HIGH ORDER CORRECTORS AND TWO-SCALE EXPANSIONS
IN STOCHASTIC HOMOGENIZATION

YU GU

ABSTRACT. In this paper, we study high order correctors in stochastic homog-
enization. We consider elliptic equations in divergence form on Z¢, with the
random coefficients constructed from i.i.d. random variables. We prove moment
bounds on the high order correctors and their gradients under dimensional
constraints. It implies the existence of stationary correctors and stationary
gradients in high dimensions. As an application, we prove a two-scale expansion
of the solutions to the random PDE, which identifies the first and higher order
random fluctuations in a strong sense.

KEYWORDS: quantitative homogenization, high order corrector, two-scale
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1. MAIN RESULT

Quantitative stochastic homogenization has witnessed important progress in
recent years, and a major contribution of the groundbreaking work of Gloria-Otto
is to prove the high order moment estimates on the corrector [23, 25].

The result in the discrete setting can be described as follows. Let B be the set
of nearest neighbor edges in Z%, and {e;,i = 1,...,d} be the canonical basis of
Z%. On a probability space (2, F,P), we have a sequence of i.i.d. non-degenerate
random conductances, denoted by {we}eep With w, € (6,1) for some § > 0. We
define a : Z% — R4*¢ as a random diagonal matrix field such that

a(z) = diag(ai(z),. .., aq(r)) = diag(Wiz,ate)s - -+ Wizoteq))-
The regularized corrector equation in the direction £ € R? says
(1.1) A+ V*a(x)V)qﬁg‘(x) = —V*a(z)¢, zecZ%

Here the discrete gradient and divergence for f : Z? — R and F : Z¢ — R are
defined as

d
Vf=(Vif,....Vaf), V'F=> V:iF,
i=1

with

Vif(z) = f(z+e)— f(z), ViFi=Fj(z—e;)—F(2)
It was shown in [23, Proposition 2.1] that when d > 3, for any p > 1, there exists a
constant C' = C(d, 8, p,£) > 0 such that

(1.2) (leel"y < C

uniformly in A > 0, where (-) denotes the expectation on (€, F,P). In particular, it
implies the existence of a stationary corrector when d > 3: there exists a zero-mean
stationary random field ¢¢ solving

(1.3) — V*a(z)Vee(x) = Va(x)E.

The first goal of this paper is to go beyond the first order correctors, and present
a proof of (1.2) for high order correctors. As an application of high order correctors,
1
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we identity the first and higher order fluctuations in stochastic homogenization in a
strong sense that will be specified later.

1.1. High order correctors. We will stay in the same setting but further assume
{we }een satisfies the log-Soblev inequality

2 i l 2
(1.4) << log <<2>> <5 <§€j|ae<| >

for some p > 0. Here 0, is the weak derivative with respect to w, and ( : Q@ — R is
any function so that the r.h.s. of (1.4) makes sense. Through a formal two-scale
expansion in Section 2.1, we define the regularized n—th order corrector, and denote
them by 1. The following is our first main result.

Theorem 1.1. Fix any n > 2. When d > 2n — 1, for any p > 1, there exists
C =C(d,d,p,p) >0 such that

(Venl) <C
uniformly in X > 0. When d > 2n + 1, the same result holds for i), i.e.,
(lenl?) < C

uniformly in A > 0. In particular, for the n—th order corrector, it has a stationary
gradient when d > 2n — 1 and it is stationary when d > 2n + 1.

Remark 1.2. The log-Soblev inequality (1.4) holds for i.i.d. random variables with
a continuous density, hence can not deal with distributions with atoms. A weaker
version is presented in [32, Equation (7)], covering all possible i.i.d. ensembles. We
believe that the approach in this paper can be applied with the weaker version (with
extra technicalities), and Theorem 1.1 holds for any i.i.d. ensemble. To keep the
presentation simple, we choose to work with (1.4).

The study of stochastic homogenization started from the early work of Kozlov
[30] and Papanicolaou-Varadhan [40], and revived recently from various quantitative
perspectives [9, 23, 24, 17, 19, 32, 20, 25, 21, 18, 26, 33, 34, 1, 5, 2, 4]. While the
first order correctors have been analyzed extensively due to their role in determining
the effective coefficients and proving convergence in homogenization, the high order
correctors have been receiving less attention. Our interest in the high order correctors
comes from the comparison between a pointwise two-scale expansion and a large
scale central limit theorem derived for the solutions to the random PDE

(1.5) -V a(g)VUE(x) = f(x).

The results in [28, 29] showed that when d > 3, the first order corrector represents
the local fluctuation, which is measured by u.(z) — (uc(z)) for fixed x € R, but
does not suggest the global large scale fluctuation, which is measured weakly in
space by [(u. — (u.))g with test function g. We expect the surprising phenomenon
may be explained by high order correctors which only become visible in the weak
sense due to strong correlations; see a discussion in Section 5.

In Section 2.1, we will construct high order correctors directly from a formal
two-scale expansion, and there is a slightly different way of characterizing the high
order correctors as the “high order intrinsic polynomials” that come out of the
Liouville theorem: as the first order corrector ¢, is defined so that £ - x + ¢¢(x)
is a—harmonic, the high order correctors correct the apom—harmonic high order
polynomials to be a—harmonic. It seems the two ways of construction are equivalent
although we do not attempt to prove it here. For our purpose, it is more convenient
to directly start from the formal expansion. For the recent breakthrough in the
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direction of regularity theory of random operators in the continuous setting, we
refer to [1, 21, 5, 16, 2, 26, 4].

Our strategy of proving moment estimates in Theorem 1.1 follows [23], i.e., by
using a spectral gap inequality (see (2.16) below) and estimating the sensitivity
of the correctors to the individual conductance; see also the unpublished work of
Naddaf and Spencer [37]. A key quantity to control is 9.1\, which describes the
dependence of the n—th order corrector on the conductance w.. It involves the first
and second order derivatives of the Green’s function of V*a(x)V, and we use the
p—th moment estimates derived in [32], which came from the log-Soblev inequality
together with the result of Delmotte and Deuschel on the lower order moment [12].
One of the difficulties is to obtain some a priori estimate on the gradient V. For
the first order corrector, the bound on the second moment of V(bé\ comes directly
from (1.1) thanks to the divergence form of its r.h.s. source term. For high order
correctors, we prove that the source term can also be expressed in divergence form.
Once we have the p—th moment estimates on V1)), Theorem 1.1 follows from a
straightforward induction argument.

1.2. Two-scale expansions. As an application of high order correctors, we prove
an expansion of solutions to the random PDE (1.5). If homogenization is viewed
as a law of large numbers result, here we are looking for the next order random
fluctuations that may or may not lead to a central limit theorem. A classical
two-scale expansion indicates that the solutions to (1.5) take the form

(1.6) Ue = ug + euy + 2ug + ...,

where ug, uy,us, ... are constructed by equating the power-like terms in £ upon

substituting (1.6) into (1.5). Since (1.6) is only a formal series, it is a priori unclear

whether u; indeed represents the “correct” first order fluctuation (it was shown not

true when d = 1 [27]), and if it does, we need to understand in which sense (1.6)

holds. The second goal of the paper is to give an answer to the above questions and

justify the formal two-scale expansion under appropriate dimensional constraint.
To avoid the effects from boundary layers, we work on the equation

(1.7) (a4 Via(3)Vo)ue(e) = f(x).x € <2,

where a > 0 is a fixed constant and f(z) € C>°(R%). The discrete gradient and
divergence are defined for ¢ : eZ% — R and G : eZ¢ — R? as

vag = (va,lga DR Ve,dg) with vsﬂ,g(x) = [g(.’L‘ + Eei) - g(I‘)]/E,
and
d
ViG =Y V:,G; with VI ,Gi(x) = [Gi(x — ee;) — Gi(z)] /e
i=1
It is well-known that u. converges in a certain sense to ug solving

(1.8) (0 + VianomVe)uo(z) = f(z),x € eZ%,
where the effective coefficient matrix is given by
Ahom = <G,(Id + V¢)> = aly with V¢ = [V¢61 e V(bed],

and ¢, is the first order corrector in the direction e;. Our goal is to obtain the
first and higher order fluctuations in u. — ug. By the formal two-scale expansion,
the first order correction takes the form

d
x x
uy(z, E) = ;Vg,juo(x)qbej(g),x € 7%
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Remark 1.3. Typically, one compare u. with g solving the equation in the continuous
space:

(0 =V - apom V)iio(z) = f(x),z € RY.
In this paper, we do not analyze ug — g, which is only an error due to discretization.

For functions f : eZ¢ x Q — R%, we define the L%(eZ? x ) norm

(1.9) flloe = (ed 3 <|f<x,w>|2>)2.

z€eZ4
The following is our main result for the first order fluctuations.

Theorem 1.4. When d > 3, we have
(1.10) llue — uo — euqll2,e = o(e)
as € — 0.

Remark 1.5. Since (u1) = 0, Theorem 1.4 in particular implies that the deterministic
bias (u.) — up vanishes in the order of e.

For the errors quantified in the strong sense, by the || -||2,. norm here, Theorem 1.4
shows that the first order correction is given by the first order corrector that comes
from the formal expansion. This is consistent with the pointwise result in the
continuous setting 28], and both results suggest that we do not expect a central
limit theorem for (u.(z)—ug(z))/e. It should be contrasted with the low dimensional
case, e.g., when d = 1, it was shown in [8, 27] that (u.(z) — uo(z))/\/ converges
in distribution to a Gaussian process. For the errors quantified in the weak sense,
i.e., after taking a spatial average with a test function, central limit theorems are
obtained for the first order corrector u; and the solution u. [36, 35, 29, 15, 3|.
Various approximations to the effective coefficient matrix apon, also exhibit Gaussian
fluctuations; see [38, 7, 41, 39, 22].

In higher dimensions, a higher order expansion similar to (1.10) can also be
obtained. To make sense of the expansion, the number of terms we are permitted to
include in the expansion depends on the dimension in light of Theorem 1.1.

Theorem 1.6. Fiz anyn > 2. When d > 2n+1, there exists {uy}}_, and {vg}}_,
such that uy, is random with (ug) = 0, vy is deterministic, and
n n
Us — Ug — Z{—:kuk - Zz—:kvk = o(e")
k=1 k=1 2,e

as € — 0.

Remark 1.7. Theorem 1.4 can be viewed as a special case of Theorem 1.6 when
n = 1, in which case we have v; = 0.

Remark 1.8. It can be seen from the proof of Theorem 1.6 that the k—th order
random fluctuation uy takes the form

uk(@) = 3 (@i ).

where g; is some derivative of uy and ¢; is some zero-mean stationary random field.
Therefore, the random fluctuations in homogenization, measured in the strong sense,
is a superposition of highly oscillatory random fields.

Using the high order correctors obtained in Theroem 1.1, the proof of Theorem 1.4
and Theorem 1.6 mimics the periodic setting. It is well-known that in the ideal
periodic setting (equation with smooth coefficients posed on the whole space), the
formal two-scale expansion as in (1.6) indeed approximates the solution up to
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arbitrary high order precision, so the message we want to convey here is that one
can still hope the expansion to be valid in the random setting, provided that we
have stationary correctors. We refer to [13, 14] for a careful dealing with boundary
layers in the periodic setting.

The previous work on estimating the size of u. —ug includes e.g. [42, 10, 11|, with
non-optimal exponents or optimal exponents in the small ellipticity regime. With
the study of the first order correctors, [17, 20, 34] provides optimal estimates of the
error size. The recent preprint [6] uses second order correctors to derive quantitative
estimates up to the first order fluctuation, with a better approximation rate when
d = 3,4 and an exponential stochastic integrability. The main contribution of
Theorem 1.4 and Theorem 1.6 is to identify the first and higher order fluctuations
in the strong sense, which seems to be the first result of this type.

The paper is organized as follows. In Section 2, we present the proof of Theo-
rem 1.1. The proofs of Theorem 1.4 and Theorem 1.6 are in Section 3 and Section 4.
We leave some discussions to Section 5.

1.3. Notations.

e For any e = (¢,€) € B and f: Z? — R, we will write

Vi(e) = f(e) = fle),
and for any & € R,

e For z € 72, we define
|| = 2| + 2.
o We write a < b when a < Cb with the constant C' independent of the spatial
variables y, z and the edge variables b, e.

e For x,y,c > 0, we write
1

Y
if for any 6 > 0, there exists Cs > 0 such that
1
Yy
o For f:7Z%x 7% - R, x € Z* and e,b € B, we write

Vf(x,e) = f(x7é) - f(I,Q),

s

r < Cs

5"

and
VVf(b, 6) = vf(l;a 6) - vf(ba 6).
o We use || - ||, to denote the LP(€2) norm. Recall that || - ||2,c denote the
L?(£Z4 x Q) norm.
e We use G*,G* to denote the Green’s function of A + V*aV, A+ V*V on Z¢
and 4> to denote the Green’s function of A — A on R?,

2. MOMENT BOUNDS OF HIGH ORDER CORRECTORS

We first review the classical two-scale expansion of equations in divergence form,
then present a proof of Theorem 1.1.
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2.1. Two-scale expansions. Consider the equation on R%:

~V-a(Z 2)Vue(z) = f(2),

Rdxd

where a : R — is a stationary random field. We introduce the fast variable
x

y =% and write V=V, + %Vy. By further assuming
(2.1) ue () = uo(w) + euy (x, y) + 2ua(z,y) + ...,
we obtain
—(Vs + %Vy) ca(y) (Vg + évy)(uo +eur+...+e"u, +...) = f.

By matching the order of ¢, we get equations satisfied by u,,.

When n =1,

(2.2) Vy - a(y)Vyur + Vy - a(y)Vaug = 0.
When n > 2,

(2.3)

Vy : a(y)vyun + vy : a(y)vmun—l + Vr : a(y)vyun—l + V’I' . a(y)vrun—Q
=(Vs - a(y)Vytun—1+ Vg - a(y)Vaun—_2).
Note that in general, the corrector equations take the form
Vy - a(y)Vyun(z,y) = F

and a solvability condition requires that the source satisfies (F') = 0, so we added
some expectations to the r.h.s. of (2.3).
For (2.2), we can write

(2.4) Z Okt () e, (y) = Vuo(x) - ¢(y),

with ¢ = [¢e,, ..., Pe,] and ¢, the first order corrector solving
Vy - a(y)(Voe, +ex) = 0.
The equation satisfied by the second order corrector takes the form
Vy - a(y)Vyus =V - Ghom Vato(x) — Vi - a(y)Vo(y) Vue(x)
= Va - a(y)Vauo(z) — Vy - aly) Viuo(2)d(y),

where V2uq is the Hessian matrix of ug and the matrix V¢ = [V¢,,,..., Ve,].
The r.h.s. of the above expression has mean zero since the homogenization matrix
Ghom 18 given by

(2.5)

anom = {(a(y)(la + Vé(y)))-

By induction, it is clear that u,, is a linear combination of d,ug, where « is a
multi-index with |a| = n, so we write

Zoﬁa )Ouctio

and those ¢, are the n—th order correctors.
By (2.3), we further observe that ¢, with |a| = n is a linear combination of ,,,
which solves the following three types of equations:

Di(aij(y)n-1(y)),
(2.6) Va(y)Vin(y) = aij(y)0i9n-1(y) — (aij(y)95¥n-1(y)),
aij (Y)n—2(y) — (aij(y)Pn-2(y)).



HIGH ORDER CORRECTORS AND TWO-SCALE EXPANSIONS 7

Here i,5 =1,...,d, and we have the following correspondence between the r.h.s. of
(2.6) and (2.3) :

di(aij(yY)hn-1(y)) < Vy - a(y)Vaun—1(z,y),
aij(y)0jvn—1(y) — (aij(y)0;¢
aij (Y)¥n—2(y) — (ai;(y

In other words, since (2.3) is a linear equation, we have decomposed it into finitely
many “small equations” written in the generic form of (2.6).

2.2. A proof of Theorem 1.1 by induction. Recalling that the coefficient
a(r) = diag(ai(z),...,aq(z)) is a diagonal matrix for x € Z?, so given (2.6) in the
continuous setting, we consider corrector equations on Z% of the following form:

Vi(ai(y)n—1(v)),
(2.7) V*a(y)Vin(y) = ¢ ai(y)Vittn-1(y) — (ai(y)Vitn-1(y)),
ai(Y)n—2(y) — (ai(y)n—2(y)).

For any A > 0, we regularize (2.7) by adding a massive term and define 1) as
the unique solution to

Vi(ai(y)¥n-1(v)),
(2.8) A+ Va@)V)n(y) =< ai(y)Vitbn—1(y) — (a:(y) Vitbn—1(y)),
ai(Y)Pn—2(y) — (ai(y)Vn—2(y))-

To prove Theorem 1.1, we only analyze (2.8) when d > 2n — 1. Since our proof is
based on induction, we do not worry about the meaning of the r.h.s. of (2.8) for
the moment.

Let 11 denote the stationary first order correctors ¢., when d > 3. We make the
statement %, for n > 1:

Statement .#;: when d > 3, for any p > 1, we have
1

2.9 e S—a
(2.9) 01l £ T
and

1
(2.10) [0 V1 (D)l < b=

with the proportional constant independent of y € Z¢ and b, e € B.
Statement .%,,n > 2: when d > 2n — 1, for any p > 1, we have

1
(211) ||ae¢2(y)||p 5 (d—n)—"
ly — el
and
1
A < -
(212) ||36V¢n(b)”p ~ |b _ elidin‘i’l)i )

with the proportional constant independent of A > 0, y € Z? and b,e € B.

The following result is the main result in this section.

Proposition 2.1. For anyn > 2, Y, o+ 1 implies %, where we take % as
an empty statement.

First, we note that .#; holds. For the first order correctors ¢ € {¢e, tr=1,....d,
Ded2, (y) = =V Gy, e)(Vee, + ex)(e),

and

9.V, (b) = —=VVG*(b,e)(Voe, +ex)(e),

Jj¥n— 1( )> +—— Vg 'a(y)vyun—l(x,y) — <Vm ~a(y)Vyun_1(x
)wn72( )> — v:r : a(y)vzun72(xa y) - <VI : a(y)vzun72(x

Y))s
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where G* is the Green’s function of A + V*aV. By [32, Theorem 1|, we have
1

1
N A
(2.13) VG (y, ), < m and |[VVG*(b,e)|l, S b—ed’
which implies

1 1
(2.14) 10 per, (W)ln < gt M 10e¥ 6e O)lp S =

By Proposition 2.1, ., holds for n > 2, and this implies Theorem 1.1. First, the
log-Soblev inequality (1.4) implies the Spectral Gap inequality:

(2.15) (I¢1%) < <Z|86C|2>

(&

for zero-mean (, which can be generalized to control the 2p—th moment for any
p > 1 [19, Lemma 2|:

(2.16) (el < <<Z|a <|2> >

Remark 2.2. The result presented in [19, Lemma 2] is for a different type of vertical
derivative, but the same proof applies in our case.

Now we apply (2.16) to ¥, and use .%, to derive

12 (O)l2p < <<Z |Oethn ) > S (Zlaezbﬁ(o)%p)

N
< (e ) =

e Ll*
when d > 2n + 1.
Similarly, we apply (2.16) to V1;, and use .%, to derive

IV2) ||2p~<<2|8 V() >> (Zna VR )

1
< <1
(X e

€

[N

[N

when d > 2n — 1.

By the uniform bound on |[1; |2, and ||V (b)]|2p, it is standard to extract
a subsequence as A — 0 to get the existence of a stationary corrector v,, when
d > 2n 4+ 1 and the existence of a stationary gradient Vi, when d > 2n — 1. For
the convenience of reader, we present the details in Appendix A.

Remark 2.3. Tt is clear that if ¢} (0) converges to 1,,(0) weakly in LP(f2), then
9. (0) converges to 0.1, (0) weakly in LP(2), thus the same estimates in .#, holds
for ¢, when d > 2n + 1. The same discussion applies to V,,.

The proof of Proposition 2.1 is a straightforward calculation once we assume the
high moment bounds for V:

(2.17) -2+ In_1 = whend>=2n—1, for any p > 1, ||V (b)], S 1.
We will leave the proof of (2.17) to the next section.
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Proof of Proposition 2.1. By the previous discussion, when d > 2n — 1, we have
stationary (n — 2)—th and (n — 1)—th order corrector, so the equation of ¥;\ given
by (2.8) is well-defined:

Vi(ai(y)n—1(
(y)Vﬂ#n l(y < l( )Viwn—1<y)>7
az(y)% 2(y) — {ai(y)¥n—-2(y)).

Y)),
A+ V*a(y)V)en(y) = ) —

We take 0, on both sides to obtain

vf[ae( z( )¢n—1(y))]a
aegazgy)viwn—l y))7

A+ V*a(y)V)0etn(y) = (Ly—e — Ly—e)Viin(e) + {
ae a; y)'l;/}n72(y))

By the Green’s function representation, we write

>, ViGA(y, 2)[0c (ai(2)¥n-1(2))],
(218)  Dethn(y) = VG (y,e)VUn(e) + {2, Gy, 2)0e(ai(2) Vith-1(2)),
> Gy, 2)0(ai(2)n—2(2))

)

which implies that for any p > 1:

> IViGA (Y, 2)[0e (ai(2)n—1(2))]lp,
10:n W)l < IVE . e)Vin(e)lp + 4 2. IGM (v, 2)e (ai(2) Vithn—1(2)) [,
32 1G* (Y, 2)0e (@i (2)n—2(2))llp-

Since dea;(z) = 0 for e # (z,z + €;), it is clear by %, _2, .#,_1 and Remark 2.3

that
1

[0 (@i (2)Yn-1(2))llp < Wv
1

10e(ai(2)Vjn—1(2)llp S W’
1

[0 (@i (2)Yn—2(2))llp S W

Note that when n = 2, 1,,_o(2) is a constant as can be seen from (2.5), so the above
estimates still holds. An application of Hélder inequality together with (2.13) and
(2.17) leads to

1 1

1 EZ ly—z|¢7" |z—g|{ D=7
1 1

Haewﬁ(y)ﬂp ,S ﬁ + Zz |y—Z|f72 |Z_§‘id—n+2)*7
ly — el 1 1

2 ly—z[d7? |z TR

By the discrete convolution inequality [29, Lemma A.6], we obtain

(2.19) 1002w |y1(d)
By (2.18), we also have
(2.20)
3. VViGA(b, 2)[0c(ai(2) 1 (2))],
eV (b) = =VVG(b,e)Vin(e) + 4 2, VG (b, 2)0e(ai(2) Vithn—1(2)),
Zz VG (b, 2)0c(a;i(2)Yn—2(2)),

so the same discussion as above gives

1
(2.21) 10V ()]l < P 7y
|b - §|*
The statement ., consists of (2.19) and (2.21), so the proof of Proposition 2.1 is
complete.
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Remark 2.4. The reason we choose to have (d — n)— and (d — n + 1)— as the
exponents in (2.11) and (2.12) is due to the following discrete convolution inequality:
for any « € (0,d),

1 log |y« 1
(2.22) N S —
Z IZI‘” ly — 2|4 lyle lyls

As can be seen from (2.20), the term VV,G*(b, z) produces a factor of |b — 2|7,
and we use “—" to absorb the logarithmic factor when applying (2.22).

2.3. Estimates on gradient of correctors: proof of (2.17). To prove

IVen O, <1

for any p > 1, we first consider p = 2, then derive it for any p > 2.
2.3.1. p = 2. We write the equation (2.8) as

Vi(ai(y)Yn-1(y)),
(2.23) A+ V*a(y)V)Un(y) = F(y) =< ai(y)Vittn-1(y) — (a:(y) Vitbn-1(y)),
ai(Y)¥n—2(y) — (ai(y)n—2(y)).

By 42+ F_1, when d > 2n — 1, F is a zero-mean stationary random field, and
[Yn-1llg + IVn-1llg + [[¥n-2llg $1

for any ¢ > 1. We claim that there exists a stationary random field ¥ such that
U(0) € L) for any g > 1 and

(2.24) V*V¥ = F.
Using the fact a; > § > 0, we conclude from (2.24) that
IViRllz S 122 S 1.
For F = Vi (a;(y)¥n-1(y)), we only need to choose
U = W,e; with ¥, = a;9,_1.

For the other two cases, we consider the equation with k =1,...,d
(2.25) (A4 V*V)Up = V. F,
and by #,_o + .#,_1, we have
F AN 1
1092 (W)l < D IViG y:2)0F(2)]lg S WH&F(Z)IM
1
<
Z |y _ Z‘d 1 Z 7§|>(kd—n+2)_
1
Ty — el

where we used G* to denote the Green’s function of A + V*V. Thus, by the same
application of the spectral gap estimate (2.16) we have

1w3llq <

when d > 2n — 1. By Lemma A.1, there exists a stationary random field Uy (y) such
that W, (0) € L9(Q2) and ¥(0) — ¥, (0) weakly in L9(Q). Let ¥ = (¥y,...,¥y),
and we claim
V*U = F.
From (2.25), we have
A+ V*V)V;U) = ViV F,
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SO
A+ V*'V)V*TA = V*VF
by summing over k. Let A — 0, it is clear that
V*V(V*T — F) = 0.
By ergodicity, we have V*W — F' is a constant, but since it has mean zero, we

conclude V*W¥ = F. The proof is complete for p = 2.

2.3.2. p > 2. By [32, Lemma 4], the log-Soblev inequality implies a type of inverse
Holder inequality: fix any g > 1, for any § > 0, there exists Cs > 0 such that

(2.26) (€277 < Cs(lé)) +5<<Za §|2> > :

Remark 2.5. The result in [32, Lemma 4] is for a different type of derivative, but
the same proof applies in our case.

In view of (2.26) and the bound on [|[V}[|2, in order to bound ||V, for any
q > 1, it suffices to prove

a\ 2
(227) <<Z|aew22> > < (VunlP)® 41,
and choose § sufficiently small. By recalling (2.20), we have
(2.28) 10:Ven (0)]* S IVVGA (b, e) Vi (e)* + I2,

where
3. VViGM(b, 2)[0e(ai(2)n—1(2))],

I := ¢ 2. VGb, 2)c(ai(2)Vithn-1(2)),

2. VGA(b, 2)0e(ai(2)n—2(2)).

() ) () =

by #,_2 + -#,_1 and the fact that d > 2n — 1. For the first term on the r.h.s. of
(2.28), we have

We first have

qg—1

(ZWVGA(b,e)wQ(e)F) 5(Zlvvek(b,e)|2> D IVVGA b, e) PV (e)*
SD IVVGEAb,e) PV (),

where we used the quenched bound [32, Equation (39)]
(2.29) D IVVGHb.e)? S 1.

Thus we have

<<Z [VVGA(b, 6)V¢$(e)2> > S D AVVGAb, o) PIVen(e)*).

By stationarity we can write

([VVGAb, )P |Vin(e)*) = ([VVGA b —e,e — &) P Vi (e — e)[*9),
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so by considering the summation over edges of the same direction, Vi) (e — ¢) is
unchanged over e, and using (2.29) again we have

D AVVE b, )PV (e)*) S (V).

€

To summarize, we have proved that

<<§]@v@2)>sqvwW%+1

which leads to (2.27) and completes the proof.

3. FIRST ORDER FLUCTUATIONS WHEN d > 3

The proof of Theorem 1.4 follows the ideas of [40, Section 6|, which itself is
analogous to the periodic case. Since the first order correctors are used to prove the
convergence of u. — ug, it is natural to consider using the second order correctors
to obtain the first order fluctuations.

We define the remainder in the expansion as

(3.1) 2 (2) = ue () — up(x) — euy (z,y) — e2us(z,y),
where uy, us will be constructed by the first and second order correctors later. Since
d > 3, we have stationary first order correctors, so eu; ~ O(g). We do not necessarily
have stationary second order correctors (by Theorem 1.1, we need at least d = 5),
but they have zero-mean stationary gradients, so we can expect the second order
correctors to grow sublinearly, which implies |e2uz(z,y)| < e. The rest is to analyze
Ze.

We first construct u; and ug for our purpose. Then we prove ¢
both of order o(e).

2uy and z. are

3.1. Construction of u1,us. Similar to the continuous setting, we introduce the
fast variable y = z/e € Z? when x € €Z?. In the discrete setting, the Leibniz rule is
different, and for any function f : eZ? — R and g : Z¢ — R, we have

Veilf(2)g(y)) =[f(x +eei)g(y + e:) — f(x)g(y)]/e

{ Veif(2)g(y )+f(x+5€z) Vig(y),
vs,if( ) ( +61)+f( ) ’Lg(y)a
V*

2i(f@)g(y) =[f(x —eei)gly — ;) — f(z)g(y)]/e
_ { Vi f(@)g(y) + fz —eei) 1 Vig(y),
Viif(@)gly —e) + f(2):Vig(y).
There are two different expressions for the Leibniz rule, and for our purpose, we
choose the one that does not change the microscopic variable y:

VeilF@)ow) = Veif(@)oly) + flo +ce) - Vigly),

VZif(@)g(y) = VI f(@)g(y)+ flz— sez—)gVE‘g(y)-

We construct uy,us by expanding Via(y)V.(ug + cus + c%uz) with (3.2) and
equating the like power of ¢, which is similar to what we presented in Section 2.1.
Due to the lattice effect, the expressions of w1, us will be different from the continuous
setting, so we present the details of the calculations here.

We first have

and

(3.2)

(3.3) Via(y)Vouo(z Z a;(y Veiuo(z) + Z =V a;(y)Veiuo(x — ge;),
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and we define
d
(34) u1 (:L‘a y) = Z VE,jUO(x - Eej)¢ej (y)7
j=1

where we recall that ¢, is the first order corrector in the direction of e;, which is a
mean-zero stationary random field when d > 3 and satisfies

V*a(y)(Voe, (y) +e;) = 0.
Next, we have
d
Via(y)Ve(ew (z,y) = Y eV2,ai(y)Vei(Ve juo(z — £¢;)de, (1))
i,j=1

d
= Z eVZ,ia;(y)(Ve,iVe juo(x —eej)oe; (y))

4,j=1

d
+ ) VEai(y) (Ve juo(x — gej + ei)Vide, (y) i= 11 + L.

i,j=1
For I, we have
d
I = Z Evz,ivs,ivs,juo(x - Eej)ai(y)¢e_7 (y)
i,j=1
d
+ ) VeiVejuo(z — gej — ee;) Vi (ai(y)de, (v))-
i,j=1
For I, we have
d
I, = Z Vi Ve juo(z —eej +eei)ai(y)Vige, (y)
i,j=1

d
+> évmuo(az —¢eej)Vi(ai(y)Vige, (y))-

ij=1

By the equation satisfied by ¢.,, we have the second term on the r.h.s. of the above
display equals to

d d
Z évs,jUO(x —ee;)Vi(ai(y)Vide, (y)) = *i Z Ve juo(z —ce;)V*a(y)e;,

i,j=1 j=1

which cancels the second term on the r.h.s. of (3.3).



14 YU GU

Therefore, we have
v:a(y)vﬁ (’ILQ(JJ) + Euy (l‘, y)) - vzahomvsuO(ZE)

d
= Z(GZ(y) — a)v;iva,in(aj)

d
+ Z €V:,ivs,iva,ju0(x - Sej)ai(y)ﬁﬁej (y)

ij=1
d
+ 3 VeiVejuole —ee; —ce) Vi(ai(y)de, ()
ij=1
d
+ ) VIVeuo(a — ej +ge)ai(y)Vide, (y) = J1 + J2 + Js,
ij=1
where
d
J = Z Vi Ve juo(r —eej + eei)|ai(y)(li=; + Vide, (y)) — ali—;],
ig=1
d
Jo= 3" VeiVejuoln — cej — ee0) Vi (ai(y) e, (v),
ig=1
and
d
Js =Y eVi,Ve Ve juo(e —cej)ai(y)de, (y)-
ij=1

Since (a(Iq + V¢)) = alg and ¢, is stationary, we have (J1) = (J2) = 0.
On one hand, we define the second correctors 1 ; ; and 1[)272'7]- by

(3.5) v*av¢2’i,j = —[ai(li:j + Viq/)ej) — (lli:j}
and
(3.6) V*GV'JJQJLJ = —Vi(aipe;),
then uy(z,y) is given by
d
uz(z,y) = Z VZ,iVa,juo(l‘ —gej +ee;)a,i i (y)
i,j=1
d ~
+ Z vg,iv&on(fE — &€ — 5€i)¢2,i,j(y)-
i,j=1

On the other hand, by the discussion in Section 2.3.1, we can write
ai(y)(Li=j + Vide, (y)) — ali=j = V'0oy;(y)
for some stationary random field o;;(y) with 0;;(0) € L*(Q) (this was first proved
in [21, 29]). Thus J; + J; is a linear combination of terms of the form Fy (z)V (y),
where Fy, is a second derivative of ug, V = V;V for some k = 1,...,d and stationary

random field V(y) with V(0) € L?(2). Thus we can write the equation for the
second order corrector corresponding to V as

(3.7) Via(y)Viav(y) = =V(y) = =ViV(y).
By [31, Theorem 3, Lemma 5|, we can construct solutions to (3.7) such that

e Pv(0) =0,
o Vo v (y) is a zero-mean stationary random field and Viba 1 (0) € L?(9),
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o 1y v (y) grows sublinearly in the following sense:
Ty2
(3.8) {lev2,v (D)) =0
as ¢ — 0 for all x € R?, where we extend 1, from Z% to R¢ such that

Yo.v () = Yo,v([z]) with [z] the integer part of x € RY. Furthermore, we
have

(3.9) ([ (@)7) S 1+ ]al™

To simplify the notations, we write

J1+ Jo = ZFv(l‘)V

where the summation is over

Ve {ai(li=j + Vige,) — ali=j, Vi(aide,) i j=1,...d;

and write
(3.10) uz(z,y) =Y Fy(z)av (y)-
v
By a similar calculation as before, we have
ZFV J2,v (y))
= ¢’ Z Z VZiVeilv(z)ai(y)va,v(y)
V=1
d
(3.11) +e Z Z VeiFv(z —eei)Vi(ai(y)z,v(y))
V=1
+e€ Z Z Vi FV T +ee;)a;i(y )Viwz,v(y)
Vo=l
+ZZFV )Vﬂ)gv( ))2:K1+K2+K3+K4.
V =1

By (3.7), we have J; + J2 + K4 = 0, which implies

Via(y)Ve(uo(z) + cui(z,y) + e%uz(z,y)) — Vianom Veuo(z)
=J3 +K1 +K2 +K3-

To summarize, with uy,us given by (3.4) and (3.10), we can write the equation
satisfied by z. = u. — ug — euy — €2uy as

(a4 Via(2)Ve)z

(3.12) =f — aqug — eauq — e2auy — V:a(g)ve(uo +euy + azuz)

= — EQuy 75204’(1,2 7(]3 7K1 7K2 7K3,
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where we recall

d
(3.13) J3 = ¢ Z Vi iVeiVejuo(z — gej)ai(y)ge; (y),

ij=1

(3.14) K, = QZZV* VSZFV ) ()wQ,V(y)7

VvV oi=1
d
(3.15) Ky = €Y > VeiFv(x—ee)Vi(ai(y)tav(y),
Vo i=1
(3.16) K; = szzv iFv(z +eei)ai(y) Vive,v (y)-
Vo oi=1

3.2. Proof of Theorem 1.4. The goal of this section is to analyze z. through
(3.12). Since the equation is linear, we can deal with different sources term separately.
We write

(a+ V:a(g)vs)ws —w,

with W belonging to one of the following four groups.

e Group I. W(z,y) = e2F1(x)¢2,v (y). We have e?aus, K belonging to this
group, and the key feature is the factor of e%¢q v (y).

o Group II. W(z,y) = eF1(z)V(ai(y)¥2,v (y)), which includes K.

o Group III. W(z,y) = eFi(z)F2(y) with Fy some stationary zero-mean
random field and F5(0) € L3(Q2). We have cauy, J3 — (J3) and K3 — (K3)
belonging to group III.

e Group IV. W(x,y) = eFi(z) for some deterministic function Fj, which
includes (J3) and (K3).

Recalling that Fy are second order derivatives of ug taking the form of
v:7iv57jU0($ — &€y + 661') or v57iv57jU0(l’ —&e; — 661'),

by Lemma B.1, the function F}(z) appearing above in all groups can be bounded
by e~¢l*l for some ¢ > 0.

3.2.1. Group I. We consider w, satisfying
. T
(o + Vea(2)Ve)we = 2 Fi (), (y),

with |Fi(z)]? < e~“®l, and a simple energy estimate together Cauchy-Schwartz
inequality gives

> (we@)?) < Y0 <|F1($)¢2,V(§)ws($)|>

rE€eZd rE€eZd
Z ([ Fi(z ¢2v Z ([we(z)[*),
x€eZd reeZd
so we have
e Y (Jwe(@)?) <%t D (I (x)ende, v( )1%)
r€eZd r€eZd
_ T
<%t YT e edav (D)P) = (1),

z€eZd

= =o(e).

where the last step comes from (3.8) and (3.9). Thus we have
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3.2.2. Group II. We consider w, satisfying
* xz *
(a+ Vsa(g)Vs)wE = eF1(z) Vi (ai(y)v2,v (v)),
and use energy estimate to obtain

Y (wa(@)?) + ([Vewe?) Sel{ Y File (W) ha,v (y))we (2))]

z€Zd z€eZa
. T T
=21 F1(2)Ve i(ai(2)v2v (2))we(2))].
rceZd
An integration by parts leads to

D (lwe(@)P) + {IVwe) £ 37 (IVes(Br @ (@)ad Dy (D))

rceZd z€eZd

< Y (Ve (@)D (2))

x€eZd
x x
+e? Y (P + eei) Vewe (@)ai(Z )2,y (D))
€ €
z€eZd
By Lemma B.1, |V.;Fi(2)]? + |Fi(z + ce;)]? < e °*l, so by Cauchy-Schwartz
inequality we have

> (we(@)?) + ([ Vewe[*)

z€eZd
> emelel (v (2 > (e > (IVeiwe(@)P?)
rceZd r€eZd r€eZd
> el (DR) [T (ue@)P) + (Vewel?),
rceZd rceZd
thus
e Y (lwe(@)P) + (IVewe) S % 37 e ety (D)) = o(1),
rceZd r€eZd

and we conclude |[we||2,e = o(e).
3.2.3. Group III. We consider z. satisfying
x
(a+ V:a(g)vs)ws = el (z)Fa(y),

where |Fy(z)| < e~°*l and F is a zero-mean stationary random field with F(0) €
L?(£2). The proof borrows the following result from [31, Equation (4.23i) — (4.23iii)],
which itself comes from [40] in the continuous setting: there exists a random field
H(y) = (Hy(y),...,Ha(y)) on Z% that satisfies the following properties:

o H;(0) =0and Y9, V;H;(y) = Fa(y),y € Z¢,
e by extending H(y) from Z? to R? such that H(x) = H([z]) for any = € R?¢
with [z] the integer part of z, we have

(3.17) (eH(Z)P) =0
as € — 0, and
(3.18) (H@)P) S 1+ |l
Now we only need to apply the same proof as for Group II to conclude

Hw€||2’€ = o(e).
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3.2.4. Group IV. This is the key part where we show the deterministic bias vanishes
in the order of . We consider w, satisfying
T
(0 + V() Veue = <F(a),
where Fy : eZ¢ — R is some fast decaying deterministic function. If we define 2
satisfying
(a0 + VianomVe)wy = eFy(x),
it is clear by the standard homogenization result that ||w. — wol|2,. = o(¢).
Now we claim that in our specific case the deterministic bias ||wol|2.. = o(€),
which implies ||well2,e = o(e).
First we note that
(o + VianomVe)wy = — (J3) — (K3)

d
=-¢ Z V:,ive,ive,juo(l‘ - Eej)<a,»¢>ej>
(3.19) =
d
€ Z Z VZebv(z +eer)(axVia,v),
V k=1

and by recalling us(z,y) given by

d
ug(z,y) =Y Fy(@)ov(y) = Y Vi, Ve juo(z — cej + cei)ibai (1)
v ij=1

d

+ Z VeiVejto(z — ce; — ge)ai 5 (y),

i,j=1

we can write the second term on the r.h.s. of (3.19) as

d
Z Z Vi Fv(z +ee)(ax Vo, v)

V k=1

d
= Z Vi kVi Ve juo(x — cej + ee; + eex ) (ax Via,i j)
ki, j=1

d
+ Z Vz)kvmkuo(x —ceej —ee; + geg){(ar Vi ;).
kyi,j=1
By Lemma B.2, we have ||wg — wWpl|2, = o(e) with @ solving the corresponding
equation in R¢:

(3.20)
) d
g(a -V ahomv)wo = Z 3:51@11]@0(55) <a’i¢€j>
ij=1
d d )
— Y O, Wo(@) (@ Vit2ig) + Y Onpasa, Wo(@) @k Vitha ),
k,i,j=1 Eyiyj=1

where 1 satisfies
(o« = V- apomV)g = f
on R?. Now we show that r.h.s. of (3.20) is zero so wy = 0.
For the second term on the r.h.s. of (3.20), we have

(ax Vo) = (Viaraij) = —(V aVe, 2, 5) = —(be, VaVipa; ;).
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By the equation satisfied by 12, ; (3.5), we have
(Vo j) = (Pepai(Lizj + Vige,)) = (Pe, i) Lizj + (de, aiVie, ).
Similarly, for the third term on the r.h.s. of (3.20), we have
(rVitho,ig) = —(6e, V'V 5) = (96, Vi (aide,)) = (Vide,aide, ).

Therefore, we have

d d
r.h.s. of (320) = Z Bwﬂwjao(x)<ai¢ej> - Z 8$kijao(m)<¢ekai)li:j
i,j=1 k,i,j=1
d
- Z aﬂﬁkmimy‘ﬂo(x)<¢€kaivi¢ej> + Z 8Ik$i$jao(x)<vi¢6kai¢ej> =0.
ki, j=1 ki, j=1

To summarize, we have |[we|2, = o(e).

3.2.5. Summary. Recall that z.(z) = u.(z) — ug(x) — eur(x,y) — e2uz(z, y) and
v T
(o + Vaa(g)ve)za
= —EQuy — 62O¢UQ — (J3 — <J3>) — Kl — Kg — (K3 — <K3>) — <J3> — <K3>

By the previous discussion on Group LILIILIV, we have ||z:||2,- = o(¢) and the

discussion for Group I already shows that
le?uz|l2.c = o(e),
and this gives
llue — up — eur|l2,e = o(e).

Now we only need to note that ||uq — 12, = O(e) with

d
- T x
Ul(ma g) = Z vs,qu(x)¢ej(g)
j=1
to complete the proof of Theorem 1.4.

4. HIGHER ORDER FLUCTUATIONS

With the proof of Theorem 1.4, it is clear that a similar approach will lead to a
higher order expansions of u. in higher dimensions, e.g., when d > 5, we can include
in the expansion the second order correctors (which are stationary by Theorem 1.1)
and prove the remainder is of order o(¢?). The calculation is more involved but the
idea is the same. We first illustrate it in the continuous setting, then we present a
proof of Theorem 1.6 in the discrete setting.

4.1. High order errors in the continuous setting. For fixed n > 2 and equa-
tions

(a—V- a(g)V)uE(x) = f(x), (a—V-anomV)uo(z) = f(z),

with z € R%, a > 0, f € C°(R?), the goal is to obtain an expansion of u. — ug up to
order €" in dimension d > 2n + 1.

When d > 2n + 1, the n—th order correctors are stationary by Theorem 1.1. To
show the remainder is small, we need to construct up to (n + 1)-th order correctors.
It can be done as in [40, Theorem 2] since we have zero-mean stationary gradients.

Now we consider

1 1
Hni=la = (Vo + 2Vy) - a(p)(Ve + ZVy)l(uo + eur + oo i+ €™t y),
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and construct uq, ug, {ui tscr<n+1 satisfy the following equations:
Vy - a(y)Vyur + Vy - a(y)Vaug =0,
Vy - a(y)Vyus + Vy - a(y)Veur + Vi - a(y)Vyur + Vs - a(y) Veug
=(Vg - a(?/)vy“l + V- a(y)Vauo),
and

(4.1)
Vy - a(y)Vyur + Vy - a(y)Vaug—1 + V- a(y) Vyur—1 + Vi - a(y)Vaug—o — aup—o

:<VI ' a(y)vyuk—l +V,- a(y)vzuk—2>~

Remark 4.1. Our definition of higher order correctors ug, k > 3 in (4.1) is different
from (2.3) due to the extra term cug_o, but it is clear that Theorem 1.1 still applies
in the corresponding discrete setting.

By the above construction, it is clear that

(4.2)
n+1

—aug — ng 2( (y)Vyur—1 + Vz - a(y)Vour—2)

—e"Vy - a(y)qun — "V, - a(y)Vytni1 — €"Vy - a(y)Vatingr — "V, - a(y) Vitng
+ae™uy, + o™y,
By defining
(4.3) Ze = U — Uy — EUL — ... — " Uy,

and the fact that cug — (V- a(y)Vyur + Vi - a(y)Vaue) = f, we derive
T
(0= V- a2 =f ~ 7

n+2
= Z 5k 2 T )Vyuk 1+ vr (1( )vmuk—2>
(4.4) e, ay) Vit — (V- a) V)
+ "V - a(y)Vytni1 — < ~a(y)Vyuni1)
+e"Vy - a(y)Vatnyr + E”HV;E ~a(y)Vptni1

n+1
unJrla

— ae™u,, — ac
and the goal reduces to refine z. up to the order ™.

There are two types of sources on the r.h.s. of (4.4):

e random sources: by the same proof for Group LI III in Section 3.2, we
have the terms in the last four lines of the above display contribute o(e™)
to z.. Here we need a stationary n—th order corrector, and a sublinear
(n + 1)-th order corrector with a zero-mean stationary gradient.

o deterministic sources: we can write

n+2

(4.5) D AV, - a(y) Vyuk-1 + Vi - a(y) Vauk—z) ngfk
k=3

where fi is some linear combination of derivatives of ug. For equations of
the form

(o= V-a(2)V)we (@) = filx).

we can apply the expansion again, and derive equations of the form (4.4) to
obtain an expansion of w.. By iteration, we can go up to the order of €™ in
finite steps.
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To summarize, when d > 2n + 1, we expect there exists {uy}p_; and {vg}7_,
such that (u;) =0, v; are deterministic, and
2 3
> dx) = o(e").

(4.6) / < U — Uy — eFuy — ko

It is worth mentioning that the {uy}}_, appearing in (4.6) is different from the
ones in (4.3), since the deterministic source in (4.5) also contributes to the random
error.

4.2. Proof of Theorem 1.6. For any n > 2, to expand up to o(e™), we need to
construct the (n + 1)-th correctors ¢,+1. By Theorem 1.1 and [31, Theorem 3,
Lemma 5], this can be done when d > 2n + 1, and we have a sublinear random
field ¥y, +1(y) with ¥,41(0) = 0 and a zero-mean stationary gradient Vip,11. We
can continue the calculation in Section 3.1 and construct higher order correctors
{uk }3gk<n+1 as in Section 4.1. In the following we only discuss the case n = 2 since
it already includes all the ingredients of the proof.
To construct the third order correctors, we recall (3.12)

(o + V:a(g)ve)(ug — ug — euy — £%uy)

(4.7)
= — QU] — EQOéUQ — (Jg — <J3>) — K1 — KQ — (K3 — <K3>) — <J3> — <K3>,
with
d
Js = ¢ Z V2iVe,iVejuo(z — eej)ai(y)de, (y),
ij=1

d
K, = 62 Z Z v:yivs,iFV (.’E)(Ll (y)wZV(y)v

Vo oi=1

d
Ky = ¢ Z Z Ve, iFv(z —ee;)Vi(ai(y)a,v(y)),

Vo=l
K3 = EZZV vz +ecei)ai(y)Viva, v (y).
Vo oa=1

Similar to ug, we define ug to get rid of the zero-mean terms on the r.h.s. of (4.7)
of order &, which is written as

SZGU(x)U(y) = —cauy — (J3 — (J3)) — Ko — (K3 — (K3)).

Here Gy is some derivative of ug (note that due to the term —eaui, Gy is not
necessarily a third order derivative of ug) and the summation is over zero-mean
stationary random fields

U € {de;,0i¢0c;, — (aitbe,), Vi (aihav),a;Vitho v — (aiViba v) }ij=1,...d-
We define
Z Gu(@)¥s,u(y),

with 13 ¢y the corrector corresponding to U, i.e.,

V*a(y)Vis,u(y) = U(y).
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By the same calculation as in (3.11), we have

Via(y)Ve(tus) —6322V iVeiGu(@)ai(y)vsu(y)

U =1

d
+e23 Y " VeiGu(z —ge) Vi (ai(y)vs u(y))

U =1

+€QZZV Gu(z +ee;)a;(y)Vivs u(y)

U =1

+€ZZGU )V 'l/JgU( )) 2:L1+L2+L3+L4.
U i=1

It is clear that Ly =), Gu(x)U(y), and by (4.7), we have
Ze = Ue — Up — EUy — E2Ug — E°U3
satisfies
(a+ Via()Ve)z
= —c%auy — e®auz — Ky — (J3) — (K3) — Ly — Ly — L.
Similar to (4.4), we can write
(a4 Via($)Ve)ze = = (J5) = (Ka) = (K1) — (L)

— K1 + (K1) — Ls + (L3)
—Li— Ly
—e%auy — e2aus.

For the random source in the last three lines of the above display, by the same
proof as in Section 3.2, their contributions to z. is o(¢?).

For the deterministic source —(Js5) — (K3) — (K1) — (L3), it is of the form e Fy(x),
where Fy(z),z € eZ? is deterministic and fast decaying, so we can apply the same
expansion again to refine the solution to

(o + Via(D)Vejwe = —(Js) = (Ks) = (K1) = (Ls)

up to o(e?). More precisely, for the source —(K1) — (L3), it is of order O(g?), so we
can define vy as the solution to

(4 VianemVe)va = —((K1) + (L3)) /€%

For the source —(J3) — (K3), it is of order O(¢). If we define v, as the solution to
(a+ Via(D)Vo)o = —((Js) + () fe,

then by Theorem 1.4, v, can be refined up to order o(¢), i.e., let v solve
(a+ VianomVe)ur = —((J3) + (K3)) /e,

which is the same as (3.19), and there exists v1; such that (v11) = 0 and

e = 0(e).

llve —v1
Now it is clear that
we — evy — 2011 — e2va|2.e = o(£?).
To summarize, we have shown that

lwe — wg —eug — e2ug — evy — 201y — 521)2”275 = 0(52)7
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where w1, us,v11; are zero-mean random fluctuations and vy, vy are deterministic
bias. This completes the proof of Theorem 1.6 for n = 2.

5. DISCUSSION: LOCAL VS GLOBAL OR STRONG VS WEAK RANDOM FLUCTUATIONS

Theorem 1.4 shows that when d > 3, ||us — up — cuy||2.. = o(e) with the first
order random fluctuations represented by

d
cur (@, 2) = £ ) Veyuo(@)e, (5).
j=1

It is consistent with [28, Theorem 2.5] where a pointwise version is proved in the
continuous setting: for fixed z € R?,

(51) Ue ( +5Zarjuo ¢Pj ) (5)3

with o(g)/e — 0 in LY(Q).

Neither of the two results implies the other. On one hand, it is not clear how to
obtain the pointwise estimates by the analytic approach, in particular the energy
estimate described in Section 3.2; on the other hand, the probabilistic approach
used in [28] loses track of the dependence of o(¢) in (5.1) on x € R?, so (5.1) does
not easily extend to an L?(RY x ) version.

Both results indicate that u;(x, 2 /¢) represents the first order random fluctuation
measured in a strong sense. It is however not the case after a spatial average with
respect to a test function as pointed out in [29]. Central limit theorems were derived
for large scale fluctuations of euy(z,z/¢) and u. — (ue) in [36, 35, 29, 15, 3]. When
d > 3, the result shows for any g € C2°(R?)

1

(5.2) a2 /Rd euy (z, g)g(gc) dz = N(0,0?),

4501% /Rd(ue(ff) — (ue(2)))g(z) dz = N(0,52),

and o2 # 2. The mismatch between the two variances in (5.2) and (5.3) suggests
that the hlgher order correctors become visible in (5.3). When d > 2n+ 1, the n—th
order correctors 1/1n are stationary, and a covariance estimate gives

‘< | <Z|‘aewn ||2||aewn( )H?

- T S
~ d n)— | §|>(kd—n)— ~ |x|id—2n)—'

The scaling indicates that as a statlonary random field, v, (x) decorrelates almost
at the rate of |2|~(¢=2") (it was proved rigorously in [36] for n = 1). In other
words, the higher order correctors have stronger correlations and the decay of
correlation functions slows down as the order increases! It partly explains why we
have contributions from high order correctors weakly in space. If we abuse the
notation and consider

(5.3)

1
fi= = [ Dt
we have

(k) = [t onaalats)dody.

If we assume (1, (0)t,(2)) ~ |z|~(@=2") as |z| — oo, the scaling indicates that
(|I,|%) is of order O(1), i.e., the n—th order corrector contributes weakly in space.
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In the recent preprint [15], the authors provided another way of understanding
the mismatch between (5.2) and (5.3) in terms of the so-called homogenization
commutator. It turns out that if the formal expansion applies to the gradient Vu,,
it leads to the correct large scale random fluctuation; see [15, Page 6]. The expansion
on the gradient of the Green’s function in [29, Proposition 4.2] shares the same
spirit. It is worth mentioning that a nice non-local expansion was proved in [15,
Corollary 2] which identifies a single term that captures the large scale fluctuation.

APPENDIX A. THE EXISTENCE OF STATIONARY CORRECTORS: REMOVING THE
MASSIVE TERM

The goal in this section is to show that for the corrector equation (2.8) defined
whend > 2n —1

Vi(ai(y)n-1(y)),
(A1) A+ Valy)V)n(y) = F(y) = ai(y)Vitn-1(y) — (a:(y) Vitn_1(v)),
ai(Y)¥n—2(y) — (ai(y)¥n—2(v)),

the uniform estimates ||}, < 1 and |V, < 1 implies the existence of a
stationary corrector and a stationary gradient, respectively.

In Section 2.3.1, we proved that when d > 2n — 1, there exists a stationary
random field ¥ such that ¥(0) € L?(2) and

F=V*"0U.
The rest is standard, and we present it for the convenience of the reader.

We first introduce some notations. Let w = (we)een € 2 denote the sample point,
and for x € Z¢, we define the shift operator 7, on Q by (TaW)e = Wyte, Where
x+e:= (z+e,x+e) is the edge obtained by shifting e by x. Since {we }een are
iid., {74 }seze is a group of measure-preserving transformations. We can define the
operator

T2 f(C) = f(7()
for any measurable function f on ), and the generators of T}, denoted by {D;}< |,
are defined by D, f := T, f — f. The adjoint D} is defined by D} f :=T_.,f — f.
We denote the gradient on Q by D = (D1,...,D4) and the divergence D*F' :=
S D;F; for F: Q — R%
Lemma A.1. Let ¢y solve (A\+V*aV)p\ = V*W with ¥ a stationary random field
on Z¢ such that ¥(0) € L?(Q). For the equation
(A.2) V*aVe¢ = V'Y,

(i) there exists a random field ¢ solving (A.2) such that V¢ is stationary and
Vo(0) € L2(Q).

(ii) if {|px|?) < 1, then there ewists a stationary random field ¢ solving (A.2)
such that ¢(0) € L*(Q).

Proof. Part (i) comes from [31, Theorem 3|. For Part (ii), let a(w) = (we,; .- -, we,)
and ¥ € L?(Q) so that ¥(z) = ¥(r,w), we lift the equation to the probability space
(A+ D*aD)¢y = D*,

so it is clear that ¢y (z) = ¢ (T.w). Since (|pr]?) < 1, we can extract a subsequence

dx — ¢ weakly in L2, which implies D¢y — D¢ weakly in L2(9).
For any G € L%(Q), we have

MérG) + (@D DG) = (D*¥G),
and sending A — 0 leads to
(aD¢DG) = (D*VG),
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so D*aD¢ = D*¥. Now we define ¢(z) = ¢(,w), and it is clear that
V*aV¢p =V*U,
The proof is complete. U

APPENDIX B. FINITE DIFFERENCE APPROXIMATION

The following are some classical results and we present it for the convenience of
the reader. We recall the classical Green’s function estimates:

N e—cvalz—y|
(B.1) Gz, y) S ———=
|z =yl
for some ¢ > 0, with G the Green’s function of o + V*V on Z4. Let G¥(x,y) be
the Green’s function of o + V:V. on £Z4, it is clear that

Ty
ax7 262 62047’7'
G () =<267(2, )
Lemma B.1. Let u. solve
(a + V:VE)UE = faa
on eZ%, with f. satisfying (i) there exists X > 0 s.t. |f-(2)] < e M|, (ii) all discrete
derivatives of f. satisfies (i), then for v. = u. or any derivative of u., we have
()| S e
for constant ¢ > 0 independent of € > 0,x € eZ?.
Proof. 1t suffices to consider the case v, = u.. For derivatives, e.g., v. = V. ;ue,
using the fact that V. ; commutes with V. ; and V? ;, we have
(0[ + V:VE)UE = vs,ifa;
so we only need to apply the result when v. = u..
For u.(z), we use the Green’s function representation

us(e) = 3 Gy)iv) = Y S0 DIW).
y€eZd yeeZd

and by (B.1), we have
2%t Y 26—ﬂ|1‘—y|
G N= ) S s
€€ |Z=2|¢2

for some constant p > 0. Thus

us(2)] St Y

yeeZd y#a

e~ple—yl .
—e Alyl 4 g2 =Alel
|z —y|

For the first term on the r.h.s. of the above expression, we only need to decompose
the summation into }-,, |, /2 and 3=, 5, /> to complete the proof. O

Lemma B.2. Let u. solve
(a + VZVs)Us = f-

on eZ2, with f. satisfying (i) there exists X > 0 s.t. |f-(z)| < e~ eI, (i) there exists
a continuous function f: R — R such that ||f- — f|l2. — 0 as € — 0, then for
solving

(a—Aju=f

on R, we have |lu: — g — 0 as e — 0.
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Proof. We first note that |f(z)] < e M?l for 2 € R The rest of the proof is
decomposed into three steps.
Step 1. We write

w(w) = 3 207 ) ),
yEeZa

and define -
i)=Y 267 (C D)

oe
yeeZd
on eZ®. The goal is to show ||us — e[|z — 0 as € — 0. By (B.1), we deduce

—plz—y|
5 €

ue () — e ()] S Z € W\fs(y) ~ f(y)l
yEeZd e I*
4 e—Plz—yl _ ) _
Se Z Wﬁs@)*ﬂy)\*f | fe(z) = f(2)],
y€eZ yFx
thus
et Z ‘UE(w) _ﬂ6($)|2

x€eZ?

e—Plz—yl e—Plz—yl

<et D > Edm > 5dm|f6(y)—f(y)l2

z€eZd \y€elZd y#x yeeZd yFx
+elet Y [fela) — F@)P =L+ I
x€eZd

It is clear by assumption that I — 0, and

LYY

z€el? ycel y#£x

e ) - Fw)IP =0

yeeZd

4 e—prlz—yl

s 1fe() = F)I?

a e
|z —y|d-

as e — 0.
Step 2. Define

ic(z)=c" > G,y f)
NYARTE="

on eZ%, with 4 the continuous Green’s function of a — A in R?. The goal is to
show ||t — Tel|2,e — 0 as € — 0. We first have

(@) ~w@ S Y 167N, D) — TS D) + 1)
y€eeZd yFtz

where we used the scaling property ¥ %(z/e,y/c) = £4-24°(z,y). By [11, Lemma
3.1,

—eVRlz—y|
e
GMz,y) — 9 (@, 9)| < W
for some ¢ > 0, so
—cvalz—y|
— ~ € r n —cl|z
|te () — G (z)| S Z 5d+1m|f(y)| + 62| f(z)] S eeel!

y€eZd y#x

for some ¢ > 0, which implies ||t — Gc||2, — O.
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Step 3. We first extend . (z) from eZ? to R? such that @.(r) = @.([x].) with
[]c the e—integer part of . Then we consider

I —al3. =’ Y lae(x) —ul2)]® = / e () — u([z]e) P da.

d
r€eZd R

It is clear that [p, |u([2].) — u(x)[*dz — 0 as € — 0, so we only need to show

/ |t (x) — (x)[2dz — 0.
Rd

Since u(z) = [pu9“(2,y)f(y)dy, we have G.(z) — u(z) for z € RY. Now by
Lemma B.1, |i.(x)| + |u(z)| < e~°®l for some ¢ > 0, so by dominated convergence
theorem, the proof is complete. O
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