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Abstract

We consider the heat equation with a multiplicative Gaussian potential in dimensions d > 3.
We show that the renormalized solution converges to the solution of a deterministic diffusion
equation with an effective diffusivity. We also prove that the renormalized large scale random
fluctuations are described by the Edwards-Wilkinson model, that is, the stochastic heat equation
(SHE) with additive white noise, with an effective variance.

1 Introduction

We consider the solutions to the heat equation with a smooth Gaussian random potential:
1
Oyu = §Au + AV (t,x)u, zeR%d>3. (1.1)

Here, A > 0 is a constant, and the random potential V (¢, x) is a mean-zero Gaussian field that we
assume to be of the form

V(t7 ZL’) = ¢(t - 3)¢($ - y)dW(87 y)>
Rd+1
where dW (s,y) is a space-time white noise built on a probability space (X, F,P). We assume that
the non-negative functions ¢, ¢ € C2°, that ¢ is supported on [0, 1], and that v is even and supported
on {x : |x| <1/2}. The covariance function of V' is

R(t,a) = EIV(0,0)V (t.0)] = [ a(t+9)o(s)ds [ wla+y)ily)dy. (12)

Here, E denotes the expectation on ¥. The above assumptions on the correlation function R(t, z) are
made mostly to simplify the notation, and the only essential technical assumptions are that R(t,x) is
compactly supported in ¢ and is rapidly decaying in z.

As we are interested in the large scale and long time asymptotics of u(¢,x), we consider the
rescaled function

t x
us(ta .’E) = U(?, g)a
with € <« 1. The function u. satisfies
1 A t x
Orue = iAUa + ?V<§7 g)ua (1°3)

We assume that the initial condition u.(0,z) = ug(z) € Cp(RY). Throughout the paper, we stay
in the weak disorder regime and assume that A € (0, Ag), with a small but fixed constant \¢ only
depending on d, ¢ and . Our main result is as follows.



Theorem 1.1. There exist c1,ca depending on A, ¢, and i such that for any t >0 and g € Cfo(Rd),
we have

t
/ ue(t, x) exp{ — % — c2}g(x)dx — / u(t,x)g(z)dx, ase—0, (1.4)
Rd 3 Rd
in probability, and

TlH /Rd(ue(t,x) — Eluc(t, 2)]) exp{ - cg—f - c2}g(x)dx = /Rd U (t,2)g(x)dx (1.5)

in distribution. Here, u is the solution of the effective heat equation

1
Ou = §V caegVu, u(0,x)=ug(z), (1.6)
with the effective diffusion matriz a.g € ngxrff defined in (4.28) below, and % solves the additive
stochastic heat equation
1 .
WU = 5v caef VU + MveguW, % (0,2) =0, (1.7)

with the effective variance v > 0 defined in (5.6) below.

The renormalization constants ¢; and ¢y are identified in (A.2) below.

1.1 Background and related problems

The study of singular stochastic PDEs has witnessed important progress in recent years, with different
approaches developed to make sense of equations which are genuinely ill-posed due to the lack of
regularity and the need to make sense of the multiplication of distributions [16, 17, 18, 24, 28]. The
existing works typically prove that the solution of the equation with the mollified white noise, after a
suitable renormalization, converges to some limit that is independent of the way in which the noise is
mollified.

Here, we consider a slightly different situation: the rescaled random field in (1.3) is not a
mollification of the white noise, and does not directly converge to the white noise in d > 3 as ¢ — 0.
We rather have, formally,

g%V(E%’ §> ~ e W (¢, 2),
with
va :/ R(s,y)dsdy. (1.8)
Rd+1

Hence, one could think that the noise in (1.3) is small and would not produce a non-trivial effect on
the solutions, so that the limit would be simply the unperturbed heat equation. This is problematic —
if we formally replace the random potential in (1.3) by e¥2~1W (¢, z), we obtain the multiplicative
stochastic heat equation. Giving a meaning to its solutions in d > 3 brings about the aforementioned
question of making sense of multiplying two distributions v and W. Hence, the issue of the limit is
much more delicate. Theorem 1.1 shows that even though the random potential in (1.3) formally
converges to zero, it still affects the solutions in a non-trivial way: (i) on the level of the law of large
numbers, the solution of (1.3) converges to a solution of the deterministic diffusion equation (1.6),
with an effective diffusivity that is modified by the presence of the noise, and (ii) on the level of the
central limit theorem, the random fluctuations, after a rescaling, fall into the Edwards-Wilkinson
universality class in d > 3, as in (1.7), with an effective (and not a “naive-guess” 1) variance. We
stress that both the diffusion matrix and the variance of the noise are homogenized in the limit.



We mention two related problems. The weak coupling regime analyzed in [13] concerns the
situation when the potential in (1.1) is asymptotically small:

Oru = %Au +eVi(t,x)u, =€R%d>3. (1.9)
It was shown that no renormalization is required: the diffusively rescaled solution
ue(t, ) = u(t/e?, x/e)e” Verrt
converges in probability to the solution of the diffusion equation
@a:%A@ (0, 7) = uo(2), (1.10)

with an un-modified diffusivity. The effective potential Vg is explicit:

%g:AmEﬂR@BMﬁ.

As far as fluctuations are concerned, using a simpler version of what is done in the present paper,
one can show that for any ¢ > 0 and g € C°(R?) we have, as ¢ — 0:

i [ (uelt.) ~ Bluc(ta))e g(a)do = [ @ w)g(a)de (1.11)

in distribution. Here, % solves the stochastic heat equation with additive space-time white noise
1 .
KU = §A% + vouW, (0,z) =0. (1.12)
Note that neither the diffusivity nor the variance of the noise in (1.12) are homogenized in the weak
coupling regime. Indeed, equations (1.10) and (1.12) are precisely the “naive guesses” for the leading
order equation and its approximation that fail in our case, when the potential is not weak — it has no

pre-factor € in (1.1) unlike in (1.9).
The case when V' is white in time but not in space was considered in [27]:

Vitw) = Walto) = [ 0o = y)dW (t,y).
Equation (1.1) is interpreted in [27] in the It6 sense:
1 .
Oyu = iAu + AWy (t, 2)u, =€ R% d > 3. (1.13)

It was shown in [27, Theorem 2.1] that there exists A; > 0 so that if A € (0, A1), then the rescaled
solution u.(t,r) = u(t/e?, z/e) satisfies

/ ue(t, x)g(z)dx —>/ (t,x)g
in probability for any g € C3°(R?). Here, u solves the heat equation
_ 1,
oy = §Au, u(0,x) = up(z),

with an un-modified diffusivity. The same approach as in the present paper gives in that case



Theorem 1.2. There exists A1 = A\ () so that for all 0 < A\ < A\ we have

ot [ (e 0) — Bl ag(@)de = [ 2 (g, (1.14)

as ¢ = 0, with % solving
1 .
U = 5AOZ/ + M\veguW, % (0,z) =0, (1.15)

and . -
v :/Rd R¢(x)EB[exp{§A2/(] Rw(x—i—Bs)dstx.

In this case, only the variance of the noise is homogenized but not the diffusivity. Thus, both
these regimes also lead to an Edwards-Wilkinson limit, with an un-modified diffusivity, and with
either a “naive-guess” noise variance (the weak coupling case), or a homogenized noise variance (in
the white in time case), whereas (1.3) leads to both homogenized diffusivity and variance.

We mention the very recent paper [26] that considers essentially the same setup as in the present
paper. The main result of [26] implies (1.4) except that the convergence is established for the averages
and not in probability, and the renormalization in the exponent is less explicit than in (1.4).

In dimensions d = 1, 2, similar problems have been discussed in the literature. For the random
PDE (1.3), with A = A(¢) — 0 chosen appropriately, and after a possible renormalization, the
solution u. converges to the solution to the stochastic heat equation with multiplicative space-
time white noise in d = 1 [8, 14, 19, 20], and a Gaussian field in d = 2 within the weak-disorder
regime [7, 12]. For random polymers and interacting particle systems, the partition function or
the height function plays the role of the solution to certain “PDE”, and their convergences to the
SHE/KPZ equation have been proved in d =1 e.g. in [1, 2, 3].

We comment briefly on the strategy of the proof. The Feynman-Kac representation expresses the
solution to the random PDE in the form of a partition function of a directed polymer in a random
environment, and the appearance of the effective diffusivity in the limit can be interpreted as the
convergence of a diffusively rescaled polymer path converging to a Brownian motion in d > 3, see
the results in [4, 15, 26] for the annealed continuous setting and [6, 23] for the quenched discrete
setting. By a construction similar to [26], we utilize the finite range in time correlation of V (¢, )
to decompose the polymer path into length-one increments and establish a Markovian dynamics
in the space of path increments. The latter Markov chain satisfies the Doeblin condition, greatly
simplifying the analysis. The proof of the Edwards-Wilkinson limit for the fluctuations relies on the
Clark-Ocone formula which expresses the random fluctuation in terms of a stochastic integral, and
the fact that (¢, ) essentially only depends on dW (s, x) locally around s = t/2.

It may be possible to apply a PDE approach, such as using the correctors in the standard
homogenization theory, to identity the limit and prove the convergence. However, the particular
scaling considered here requires the construction of infinitely many correctors. Controlling these
correctors becomes increasingly more difficult as their order increases. Therefore, we find the
probabilistic methods more convenient to use here.

Finally, we comment on our assumption of A < 1. We choose the disorder to be weak enough
so that the L?(£2) norm of the (rescaled) solution is uniformly bounded in ¢, or equivalently, the
corresponding random polymer is in the L? regime [9, Chapter 3]. As we increase A to enter the
strong disorder regime, localization type of behaviors of the random PDE /polymer will appear which
is beyond the scope of the paper. It is worth mentioning that there are different notions of the critical
temperature which separates the weak and strong disorder regimes, see [9, page 27, Theorem 2.4]
and [9, page 34, Proposition 3.1]. For our interest in the fluctuations of the random PDE, the critical
A¢ is the one beyond which the effective variance Vzﬂ becomes infinite. We also mention that in the
context of weak disorder polymer, a pointwise version of (1.5) was obtained in [10].



1.2 Connections to the KPZ equation

The recent work [25], which employs completely different methods, is closely related to ours. It
considers the KPZ equation, related to (1.3) by a Cole-Hopf transformation. The setup and result
are close but not exactly the same as here and we discuss below the connection.

Starting from (1.1), applying the centered Cole-Hopf transformation

h(t,z) = A" tlogu(t, z) — cot,

one obtains

1 1
Oth = 5 Ah + 5A\vm? +V(t,x) —co, xR >3, (1.16)

with a constant cg. Define
t x

he(t,z) = e~ n( =,

) (1.17)

[SS

which satisfies ) . .
Orhe = 5 Ahe + 5/\561/2’1]th]2 +ed4/271 (V(ez’ g) —~ CO) : (1.18)

The rescaled random potential e~%/2-1V (t/e2, 2 /) converges to the space-time white noise, while
the nonlinear term formally disappears as e — 0 in d > 3. The authors in [25, Theorem 0.1] show
that if the initial condition hg(z) for the un-scaled KPZ equation (1.16) is rapidly decaying, then
for A sufficiently small, the Edwards-Wilkinson model shows up in the limit:

he(t, ) — E[he(t, z)] — H(t,z), (1.19)

in the sense of convergence of the corresponding multipoint correlation functions. Here, J# is the
solution to

1 .
O I = §DQHA%—I—MQHW (1.20)

with zero initial conditions, for some Deg, ttegg > 0. One difference from our setting is that we consider
the initial conditions for the un-scaled stochastic heat equation (1.1) that vary on a macroscopic
scale: u(0,z) = ug(ex). Disregarding this difference, we try to interpret the convergence in (1.19) on
the level of the stochastic heat equation, using the relation

Acot
ue(t,x) = exp ()\sd/Q_lhe(t, x) + ;g) .

As proved in Theorem 1.1,

1

mY / (ekad/QflhE(tﬂ:) _E[eAgd/%lhE(tx)]) eAcot/EQe—c1t/€2—029($)dx = /%(tjx)g(x)dx. (1.21)
3

R4 R4

If we use the approximation
e)\ad/271h5(t,l‘) ~14+ /\Ed/2_1h5(t,1‘), (1.22)

and choose Ay = ¢1, then (1.19) follows from (1.21). Our current methods however do no provide
sufficiently strong error bounds in (1.22) to justify the approximation.

Remark 1.3. One possible way to check that the effective constants in (1.20) match the ones in (1.7)
is to expand them in terms of the coupling constant A and compare the coefficients; we do not carry
out this comparison here, and note that in any case, to get high order coefficients seems difficult in
our setting.



Organization of the paper. The paper is organized as follows. In Section 2 we introduce a
tilted Brownian motion and use the Clark-Ocone formula to establish in Lemma 2.1 a representation
for the fluctuation as a stochastic integral, and obtain in Lemma 2.3 an expression for its variance.
In Section 3 we prove Theorem 1.1. Assuming the main technical result, Proposition 3.4, we show
that the fluctuation does depend only on the “recent past” of the noise, and use this to prove the
central limit theorem for the fluctuations. The proof of Proposition 3.4 presented in Section 5 relies
on the properties of a Markov chain on the space of path increments that is constructed in Section 4.
Finally, some technical results are proved in the Appendix.
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2 Preliminaries: a stochastic integral and variance representation

The goal in this section is to express the deviation of the solution of (1.1) from its mean in terms
of a stochastic integral given by the Clark-Ocone formula, and present a convenient formula for its
second moment. Let B be a standard Brownian motion starting from the origin that is independent
from the random potential V', and let Eg denote the expectation with respect to B. We define the
renormalization constant

2

¢t :=logEp [exp {% 04 R(s —u,Bs — Bu)dsduH, (2.1)

and denote by E B,+ the expectation with respect to a tilted Brownian path on [0, ¢]: for any integrable
random variable f(B) depending on B = {B; : s > 0}, set

Badlf(B)) = Eals (B esp {5 [ Rls— B~ Boydsdu— )] 22)

For two independent tilted Brownian motions B!, B? on [0, ], we write

2
Ep.lf(B', B)] = Eg|f(B', B?) [[ exp {%AQ R(s — u, Bl - Bi)dsdu - G }|.
=1

[0,¢)
For t > 0,z € R% and every realization of the Brownian motion, we define
t
Dp(s.9) = [ 0t =1 =)l + B —y)ar (23)

and the square-integrable martingale

Mean() = [ [ @ens,m)dW (s,0), (2.4)



with quadratic variation
T
Meahe = [ [ 1@ean(s y)Pdsdy. (2.5)
—o0o JRA

Since ¢ is supported on [0, 1], ®; , p(s,y) # 0 only when s € [—1,1].
The following lemma expresses the random fluctuations of u(¢,z) in terms of a stochastic integral.

Lemma 2.1. Let u(t,x) be a solution to (1.1), then for anyt >0 and x € R, we have

(u(t, z)~Efu(t, z)]))e ™% = A / / g [u(0, 2+ B)®r0 p(r,y) exp{AMt,x,B(r)—A;<Mt@,B>THdW(r, y).

—1Rd
(2.6)

Proof. Since ¢(s) =0 for s < 0, u(t,x) is adapted to the filtration generated by dW up to ¢, denoted
by F:. By the Clark-Ocone formula, we have

u(t, ) — Elu(t, z)] = / " R[D,u(t, )| F AW (r, ).

—00

Here, D, , denotes the Malliavin derivative. As the function ¢(s) is supported in [0, 1], the random
potential V(¢,z) for ¢ > 0 depends only on W(r,y) for r > —1, and so does u(t,z) for t > 0.
Therefore, the Malliavin derivative vanishes for r < —1, and we have

u(t,z) — Elu(t,z)] = /_tl E[D, yu(t, z)|F:]dW (r,y). (2.7)

To compute the Malliavin derivative in (2.7), we note that by the Feynman-Kac formula, the solution
can be written as

u(t,z) =Ep [u(O, x + By) exp {)\/Ot V(t—sx+ Bs)dsH .

Rewriting the exponent above as

t t
/0 V(t—s,x+ Bs)ds :/0 (/}RdH é(t —s—s)p(z + Bs — y')dW(s/,y')> ds
= (pt,w,B(S/?y,)dW(S/?y,)v

Rd+1

we see that the Malliavin derivative is given by

Dyyu(t, ) = B |u(0, @ + Bi)®, 4 p(r,y) exp { / By (5,5 )AW (s, )}
Rad+1
so that

E[Dyyult, )| F;] = \Eg (u(0, 2+ By) D10, 5(r, y)E| exp {/\/

Rd+1

(s, y )W (s, y/) }

7). 28

For the conditional expectation in the right side, we write

/ ét,z,B(s’,y’MW(s’,y’)—(/ + [ ) [, B )W (),
Rd+1 —0 r Rd



which gives

2

E{exp {/\/RdH <I>t7x,B(s’,y’)dW(s’,y’)} fr} = exp {)\Mt7x73(r) — %(Mt,xﬁ%}

, (2.9)

A
X exp {? /]R'i+1 \®t7x73(s’,y’)\2ds’dy’}.

With the help of the definition (2.3) of ®;, g, together with expression (1.2) for R(t,z) and the fact
that the function v is even, the last integral in (2.9) can be written as

/ |®; . 5(s',y)|?ds'dy’ = R(s — u, Bs — B,,)dsdu. (2.10)
RdJrl [07t]2

Finally, using (2.8), (2.9) and (2.10), as well as the definition (2.2) of the tilted measure IAEB¢, in (2.7),
completes the proof of (2.6). O

Remark 2.2. The Clark-Ocone formula is useful for separating the mean and the random fluctuation
of regular random variables. For example, it has been used in the study of Brownian local time in

[21, 22].
An expression for the variance

We now use Lemma 2.1 for the re-scaled solution wu.(t,x) = u(t/e?, z/e), with u.(0,z) = ug(z). For
any test function g € C°(R?), we have

t/e?
[ (uet.a) = Bluc(t,a)e gy = A [ [ Ziepaw ey, @21)
with
~ 22
Z(r,y) = /R 9@)Ep 2 [uo(e + eByea) ¥ 4 p(ry) exp (MM, p(r) = 5 (M, ), f|da,  (2.12)

where
?,;U,B = (I)t/EQ,x/s,Ba Mta,a;B = Mt/e2,x/€,B'
Thus, the proof of the fluctuation convergence (1.5) in Theorem 1.1 reduces to the analysis of the

stochastic integral

1 t/e?
m[l /Rd Zi (r,y)dW (r, y), (2.13)

provided that we can replace (; /.2 +— c1t/ g2+ cyase— 0.
We express the variance of the stochastic integral in (2.13) in a more explicit form. First, we
need to introduce some notation. We define

Ro(a) = [ 6la =)oy, Roltrsts) = [ os = t)o(s — t2)ds. (214)

Since 1 is supported on {x : |z| < 1/2} and ¢ on [0, 1], we know that Ry, is supported on {x : |z| < 1}
and R¢(t1,t2) =0if t1 < —1 or to < —1. In addition, R¢(f1,t2) =0if ’tl — t2| > 1.
From now on, we fix ¢ > 0. Given two continuous paths B!, B% € C([0,t/£?]), we set

AB},, = B}, — B,



For 1,72,y € R% 51,50 € [0,1],7 € [0,¢] and —1 < My, My < r/£2, we define

2
I. = I (w1, 22,y 51,52, 7) = | [ glewi +y — eBi,_ Juo(ewi +y +eABi, . ), (2.15)
l:1 1> 1> €
and
Te(My, Ma) = Jo(My, M2, x1, %2, 51, S2,7)
9 My Mo 1 (2.16)
=\ /_1 o R¢(U1,U,2)R¢(1‘1 — X9 + AB%—Sl,Z_{-‘rul AB%—S%%-&-uz)dulduQ'

To simplify the notation, we write Z. and J.(M1, M) and keep their dependence on B, z;,y, s;, 7
implicit.

2

Lemma 2.3. For any —1 <t; < t9 <t —e”, we have, with ds = ds1dss and dx = dxidxs:

1 t2/e" a (5% -
EdjE [ t1/€2 /l;d |Z T,y | dydr] /tl /R;;d /0 1]2 Byt o :| H ¢ S’L sz) dsdl‘dydr

(2.17)

Proof. The proof is a straightforward calculation with multiple changes of variables. We first write
| Z¢ (r, y)|2 =Ep /.2 /[R2d H g(xi)uo(w; + 63;/82)¢22i,Bi (r,y) exp {)\szi,Bi (r) — )\ <Mfz Bz> }di',
i=1

where we recall that E B,/ 18 the expectation with respect to the tilted measure defined in (2.2).
Taking the expectation E above, for each B!, B? fixed we have

AME (r)—EIXH(MmE N2 (Me Me
i=1

with

7,
(M5 Mgy )y = [ [ 50, (82005 1, ol 2)deds'
—00

Next, we write
2 t T ;
O ) ery) = [ TT6( —si— (4 Bl —yldsidsa. (219)
s b2, [O,t/52 2 i—1 E E

We consider the integral in x,y and change variables x; — ex; — 5B§Z_ + ey, y — y/e to obtain

2
€ 2 _ | | ) ) ( Li (A i G —
E |:/Rd |Zt (Ta y)| dy:| - IEB,t/s2 /[O,t/z-:Q}Q /RM i:1g($1)u0($1 + €Bt/52)¢( - + Bsi y)¢(€2 Si T)

X exp {)\2/ /d i (s, 2)0F Bz(s',z)dzds'}di“dydé
—o0 JRE  TTH o

2
~ . . . t
—d ” . ) . )
=¢c IE‘B,t/52 /0 (0,/¢2)2 /]R?“i i:19(€xz +y— 53;)“0(51'@ +y+ 532/52 - ‘SB;)w(xz)(b(? — 8 — r)

X exp )\2/ / P} el +yBl(s’,z)@[J;mTEBgQerBz(5/,z)dzds’}da_:dydg.
(2.19)



The exponent in the last line above can be written as
T , ) .
2 15
/ / (I)t,aml—aBl +y,B! (S az)q)t75x2_532 +y, B2 (S ,z)dzds
—o0 JRE 51 59

T t t
:/ /d/ 22¢(€7_ul_S/)(b(?_uQ_S/)w(xl_lel+g+B}H—z)
g d (2.20)

x (xg — B§2 + g + Bzz — 2)duydusdzds’

t t
= R¢(U1 —+r — ?,UQ—I—T— ?)Rw(.ﬁl —.Z'Q—I—ABl — AB? )dulduz,

S1,U S2,U
[0,t/€2}2 1,u1 2,U2

with Ry, Ry defined in (2.14). Next, we also integrate in the r-variable, with a change of variable
r— r/e?, so that

t2/€2 to R
E / | ZE (r,y)|Pdydr| = 42 / / / Ep/e2[le’] dsdzdydr, (2.21)
t1/e2 JR4 t1 JRr3d J]0,t/e2)2 )
with
2
i i t—r
I=]]glexi+y —eBi)uolew; +y + eAB_ 4 )¢( 2 si)Y (i),
i=1 : (2.22)

J = )\2 /[0775/52}2 R¢(U1 — t €2T,UQ — t EQT)Rl/,(SL‘l — 9 + AB;LM — ABEQ,U2)dU1dU2.
As ¢ is supported on [0, 1], the integration domain in s; is is [t;—f -1, t;—f], because of the corresponding
factor in the expression for I in (2.22). A change of variable s; — (t — r)/e? — s; turns the domain
of integration in s; into [0,1], as in (2.17). It also turns I in (2.22) into expression (2.15) for Z..
For the integral in u; in the expression for J in (2.22), to have Ry # 0, we need u; > te_—gr -1,
so the integration domain for w; is [t;—f -1, 6%] The change of variable u; — t;—f + u; turns this
into [—1,7/¢2], and J into J-(r/e%,r/e?). This completes the proof of (2.17). [J

Remark 2.4. The assumption to < t — €2 in the statement of Lemma 2.3 is only made to simplify the
presentation of the result. For any ¢35 < ¢, a similar result holds — we only need to modify the integration
domain for uy, ug in (2.16) to [—(t — 7)/e%,7/€2]? and that of s1,s2 in (2.17) to [0, (t — r)/e2]? — this
only makes a difference when t —r < 2.

3 Proof of Theorem 1.1

We first prove the central limit theorem for the centered random fluctuation in (1.5), and then the
leading order homogenization result in (1.4). In the course of the proof, we replace the renormalization
factor e—c1t/e* =2 by e S/, The replacement will be justified below in Lemma A.1 of the appendix.

Convergence of the fluctuations: the outline

Fix a test function g(x) € C2°(R?), and go back to (2.11)-(2.13). Our goal will be to show that the
integrand Z£(r, %) depends mainly on W (s, -) with s close to 7, so that the stochastic integral is an
approximate linear combination of strongly mixing processes, which should satisfy a central limit
theorem. To make the “local dependence” more precise, we decompose the interval [—1,t/e2] of
integration in (2.11) into alternating subintervals of size e~® and ¢7# with 0 < o < 3 < 2:
2

-1, =] =[-1Le MUl e P+ Ule P +e e P +2:7%U... Ulte, -
5

]
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with t. chosen so that |t/e? —t.| = O(¢™P).
Denote the “short” intervals of length e~ by {I, ;} and the “long” ones of length e=* by {I3 ;},

and set
Lo =Ulay: 1s=UIs,-
J J

The last piece [tslt/sz] is assigned to I,. We will define a modification Z5(ryy) of ZE(r,y) for r € I,
in (3.8), so that Z; (r,y) only depends on W (s, -) with s € (r —e~“,r|, and thus the random variables

1 ~
Xj = 5‘”21/1;3,1 /Rd Zi (r,y)dW (r, y) (3.1)

are independent. To prove the central limit theorem statement (1.5) in Theorem 1.1, it suffices to
show that

Lemma 3.1. We have

1 -
—_/ / E[1Z(r.y) — Zi(r.y)l?] dydr =0 asc 0. (3.2)
2 Ji, Jpa

Lemma 3.2. We have
1
77/ / E(|ZE(r, )2 dydr — 0 as e — 0. (3.3)
ed=2 |, Jpa
Lemma 3.3. We have

A Z X; = /]Rd U (t,z)g(x)dx in distribution as € — 0.
j

Here, % (t,x) is the solution of (1.7).

The modification

We first explain how the modification is done. Recall that

~ 1
Zi (r,y) = /R L9@)Ep 2 [uo(a + eBye2) 5, p(ryy) exp {AMF, () = SN (M, p)r }|da

depends on W only through the martingale in the exponent

r t/e? t T

Mg, p(r) = / / </ (5 — ' — s)(> + By — y)ds’> AW (s, 7). (3.4)
—oo JRA 0 € €

Since ¢ is supported on [0, 1], the integration in s" in (3.4) is only over s’ < t/e? — s (in fact, over the

interval (t/e2 — s — 1,t/e? — s)), so that

r t/e?—s t T

M) = [ ( [ e - = 4B - y)ds’) Wy, 65
—oo0 JRE \JO € €

We expect that, because we deal with dimensions d > 3, and therefore the transience of Brownian

motion yields mixing, most of the contributions to M, g(r) come from s “macroscopically near” r,

so that 0 < r — s < 7%, with some « € (0,2). Thus, we set

t 1

:?_T+2€7a’ (36)

Te
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and define the modification of sz?B(r) on Ig as

MtzB / /]Rd </ — -5 - s)i/)(g + By — y)ds/) aw(s,y), re€lg. (3.7)

Note that for r € Iz, we have r > ¢, hence r. < t/e2. Due to the dependence of 7. on 7, Mf’z’B is
not a martingale. Still, with some abuse of notation, we write

thT:_/ /Rd (/ —8—$)¢(§+Bs'—y)d3’>2dyds.

Note that if s <r — ™%, then

>t +e %= 1 > 1,
——d —s>=—r.—r+¢ —
g2 — g2 c Qe

so the integrand in (3.7) vanishes. Thus, M;LB(T‘) only depends on dW (s, -) for s € (r—e~“,r]. The
corresponding modification of Z;(r,y) is

2w 1= [ 9(@Byen [l + <Bya) 6, (o) exp { AV () = 500 )} o (3.8)

which also depends only on dW (s, -) for s € (r —e~,r], and the integrals {X;} defined in (3.1) are
independent random variables.

Proof of the central limit theorem (1.5)

Recall (2.17), written as

1 ta/e? , 9 t2 o~ roT
=B | [ [z P = [7 [ Fi T S (3.9

1/€?
Here, for r € [0,t], y € R? and My, My < r/e%, we have set
R 2
Fe(r,y, My, Mp) = / d/ Ep /e {IgeJS(Ml’MQ)} 1 ¢(s:)0(x:)dsidsdardas, (3.10)
R2d J[0,1]2 i1

with Z. and J. defined in (2.15) and (2.16), respectively.
We state the following proposition and postpone its proof to Section 5. The function g(t,z) in
the proposition is the solution of the effective diffusion equation

09= 3V -auVg, 5(0,2) = g(x) (3.11)
where aqg is as in (4.28) below.
Proposition 3.4. For anyr € (0,t),y € R, as ¢ — 0 and My, My — oo,
Fe(r,y, My, M) — viglg(t — ry)u(r,y), (3.12)
where u, g solve (1.6) and (3.11), and veg is defined in (5.6). In addition, for any k > 0,
| F(r,y, My, My)| < C(LA [y ) (3.13)

for some constant C' > 0 independent of €,r, My, M>.

12



Next we present the proofs of Lemmas 3.1, 3.2 and 3.3, which in turn imply (1.5).
Proof of Lemma 3.1. By Lemma 2.3, we have

1 9 t ror
s [ LBz Py = [ ] 1y acny Forp, S )y

The same calculation as in the proof of that lemma gives

1 ; ) t 11
5(1_2/1/3 /RdEHZtE(T’y” ]dydr :/0 /Rd 1{7‘/52615}?6(7‘7:'47ﬁa@)dydra (314)

and
,
= 2/1 / E(Z; (r,y) Z; (r, y)]dydr—/ / Lrjerersy Fe(rys 50 5 a)dydr (3.15)
B

Indeed, the only required modification in replacing M€ by ME¢ is to replace the upper limit t/e? of
integration in s in (2.18) by 7.. This leads to the same change of the upper limit of integration in u
n (2.20), and in the expression for J in (2.22). The changes of variables described below (2.22) then
bring about (3.14) and (3.15). By Proposition 3.4, the proof is complete, as (3.13) allows us to apply
the Lebesgue dominated convergence theorem. [

Proof of Lemma 3.2. By Lemma 2.3, we have

1 9 t ror
o [ [ BNz Pldvr = [ ] 1y ey Fetr. . Dy

Note that when t—r < €2, the expressions for Z., J., as well as .%. are slightly different, see Remark 2.4.
In this case, it is easy to check that Proposition 3.4 still holds. The uniform bound (3.13), as well as
the fact that

{re[0,t]: r/e2 €I} = 0ase—0,

complete the proof. [
Proof of Lemma 3.3. First, it is easy to check that the solution of (1.7) satisfies

Var[/ﬂ{d%(t,x) () d:c = / / g(t — s, z)u(s, )| >dxds. (3.16)

Let

8%75 =\? Z Var[X§
J

then, by the same calculation as in the proofs of Lemma 2.3 and 3.1, we have
Q—AZZt 1 Ze( ii)dd—w[ U(t,2)9(x)dz]
Sn,s - - o Jrd {r/e2elg ;}7 ¢ Y, 9ea’ 9ca yar ar Rd y £)g\x)ax | .

The last step comes from Proposition 3.4 and (3.16).
Since X} are independent random variables, it remains to check the Lindeberg condition which
reduces in our case to: for any § > 0,

> E[X P1aess] = 0 (3.17)
i
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as € — 0. By the Cauchy-Schwarz and Chebyshev inequality, we have

zj:EnXﬂQl{X;M} < z VENXE Y E( X5 7] /6% < };(; VEIFI]) (sup 7).

Proposition 3.4 implies that for all j we have

t 1 1 _
BN = [ [ Leer ) o g go)dudr S €7

Lemma A.4 proved in Appendix A shows that
> VEIX ST,
J

and (3.17) follows. OJ

Proof of the homogenization limit (1.4)

The proof of (1.4) is now straightforward. We write

[ ety gapdn = | (uelt.a) — Bluc(ta))e 02 gla)do + [ Eluclt, )l gla)da.

The first term goes to zero in probability by (1.5). For the second term, by Lemma 4.2 below, we
have R
Eluc(t, x)]efg’f/e2 =Epy/e2 [uo(x 4+ EBt/Ez)} — u(t, x),

finishing the proof. [
The rest of the paper is devoted to the proof of Proposition 3.4, as well as the other auxiliary
statements used in this section, such as the technical lemmas in Appendix A.

4 The tilted Brownian motion

The previous section relies on analyzing the expectations under the tilted measure

EB,t/EQ [f(B)] =Eg [f(B) exp {;)\2/ R(s —u, Bs — Bu)dsdu}]e_ctk?,

[0,t/€2]
The goal of this section is to construct a Markov chain taking values in C([0, 1]) so that the tilted
Brownian path on C([0,¢/?]) can be represented by the chain, and satisfies an invariance principle.
We also analyze the intersection of two independent paths and show that the total “intersection time”
has exponential tails.

4.1 Construction of the Markov chain on C([0,1])

For any T' > 0, let
Qr ={w:w e C(]0,T]),w(0) =0}

be the configuration space. Denoting the tilted measure by I@’T, and the Wiener measure by Pr, we
have .
— = =\ — — dsdu — . 4.1
i (w) exp{2 o R(s —u,w(s) —w(u))dsdu CT} (4.1)
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Define the probability space (Q, A, 7) with Q = 4, A the Borel sigma-algebra on Q, 7 = Py,
and denote the expectation by E;. We will decompose the path of length T into increments of
length 1 which take values in Q. In order to consider the distribution of the path on [t,¢ + 1] for
any t > 0, we introduce a parameter 7 € (0,1], set N = [T' — 7], and divide the interval [0, T] into
N + 2 subintervals (7%, 74+1), k=0,..., N+ 1, with =0, =7, 7gp1 =7 + 1L for k=1,..., N,
and 742 = T. The increments of the path on (73, 7x41) are denoted by {zx}, with g € Q, xp C Q

fork=1,...,N+1,and 41 € Qr_,_n. Given zy, we define wy, 0 < s < 7T, as
xo($) s €0,7],
ws =1 Wrap1t+ap(s—7—k+1) se[r+k—1,7+kl,k=1,...,N, (4.2)

wreN +xyy1(s —T7 — N) s €[+ N,T],
and write
{ws} = (Qj‘o, . 7~TN+1)-

For ¢t > 0 and ¢ ¢ Z>1, we only need to choose 7 =t — [t] so that {ws : s € [t,t + 1]} = 2, for some k.
Write

N+1

Tk+1l [Tm+1
/ R(s —u,w(s) — w(u))dsdu = Z Qkm, Qrm = / / R(s — u,w(s) — w(u))dsdu.
[07T}2 k,m=0 Tk Tm
(4.3)
Since R(s,-) = 0 when |s| > 1, we only have nearest-neighbor interactions of (zo,...,ZnN41)
n (4.3): Qgm = 0 unless |m — k| <1, and
N+1
g 6 = (6) = sl = 3 Qkszczk e (14)
For k=1,...,N and 0 < s <1, we can write
w(tk +5) = w(mk) +2i(s), wlme+14+s) =w(m)+ zk(1l) + zrg1(s),
so that
Tr+1 Tk+2
Qr k1 = / R(s — u,w(s) — w(u))dsdu
Tr+1
= / / R(s+1—u,w(rp+1+s) —w(r, + u))dsdu (4.5)
0o Jo
1,1
= / / R(s+1—wu,z(1) + xp41(s) — zx(u))dsdu.
0o Jo
Thus, for z,y € 2, we define the interaction term
1,1
I(z,y) = /\2/ / R(s+1—wu,y(s)+ z(1) — z(u))dsdu. (4.6)
0o Jo

The interactions between xg, 1 and that of xn, 241 are defined slightly differently as

T 1
Ini(zo,z1) = )\2/ du/ ds R(s+7 —wu,x1(8) + 2o(7) — x20(1)),
0 0

1 T—1—N
InNsi(zN, 2Nt1) = )\2/0 du/O ds R(s +1—u,zn41(s) +axn(1) —zn(u)).
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It is now straightforward to check that

N-1
Pr(dw) o Pr(dzo)el1@w) TT w(day)e! @+ (da y)e NN @NeNe)Pr_ (dayi).  (4.7)
k=1

The Krein-Rutman and Doob-Krein-Rutman theorems (see Appendix to Chapter VIII of [11])
imply that there exist p > 0 and ¥(y) solving the eigenvalue problem

[ e wg)n(dy) = pu(o), (1)
Q
such that p is the largest possible eigenvalue,

0<ec1 <VU(y) <eca<+oo forallyeQ, (4.9)

and W is the unique eigenvector associated with p, normalized so that

/Q U(y)r(dy) = 1. (4.10)

Such an argument was also used in [26]. The bounds on p and ¥ only depend on || ]| . Indeed, (4.10)
implies that

p=| N V(y)n(de)n(dy),

OxN
so we have

e~ Ml <p< elllllos (4.11)
Since 1

V)= [ D u(y)(dy),
pJa
we also have
e < w(a) < e, (4.12)

Now we can re-write (4.7) as

elvNt1(@ENZN41)
Pr_r_n(dzni1),

N-1
]/11\7 d @T d Io,1($o,;r1)\1, d R d
7(dw) o< Pr(dxo)e (x1)7(dxy) kl;Il (g, drg41) Tl

(4.13)
with the transition probability density

el @V W (y)m(dy)

#(x,dy) = 20 ()

(4.14)

Setting

foatao) = [

L1t (@) (dar), i (e) :/ elvilon )Py (daysn),
Q

Qr_,-nN
and

610,1(3”0»11)\11(3;1)7T(d.%'1>

INN+1(ZNZN+1) P d
0 o e T—r—N(ATN+1
#o,1(zo, dw1) = For (o) , AN N(zn, dengr) = r-N(dTN+1)

INNr(zN)
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we obtain

N-
Pr(dw) o< fo1(z0)Pr(dzo) <7T01 0, dr1) H (T, dTp1) 7N N+1($N7d1‘N+1)>

N Nt1(TN)
- U(zy)
(4.15)
Now, we construct the Markov chain X, with Xy € Q,, {Xk}{fvzl CQ,and Xny41 € Qr_r_nN, as
follows:
(1) Xp is sampled from the (normalized) distribution f071(x0)@7(d1:0),
(2) (X1,...,XN+1) are sampled according to

N-1

70,1(Xo, dz1) <H ﬁ(wk,dxkﬂ)) ANN+1(TN, dTN11).
k=1

We construct the path B by stitching together all increments as in (4.2):
B:{Bs:se [O,T]}:(XQ,...,XN+1). (4.16)

We use E; to denote the expectation with respect to this Markov chain. In light of (4.15), for
any F': Qpr — R, we have the relation

InN+1(XnN)

0 (4.17)

IEBJ*[F(B)] = 0 F(w)}/}\”T(dw) = Ew |:F(B)CT,T

Here, c; 7 is the normalization constant:

1

Cr,T

_E. [fN,NJrl(XN)}

V(XN)

Using (4.11) and (4.12), we see that the Doeblin condition is satisfied: there exists v € (0,1) that
depends only on |||z such that
(e, A) > () (4.18)

for all z € Q, A € A. Therefore, there exists a unique invariant measure for #, and
dry (Xp, X) S (1—7)", (4.19)

where X is sampled from the invariant measure.

The two-component chain

To consider the interaction between two independent paths B!, B2, we construct a two component
Markov chain Z;, = (X3,Y%) € Q2 by sampling X}, Y} independently. By the same discussion we

have
B'={Bl:s¢c0,t/e*]} = (Xo,..., Xn.11),

B*={B?:5¢0,t/e*]} = (Yo,...,YNn.41),
where T =t/e? and N, = [t/e? — 7]. For any F : Qy/e2 X Q.2 — R, we have

Ep,/e2[F(B', B%)] = E«[F(B', B)%.(Xn.)%.(Yn.)], (4.20)
with ; (Xx)
L Ne,Ne+1\A N,
gE(XNs) T C’T,t/EZ qj(XNE) . (421)
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Since both fn. n.+1 and ¥ are bounded from above and below, and E[¥4;(Xx.)] = 1, we know that
%. is uniformly bounded in ¢.
For k =2,..., N, Zj is sampled from #(Zy_1, dz) with

7t (z1,dz9) = @(x1, dxo) T (y1, dy2), zi = (X4, Yi)- (4.22)
As for the single-component chain, the Doeblin condition is satisfied for Z as well:
7(z,B) > ~v(m x 7)(B) (4.23)

for all z € Q% B € A® A. After possibly decreasing the parameter v, we can ensure that (4.18) and
(4.23) hold with the same v € (0,1).
Writing
7t(z1,dz2) — y(m x 7)(dz2)
L=y

we couple the two-component chain with a sequence of i.i.d. Bernoulli random variables 7, k € N,
with the parameter : for k =2,..., N, if n = 1, we sample Zj from (7 x 7)(dz), and if n; = 0, we
sample Zj from

7t(21,dz2) = y(m x w)(dze) + (1 — 7) , (4.24)

7 (Zg—1,dz) —~v(m x m)(dz)
1 -
which is possible because of the Doeblin condition (4.23). The same coupling works for the one-

component chain, of course, with the help of (4.18). We enlarge the probability space so that 7 are
also defined on (92, A, 7).

)

4.2 The invariance principle for the tilted Brownian path

We will use here the re-scaled version of (4.17): set T' = t/e?, N, = [t/e*—7], and for any F': ;> = R
write

Ep /e [F(B)] = Ex [F(B)%.(X.)], (4.25)

To simplify the notation, we kept the dependence on 7 implicit in (4.25).
We fix 7 =1 in this section, so that N. = [t/e?] — 1,

B={B,:s5¢[0,t/*]} = (Xo0,..., XN.41)- (4.26)

Here, X}, is the increment of B on [k, k + 1] for k =0,..., N, and Xy_1; is the increment on the
last interval [[T],T]. In this case, Xy is sampled from W(zo)m(x), X is sampled from 7 (Xy_1, dxy)
for k=1,...,N,, and Xn_41 is sampled from 7n, n.+1(Xn., dTN.+1)-

For k=1,..., N., we take independent Bernoulli random variables 7, with parameter v € (0, 1)
as in the Doeblin condition, and consider the regeneration times

To=0, T; = lnf{] >Ti q: n; = 1}, 1> 1. (427)
We define the path increment in each regeneration block as
Tj+1—-1
X;= Y Xp(l), j=0,1,...
k=T;
Proposition 4.1. For any t > 0,
638/52 = W

in C([0,t]) in (2, A, ), where W is a Brownian motion with the covariance matric Qeg:

aer = YE[X 1 X1]. (4.28)
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It is a straightforward computation to check that aeg in (4.28) does not depend on +. In fact,
the right side of (4.28) can be written as

Gar = T By [(X2(1) 44 Xa(D)(Ka(1) + -+ Xa(D)] (4.29)

Proof. We show in Lemma A.2 that X; has zero mean and exponential tails, and further that the
random variables

Zi= max |Bs— Brl, 1>0,
SG[Ti,Ti+1]

have exponential tails, and for ¢ > 1 they are i.i.d. From the first fact, one obtains by Donsker’s
invariance principle that

]
Yo(t) =n"2 )X,
j=1

converges weakly to a Brownian motion with diffusivity E;[X;X!]. On the other hand, T}, /n converges
a.s. to 1/, on account of the independence of the increments T; — T;_1 and the fact that they have
mean 1/ and are geometrically distributed. Setting

Nf =max{i:T; < t/e*} -1,

we deduce from [5, Theorem 14.4] that the process
Ng

g Z Xz
i=1

converges in distribution to a Brownian motion with the diffusivity aeg given by (4.28). On the other

hand, we have
NE
: Ni+1
rglg;c leBg/e2 — EEXZ‘ <e max |Zi| =00, a.s.,
because of the exponential tails of the Z;. This completes the proof. [J

With the invariance principle, we can show the convergence of the average of the solution.
Lemma 4.2. We have IE[uE(t,:L‘)]e_Cf/E2 — u(t,x) as e — 0.

Proof. We first show that
ErlleB, ez — €By, je2|?] < Ot — t1) (4.30)

with a constant C > 0 independent of 0 < ¢; < 9 <t and € > 0. Define
NPT to .t to
K. = min{i : = <T; < 6—2}, Ky . = max{i : = <T;< 6—2},

and if there is no regeneration time in (t1/e2,t2/¢?), we define Tk, . = t1/¢* and Tk, = t2/e?. We
decompose

EBtg/aQ — EBtl/az = (&‘BTKLE — EBt1/52) + (EBTK2,5 — EBTKLS) + (EBtQ/Ez — EBTKZE) =11+ L+ Is.

For Iy, we write
Ky e—1

L=e > X

j:KI,E
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and, conditioning on all the regeneration times, denoted by {7;}, we obtain

Ko —1

Eq(|lLI [{T}] =€ ) EXIHT:}.
=K1

Here, we used the fact that X; are independent with zero mean conditioning on {7;}. By Lemma A.2,
we have
E[XI{T} S (Tj+1 - Ty).

As Ko — Ky < Lt it follows that

52 )
Fae to —t1

Erlll2]’] S ®Er Y (Tj1 —Ty)° < CE? 5 =Cl2—t).
j:Kl,e

Estimating the terms I and I3 is also straightforward using Lemma A.2, finishing the proof of (4.30).
Next, note that by (4.25), we have

Elus(t,2)]e” 4/ =Bp,yyealuo(w + Byyer)] = Exluo(x + eByye2) (X, )]
=Ex[uo((z +eByje2—1/c) + €(Byje2 — Byjer—1/))9=(XnN.)]-
Using (4.30), it suffices to consider
Erluo(z +eByjea_1/e)%(Xn.)]-
We apply Lemma A.3 and Proposition 4.1 to see that
Erluo(z + eByje21/e)9(XN.)| — Ex[uo(x + eByje2_1/e)] = 0,

and
EW[UO(.CE + EBt/EQ—l/E)] - a(t7 .%'),

which completes the proof. [J

4.3 Intersection of independent paths

The previous section shows that the tilted Brownian path behaves like a Brownian motion with an
effective diffusivity, and this has been used to prove the convergence of

/E[ug(t,x)]e_cf/EQQ(m)dx.
Rd

To control the variance of
/ug(t,x)e_cf/EQg(x)dx,
Rd

it is necessary to consider two independent tilted Brownian paths. We will show that the two paths
can not intersect too much — this is the goal of this section and is only true in dimensions d > 3.
In fact, the proof of Proposition 4.3 below is the only place in the paper where we explicitly use
the condition A < 1 and d > 3. Proposition 4.1 and Lemma 4.2 hold in all dimensions and for all
coupling constants.

For the sake of simplicity of presentation, we consider here only a homogeneous chain, assuming
that t/e? is an integer, to avoid dealing with the last step of the chain that has a different law.
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A modification for a general ¢ is straightforward. Given any Zy = (Xo, Yy) € Q?, we generate the
chain 7y, = (X}, Yx) according to the transition kernel # defined in (4.22). The two components Xp,
and Y} generate two paths, that we denote by wx,,wy, € C(]0,00)), via (4.2). We recall that the
regeneration times are defined as

To=0, T; = lnf{] >T; q: n; = 1}, 1> 1, (431)

where 7; are i.i.d Bernoulli random variables with parameter v € (0, 1).
Throughout the section, Xy, Yy are fixed, so we simply write 7[-|Xo, Yo] = 7[-]. Define

f(x,y, X(]aYb) = /0 1{|$+WX0(5)_y_wY0(5)|S1}dS

as the total “nearby time” of wy, and wy,. We have the following result.

Proposition 4.3. In d > 3, there exist constants Cy,Cy > 0 such that

sup sup wll(z,y, Xo,Yy) >t] < Chre~ @2t (4.32)
z,yeRd X0,YoEQ

As a consequence, if A < Co, then

sup  sup B [eM@vXoY0)) < o0
z,y€Rd Xo,Yo€EQ

Proof. The proof is divided into two steps.
Step 1. We show that there exists K > 0 such that

[0z, y, Xo, Yo) > K] < % (4.33)
for all x,y, Xg, Yp. Since
w[l(x,y, Xo,Yo) > K| < nl[l(z,y, Xo, Yo) > Tn] + 7[Tn > K],
with T the N—th regeneration time, we only need to show
(0@, v, X0, Yo) > T] < % (4.34)

for some N independent of z,y, Xo, Yo, and choose K so large that 7[Tv > K| < 1/4. To this end, it
suffices to show that

1
T[EN] < T where En = { min |z + wx, (s) —y —wyy(s)] < 1} (4.35)
SZIN
Recall that
k—1 Tj41—1
wxo(Th) —wyy (Tk) = Y _(X; - Y)), X;-Y;= > [Xi(1)-Yi(1)], k=1
j=0 i=Tj

By the regeneration structure, X; —Y; are i.i.d. random variables and are also independent of Xo—Y.
For any « > 0, define

A =A{|z + wx, (Th) —y —wy, (Te)| <k}, AN) = | 4,
k>N
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and write
oo

mlEn] <m[A(N)] + 7[Ex NAN)] < > w[Ay] + n[Ex N A(N).
k=N
By the local limit theorem in [29, Theorem on p. 1], we have
kod C

m[Ax] < Crim = Y (4.36)

for some constant C' independent of x,y, Xo,Yp. Thus, we can choose av < 1/2 — 1/d (in d > 3)
and N so large that

On the other hand, we have

with
By :=A;N{ min |z4+wx,(s)—y—wy(s)| <1},
SE[Tk,TkJrﬂ

and By C Bk,X U Bhy with

Tpq1—1 Tpt1—1 o
By x = Z max |X;(s)| > , Bry = 2 max |Y( )| > T(

s€[0,1]

By Lemma A.2; the random variable
Tk+1_1

Z max | X;(s)]

T, s€[0,1]
has an exponential tail, which implies that

[EN N A Z e Ok <
k>N

o =

when N is large. The proof of (4.34) is complete.
Step 2. We define a sequence of stopping times as follows: 79 = 0 and

) n+1
T = min {n > Tp—1 - / 1{|a:+wXO(s)—y—wYo(s)|§1}d$ > K}, k>1,
Tk—1
with K chosen as in step 1. Let n = [t/ K], and apply (4.33) to obtain

[T < 00| < 0.

[\D\H

wl(z,y, Xo, Yo) > t] < 7|, < o0] = 71, < 00| < oo]m]T < 00] <
We consider
T2 < 00| Xy, Y| = / L{jatwx, (5)—y—wyy ()| <1} 05 >K\XT1,Y71]
and write for s > 7:
TFwx,(s) —y —wy(s) =+ wx, (1) + [wx, (s) —wx, (11)] — ¥ — wy, (T1) — [wyy (8) — wyg (71)]
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Conditioning on X, ,Y; gives

(on (7-1 + ) — WXo (7—1)? 20 (7_1 + ) — Wyy (Tl)) e (@Xrl (')7('DYT1 ())a

where @ is independent of w. Hence, we may apply (4.33) again to get

F[/ﬁ L{jotwxy (5)—y—wy, (s)| <138 > K!XmYn}

N =

o
= /0 Lty () 405, (5) gy (1), (0345 > K| Xy, Vi | <
uniformly in z,y, X, Y;,. Iterating the same argument gives

1\? 1\"
Ttz y, X0, Yo) > 1] < (2) wlr < oolmy < 09 < ... < (2) ,

which completes the proof. [

Corollary 4.4. In d > 3, there exists A\g only depending on ¢, such that for A < Ao, we have

sup sup [E, {exp {)\/ / Ry(ur,ug)Ry(z — y +wx, (u1) — wYo(u2))du1duQH < 0.
z,yeR? (Xo,Y0)€Q? 0o Jo

Proof. As Rg(ui,uz) = 0if |u; —ug| > 1 and Ry, is supported on {x : |z| < 1}, we have
/0 /0 R¢(U1, UQ)Rw (SL’ —y+ WX, (U1) — Wy, (UQ))duld’LLQ

S /0 /0 Ly —ua | <1} {lo—yrtw (u)—wyy (ug) <1} UL AU,

Consider the region us > wu1. After a change of variable and an application of Jensen’s inequality, we

have . -
eXP{/O (/0 1{\x—y+wxo(u1>—wy0(u1+u2)|§1}dul)du2}

1 o)
< /0 (exp{ /O 1{xy+oJX0(ul>wo(u1+u2>s1}dl¢1}> .

It suffices to show that there exists \g > 0 so that for A € (0, A\g) we have
R [eM(u2:2:5:X0Y0)] is hounded uniformly in uy € [0,1], 2,y € R%, X;, Y, € €, (4.37)

where -
£<u27 z,y, Xo, Yb) - /0 1{|x—y+wX0 (u1)—wyy (u1+u2)\§1}du1

is the total “nearby” time of wyx, and the “shifted” wy,. We can repeat the proof of (4.32) verbatim
to establish an identical estimate for ¢(ug, x,y, Xo, Yp), from which (4.37) follows immediately, for
0 < A < (5. This completes the proof. [
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5 Proof of Proposition 3.4

Before proving Proposition 3.4, we discuss some heuristics of the convergence of Z.(r,y, My, Ms)
as € — 0 and My, My — oco. Recall that

2
Fe(r,y, My, Ma) :/Qd/ 2IAEB,t/52 {Isejs(Ml’MQ)} 11 6(so)v(wi)dsidsadardas, (5.1)
Rr2d J[0,1] bl

with
2

I. = I.(x1,22,y, 51,82, T) = H glexi+y— EBEt_T)/EQ_Si)Uo(E$i +y+ EBti/Eg - €B%t_r)/€2_si). (5.2)
i=1

As shown in Proposition 4.1, the diffusively rescaled Brownian path 5Bi /e behaves like W/, so we
expect that

7. = Hg — W Duo(y + Wi —W/,). (5.3)

in distribution. The exponential factor in (5.1) is

Te(My, Ma) = Jo(My, Ma, x1, 22, 51, S2,7)

9 My Mo 1 1 9 (5'4>
)\ /_1 Ry w Ry v+ Bl — Bl |~ Bl + BL. Jdudu,
and measures the “nearby” time of two independent paths. Since Ry, is compactly supported, most
of the contribution in (5.4) comes from wuy,us € [—1, M], with some large M fixed, as indicated
by Corollary 4.4. Thus, J. depends only on the microscopic increments of B2 around (t — r)/e?
that are asymptotically decorrelated from both I/V1 2 and th )2 Thus, J: should be asymptotically
independent from Z., and the limit of J; determmes the effective variance v% in (3.12).

The goal of this section is to make the above heuristics precise. The proof is in two steps. We first
show the convergence of .Z. for a fixed r € (0,t),y € R Then, we prove a uniform bound on .Z..

The expression (5.4) shows that 7. depends on the trajectories of B!, B? starting from (t — r)/e?—
1, and for a fixed r € (0,t),e > 0, we choose

T:t—r_{t—r].

g2 g2

Recall that T = t/e2, N. = [t/e? — 7], and
B'={B!:sec[0,t/*]} = (Xo,..., XNn.41),
B ={B?:5¢(0,t/*]} = (Yo,...,YNn.41).

It is clear that J. is determined by the increments of B! and B? for times larger than (t —r)/e? — 2,
that is, for n > N ,, with

To simplify the notation, we define

We also note that by (4.20), we have

IAEB,t/EQ [Isejs] =Er [Ieejegs (Xn.)9(YN.)]-
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5.1 Pointwise convergence

We first explain how the effective variance veg is defined. For any “starting pieces” Xg, Yy € €0, and
starting points x1,z2 € R?, as well as My, My > 0, and s1, s2 € [0, 1], we define

, (M1 M
%Ml,Mz(Xo,Yo,LUl,ZEz,Sl,52)ZEn{eXP{)\ /1 ) Ry (u1,u2) (55)

X R¢(x1 — 9 +wX0(2 + ul) — wXO(2 — 81) — LUYO(2 + U2) +LUYO(2 — 82))dU1dU2} | Xo,YO}.

The effective variance is then

2
Vi = /de /[0 . Er[#0,00(X, Y, 21,22, 51, 52)] H &(si)(x;)ds1dsedxyds, (5.6)
’ =1

with X and Y sampled, independently, from the invariant measure of #.
In the following, we fix 21,29 € R? and s, s2 € [0,1], and simply write S, s, (Xo, Yo). The
next two lemmas show the convergence

Fe(r,y, My, Mo) — vZ|g(t — r,9)a(r,y)|?, as e — 0 and My, My — oo, (5.7)

for fixed r € (0,t),y € R%.
Lemma 5.1. There exists C > 0 independent of €, M1, Mo, x1,xs, 1, S2 such that

Ep,yje2 [LeT MM < C. (5.8)
Lemma 5.2. As e — 0 and My, My — oo, we have

Ep e [T MM B[ Ao oo (X, V)]G (E — 7y p)ulr, y) .

Proof of Lemma 5.1. Since Z. and ¥. are both bounded, we have

B yelLee’] S Erle].

We first condition on XE, 17'5 and assume that

t—r
2

+Mi§T+Ng-

In this case, J; is not related to Xn_.+1,Yn.+1 (which are sampled differently), and we can re-
place B!, B? with w %Wy that is, the homogeneous chains started from X, Y., respectively, with
the transition kernel 7. It is easy to check that in this case

Efr[ejg(Ml’MQHXEai/s] = %Ml,Mg (Xsa?s) (59)

In the case when J. involves the last increment Xy_i1, Yy 41, it is clear that we still have (5.9),
with equality replaced by <.
By Corollary 4.4, we have
%MLMQ(XE?YE) S L

uniformly in z1, 29 € R, 51, 59 € [0,1], My, Mo > 0 and X.,Y. € Q, and (5.8) follows. O
Proof of Lemma 5.2. We divide the proof into three steps.
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Step 1. We claim that for any ¢ > 0, there exists a universal M > 0 such that if min(My, Ms) > M,
we have

EB t/s [|€Js My, MQ) — SJS(M’M)|:| < 0. (510)

First, since Ry, Ry, > 0, ¥ is bounded and Ry (u1,us) is supported on |u; — ug| < 1, we have
]EB,t/ Ueje Mi,M2) _ ,J=(M, M)H <E, {GJE(M1,M2)1{51(M)>O}}’ (5.11)

with

M Mo
E1(M) = M1%>>M /M—l - R¢(u1,u2)R¢(ﬂzl—$2+B% Ml—B%ﬁ—B% +u2+3%782)du1du2.
After applying the Cauchy-Schwarz inequality to the r.h.s. of (5.11) and using Lemma 5.1, we only
need to consider 7[€1 (M) > 0], which is essentially the same as the probability of the “nearby time”
of B!, B? being greater than M. By the same argument as in the proof of Lemma 5.1, Proposition 4.3
and Corollary 4.4, we have 7[€;] — 0 as M — oo, which proves (5.10).

Step 2. We show that

Epe2(Z- — Z.)e M) 5 0, ase -0, (5.12)
where )
L = [T oty = Blepjer-e=euoly + <Bjjen_o=o =B ),
i
with

t
Th; = min{T; : —+s_a<T <5 -
g2 g2

and the convention that T, = t/e? — e~ if there is no regeneration time in the interval [(t — r)/e? +
g7 t/e?2 —e7?. As 9. and J.(M, M) are bounded, we have

Bpy/eallZe = Zele M) S Br|Z. — 2. (5.13)
By Proposition 4.1, we have the convergence in distribution of
(eBiy oareBiy  eBig eBly _aeBl) = (Wi, Wi, Wi, WL W), (5.14)

which implies that the r.h.s. of (5.13) goes to zero as ¢ — 0.
Step 3. We prove the convergence of

Ep 12 [Zee M) = B[ A (X, V)| = 7y y)a(r, )P, (5.15)
where X,Y are sampled independently from the invariant measure of #. First, we have
EB t/e? [Ieeje(M M)] Er [ieeJE(M’M)ge (XN)%:(Yn,)]-

Note that, for € sufficiently small (depending on M and r), both Z. and J.(M, M) depend only on {B!:
s <t/e?—e~*}. Lemma A.3 implies that it suffices to prove the convergence of E,[Z. exp{J-(M, M)}].
We write

2 2
B [Zoe? MM = Bn [ T] gy — eBfy_ e —o-a) #arna (X, Vo) | B | [T w0y + €Bje oo — eBi )|
=1

=1 7

(5.16)
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Here, we used the independence of the increments after the regeneration time 77, to split off the
second factor, and the separation between the time (t —r)/e? — e~* and the times appearing in the
integration in J.(M, M) in the first factor. By the weak convergence in (5.14), we have

2

Er [ [Tuw(y+eB 2 o - 63%31)] = a(r,y)|*.
=1

It remains to consider the first factor in the right side of (5.16). We claim that as ¢ — 0

2 2

Er| [To—eBi, )X Y0)| =B | [T oy —eBiy_, )| En [ #0e(X,7)] = 0. (5.17)
=1 : i=1 :

The proof of (5.17) is the same as the proof of Lemma A.3, as s is bounded and X..Y.
are the increments of B!, B2 on the interval [(t — r)/e? — 2, (t —1)/e? — 1]. We apply the weak
convergence (5.14) again to get

2

Er| [T 9 —Bj_yyjrca)] = I3t =7, p)?
=1

and complete the proof of (5.15).
Combining steps 1-3 and sending § — 0, completes the proof. [

5.2 Proof of the uniform bound (3.13)
We now prove the uniform bound (3.13) in Proposition 3.4. By Lemma 5.1, we have

[Je =R 2) < 1

i

IEB,t/s2

so by the Cauchy-Schwarz inequality,

|\ Fe(r,y, My, Ma)| S / Epe2llgex +y — eBy_py ) |0(s)¥(x)dsd.

R J[0,1]
Lemma 5.3. For any k € Z>1, there exists C}, such that

. Ch
Ep /e [1{|5B(t_r>/82_8|>M}] < el (5.18)

for all M > 0.

By the above lemma and the fact that g € C3°(R?), |x| < 1, we have

1D 1
[EBﬂf/E2 lg(ex +y — 5B(t,r)/52,s)|] <1A W’

which implies (3.13) and finishes the proof of Proposition 3.4.
Proof of Lemma 5.3. Since ¥. is bounded, it suffices to prove the same estimate for

TleB(—p)e2—s| > M].
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We will assume r = 0, s = 0 to simplify the notation and the proof of the general case is the same.
First, we write B; /.2 as a sum of independent zero-mean random variables using the regeneration
structure. Let 7 = 1 and N. = [t/e?] — 1 and set

Bt/52 = Z Xk + Bt/gz B[t/gz].

k=0
We also write
K.
By =Y X;,
=0

where —
Xj:{ ry Xe(), =0, K=,
Bt/62 - BTK€7 J= K&‘a

and K. = max{j : Tj < Nc}. Since X are independent random variables with zero mean conditioning
on {T} <, the sum
k
My, => X;, k=0,...,K.,
j=0

is a martingale. By the Chebyshev and martingale inequalities, we have

r[leMic| > M | (T3] < rBe M 2 | {T315%] < 57 Zx?\ 1))
Since K. < N., we only need to show that
B, | %X?‘k] <1 (5.19)
j=0

If we expand | E;V:EO X?!k , the number of terms is smaller than (¢/£2)*, and each term is of the form

Hle X?l for some j; =0, ..., N., whose expectation is uniformly bounded, in light of Lemma A.2.
Thus, (5.19) holds and the proof is complete. O

A Technical lemmas

Lemma A.1. There exist c1,co such that

142 _ _
A f[O’T]Q R(s—u,Bs Bu)dsdu] =T +ca+o0(l), asT — 0. (A.1)

(r :=logEp {62

Proof. We employ the setup of Section 4. The proof is divided into three steps, in which we prove
that (A.1) holds for T € N, Q, R.
Step 1, T € N. In the construction of the chain, set 7 = 1. As in Section 4.1, we have

T-2

@T(dw) = \I/(xo)ﬁ(dxo) <H ﬁ(xk,karl)) \Il_l(;UT_l)pT_leTCl_CT'

k=0

Using the normalization (4.10) gives,

E [0 Xy )] = e Tapt-T,
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By (4.19), we have
eCT*TCIﬁ)l*T — Sr—TGQ—(T-1)logp _, EW[\IJ*l(X)]

exponentially fast as T — oo, where X is sampled from the invariant measure of #. This proves (A.1)
for integer T" with
c1=C +logp, cg=logp ' +logE, [¥1(X)]. (A.2)

We note that the convergence rate of the remainder o(1) — 0 as T' — oo only depends on the
estimates on W and v which are determined by ||I||ze.

Step 2,T € Q. In the construction of the chain, the choice of the length-one increment is arbitrary
— we can take any length that is greater than one and follow the same construction. Take the increment
of length r € Q such that r € (1,2) (then the corresponding I(x,y) is uniformly bounded), so there
exist m1, ms € N such that rmy; = mo. For any k € N, the same proof as in Step 1 shows that

Crmlk = Cl,rmlk + C2,r + 0(1)

for some ¢y, co,r. Since
Cmak = c1mak + c2 + o(1)

from step 1, we conclude that c¢1, = ¢17 and ¢z, = c2 by sending k — oco. Thus, for any r € Q, we
have
Crk = aark + ca + o(1),

with o(1) — 0 as k — oo, uniformly in r € (1,2). Choosing r = T/[T], we see that (A.1) holds
for T € Q.
Step 3, T € R. As (r is continuous in 7', we simply take 7;, € Q so that 7;, — T and (7, — (7.
Since
(r, = ca1Tp +ca+o0(1)

with o(1) — 0 as T;,, — oo, the proof is complete. [J
Lemma A.2. Assuming Xo ~ 7(dxo), Xpi1 ~ (1—7) Y7 (Xg, drgr1) —ym(dwgi)) fork >0, and 0

is an independent geometric random variable with parameter v. Then, for all k > 0, Ex[X,(1)] =0
and there exists ¢ > 0 such that

Xp(s)| > t] < et A.
W[srg[%ﬁ]\ k(s) >t] Sem (A.3)
6
< —ct
w[kzo max |Xi(s)] > t| See (A.4)

Proof. For any measure v on 2 that is symmetric, so that vg(A) = vo(—A) with —A:= {f : —f € A},
set

Vi(A) = /Q vo(dz)i (z, A).

Recall that
[ e wg)n(dy) = p().
Q

Since I(z,y) = I(—x,—y), 7 is symmetric, and ¥ is the unique eigenvector corresponding to p
satisfying (4.10), we have that V(—z) = ¥(x), hence #(z, A) = #(—x,—A) and vy is symmetric.
Thus, the distribution of X}, is symmetric, and

Er[Xr(1)] = —Ex[X3(1)] = 0.
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For the Gaussian tail in (A.3), we note that

sup "0 W) =YY < 2, dy) < (). (A.5)
z€Q 11—~ e

As 7 is the Wiener measure on C([0, 1]) tilted by the bounded factor

1
exp {5)\2 R(s — u,w(s) —w(u))dsdu — {1},
[0,1]
there exists ¢ > 0 such that
W[max] | Xikr1(s)| >t | Xi| S m[max [ Xo(s)| > 1] < et (A.6)

s€(0,1 s€[0,1]

uniformly in Xj. After averaging with respect to X}, we obtain (A.3).
To prove (A.4), we note that
[0 > [at]] S (1 =)

for any a > 0. By the Chebyshev inequality, we have

[ot] lat]
w2 s 1Xi(o)| > 1] < VB exp {C1 3 mae 1)1

for any C7 > 0. Using (A.5) again, we have

(o]
e‘CﬁE{exp {C’l ];)slél[%,}i \Xk(s)|H < e—CltCQ[at]

for some constant Co > 0 independent of a. Taking o < C/log Cy finishes the proof. O

Lemma A.3. If F: Q.2 — R is bounded and only depends on Xo, ..., Xn., with N — M — oo,
then
|Ex[F(B)%(Xn.)] — E<[F(B)]] = 0 (A.7)

as € — 0.

Proof. First, we have
[Ex[F(B)%:(XN.)] = Ex[F(B)]| = [Ex[F(B)Ex [ (Xn.) = UXar ]| S En B [Z (X n.) [ Xar] = 1]-
Since ¥ is bounded, by (4.19), we have
|Ex[Z- (XN )| Xas] = Ex[4:(X))] = 0 as e — 0,

uniformly in X,;.. Here, X is sampled from the invariant measure of #. Since E;[%.(Xn.)] = 1, we

know that E;[4.(X)] — 1 as ¢ — 0. Hence,
Er[9(XN)|Xpm.]—1—0, ase — 0,

which completes the proof. [J

Lemma A.4. There exists C' > 0 independent of € such that 3 E[|Xj€|4] <C.
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Proof. Recall that
€ 1 7€
X] - Ed/271 /I/Lj RA Zt (Ta y)dW(T, y))

and by the martingale inequality, we have

BIX 1) S g / / E|\Z () 2 (o) P)dydy/ drdr’

For E[|Z{(r,y) ZE (r',y')|?], we repeat the calculation in the proof of Lemma 2.3. To simplify the
notation, we let r =1y = 79,7 =r3 =14 and y = y1 = y2,y’ = y3 = y4 and consider

4 4 ]
~ ~ . AME z( z) 1)\2<M 7‘>
E[ H tg(riv yl)} :/}R‘ld IEIEB,iE/E2 [H g(xi)uo(wi—i-EBz/Ez)@;mi’Bi (ri,yi)e  twiB " t,2;,B }da:.
Ll i=1
As in the proof of Lemma 2.3, we obtain
1 - -
a1 /12 /de E(|Z; (r,9) Z; (v, ) P)dydy’ drdr’
B,
N 4
< / J . . / /
N /[O,tP /R /[0,1]4 Lir/e2es ) L jerens 3 Epyelle”] [[1 (500 (wi)dsdadydy'drdr,
where )
I = H lg(exi + yi — Bft ri )/Ez_si)uo(e:m + vy + 532/52 — ngt_n_)/aLSi)L
1/2e®  p1/2e®
Z / / ulv Ul)
1<i<i<4
X Rw(xz — Iy + c + Bt ?“1/\7“l+ w; - 3;;i—$1 Bt T /\rl+ u + Bt ""li l)duidul'

By the same proof as that of (3.13), we have

1 ~ - t 2
iy Jo BIZ DT iy drin’ S ([ 1 i)
2J

The proof is complete. [
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