(n —1) Z S’“m+“m+1gz‘$§n,<ﬂw> - Simfmgz}f;nxﬂwy
kmy1<lma1

We then conclude Proposition 1.4(b),
R sym |g2 (R2n) = R.

(RQW ) (74)

We now turn to the convergence of the fixed time correlation functions in Theorem 1.1(b). Given The-
orem 1.5, applying the Trotter—Kato Theorem, c.f., [RS72, Theorem VIII.22], we know that there exists
an (unbounded) self-adjoint operator H on Z?(R?*"), such that R, (in (1.23)) is the resolvent for H, i.e.,
R. = (H—2I)71, for all Im(2) # 0. Theorem 1.5 also guarantees that the spectra of H. and H are bounded
below, uniformly in e. More precisely, o(H.),o0(H) C (—Ci(n, B4), 00), for all € € (0,1/Cs(Bane)), for some
Cy(n, Bs) < oo and Co(Bhine) > 0. Fix t € Ry. We now apply [RS72, Theorem VIII1.20], which says that if
self-adjoint operators H. — H in the strong resolvent sense, and f is bounded and continuous on R then
f(He) — f(H) strongly. We use f(\) = e(m?MAC1(B4) which is bounded and continuous, and from what
we have proved, f(H.) = e ' and f(H) = e~ **. Hence

sym

e ™Me 5 e strongly on Z%(R?"), for each fixed t € Ry. (7.5)

For Theorem 1.1(b), we wish to upgrade this convergence to be uniform over finite intervals in ¢. Given the
lower bound on the spectra, we have the uniform (in £) norm continuity:

—tHe 6757-[5 + HeftH o eszHOP < 02(,”75*)“ . 3|€Cg(n,ﬁ)(tVs)7

le

op
for all € € (0,1/C2(Bsine)) and s, € [0,00). This together with (7.5) gives

lim sup [le”Mu—e Mul| =0, uwe L*R*), < 0.
E—>0te[0

Comparing this with (1.4), we now have, for each fixed g € .Z?(R?"),

E[(ZE] )] — (ZZ" e "g), uniformly over finite intervals in ¢. (7.6)

What is missing for the proof of Theorem 1.1 is the identification of the semigroup e~ **

operators defined in (1.16), (1.17). This is the subject of the next section.

with the explicit
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8. IDENTIFICATION OF THE LIMITING SEMIGROUP

The remaining task is to match e=** to the operator P; + Dy ™™ on r.h.s. of (1.18). This matching can

be heuristically seen by taking the inverse Laplace transform of R, in (1.23) in z. At a formal level, doing
so turns the operators G, and (J. — 8,I)~! into P, and P, and the products of operators in z become the
convolutions in .

To rigorously perform this matching, it is more convenient to operate in the forward Laplace transform,
i.e., going from ¢ to z. Doing so requires establishing bounds on the relevant operators in (1.17), and verifying
the semigroup property of P; + D? gm(n), defined in (1.16). The bounds will be established in Section 8.1,
and, as the major step toward verifying the semigroup property, we establish an identity in Section 8.2.

8.1. Bounds and Laplace transforms. We begin with the incoming and outgoing operators. We now
establish a quantitative bound on the norms of §;;P; and P.S/; , and match them to the corresponding
Laplace transform.

Lemma 8.1.
(a) For each pairi < j andt € Ry, SijPy : L*(R*") — L*(R*"?) and P;S}; : L*(R**7?) — ZL3(R*™)
are bounded with

18:5Pellop + 1P:SSjllop < CE7H2.
(b) For each pair i < j, Re(z) <0, u € L*(R?"), and v € L*(R*"2),

/ e (v, 8;Pyu) dt = / e"v(y)P(t, Sijy — x)u(z) dtdydr = (u, S;;G.v),

R, R, xR4n—2

/ e'* (u, ’PtS;‘jU> dt = / eu(x)P(t,x — Sijy)v(y) dtdedy = (u, ngi*j’U>,
R4 R4 xR4n—2

where the integrals converge absolutely (over Ry and over Ry x R?"~%).

Proof. Tt suffices to consider S;;P; since P;S;; = (Si;Pe)*.
(a) Fix u € Z?(R?"), we use (4.3) to bound

_ dgr\? / / ClMiae dg1 2
SijPuul® = Mi;q) =) dga—pn = M9l g (M dga—n.
H thuH /1%217,72 (~/]R? PtU( jq) 27‘(’) 12 R2n—2 ( R2 ¢’ U( jq) 271') 92

On the r.h.s., bound |M;;q|? > 3|q:1|* (as checked from (4.1)), and applying the Cauchy-Schwarz inequality
in the ¢; integral. We conclude the desired result

2 C
ISPl < [ () dg Jul® < Sl
- t
(b) Fix Re(z) < 0, integrate (v, S;;Pyu) against e** over ¢t € (0,00), and use (4.3) to get
3] S - . R
/ (v, SijPyu) dt = / / 0(ga_n)e* 2 Ml G(M;;q)(27) ! dtdg.
0 0 R2n

This integral converges absolutely since ||S;;P[lop < Ct~'/2 and Re(z) < 0. This being the case, we swap
the integrals and evaluate the integral over t to get

e -~ 1 ~ d
/ e* (v, 8;Pyu) dt = / 0(ga—n) q
0 R2n

— (Myq) =2

The last expression matches (v, S;;G.u), as seen from (4.9). O

Lemma 8.2.
(a) For distinct pairs (i < j) # (k < {), t € Ry, PiS;,(ZL*(R?"2)) C Dom(S;;), so the operator
8PSy, maps L2 (R*"=2) — L?(R*~2). Further

I1S:5PeSiellop < C7
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(b) For distinct pairs (i < j) # (k < {), v,w € ZL*(R?"72), and Re(z) < 0,
/ e*w(y)P(t, Sijy — Skey')o(y") dtdydy’ = (w, Si;G.Spv), (8.1)
R+><R4"_4

where the integral converges absolutely.

Remark 8.3. Unlike in the case for incoming and outgoing operators, here our bound on Ct~! on the
mediating operator does not ensure the integrability of ||S;; P:S;,|lop near t = 0. Nevertheless, the integral
in (8.1) still converges absolutely.

Proof. Fix distinct pairs (i < j) # (k < £) and v,w € £ (R?"~2).
(a) As argued just before Lemma 8.1, we have P;:S;,v € Z2(R?"). To check the condition P;S;,v €
Dom(S;;), consider

where the equality follows by a change of variable ¢ = Miglp, together with (p; +pj,p57) = [Miglp]g_n and

| det(M;;)| =1 (as readily verified from (4.1)). In (8.2), bound em2lrl < C (t|p|?)~! and use (5.2) to get
(8.2) < Ct7 Y]l flwl. (8.3)
Referring to the definition (4.2) of Dom(S;;), since (5.4) holds for all w € £?(R?"~2), we conclude P;S},v €
Dom(8;;) and |(w, Si;PeSj,0)| = [(Sfjw, PeSppv)| < CtHwl|[Jv]]-
(b) To prove (8.1), assume for a moment z = —\ € (—o00,0) is real, and v(y), w(y) > 0 are positive.
In (8.1), express the integral over y,y" as (w, S;;PiSj,v) = (Sfw, PiSj,v), and use (5.3) to get

[ P Spy = Su ) deydy = [ e ( [
R+XR4n74

0 R2n

dp

dg N _tipl2 &
= w(pi-l-pj,pg)@ 2Pl Siev(p) o (8:2)

P Mgl an
W(g2—n)e 2 Mija] Spv(Mijq) o _/
Y8 R2n

= 5 -t 2 0
o(pi + pj pi7)e” 2P B (pr + pe, ip) dp) dt.

The integral on the r.h.s. converges absolutely over R, x R?" i.e., jointly in ¢, p. This follows by using (5.2)
; 0 At—Lip|?qs — 1
together with [~ e 1P dt = STIpE
over p, and evaluate the former to get the expression for (w,S;;G.S;,v) on the right hand side of (5.1).
For general v(y), w(y), the preceding calculation done for (v(y),w(y)) — (Jv(y)l], |w(y)|) and for z — Re(z)
guarantees the relevant integrability. O

Given the absolute convergence, we swap the integrals over ¢ and

Recall j(t, B4) from (1.9). For the diagonal mediating operator, let us first settle some properties of j.

Lemma 8.4. For each Re(z) < —eP+, the Laplace transform of j(t,3,) evaluates to

o 1
e, B )dt = —————— 8.4
I L e (84
where the integral converges absolutely, and j(t, B,) has the following pointwise bound
it Be) = it B)| < Ct 1 log(t A 3)| 72 F1CE e Ry (8.5)

Proof. To evaluate the Laplace transform, assume for a moment that z € (—oco, —e?*) is real. Integrate (1.9)
against e** over ¢. Under the current assumption that z is real, the integrand therein is positive, so we apply
Fubini’s theorem to swap the ¢ and « integrals to get

(oS [o SIS e 0o
e*ti(t, By dt:/ - / 2= 1e= (=204 ) dav.
/0 i ) 0 F(a)( 0 )

The integral over ¢, upon a change of variable —zt — ¢, evaluates to I'(«)/(—z)“. Canceling the I'(«) factors
and evaluating the remaining integral over a yields (8.4) for z € (—oo,—e?*). For general z € C with
Re(z) < —eP, since |e*!| = ef*(*)| the preceding result guarantees integrability of |e~*t+ef+¢a=1T ()71
over (t,) € R2. Hence Fubini’s theorem still applies, and (8.4) follows.

To show (8.5), in (1.9), we separate the integral (over o € Ry ) into two integrals over « > 1 and over
a < 1, denoted by I and I_, respectively. For I, we use the bound exp(—logI'(a)) < §loga — Ca (c.f.,
[AS65, 6.1.40]) to write I, < [, exp(—a(3 loga—(C+p.)—logt))da. It is now straightforward to check that

I, < ePtDCt Using |ﬁ| < Ca, a € (0,1) (c.f., [AS65, 6.1.34]), we bound I_ as I_ < Ct~'ef+ fol at“da.
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For all t > %, the last integral is indeed bounded by ePTDCt For t < 1 we write t* = e~llogtl we

29
perform a change of variable a|logt| — t to get I_ < Ot~ e |logt|2 fo‘ et he—ada < Ot el |logt| 2.
Collecting the preceding bounds and adjusting the constant C' gives (8.5). O

Referring to the definition (1.12) of P{, we see that this operator has an integral kernel

n

(P v)(y) = /RQH Pty y)oly) dy',  PT(ty.y) =i, Bp(5y2 —ya) [ p(tvi —wi). (8.6)
=3

Lemma 8.5.
(a) For eacht € Ry, PY : L2(R*~2) — L*(R**2) is a bounded operator with

1P llop < C (¢ A 5) 7" [Log(t A 3)|2elP 1, (8.7)

(b) Further, for each v,w € £?(R?>"~2) and Re(z) < —eP+,
[ etwrrna= [ e umip o) dedy = (7 - D7), (89
Ry Ry xR4n—4

where the integrals converge absolutely (over Ry and over Ry x Ri"=4).

Proof. Part (a) follows from (8.5) and the fact that heat semigroups have unit norm, i.e., ||e=*Vi llop = 1,
a > 0. For part (b), we work in Fourier domain and write

/R4 L w@PY (tyy)u(y) didydy’ =j(t,6*)/ @(p)e 2 PE-nB(p)dp,

R2n—2

where, recall that [p|3_, = 3[p2|*> + [ps|*> + ... + |[pn|®. Integrate both sides against e*’ over t € Ry, and

exchange the integrals over p and over ¢t. The swap of integrals are justified the same way as in the proof of
Lemma 8.2, so we do not repeat it here. We now have

/ e*w(y) P (t,y, v )u(y') dtdydy’ = /
R, xRin—4 R

([ ettt )0 )dp,
2n—2 0
Applying (8.4) to evaluate the integral over ¢ yields the expression in (1.22) for (w, (J, — 8.I) " v). O

8.2. An identity for the semigroup property. Our goal is to prove Lemma 8.8 in the following. Key
to the proof is the identity (8.12). It depends on a cute fact about the I' function. Set

pr(@) :W(aJrk)u'(aJrl)a, a > 0. (8.9)

with the convention p_; := 1.

Lemma 8.6. For m € Zy,

Pla) = /Okio (m’f;’i 1) (m = k) pi_s (o) don.

Proof. Taking derivative gives $=pm (o) = Y7 [T} (a-+i), where [T’ denotes a product over i € {0, ..., m}\
{j}. Our goal is to express this derivative in terms of p,,—1(a), pm—2(a),.... The j = m term skips the
(a + m) factor, and is hence exactly p,,—1(a). For other values of j, we use (& — m) to compensate the
missing (« + j) factor. Namely, writing (a +m) = (o + j + (m — j)), we have

[T/ @+ 1) = pms(@) + (m— ) H;'j_l(a +i). (8.10)
This gives
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In (8.10), we have reduced []}(a +1i) to H;’fl(a +1), i.e., the same expression but with m decreased by 1.
Repeating this procedure yields

£=1 Jj=
=> pmt-1(a )
=1

where [[;c,(+) := 1. Within the last equality, we have used the identity >-7", Hf;é (J—i)y = (";jll)f'

In (8.11), perform a change of variable m — ¢ := k, and integrate in «, using p,,(0) = 0 to get the result. O

Ms

(m—=j)s(m—=7j—=1)4---(m —j—f)+>

= m+1
J—Z+—me51 (€+1>f!7

(8.11)

\;MS u

Lemma 8.7. For s <t € R, ¢ < j, we have

j(t, By) = /<t ) /<t <tj(t1,6*)(t2 — 1) 7Yt — to, By) dtydis. (8.12)

Proof. Write j(t, 5,) = j(t) to simplify notation. Let the r.h.s. of (8.12) be denoted by F(s,t). It is standard
to check that F'(s,t) is continuous on 0 < s < t < co. Hence it suffices to show

t t
/F(s,t)smds:j(t)/ ™ ds = j(8) m+ 1), e Zso. (8.13)
0 0

From (8.5), it is readily checked both sides of (8.13) grow at most exponentially in ¢. Taking Laplace
transform on both sides of (8.5), the problem is further reduced to showing, for some C(m, f3,) < oo,

[e%¢) t
/ / e (s, )s" dtds = / eN(t) (m+ 1) N> Clm, B). (8.14)
0 0 0

The left hand side can be computed

ehra)—a-m—1 m+1
Lh.s. of (8.14) = — k) pr— . 1
s. of (8.14) /0 il / (m bt 1) (m — k) 'pg 1(a1)da1)da (8.15)

The integral (8.15) is indeed finite for large enough A > C(Bs, m). The right hand side is given by

0 eﬁ*a)\fafmfl
By Lemma 8.6 the two coincide. O
Lemma 8.8. Fort' <s<teRy,i<j, we have
/ / (7P _,)SijPry—t, Sp;(4x Py ) dtrdty = Py .. (8.17)
t'<t1<s <ta<t

Remark 8.9. The integral (8.17) converges absolutely in operator norm. This is seem by writing S;; Py, —¢, S
(SijPs—t,)(Pr,—sS;;), and by using the bounds from Lemmas 8.1(a) and 8.5(a).

Proof. For T > 0, the operator S;;P,S;; has an integral kernel P(7,5;;(y—y)) = (p(T, y2— yg)) s p(r,yi—
yi), where p denotes the two- dlmensmnal heat kernel. From this and (p(7,y))? = 22-p(3,y), we have
SiP-Sf; = - exp(—=5V3 — T Y15 V7). Recall that Py :=j(7, B,) exp(—5V3 — & Zl 3 V#). We obtain

Lh.s. of (8.17) = dme™ 3 Vi~ 2 Zims Vi / / J(t =) (ta — 1) 71j(t — to) dtrdbs.
t'<t1<s Js<ta<t

The desired result now follows from Lemma 8.12. O

ij —
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)

8.3. Proof of Theorem 1.1. We begin with a quantitative bound on D;

Lemma 8.10. For (i,j; = ((ik, jr))j~, € Dgm(n,m), t € Ry and X > 2, we have

HD@HOP < Clog(57 A 2)) 7 'm?er? B A/ log A)™ 1 (8.18)
Proof. To simplify notation, we index the incoming and outgoing operators by 0 and by m: QS? = PrSijrs
SZL) = Si,.jm Pr.,, index the diagonal mediating operators by half integers: Q(TZ) = 47T”P;Z ,a€ (% +Z)n
(0,m), and index the off-diagonal mediating operators by integers: ng) = 8i0ja PraSi, 1 jurar @ € ZN(0,m).
Under these notation
D) :/ QW QU2 ... Qlm) g, (1.17)
Zm (t)

Recall that the incoming, outgoing, and mediating operators all have positive integral kernels, c.f., (2.1)-
(2.2), (2.3), (8.6). Accordingly, we interpret the r.h.s. of (1.17°) as an integral operator, with integrand
consisting of a convolution of the aforementioned kernels. We seek to bound

1T @ ’d*:/ 11T 949l az, 8.19
/MK“ [T 2%u)| ar zm<t><'“££ ul) o7 (3.19)

acA
for u,u’ € L?(R?™").
An undesirable feature of (8.19) is the constraint 7o + 712 + ... + 7, = t from ¥, (t). To break such
a constraint, fix A > 2. In (8.19), multiply and divide by e+t and use %,,(t) C (Usea{Ta = thj}) N
(0,)2™+1 o obtain

.. t 7
IDf oy < 43" F, E =( s eMTe@ly) T | / e ATl dr
] 0

acA T€lgmrt a’€A\{a}

(8.20)

op

To bound the ‘sup’ term in (8.20), forgo the exponential factor (i.e., e”***7 < 1), and use the bound on
HQ(Ta)Hop from Lemmas 8.1(a), 8.2(a), and 8.5(a). We have

(t/m)~1/2 , for a =0,m,
sup e 79w, <Ol (t/m)7! , for a € ZN (0,m),
7€l t] (t/m)~" (log (5 A 1))72eC0+8)t for a € (3 +Z) N (0,m),
t—1/2 , for a = 0,m,
< OmeCUtBIt L 41 , for a € ZN (0, m), (8.21)
=" (log(g7g A )72 fora € (3 +Z) N (0,m).

Moving on, to bound the integral terms in (8.20), for a’ € {0,m} U ((3Z) N (0,m)), we forgo the exponential
factor, and use the bound from Lemma 8.1(a) to get

t t
| [ ol < [ 1e
0 op 0

t t
H/ ew*TQSGWdTH </ 1) ]|, dr < C (log(gityr A )71 eCOA, for o € (4 +2) 1 (0,m).
0 op 0
(8.23)

The bound (8.23) gives a useful logarithmic decay in ¢ — 0, but has an undesirable exponential growth in
t — co. We will also need a bound that does not exhibit the exponential growth. For a’ € (1Z) N (0,m), we

opdT < Ct'?, ford =0,m, (8.22)

use the fact that an ) is an integral operator with a positive kernel to write
t [e'e]
H / e_Aﬁ*TQS_a )dT < H / e_Aﬁ*TQS_a )dT
0 op 0

The last expression is a Laplace transform, and has been evaluated in Lemmas 8.2(b) and 8.5(b), whereby

t * /
—M.7ola)g < 1Si5G-x8,Siellop , for @’ € (0,m)NZ,
H/o ¢ Q7 dr op { 1(T=x8. = B) " Hlop, for @’ € (0,m) N (3 + Z).

op
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Here (i < j) # (k< E) corresponds to the index a’. Using the bounds on ||S;;G.S}||op from Lemma 5.1 and
the bound |[(J-xs, — B«) '] < 1/log A (c.f., (1.22)) we have
, for o/ € (0,m) N Z,
(

~AB.T ola’) 1
H/ Qo dT < ¢ { (log )71, for @’ € (0,m) N (5 + Z). (8.24)

For a € 1Z, inserting the bounds (8.21)7(8.22), 8.24) into (8.20) gives
F, <C’me’\c(’H*J“l)t(log(2er1 A 2pltats 2 (log \)™tC?m L,

For a ¢ 37, in (8.20), use the bound (8.21) for the sup term, use (8.23) for a’ = §, and use (8.22) and (8.24)
for other a’. This gives

—1/2+41/2
F, < Cme  B-41t (Jog( A L))t { t , for a € {0,m}

t=1H/241/2 for q € Z.0 (0,m)
Inserting these bounds on F, into (8.20), we conclude the desired result (8.18). O

2nf+1 } (log/\)m_102m+1.

Proof of Theorem 1.1(a). Sum the bound (8.18) over (3, j) € Dgm(n), and note that |Dgm(n,m)| < (n(n —
1)/2)™ (c.f., (1.13)). In the result, choose A = Cn? for some large but fixed C' < oo, we have

[pPem™| < A ST 2 D exp (CeC™ (B, + 1)) (8.25)

< CnPexp (" (5* +1)Ct). (8.26)
This verifies that D?gm(n) defines a bounded operator on .Z2(R?").
To show the semigroup property, we fix s < t € R, and calculate (P, + DYE™™)(P,_, + DPEm™),
T, pip, DI, o 73]
which boils down to calculating PyP;_s, PsD;" 0, D"V Py, D"V’ D, 77, for (i,j) € Dgm(n,m) and
(z”,j’; € Dgm(n,m’). To streamline notation, we relabel time variables as ty := 70 + ... 4 7 /21, and set

m—1
Bm(F) = PtlSZ*ljl (471’7){27751)( H Sikjkpt2k+1*t2k8:k+1jk+1 ( 7T'PT%+2 tzk+1)>8imjmtpt*t2m'
k=1

Using (1.17") and the semigroup property of P., we have P;P;_s = Py,

o TR o
PO ) = / BN (T df, (8.27)
(g t)2m
piVp. = [ B (5.25)
(0,8)2m
— R T -
pipi) = / BTy dE, (8.29)
Q2m,2m (851)
where (a,b)% :={T'€ (a,b)" 1a <t1 <...<tp <b}, Qs t) :={T€ (0, ). . <tp<s<try1<...<

trre < t}, and (i”,j”; is obtained by concatenating (¢, j) and (¢/,j'), i.e.,
/Al " 1 m+m - - - - -/ -/ . .
(7/ »J ) (Zk7]k) = ((7’1<.71>7"'?<Zm<¢7M)a(21 <.71>7~-~7<7/m’ <]m’)>-
Such an index is not necessarily in Dgm(n), because we could have (in, < jm) = (¢} < j1). When this
happens, applying Lemma 8.8 with (4, 7) = (im, jm) and with (¢',t) — (t2m—1, tamt2) gives

Dﬁpt(iw:/ B (i) dE, (8.29))
Q

2m—1,2m/—1(8:t)
where (i, j""") is obtained by removing (i} < ji) from (i”,j”;, ie
(@",5") = (i < 1) (im < jm), (i2 < J2) -, (imr < Jur)) € Dgm(n).
Summing (8.27)—(8.29), (8.29’) over (i j; (¢/,7") € Dgm(n) verifies the desired semigroup property:
2 (P Dng n) + Dng n)P .t Dng(n) Dg;n(n)) P, + Dng(’ﬂ)
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We now turn to norm continuity. Given the semigroup property, it suffices to show continuity at ¢ = 0.

The heat semigroup P, is indeed continuous at ¢ = 0. As for D} em(®) e have DY em(n) . — 0, and from (8.25)
i Dng(n) -0
1m0 || t HOP :

Proof of Theorem 1.1(b). Given (7.6), proving Part (b) amounts to showing P, + DPE™™) = e=t* or, what is
the same (u’, (P; + D?gm("))w = (v, e=Mu) for u,u’ € L*(R?"), t > 0. Both functions of ¢ are continuous
since Py + D? em(m) and e~t* are norm-continuous and have exponential growth since from (8.26) and from
o(H) C [-C(nB,),), we have ||P; + D?gm(n)ﬂop + e lop < C(n, By)eC™P)t 5o it suffices to match
their Laplace transforms for sufficiently large values A > C(f4, n) of the Laplace variable, i.e., to show that
the Laplace transform of (u/, (P; + D5 ™ )u) is the resolvent (v, R_u).

To evaluate the Laplace transform of (u', (P + D?gm(n))u), assume for a moment u(z),u () > 0, we
integrate (1.17") (viewed as in integral operator) against e~ *u/(x)u(z’) over t € Ry and z,2’ € R?", and
sum the result over all m € Dgm(n). This gives

/00 e~ M (u’,D?gm(n)w dt = Z o, ( H /OO e_Atha) dt)u ) (8.30)
o 0

(i.5)€Dgm(n) acA

where, the operator an) are indexed as described in the preceding. In deriving (8.30), we have exchanged
sums and integrals, which is justified because each an) has a positive kernel, and u(z’), v () > 0 under

the current assumption. On the r.h.s. of (8.30), the Laplace transforms fooo et an) dt are evaluated as in
Lemmas 8.1(b), 8.2(b), and 8.5(b). Putting together the expressions from these lemmas, and comparing the
result to (3.12), we now have

/ e M (P + DPE M) dt = (o', (rhs. of (1.23)| _ Ju) = (u/, R_xu).
0

For general u,u’ € £?(R*"), the preceding calculation done for (u(z),v’(z)) — (Ju(z)|, |v'(z")|) guarantees
the relevant integrability, and justifies the exchange of sums and integrals.
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