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Abstract

In this paper, we present a fluctuation analysis of a type of parabolic equations with large,
highly oscillatory, random potentials around the homogenization limit. With a Feynman-Kac
representation, the Kipnis-Varadhan’s method, and a quantitative martingale central limit the-
orem, we derive the asymptotic distribution of the rescaled error between heterogeneous and
homogenized solutions under different assumptions in dimension d > 3. The results depend
highly on whether a stationary corrector exits.

1 Introduction

Equations with microscopic structure arise naturally in physics and applied science, and homoge-
nization has become important to derive macroscopic models in both periodic and random settings,
see [21, 27, 30, 19]. When the underlying random medium is stationary and ergodic, stochastic
homogenization replaces it by a deterministic, and properly-averaged constant, which, from a prob-
abilistic point of view, is a law of large numbers type result. Much less is known regarding the
random fluctuations though, e.g., the size of the error between heterogeneous and homogenized so-
lutions, and the distribution of the rescaled error. The goal of this paper is to present a systematic
analysis of random fluctuations produced by parabolic equations with large random potentials.

Error estimates have been derived for stochastic homogenization in different contexts, including
the recent work on discrete and nonlinear setting [30, 8, 12, 13, 22, 10, 11]. However, asymptotic
distributions are less well-understood. When the randomness is sufficiently mixing, it is natural to
expect the central limit type of results to hold. For a homogenization constant, they are derived
in [25, 6]. For a corrector, they are obtained in [24, 23]. For one dimensional case or equations
with bounded random potentials, when certain integral representation of the solution is available,
asymptotic distributions of the rescaled errors are derived for both short- and long-range-correlated
randomness, leading to Gaussian or possible non-Gaussian limit [9, 7, 1, 5, 4, 14].

In this paper, following the framework of [16], we focus on the example of a parabolic equation
with large, highly oscillatory, random potentials. A similar type of equations has been analyzed in
[2, 3, 28, 29, 18] to obtain either homogenization or convergence to stochastic partial differential
equation (SPDE). Asymptotic Gaussian fluctuations are proved in [3] by combinatorial techniques
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for an equation with Gaussian potentials. One of the main goals here is to present an example of
non-Gaussian potential for which such a result holds.

The main tool we use is a probabilistic representation and the Kipnis-Varadhan’s method [20],
which helps to reduce the error between heterogeneous and homogenized solutions to the Wasser-
stein distance between martingales and Brownian motions, plus residues caused by a corrector
function. By a simple modification of the quantitative martingale central limit theorem developed
by Mourrat [22], we obtain an accurate quantification of the Wasserstein distance, and are able
to derive the asymptotic distribution under different assumptions in dimension d > 3. A similar
approach will be applied to parabolic operators in divergence form in [17].

The results depend highly on the existence of a stationary corrector through the dimension. On
one hand, when the stationary corrector does not exist in d = 3, we prove a central limit result
in Theorem 2.4 for Gaussian and Poissonian potentials. The weak convergence limit can then
be appropriately expressed as a stochastic parabolic equation with an additive noise. While the
distribution we analyze is written as a conditional expectation by the probabilistic representation,
we are able to link it to a parabolic equation with an additive random potential and eventually
show that the random potential can be replaced by a white noise. On the other hand, when the
stationary corrector exists in d > 5, for a large class of strongly mixing potentials, we show in
Theorem 2.8 that the random fluctuation converges to the stationary corrector in distribution.
The limit is not necessarily Gaussian, and the error decomposition there is consistent with a formal
two-scale expansion. For the critical dimension d = 4 in which the stationary corrector does not
exist, we present a decomposition of the error in Theorem 2.6 for equations with constant initial
conditions.

The rest of the paper is organized as follows. We state the main results in Section 2. We then
review some estimates obtained in [16] and prove a quantitative martingale central limit theorem
in Section 3. In Section 4, 5 and 6, we prove Theorem 2.4 for d = 3. In Section 7, Theorem 2.8
and 2.6 are proved for d > 5 and d = 4 respectively. Technical Lemmas are left in the Appendix.

Here are notations used throughout the paper. We use E to denote the expectation with respect
to the random environment, and Ep, Ey the expectations with respect to independent Browian
motions By, Wy, respectively. We denote the normal distribution with mean p and variance o2 by
N(p,o ) and g (z ) is the density function of N(O t) Let G (z) be the Green’s function of A — 1A,

Let fAz) = [za0(@ — y)Ga(y)dy, [}(z) = [pa 0(x — y)02,Ga(y)dy, where ¢ is the shape function
of the Pmssonlan potential defined in Assumptlon 2.3 below. The Fourier transform is denoted as
F{f}(&) = [ga f(x)e"®Tdz. The convolution is denoted as (f x g)(z) = [ga f( (y)dy.

When we erte a S b, it means a < Cb for some C > 0 independent of . Let alNb= mln(a b) and
aV b= max(a,b). For multidimensional integrations, [[, dz; is abbreviated as dz. Throughout the
paper we assume the dimension d > 3.

2 Problem setup and main results

Let (2, F,P) be a random medium associated with a group of measure-preserving, ergodic transfor—
mations {7,,z € R%}, and E denote the expectation. Let V € L?(Q) such that [, V(w)P(dw) =
Define the stationary random field V(z,w) = V(7,w) and consider the following equatlon When



1 1
Orus(t, v, w) = §Aug(t,x,w) + igV(g,w)ug(t,a},w) (2.1)

with initial condition u.(0,z,w) = f(z) for f € C°(R?). We will omit the dependence on the
particular realization w and write u.(¢,z) and V(z) from now on.

Let {Dy,k=1,...,d} be the L?(Q) generator of T}, which is defined as T}, f(w) = f(7w), and
the Laplacian operator L = 3 S D3?. We use (.,.) to denote the inner product in L*(2) and ||.||
the L?(Q) norm. Assuming T}, is strongly continuous in L?(£2), we obtain the spectral resolution

= e .
7.~ [ e, 22)

where U (d§ ) is the associated projection valued measure. We assume there is a non-negative power
spectrum R(£) associated with V, i.e., R(¢)d¢ = (2m)H (U (d€)V,V). Clearly

Ra) = o [ R (23)

is the covariance function of V.
[16, Theorem 2.2] shows that if R(¢)|€|~2 is integrable, then

Ue(t, ) = Upom (L, )
in probability with up., solving the homogenized equation
1 1 5
Optipom (t, ) = §Auhom(t,a}) — 50 Upom (T, T) (2.4)

with the same initial condition wpem (0,2) = f(z) and the homogenization constant

2__4 [ RE
= @0 /R e

Remark 2.1. For the singularity |¢|~2 to be integrable around the origin, d > 3 is necessary.

If an additional strongly mixing condition of V' is satisfied [16, Assumption 2.4], [16, Theorem
2.6] proves an error estimate:

5% d =9,
E{lue(t,z) — upom(t, 2)[} S 4 ¢ 10gz-:|% d=4, (2.5)
€ d>5

Remark 2.2. For the initial condition f, we actually only need the integrability of f A +E). If
[ = const, since [pq 6(€)(14 |€])d¢ = 1, heuristically we still have the integrability of f(£)(1+ [£]).
It can be checked that the estimate still holds.

The goal of this paper is to go beyond the error estimate and analyze the rescaled fluctuation.
In the following, we state the main results under different assumptions on the random potentials.



2.1 Central limit theorem: d =3
Assumption 2.3. V is assumed to be Gaussian or Poissonian satisfying ]:2(0) >0, and

e when V 1is Gaussian, for any o > 0, there exists Co, > 0 such that the covariance function
satisfies |R(x)| < Co(1 A |z|7%).

o when V is Poissonian, V(z) = [ga (@ — y)w(dy) — c,, where the shape function ¢ is con-
tinuous, compactly supported and satisfies [pqp(x)dr = cp, and w(dy) is the Poissonian
point process with Lebesgue measure dy as its intensity. Then R(x) = fRd o(x +y)e(y)dy is
compactly supported, and R(€) = |@(€)|%.

2

In particular, for the Poissonian case, R(0) > 0 implies Cp = Jpap(x)dz # 0, since R(0) = Cope

The following is the main result.
Theorem 2.4 (d = 3). Under Assumption 2.3, we have

ua(t, l‘) - ?ham(t $) = ’U(t, l’) (26)

£2

weakly with v(t,x) solving the following SPDE with additive spatial white noise and zero initial
condition:

o (t, ) = %Av(t,x) - %020(75,1:) + i/ R(0)wnom (£, )W (). (2.7)

The weak convergence is in the following sense:

1. As a process in (t,x) € Ry x RY, the finite dimensional distributions of 5_%(u5(t, x) —
Unom (t, 7)) = v(t,x) weakly.

2. The distribution of ez Ja(ue(t, z) — upom (t, 2))g(x)de = [pav(t,z)g(x)dx weakly for any
fized t and test function g € C°(RY).

It is clear that v(¢, x) is a Gaussian process, so Theorem 2.4 can be regarded as a central limit
result.

2.2 Error decomposition by a corrector: d > 4

For the Laplacian operater L = % Zzzl D,%, a regularized corrector ®) is defined by
A=L)®,=V (2.8)

for A > 0. In Lemma 7.1 below, we will show that the L2(2) limit of &, exists iff R(€)|€|™ is
integrable. When the potential V is short-range-correlated and d > 5, we can define the corrector
® = limy_,o @y in L?(Q) and it is the solution of

—L® =V. (2.9)

The following mixing assumption is the same as [16, Assumption 2.4].



Assumption 2.5 (Strongly mixing assumption). E{V%(z)} < oo and there exists a mizing coeffi-
cient p(r) decreasing in r € [0,00) such that for any 8 > 0, p(r) < Cg(1 Ar=P) for some Cz > 0
and the following bound holds:

E{61(V)d2(V)} < p(r)/E{G3(V)IE{63(V)} (2.10)

for any two compact sets Ky, Ko with d(K1,K>) = infy, ek, zocr,{|T1 — z2|} > r and any random
variables ¢p1(V'), p2(V') with ¢;(V') being Fx,—measurable and E{¢;(V)} = 0.

Theorem 2.6 (d =4). Under Assumption 2.5, if f = const, we have for fixed (t,x) that

Ue(t,2) = Unom (£, 7) + ieUpom (£, 7) @2 (T2w) + o(e] log e 2), (2.11)

1
where Mgslf) — 0 in LY(Q).
e|loge|2

We will see below that E{[e®.2(rew)[} < €[log z—:|%, s0 Theorem 2.6 implies for fixed (¢, ) that
us(t, ) — Upom(t, ) P2 (Tew)

5|log€]%

~ WUpom(t, T) (2.12)

|loge|z
It turns out that | log 5|_%<I>52 (72w) does not convergence in L2(Q2), but we have the convergence
in distribution.

Corollary 2.7. Under the assumption of Theorem 2.6, if we further assume V is Gaussian or
Poissonian as in Assumption 2.3, then

D2 (7, 4R(0
Pe2(1w) (o, 4B 3) (2.13)
|log e|2 (2m)
i distribution, which implies
€ t, - om t, . 4 ;
ueltr) “hon(h 1) oy (0, 220, (2.14)
e|logelz (2m)
in distribution.
Theorem 2.8 (d > 5). Under Assumption 2.5, we have for fized (t,z) that
us(ta :Z:) = uhom(t7 33‘) + isuhom(t7 x)é(T%w) + ieuhom(ta :E)Cvt + 0(5)3 (215)

where Cy is some deterministic constant that can be computed explicitly, and %E) — 0 in LY(Q).

Cy is given by (7.33). If we assume some symmetry property of the distribution of V (z), e.g.,
E{V (21)V (22)V (z3)} = 0,Vx1, 29,23 € R? as in the Gaussian case, we have Cy = 0, i.e., the bias
vanishes.

Since ®(7,w) is a stationary process, Theorem 2.8 implies that for fixed (¢, z), we have

ue(t, ) — E{ue(t, )}
5

= Upom (t, )P (Tow) (2.16)

in distribution as € — 0. The limit is not necessarily Gaussian.



2.3 Remarks on the results

We first point out an important difference between the results in Theorem 2.4 and Theorem 2.6,
2.8. When d = 3, we obtain both the weak convergence for fixed (¢,x) and the weak convergence
weakly in space. When d > 4, our approach only leads to the weak convergence for fixed (¢,x).
Take d > 5 for example, Theorem 2.8 shows the random fluctuation

us(t, ) — B{uc(t, 2)} = icupom(t, 2)@(Tzw) + o(e). (2.17)

When considered weakly in space, it is actually much smaller than €. In general, for random vari-
d

ables of the form [, V(2 /¢)g(x)dx with g € C°, we get an order of €2. In our case, since the power

spectrum of ®(7,w) blows up at the origin, we actually obtain [pq i€tpom (t, )P (T2w)g(x)dz ~

7 <& g. The size of the error is consistent with the result obtained by the second author for
Gaussian potentials [3, Theorem 2|, where it is shown that

/ ue(t, ) — E{uc(t,x)}
RE

— g(x)dx = v(t,x)g(x)dx (2.18)

£ 2 R4

in distribution. v(t,x) in (2.18) is the formal solution to the SPDE (2.7) obtained in Theorem
2.4 when d = 3. Note that (2.7) is only well-posed when d < 3, but [p.v(t, z)g(z)dx is well-
defined in any dimension if we plug the formal Wiener integral expression of v(t,z). However, it is
straightforward to check that

= g(x)dz = [ wv(t,z)g(x)dz (2.19)
o) R4

i€Unom (1, ) P(Tzw)
in distribution. On one hand, it indicates that (2.17) only holds for fixed (t,z) and is not true
weakly in space, i.e., the o(¢) term actually contributes weakly in space. On the other hand, we
note that Theorem 2.4 is consistent with (2.18) when d = 3.

Now we discuss the different assumptions we made on the random potentials.

When d = 3, we assume a Gaussian or Poissonian potential to obtain the following limiting
SPDE after some explicit calculations:

1 1 ~ .
Ow(t,z) = §Av(t,a¢) - 50'21)(75,.%) + i/ R(0)upom (t, z)W (x).
From the above equation, the homogenization constant o shows up as a potential, and it comes
from the averaging of e 1V (z/¢). There is also the spatial white noise W (x) coming from the
rescaled potential 6_%‘/(1’ /€). At a certain step, we need to get rid of the interaction between those
two terms, and this is precisely the role of Proposition 4.1. Some explicit calculations facilitate our
analysis.

For d > 4, we assume the strongly mixing property, also known as p—mixing, which is only used
in an estimation of fourth-order moments. For the critical case d = 4 with the logarithm scaling, we
further assume the initial condition is constant to get rid of the interaction between e fg e V(Bs)ds
and By /.2 appeared in the Feynman-Kac representation (3.1) below, and the martingale part does
not contribute to the rescaled error in the end. Otherwise, we have the same term coming from



the martingale part to deal with as d = 3, see (3.28). Proving the central limit result when d = 4
reduces to the weak convergence of |log )\]_% Jra Gr(z—y)V (y)dy, where G is the Green’s function
of A — %A, and here we assume again a Gaussian or Poissonian potential.

In the end, we point out that the expansion obtained in Theorem 2.8 is consistent with a formal
two-scale expansion. Let us assume that u.(t,2) = wpom (t, ) +eui(t, x,y)+. .. with a fast variable
y = z /¢, then by collecting terms of order e~! in (2.1), we have the equation satisfied by wu;:

é <;Ayu1(t,x, y) + iV(y)uhom(t,m)> =0. (2.20)

The solution w1 can be formally written as
ur(t, z,y) = tUnom (t, ) /d Goly — 2)V(2)dz, (2.21)
R

where Gy is the Green’s function of —%A. The integral is not defined realization-wise since G is
not integrable, but if we pass to the limit from the Green’s function of A — %A, we derive

ur(t,z,y) = )1\12% PUpom (t, ) /]Rd GA(y — 2)V(2)dz = tupom (t, ) P(T2w), (2.22)

then the formal expansion gives ue(t, ) = Upom (£, ) + icUupom (t, ) P(Tzw) +. . ., which is consistent
with Theorem 2.8. This indicates that when a stationary corrector exists, it is possible to obtain
the random fluctuation by a formal two-scale expansion.

3 Refining the error

In this section, we review some key estimates in [16], prove a quantitative martingale central limit
theorem, and derive a compact form of the properly-rescaled error in (3.29), (3.30) and (3.32) for
d = 3,4 and d > 5 respectively.

3.1 Error estimates

By the Feynman-Kac representation and the scaling property of Brownian motion, the solution to
(2.1) is written as

t/e? x
us(t,x) = Ep{f(z +eBy/2) exp(ie/ V(g + B;)ds)}. (3.1)
0
Define y, := 7z p,w as the environmental process taking values in €2, and the regularized corrector
@) solve the corrector equation(\ — L)®, = V. We choose A = &2 from now on. By Itd’s formula,
2
the process Xj :=¢ g/s V(ys)ds can be decomposed as X7 = R + My with

t/e?

Ris = e[ ABA(u)ds - cBa(uee) + cBa(u) (3.2)
0
t/e2 d

Mf: = g/ > Dy®(ys)dBE. (3.3)
0 k=1

7



By [16, Proposition 3.1}, we have
EER{|R; [} S M@, @) S VALi=s + Alog AlLi=g + Alazs. (3.4)

If we define o3 = S |Dx® |, then by [16, Proposition 3.2],
02 — 02| < VAlgs + Allog M| 1g—g + Mgss. (3.5)

The error is then decomposed into three parts, u.(t,x) — upom (t, z) = &1 + E2 + E3 with

& = Ep{f(z+eB2)e™} —Ep{f(z +cB,.2)e™}, (3.6)
& = Ep{f(v+cBya)e™} —Ep{f(v+eByz)e 273, (3.7)
£ = Ep{f(z+eB,e2)e 2%} — Ep{f(x +eBye)e 271}, (3.8)
so we have
E{l&1]} < EEp{|R;|} < VA(®x, @) < e7lams + | loge|F Loy + elgss, (3.9)
€] S |ox —0?| Selams + | loge|lamy + % 145. (3.10)

Clearly, & is of the right order given by (2.5) and £ — 0 after being properly rescaled. & is
analyzed through a quantitative martingale central limit theorem. First it is written in the Fourier

domain as
1

Toa i iMg 1 o
= /]Rd Gy (O Eg{e ™ P — s g, (3.11)

Define M§ := ¢ - Byj2 + M§, then [22, Theorem 3.2] implies
Efl&|} < /Rd |F(©)IBEB{|(M®); — (|&” + o3)t|}dE. (3.12)

~ 2 2
Since (M), — (|2 +02)t = 2 [/° (zgzl Dy®(ys)? — ai) ds+2¢2 [ S0 6Dy, (ys)ds, by
a second moment estimate in [16, Proposition 3.5, Lemma 3.6], we obtain

t/e? d
IEEB{IEQ/ (Z Dip®y(ys)? — O’i) ds|?} < €?|loge|ly—s + 21454, (3.13)
0 k=1

t/e2 d
EEB{|2€2/ > GDyOA(ys)ds]’} S elg—s+ e’ logellg—s + % 1gz5,  (3.14)
O k=1

SO
EEg{|(M*®); — (|€]* + o)t[*} S elazs + €?|loge|lyms + 21455, (3.15)
which implies
E{|&|} < e21qms + £|loge|2 Lamy + elgss. (3.16)
Therefore, to analyze the asymptotic distribution of u. (¢, z) — upem (¢, z) after proper rescaling, we
need to refine & and &, to separate those terms of the right order.

Remark 3.1. When applying a refined quantitative martingale central limit theorem to analyze &,
we will use (3.15) frequently.



3.2 Quantitative martingale central limit theorem
For &, using the fact that |e”® — 1 — iz| < |z|?, we have that

E{[Ep{f(z + Byc2)e’Xi} — Ep{f(x + eBy/2)(1 + iR;)e’™ }|}

N ) (3.17)
Selges +e*|loge|li—g + e 14>5.
so we have E{|&] —vi .|} < ey + el log 5]%161:4 + elg>5 with
01 = Ep{f(z +eBy)iR;e™i }. (3.18)

Now we analyze 82 By the expression in (3.11), the goal is reduced to an estimation of
E ,5;«{(3Z5£'B’f/62 HME =3 (1P +03) )1} and separating the terms of the right order. The following is a

simply modified quantltatlve martingale central limit theorem we need.

Proposition 3.2. Let M; be a continuous martingale with a right-continuous filtration (Fi)i>o0
and Wy a standard Brownian motion, then for any f € Cy(R) with up to third order bounded and
continuous derivatives, we have

L P (M)~ DY < CE{|(M), — 113}, (3.19)

ELF(M) = FO71) -

where T = sup{s € [0, 1]|(M)s < 1} and the constant C' only depends on the bound of f".

Proof. The proof follows a special case of [22, Theorem 3.2].

Since M, is continuous, the quadratic variation process (M), is continuous as well. It is clear
that 7 is a stopping time, and we construct M; on [0, 2] as

Mt 077—]

o MT <T7 ]7

Mt N MT + btfl ( 7 - < > ]7 (320)
M + b17<M>7— €(2—-(M)r,2],

where b is an independent Brownian motion starting from the origin with a right continuous filtra-
tion (F?)s>0-

_ Clearly M; is a continuous martingale with the new filtration Fiy = o(F; UFY) when t <1 and
Fi=0(F,UF’ ) whent > 1. (M)y =1, s0 My ~ N(0,1), which implies E{f(M;) — f(W1)} =
E{f(M;) — f(M>)}. We write
F(My) = f(Mz) = f(My) = f(Mr) = (f(Mz) — f(M)). (3.21)
For the first term, we have

[E{f(M1) = f(M7) — (My = My) f' (M) — %(Ml — M) f"(M:)}|

=[E{f(My) = f(M7) -

(3.22)
((M)1 = (M);) f"(M:)}| < CE{|M; — M[*}.



For the second term, we have My = M, + bi—(nm), SO

BB~ FOL7) ~ by /(M) = 55y (M)

y (3.23)
=|E{f(M2) — f(M;) — %(1 — (M)) f"(M7)} < CE{|by_ sy, I’} < CE{(1 — (M))

Njw

}.
Note that E{|M; — M, [3} < CE{((M), — (M),)2} < CE{|(M); — 1|2} and the same estimate
holds for E{(1 — (M>T)g} The proof is complete. [

For almost every w € €, Mf = e Byj.2 + My is a continuous, square-integrable martingale,
we apply Proposition 3.2 with f = ¢/ and obtain for almost every w that

iNtE _ = (e+ode o L ante oppey -
{1 — PR S — -+ oD o)
<Es{|(N%), - (1§ + 313}
where 7 = sup{s € [0, 1] : 2 /%" S0, (6 + Dy®a(ys))?ds < (€2 + o)1},
First we have
1
B2~ | o HOC Ea{—ge (1 — (167 + o) e
S | 1FOIBES{T): — (€ + o3)ett g (3.25)
S [ 1O (BB {01} = (€ + o)t} ) " de < e} lams + el log el lacs + clus
by recalling (3.15).
Next, we consider
Bl [ g € B (¢4 — o) (317 — (€ + o))}
< /Rd( A€ B (172 — 8172} [EE (07, — (67 + o3t
1 ¢ _ e\, _ [N Te e\, 2 2\+|2 (3.26)
<[5 )If(£)| L JEE{(NE=), — (812), }yJREp{) (812}, — (2 + o2)t[2)de
< / 5yt FO 5V EES (1 01°), = (P + )} [EE {019, — (67 + o1
<e lg—3 + €| log 5\§1d:4 +elg>s
again by using (3.15).
In the end, since
t/e? d t/e? d
(W), — (€2 + o)t = 26 / D 6uDuB )i+ RO ST NON S T CED
k=1

10



we obtain the following results by (3.13) and (3.14). For ~, it means the difference goes to zero in
LY(Q) ase — 0.

When d = 3, E{|& — v .|} < £2, where

t/e2 d

I iz iME
e == [ Graf©eEpee [ D 6D )i}t (3.28)

By writing v1 . in Fourier domain as well, we have proved that

u&‘(ta 513) - uhom(t, I) Ule + Vo,
3 3

1 N . 1 e t/e? d
:/]Rd (QW)df(é)ezg.xg‘aEB{eth (z’Ri —52/0 ;ngkq))\(yS)dS> Lde.
(3.29)

When d = 4, if f(z) = const, without loss of generality let f(z) = 1, then f(¢) = §(¢), and in
the Fourier domain the integration only charges & = 0, so only the bound in (3.13) matters for &

and we have E{|&|} S e < €] logs\%. Therefore, we obtain

Ue(t, ) — Upom (t, x) o vie EB{inethe}

- (3.30)
el loge|% el 10g6|% el 10g5|%
When d > 5, E{|E2 — va .|} < €, where
1 | N : - -
N &z M7 e\ 2 2
e = =5 | O ER (0, = (1 + R0}, (3:31)
SO
Ue (t, l’) - uhom(t7 ZL‘) U + Vo
£ T e
Looaioy e — iMg [ Lo
— [ O e (iRs = SN~ (6 + o)) Y.
(3.32)

4 Proof of the main theorem: d = 3

Now we are ready to prove the main theorem. Recall that Mf = - B, se2+ Mg, and Xi = Ry + My,

S0

M§ =& By + X — R, (4.1)

By (3.4) and (3.14), IEEB{(eS*%Rf)Q} and E]EB{(E% 5/52 D ®,(ys)ds)?} are both bounded, so
since R; is small as in (3.4), we can replace Mf by &€ - By /.2 + X in (3.29) and obtain

Ue(t, ) — Upom (t, x)

%EB{/
Rd

9

1
2
1 o itariceB, 0 ixe [ 1 s [t d (42)
@ﬂwf@kﬁwﬂﬁ'wﬁa& anRf—sjA Ejalhém%ﬁm>dﬂu
k=1
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3 t/e? t/e2 d
Y i=ie 2 <5/ A (ys)ds — eP(yy/2) +ePa(yo ) 3/ Z{ka@A ys)ds,  (4.3)
0

so EEg{|Y{#|?} is uniformly bounded, and we have

us(t,x) uhom (t,z)

z§~z+i6£'Bt/€2 e XIVEdeY. (4.4)

We show the interaction between X7 and Y,® goes to zero in the following sense:
Proposition 4.1.
En{ | JEST P (e — a7 Yidg) = 0 (45)
R4
in L?(Q) as e — 0.

By the above Proposition, the rescaled corrector can be written as

ue(t,x) uhom (t,x)

R T L 38 (4.6)

For the last term in Y;°, we can write

1 . e t/e? d
al @ Puetemaotes / Zﬁwk% ys)ds}
0

d Lo, s [UE
=—iY Ep{0sf(x+eBy2)e 27 ez Dy ®y (ys)ds} (4.7)
k=1 0
12, 1 d t/e?
= —iEp{f(z + eBy2)e 27 ez ) Dy®x(ys)dBLY,
k=10

where the last equality comes from a simple application of the duality relation in Malliavin calculus
[26]. For the sake of convenience, we present some standard facts about Malliavin calculus in
Appendix C.

To summarize, we have
Ue(t, ) — Upom (t, )

1
E2

t/e
~Ep{f(z + 5Bt/52)€_%02ti8—% (e/ A@)\(ys)ds — e (yy/e2) + 54%\(3/0)) }
0

t/e?
+Ep{f(z+eBya)e 37z > [ Dy®y(y,)dBl} (4.8)
k=1"0
1.2 1 t/62
=Ep{f(z +eBy2)e 27 lic ¢ V(ys)ds}
0

1 [t B
—Ep{f(x+ Be 3t~ [ v(EE 2
€2 Jo €

)d8}7
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which combines with the following Proposition to complete the proof of Theorem 2.4.

Proposition 4.2. Eg{f(z + Bt)e_%"%ia_% fot V(%Bs)ds} = v(t,x) in the sense of Theorem 2.},
and v(t,z) solves the following SPDE with additive white noise W (z) and zero initial condition:

O(t,x) = %Av(t,x) - %ozv(t,w) + i/ R(O)upom (t, 2)W (z). (4.9)

Remark 4.3. To combine (4.8) and Proposition 4.2 to prove Theorem 2.4, we need to note that the
statistical error caused in (4.8) is z—independent, i.e.,

_ t
E{) L) = hon(h0) g rp 4 Bye ot L / V(TP asy) < (4.10)
e2 g2 Jo

for some x—independent constant C. — 0 as € — 0.

5 Asymptotic independence, proof of Proposition 4.1: d =3

Our goal is to prove that Ep{ [z f(f)eig':””'af'Bt/s2 (eiXi — e‘%“%)}/fd{} — 0 in probability, and
since X7, Y both depend on the Brownian motion By, we write them as X7 (B), Y;7(B) and calculate
the second moment

E{[Es{ /R F@e T By (X5 — e yedg) )

=EEgEy [ f(£)eSHiE By ((iXi(B) _ o—30%ye(B) (5.1)
R2d

Fm)emeHiEnWoe ((iXF W) _ o= 39% )y e (W) dédn,

where B, W are independent Brownian motions. We claim that

EpEw [B{(e7(P) — e=37")YE(B)(eXi W) — =37 )YE (W)} = 0 (5:2)

as € — 0. If the claim is true, then

E{|Es{ /R 3 e G R U3
(5.3)

< [ FOFOIESBWE((E12) — ="y (B) (X9 — e )W) dgdn — 0

and Proposition 4.1 is proved.

Remark 5.1. From the expressions of X7, Y, it is clear that the dependence of

EpEw |E{(¢XT(B) — =27 )Y (B)(eiXi (W) — =27 YE (W)}

on &, is only a factor of &, mg. Since f € C®(RY), by the dominated convergence theorem, we
obtain Proposition 4.1.

Therefore we only need to prove (5.2) holds. Clearly, when freezing B and W, X7,YS are
Gaussian if V' is Gaussian, and are Poissonian if V' is Poissonian, which makes the explicit calculation
feasible.

13



5.1 Poissonian case

Recall that

t/e2 d

t/e?
Y7 (B) =ie3 (5/ AP (ys)ds — @ (yz/e2) + 5%(3/0)) - 63/ > &D®(ys)ds,
0 0 k=1

and since V() = [pa (2 — y)w(dy) — ¢, in the Poissonian case, we have

Yf(B):i/Rde
d
1 AT _

sieh [ PE = putdn) kggk/R

for some constant C, where fNz) = [pao(z — y)Ga(y), [ (2) = [z o(@ — ¥)0r, Gr(y)dy, and C
is chosen so that E{Y?(B)} = 0. Therefore, YF(B) = [ps hp(y)w(dy) — [ga ha(y)dy for some hp
depending on the Brownian path By, s € [0,t/?].

Similarly, X7 (B) = ¢ 5/52 V(2 + By)ds = [pac Ot/EQ (£ + Bs — y)dsw(dy) — cyt/e, and we
denote X7 (B) = [pa 9B(y)w(dy) — [ra 9B(y)dy for some real gp depending on the Brownian path
By, s € [0,t/?].

To calculate E{ (e:Xi (B) —e= 27"y (B) (e:Xi (W) — ¢=37°1)YE (W)}, since X£(B), Yi(B), X£ (W),
YF(W) are all integrals with respect to the Poissonian point process w(dy), we apply Lemma A.1
to obtain

Nt

t/e? L
/ PAE 4 B, - y)dsw(dy) — ich / AE + By — y)o(dy)
0 ) meoc (5.4)

(NI

t/e? T
[ RE+ B sty - ¢,
0

E{ (i) — e 37 Y2 (B)(eXF (W) — e 2% )Y (W)}

= [ hafwdy
Rd
e 37t Jpa(€9B —1—igp)dy (/ €igBhBhI/de+/ (' — 1)thy/ (97 — l)hwdy)
R4 Rd R4

o507t Jpa (eI —1tigw)dy </ e~ "W hphy dy ‘|'/
R

d R4

(e~ 9w — 1)thy/ (e~ t9w — 1)hwdy>
Rd

+eJra(€9BTIW —1—igp-tigw)dy </ 9519w b o dy +/ (e'9m—igw _ 1)thy/ (el9B—igw _ 1)hwdy> '
R4 Rd

Rd
(5.5)
Let B{ (X7 (B) — =39 )YE(B)(eXi W) — e~ 29°)YE(W)} = Py + Py, where
P = <€—02t+6fRd(eigBigW—l—igB+igW)dy)/ thdy
Re (5.6)

12 i . 12 —i . _
o (eiia tefJRd(eZQB—lfng)dy + 6750' tefRd(e ZngJngw)dy)/ hBth%
R4

and P, is the remainder, we have the following lemma concerning P;.

Lemma 5.2. EgEw{|P1|} — 0.
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Proof. Firstly, we have

EpEw{|P1[}

; ; . . ; . . . 2
<\/EBEW (6*‘7% + eJra(e9BTIW —1—igptigw )dy _ e—%UQtefRd(eng—l—ng)dy _ e—%ff%efRd(e ”’W—l-HgW)dy)

X \/EBEwﬂ/thhdeyP}.
R

Clearly, E{|YZ(B)[} = fya [hs[2dy and E{VE(W)[2} = fru | 2dy, thus

(5.7)

EoBu{| | hafwdyl*) < BEs{|Y; (B)PYEBw {IYE (V)P)

is uniformly bounded. Then we only have to apply Lemma A.2 to complete the proof. [

The rest is to prove that EgEw {|2|} — 0. Actually, by the fact that efed (€98 ~1~igp)dy
elra (€W —1tigw)dy gnq efra(eBTW —1—ign+igw)dy gy yniformly bounded by 1, it suffices to show
that in LY(B x W)

/Rd(eigs — Dhpdy /IR d(ei%’ — 1)hwdy — 0, (5.8)

/]R d(e_igw — 1)hpdy /]R d(e‘igw — 1)hwdy — 0, (5.9)
/Rd(eigBig W = 1hpdy /R (€97 = Dhydy — 0, (5.10)
/R (€97 = Dhphwdy — 0, (5.11)

/Rd(eigw — 1)hghwdy — 0, (5.12)
/Rd(eig”gw — 1)hphwdy — 0. (5.13)

The methods to prove all the above estimates are similar, i.e., we expand e'® in power series
and control each term after standard changes of variables. We will only present a detailed proof of
(5.10) since it contains all the ingredients and the other terms are handled in a similar way.

Without loss of generality, we can assume |p(z)| is some bounded, radially symmetric and
decreasing function with compact support in the estimation.

Since Yi#(B) = [pa ha(y)w(dy) — Jpa hi(y)dy with

5 [l T d 5 [l T
hp(y) :i62/ f)‘(—l-Bs—y)ds—Z{kw/ (= + Bs —y)ds
0 € —1 0 € (5.14)
1o\, 1T
tie2 [A(Z —y) —ie? [ + By — )
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we can divide the terms into two groups depending on whether they involve the integration in s,
ie.,
t/e? t/e?
am) = [ PE st [ RE B yash
0 0
1,7 1, T

Ay(B) = {EQf)‘(g - y)7€2f)‘(g + B2 — y)}
A similar decomposition holds for hg(W). To prove EgEy {| [pa(e"95~"9W —1)hpdy [pa(e"98 "9 —
1)hwdy|} — 0, there are four groups of terms concerning hg, hyy to deal with, i.e., (A41(B), A1 (W)),
(A1(B), A2(W)), (A2(B), A1(W)), and (A2(B), A2(W)). In the following, we will analyze them

separately.

5.1.1 (Ay(B), A (W))

Lemma 5.3.
EgEw{| / (e¥E~9W _ 1)hpdy / (e¥B=19W _ 1) hydy|} — 0
R4 R4

as € — 0 for hg = 5/52 91(£ + By — y)ds and hy = 5/52 g2(%2 + Wy — y)ds, where g1,g2 €
{e /2,3 12},

Firstly, we write

/ (eigB*igW _ 1)thy/ (eigB*igW _ 1)Wdy
R4 Rd
(5.15)

;M1 —m2+m3—my

_ 7 m1 mo ms3 map T dud
e oy /R L 9B)™ gw ()" g5(2)"™ gw (2)™ b (y) haw (2)dydz,

mi,mz,m3,mq>0

and clearly the indexes satisfy mj1+msg > 1 and msz+my4 > 1. For each term, let N(m;) = Z?:l m;,
and we have

| /R 5y gB(W) ™ gw (¥)"?g8(2)™ gw (2)™ hp(y) hw (2)dydz|

mi mi+m3
Sé‘N(mi)/ / ¢l(Bs, —y) l(Bs, = 2)lg1|(Bs — y
R2d J[0,t/2] NV (mi)+2 z1;[1 ’ ‘ ' @':lm_llJrl ‘ Z )‘ ‘ ) (5'16)
m2 ma+mgq
[T1elWu, —v) 1 1el(Wa, = 2)|g2|(Wa — 2)dsduddiidydz,
=1 i=mo+1

where we have changed variables y — y + £ and z — 2 + £.

Since m1 + mo > 1 and m3 + my4 > 1, there are four cases.

1. mymsg # 0.
2. momay 75 0.
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3. m2:m3:0.
4. m1:m4:0.

Lemma 5.4. In all four cases, we have

mi mi1+ms3
Nm)R .E / B 5 .
€ BLwW P\ Bs; — Y ©|(Bs; — 2)|g1|(Bs — v
S e | 2 >izgﬂ [(Ba, = 2)lg1l(Bs — )
ml 2| W e W, . (5.17)
el Wa, =) T 1el(Wa; = 2)lg2l (Wi — 2)dsdudiddyd=
=1 i=mo+1

<eNma) =1 1og e 2CN )2 (my 4+ mg + 2)!(mg + my + 2)!
for some constant C' > 0.

The proof of Lemma 5.4 is left in the Appendix.

Now we only have to note that

N(m;)—1 1 2

€ oge _
— | 'g |' CN(ml)—i—Z(ml ms + 2)!(mg +myg +2) =0 (5.18)
Z milmelmslmy!

mi1+ma>1,mg+mge>1

as € — 0 to complete the proof of Lemma 5.3.

5.1.2  (Ax(B), A(W))
Lemma 5.5.

]EBIEW{/ (et9B—igw _ 1)thy/ (e99879W _ 1) hydy|} — 0
R4 R4

as € = 0 for hp = E%f)‘(% + B —vy) with B € {0, B2}, and hy = 6%]”)‘(% + W —y) with
W € {O,Wt/€2}.

Again, we expand €' in power series to obtain

/ (eigB*igw _ 1)thy/ (eigB*igw _ 1)Wdy
R4 Rd

= [ an)™ g )™ () g () i) (2 o)
L a0 mylmelmglmy! Jroa ’
with m1 +mg > 1,mg + my > 1. For each term, let N(m;) = Zle m;, we have
| N 95(y)™" 9w (y)"2g5(2)"™ gw (2)™* hip(y) hw (2)dydz|
my mi1+ms _
S I R R L BB
mo ma+mg
[TlelVe, =) TI lelWu, = 2)| W — 2)dsdudydz.
i=1 i=ma+1
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Applying the following lemmas, the proof of Lemma 5.5 is complete.
Lemma 5.6. When N(m;) > 4, we have

mi mi+ms
veviggey [ By, ) By, — 2B -
€ BLEW ¥ S; Yy ¥ S z f |(B y)
R2d [07t/a2]N(mz') E ’ i:mH1+1 ’ ’
m matma 5 (5.21)
[TlelWu, —y) TT lelWu, = )W — 2)dsdudyd=
i=1 i=ma+1
§(m1 + m3)!(m2 + m4)!CN(mi)€N(mi)73.
Lemma 5.7. When N(m;) = 2,3, we have
BsB [ | 960" ow ()™ 95 ()" g (o)™ (o) (2) | 5 e (522)

The proofs of Lemma 5.6 and 5.7 are left in the Appendix.

5.1.3 (A1(B),A2(W)) and (A2(B), A1 (W))

By symmetry, we only analyze (A1(B), A2(W)), i.e.,

Lemma 5.8.
]EBIEW{/ (e'9B—iaw 1)thy/ (e"9B=19W — hydyl} — 0
Rd Rd
t/e? gz — Lo ~ 5.0 3 .y
ase — 0 for hg = [;'" g( + Bs —y)ds and hy = e2 f* (2 + W —y), where g € {e2f*,e2f1'},
and W € {0, W2 }.
Similarly, we have
/ (eiQB—iQW _ 1)thy/ (eigB—’igW _ 1)Wdy
Rd Rd

mi—ma+ms3—my

_ 1 mi mo ms map T dud
S e [ 9™ ()05 ()" <) ) <)y

mi+ma>1,m3+mge>1

(5.23)
and let N(m;) = Z?Zl m;, the following two lemmas suffice to show Lemma 5.8.
Lemma 5.9. If N(m;) > 3, then
N(mi)+ L mi mi+ms3
€ miJrQEBEW/ / p|(Bs, —y p|(Bs, — 2)|g|(Bs — y
s Sy LLAABe =) 11 16l(Bo = 2lolB. =0
- T - (5.24)
[TIelWu =) 1T lel(Wa, = 2)I AW = 2)dsdudydz
=1 i=mo+1

<eNm)=2| log e|(mg + myg + 1)!(my +ms + 1)\,
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Lemma 5.10. If N(m;) = 2, then

EBEw!/zd 98(1)™ gw (y) ™2 9B (2)" gw (2) " hp(y) hw (2)dydz| < ]loge|. (5.25)
R

The proofs of Lemma 5.9 and 5.10 are left in the Appendix.

5.2 Gaussian case

When V is Gaussian, X;(B), Y (B), X¢(W),Y:(W) are all Gaussian when freezing B, W, and our
goal is to prove (5.2) by an explicit calculation and estimation of

E{ (e () — e 37 YE(B)(eXi (W) — e 27" ) Y (W)},

If (N1, N2, N3, N4) are jointly Gaussian with zero mean and covariance matrix ¥, by explicit
calculation, we have

E{(e"™ — e727 ) (€™ — 727 Ny Ny}

=Y313X41 (e_%UQte_%Z“ — e—%zn—%zm—zlg)
DS (o3 AP
(5.26)
Y Nge 2 2 Y2V
— Y Nyge 2 2%V
+3l34 (e_UZt + em3Sn—5%2e N _ =50 —3Tn _ e_%UZte_%EZQ) .
Let ¥ be the covariance matrix of (X§(B), —X§(W),Y#(B),YF(W)), and
E{(eX7(F) — =37 )Y (B) (X W) — e 37 YE(W)} = P+ Py,
where
Py =33y (e_UQt +e2EumaSe T _ 30t emg S _ e_%”%e_%zm) , (5.27)
and Ps is the remainder.
Lemma 5.11. EgEy {|Pi|} — 0.
Proof. First, we have
EpEwA{| 1}
<\/EBEW (et e toudim i _ ottt _ ot in) (529)

X \/EBEw‘EgA‘Q.

Clearly, Y34 = E{YF(B)YF (W)}, so EgEw|Z34|> < EE{|Y(B)[*}EEw {|Y,S(W)[?} is uniformly
bounded. Then we only need to apply Lemma A.3 to complete the proof. [J

The following lemma suffices to prove EgEy{|P2|} — 0.
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Lemma 5.12. EBEV[/{’ZU’Q} — 0 with @ € {3,4},] S {1,2}

Proof. By symmetry, we only need to prove that EgEy {12} — 0 for

L = 53/ (R Gy)(zs — By)dsdu, (5.29)
[0.4/¢7)

L = & / (R Gh)(zy/c2 — Bu)du, (5.30)
[0.4/¢7)

Iy = 53/ (R* Gy)(By)du, (5.31)
[0,t/€2]

I = / (R 0y, G (s — Bu)dsdu, (5.32)
[0.4/¢7)

where z € {B,W}. All cases are contained in Lemma A.6, A.8 if we replace R by some bounded,
integrable, positive, and radially symmetric and decreasing function, G by e‘cﬁ‘x||x|2_d, and
0z, G by e—cV Azl |z|'~¢ for some constant ¢ > 0. In the end, we only need to apply Lemma A.5 to
conclude the proof. [

6 Gaussian Limit, proof of Proposition 4.2: d =3

Let ve(t,x) := Eg{f(x+ Bt)e_%aztie_% fot V(%Bs)ds}, we show that it is a solution to a parabolic
equation with an additive potential.

Lemma 6.1. v.(t,z) solves the following equation

1 1 1
Bve(t, ) = ~Ave(t, ) — ~0%ve(t, 2) + unom (t, 1) — V() (6.1)
2 2 £2 3
with zero initial condition.
Proof. By Feynman-Kac formula, we can write the solution to (6.1) as
1 B
(t,x) EB{/ e %UQSzuhom t—s,x+ Bs )—BV(x+ *Vds}. (6.2)
£2

Since upom solves the homogenized equation (2.4), upom (¢, ) = Ew{f(z+ Wt)e_%(’zt}, so we have

T + By

t
1
v(t, ) —EBEw{/ 727 i f (x+ By + Wisy)e 37 (79 )ds}
0

€2 €

t 1 B,
Bl | flo+ Bt Wi)e i iy P ds) (6.3)
0 €2
t
—Ep{f(x + Boe 3t~ [ v(ET Do as),

€2 Jo €
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Since v, solves (6.1) with zero initial condition, the solution may be written as
7 1 Y

ve(t, ) =i Gi—s(@ — y)unom(s, y)— V(=) dyds, (6.4)
0 JRd g2 €

where G;_¢(x —y) = e_%UQ(t_S)qt,s(a: — ).
We first show for fixed (¢, ), ve(t,2) = v(t,x) in distribution.

The solution to the limiting SPDE (4.9) can be written as

¢
ota) =i [ [ Gl = )\ ROV (5. 0)W (), (65)
0 JR
with W (dy) the Wiener integral.
Let
t t 1 y—2z
vare : = Gi—s(x = Y)Gt—u(T — 2)Unom (8, Y)Unom (U, 2) = R(=——)dydzdsdu,
0 Jo JR2d 9 9

t gt
var: = R(O)/ / / Gi—s(x — 2)Gi—u(x — 2)Unom (S, 2)Uhom (U, 2)dzdsdu.
0 Jo JRd4
Lemma 6.2. var. — var.

Proof. By change of variables, we have

t ot
vare = / / Gi—s(z — 2z — ew)G—y (T — 2)Unom (S, 2 + W) Upom (u, 2) R(w)dwdzdsdu. (6.6)
0 Jo JR2d
For fixed s,u € (0,1),

Gi—s(x — 2 — ew)Gi—y (T — 2)Unom (S, 2 + €W)Upom (U, 2) R(w)dwdz
e (6.7)
—>R(O)/ Gi—s(z — 2)Gi—u(x — 2)Upom (S, 2)Uhom (u, 2)dz
R4

by the dominated convergence theorem. Since up;, is bounded, we have

1
’ gt—s(:C —Z= gw)gt—u(l‘ - Z)uhom(57 z+ 8w)uhom(ua Z)R(w)dwd2| S PN (68)
R2d (2t —s—u)2
which is integrable in [0,]? since d = 3. Thus again by the dominated convergence theorem, the
proof is complete. [

If V is Gaussian, then v (¢, x) is Gaussian. Since both the mean and variance converge, we have
ve(t,x) = v(t,x) in distribution. For the convergence of finite dimensional distributions, we only
need to show the convergence of E{v.(t1, x1)ve(t2, x2)}, but the proof is the same as in Lemma 6.2.

If V is Poissonian V(z) = [pa ¢(x — y)w(dy) — ¢y, then
1

t
'Ug(t, x) _Z/ </ gt—s(x - y)“hom(‘g?y) 3
R 0 JRd €2

t
. 1
_Z/ gt—s(x - y)uhom(su y) 3 Cgodyds
0 JRA g2

is Poissonian as well, and we have the following lemma.

go(g — z)dyds) w(dz)
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Lemma 6.3. For any 0 € R,
E{exp(Qv:(t,z))} — E{exp(bv(t,x))} (6.10)

as € — 0.

Proof. Let fo(2) = [ fua Gees(x — y)ttnom (5, y)e ™ 2(¥ — 2)dyds, then
t
E{exp(if /]Rd fe(z)w(dz) — ié’/ Gi—s(x — Y)Upom(s,y)e™ 2c¢dyds)}
0
. t 3
= exp( / (=) —1)dz — if / Gi—s(z — Y)unom (s, y)e™ 2 cpdyds) (6.11)
R4 0 R4

:exp(/Rd g H(Ze)kfs(z)kdz),

since [pa p(2)dz = c,.
When k =2, [pa f-(2)%dz = vare, so by Lemma 6.2, Jga f-(2)%dz — var.
When k > 3 note that G;—s(z — y) < ¢—s(x — y) and upep, is bounded, so we have |f-(2)| <

~

fo fRd qs(z — |80’( — 2z)dyds, which implies
1 k vi
/ ftasg e [ ] Tl el - 2ayas (6.12)
Ra £2 Rd [O,t]k Rkd i1 3

In the Fourier domain, by change of variables and integration in z, we have

k T3k 26 SZ
/Rd fe(2)Idz 5 /Ot]k /de|f{|90|} &i)le” 27 " 5( Zgl deds
f? 2‘2 k 7@81.
/[Ot]k /R(k 1)d FAlelh (= Z il = H|]:{‘80|}(§i)!€ 2e2 "' dEds.

=2
(6.13)
Changing variables & — &2, s; — €2s;,1 > 3, and since | F{|¢|}| is uniformly bounded, we have

/ !fs(Z)lkdzisg_l/ / / o~ He+t T 6~ Healss
R4 [0715]2 [0715/52}1@—2 R(k=1)d

k
[TIF el E)le
=3

(6.14)

€12
4-sideds.

Clearly [ e 3l T, &P o= 3lealsn g, S Is1+ szl_g, which is integrable in [0,#]? when d = 3.
Now we only have to integrate in s;,i > 3 and use the fact that F{|¢|}(£)|¢]72 is integrable to
conclude that [, |f:(2)[Fdz < C’ks%_l, S0

| B 1f(2)Fdz — 0 (6.15)
],

k
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as € — 0. The proof is complete. [

To prove the convergence of finite dimensional distributions in the Poissonian case, we only need
to apply the results for Gaussian when & = 2, and use the fact that | SN ;)% < N#=1 52N g,k
when k > 3 in the proof of Lemma 6.3.

For the convergence of
/ ve(t, x)g(x)dz = v(t,x)g(x)dx (6.16)
R Rd

weakly for g € C2°(R?), the discussion is the same as in Lemma 6.2 and 6.3.

7 Proof of the main theorem: d > 4

We first consider the case d > 5 when the stationary corrector exists. For constant initial condition,
we will see that the discussion of the critical case d = 4 is similar to d > 5.

The following lemma confirms that the existence of a stationary corrector is equivalent with the
integrability of R(¢)|¢|~4.

Lemma 7.1. The equation —L® = V has a solution in L*(Q) only when R(€)|€|™* is integrable,
and we have the reqularized corrector ®y — ® in L%(Q).

Proof. By spectral representation, the solution should be written as

b — / 2 U(de)v, (7.1)

R [€]?

and for it to be well-defined, we need

2 2 4 R(€)
UdgV,/ —U(d§)V) = / d¢ < oc. 7.2
GV [ V) = g [ e 72
If the integrability condition holds, we have

NR(E)
<(I))\_(I)7(I))\_(I)>§/Rd(2)\+|§‘2)2|€|4d€_>0 (73)

by the dominated convergence theorem. [

Under Assumption 2.5, R(z) decays sufficiently fast, so R(f) is bounded, and the stationary
corrector exists when d > 5. We recall (3.32) that

us(t7 l’) - uhom(ta :U) L Ule + Vo
e g

1 1 (7.4)

_ p i€z, —1 iME | :pe  Loiarey 2 2
= [ O e (i85 = SN~ (6 + o)) Y.
v1 ¢ corresponds to the contribution from the remainder R;, and vo . corresponds to the contribution

from the martingales, i.e., by the quantitative martingale central limit theorem, it reduces to the
difference between quadratic variations (M¢); — (|€]2 + o3)t.

We will analyze v; /e and vy . /e separately, and it turns out that the remainder contributes to
the random corrector while the martingale part contributes to the deterministic error.
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7.1 Analysis of v;.: d>5

Recall that

Ve Looai igw —1 iME : pe
= = E iR Yd 7.5
c /Rd (27r)df(§)6 € B{e v t} 57 ( )
where Rf = ¢ 5/82 A\ (ys)ds — e@x(yy/z2) + €Pa(yo) With the environmental process ys = 7z | g w,

we discuss the three terms respectively.
Lemma 7.2. [p,(27) "0 f(£)e€ TR {e™™ iy (yo) }dE — unom (t, 2)®(rzw) — 0 in L'(Q).

Proof. First of all, we show that

/Rd (271T)df(§)ez'§.x (EB{eng} - 6—%(I§|2+a§)t> i) (y0)dE = 0 (7.6)

in L'(Q). The result comes from an application of the quantitative martingale central limit theorem,
together with the fact that EEg{|(M®); — (|¢|? 4+ 02)t|*} < €2 and E{®3} is uniformly bounded
when d > 5. Since |03 — 02| < &% and ®) — ® by Lemma 7.1, we obtain that

/Rd (Qi)df(f)elfxEB{eZMfZ(I))\<yO)}d§ - /]‘Qd (2;[1_)6[]?(6)6251:6%(|£2+02)t2®(y0)d€ 0 (77)

in L'(Q). The proof is complete. [J

Lemma 7.3. [5,(21) "0 f(€)e€"Ep{ei™i @, (y, Je2)}dE — 0 in LY(Q).
Proof. We only need to show that IEB{e“\ZtE PA(ye/e2)} — 0in LY(Q). Recall that Mf = Zi:l € ft/EZ
Dy®(ys))dBE. For any u € (0,t/?) that may depend on €, we consider

Ep{el 2k 5fou(gk""Dk(I)A(yS))dB?(I))\(yt/sg)} = Ep{Ep{®x(yy/c2)|Fu}e’ i€ Jo' (€t Dr@a(v))dBY
(7.8)
with F the natural filtration associated with B. The r.h.s. of the last display can be bounded by
Ep{|Eg{®x(y/c2)|Fu}|}, and since y; is invariant with respect to P, we have

EEp{[EB{®x(y1/e2)|Futl} = E{|EB{®r(y1/c2—u) }}- (7.9)
By an explicit calculation, we have
1 — 2
E{Es{@Au)}) = g [ B (e o 0 (7.10)

as s — 00, where Rg, is the covariance function of ®) and satisfies R/@\)\(f) < R(€)|€]™*. Now we

have . -
EB{etha ®A(yt/e2)} :EB{(eiMfE iy (fk-i-Dk‘PA(ys))dB?)q))\(yt/ez)}

. . (7.11)
YEp{eiXi-1elo (£k+Dk(I)A(ZIS))dB§(I))\(yt/82)}

for any u € (0,t/€2). The second term goes to zero in L'(Q) if we choose u so that t/e? —u — oo as
e — 0 by the above discussion. For the first term, its L! norm is bounded by /e2(t/e2 — u) since @
is bounded in L?. Therefore, we only need to choose u so that ¢/ —u — oo and €%(t/e? —u) — 0,
e.g., when t/e? — u = 1/ to complete the proof. [J
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Lemma 7.4. [5,(27)~4f ()€ B {eME [1/5 A0, (ys)ds}hde — 0 in LA(Q),

Proof. We only need to show EEg{| fg/ <D A(ys)ds|?} — 0. By an explicitly calculation, we have
that

t/e? t/e2  pt/e>
EEB{]| / AD(ys)ds|*} = / / NEg{Rgs,(Bs — By)}dsdu
0 0 0

L[ [ Rae H 5 s
= e € sau
(QW)d/o /0 /R o ’

where Rg, (z) is the covariance function of ®y. Clearly Rg, (£) < R(€)|€]~%, so by the dominated
convergence theorem, the proof is complete. [

(7.12)

Combining Lemma 7.2, 7.3 and 7.4, we conclude that

U;’E = iUpom (1, ©)P(Tzw) — 0 (7.13)
in L1(Q).
7.2 Analysis of vo.: d > 5
Let
d d
ZA,& = 2Z£ka(I)>‘ + Z(Dkq))\)Q — U?\,
k=1 k=1
we have
2 =0 | e f OB e [ " sy (7.14)
- = B Rd(Qﬂ')d (& B1€ 50 \E\Ys ))as . .

We will show that Z) ¢ can be replaced by
d d
Ze =2 kachI’ + Z(Dk‘b)2 — o,
k=1 k=1

2
so the term ¢ fot/ y Z¢(ys)ds is again of the form of Brownian motion in random scenery, to which
we will apply Kipnis-Varadhan’s method again.

Lemma 7.5. EEg{|e f(f/ag(Z)Hg(yS) — Z¢(ys))ds|} — 0 as e — 0.

Proof. We first have E{|Zy¢ — Z¢|} < S4_, |[Dx®x — Di®|| + |03 — 0?|. By a straightforward

d 1
calculation, we have r.h.s. < 85_115155 + &2|loge|214=6 + £214>7, so when d > 5,

t/e? 1
BEo{le [ (Zaelw) = Zelon))dsly S ZB{1Z0¢ = Zel} 0 (7.15)
ase — 0. O

The above proof shows that Zy¢ — Z¢ in L' (). We claim that the convergence is actually in
L%(2) by proving {Z) ¢} is a Cauchy sequence in L?(2).
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Proposition 7.6. Z,¢ — Z¢ in L*(Q) and EEg{(c fg/‘EQ Ze(ys)ds)?} is bounded uniformly in €.

Proof. Since Dyp®) — D} ® in L?(f2) by [16, Proposition 3.2], we will show the convergence in L?(2)
of Z‘,ﬁzl(DkQ,\y — 03%. It already converges in L'(£2) by the proof of Lemma 7.5, so we only need
to show it is a Cauchy sequence in L?(€2) by proving <ZZ:1(D1~:(I)A1)2 - U§17ZZ:1(D1~:@>\2)2 - a§2>
converges as A1, A2 — 0. By a direct calculation, we obtain that

d d

O (Dp®y,)? = 03, > _(Di®y,)* = 03,) Z Lnn(M, X2) — 03 03, (7.16)
k=1 k=1 m,n=1

where

Lin, >‘17)‘2) <(D (I)M) ’(DH(I)A2)2>

/ Oz, Gy (Y1) O, G, (21) 0z, Gy (Y2) O, Gy (22) B{V (y1) V (y2) V (21) V (22) }dy1 dyadz1d za.

(7.17)
Clearly 0., GA(y) — 0z, Go(y) almost everywhere as A — 0 with Gy the Green’s function of —%A.
We also have the bound |[VG,(y)| < |y|*=¢. Moreover, by the strongly mixing property in Assump-
tion 2.5 and [18, Lemma 2.3], we have

[E{V(y1)V (y2)V (20)V (22)} S U(y1 —y2) W (21 — 22) + W(y1 — 22) W (21 —y2) + ¥y — 21) W(y2 — 22)

(7.18)
for some ¥ satisfying |¥(z)| < 1 A |z|~? for any 8 > 0. By the dominated convergence theorem
and the convergence of ai — 02, we have the convergence of Zmn 1 Lo (A1, A2) — O')\IO'E\Q So

S (De®y)? — 0% = Y4 (Dy®)? — 02 in L2().

For the uniform boundedness of sfg/aQ Z¢(ys)ds, by [16, Lemma 3.4], we only need to show
the integrabﬂity of Ry 5( )z[2~? and Rge(x)|x|>7¢, with Ry¢, Rog the covariance function of
QZk 1 & Dp® and Zk 1(Dr®)? — 0% respectively. By the convergence in L2(Q), Ri¢(x) =
limy_0 Ri z¢(x),7 = 1,2, where Ry ¢, Ry )¢ are the covariance function of 22k:1 D@y and
Zgzl(chb/\) — 0%. [16, Proposition 3.5] shows that

9 d_1 _/x e~V 1
[Biag@)] + [Rane(@) S (1+16)* | AFTTemV 4 1A —gmm +1A 15 (7.19)
for some ¢ > 0 and 8 > 0 sufficiently large. By taking the limit A — 0, we obtain
1 1
Rue(o)l + o)l S (141607 (1A (g 410 005 ). (7.20)

and clearly it implies the integrability of (|Ry¢(x)| + |Rae(x)])|x|>~¢ since d > 5. The proof is
complete. []

Now we show that for fg/ < Z¢(ys)ds, we can apply Kipnis-Varadhan’s result. Since we are in
the probability space Q2 with the measure-preserving and ergodic transformations {7,z € ]Rd}, the
only assumption we need to verify is (Z¢, —L™1Z¢) < oo, see [16, Assumption 2.1] and the proof
of [16, Theorem 2.2]. By Kipnis-Varadhan, it is equivalent with the finiteness of the asymptotic

2
variance, i.e., EEg{(e f(f/s Z¢(ys)ds)?} is bounded uniformly in € in our context. For the sake of
convenience, we present the proof in the following lemma.
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Lemma 7.7. For anyV € L?(Q), (V, —L7'V) < 0o is equivalent with the fact that EEB{(% fg V(7p,w)ds)?}
18 bounded uniformly in t.

Proof. First, let R(§ ) be the power spectrum associated with V, then (V, —L~1V) < oo is equivalent
with the integrability of R(&£)[¢|~2. Now by an explicit calculation, we have

EEB{\[/VTBS w)ds)>2 /(

As a function of s, fos fRd ﬁﬁ(ﬁ)e_%lﬂzudfdu is positive and increasing, so for the r.h.s. of the
above display to be uniformly bounded in ¢, an equivalent condition is

lim//
$—00 rd ( 277

i.e., the integrability of R(£)|¢|~2. The proof is complete. [J

—3ll “dﬁdu) ds. (7.21)
Rd

—3léPugedu < oo,

By Lemma 7.5, we know that

v2e 1 / L F(e)e SR (e /t/€22< Jds)de (7.22)
e 2 Jpa (20)d © e 60 I .

where A~ means the error goes to zero in L'(). Since Mf = Zk 1 Eft/s (& + Dp®y(ys))dBE, by
the convergence D, ®) — Dy ® in L?(Q), we further obtain

2

U2 1 L ; 13 > aft/62(§ +Dy®(ys))dBE //8
SO CTR p{el k=1 kD@ (ys))dBs Ze(ys)ds}yde. 7.23
2 x5 | OB T [ sy (723)

By Kipnis-Varadhan’s method and Proposition 7.6,

t/e? d t/e? R 2

EEp{ 5/ Ze(ys)ds — Y e Dyp®(ys)dB* | } =0, (7.24)
0 k=1 0

where ® is the corrector corresponding to Z¢. This leads to

d t/e
V2 _71 1 fA & E P> t/E (Ex+Dyp®(ys))dBE = k
-~ T o tk=1€ T RE s P(ys)dB; }HdE. .25
€ 2 /I‘{d (2 )d (§>€ B{e 1 ;E ; D;. (y ) s} ¢ (7 )

Since we have two martingales here, we apply martingale central limit theorem and ergodic

theorem to show that Epg{e’ i Eft/s (& +Dr®(ys))dB; Zz t/s Dy ®(y5)dB¥} converges to some
constant in L(€2).

Proposition 7.8. Define £11 = |2+ 0_ || Dp®||? and S19 = S0_ (Dp®, Dp®), we have

R d t/e? 5
Ep{e! Zi=1=lo i/t (€t Did (B Y Dy®(ys)dBY} — iem 2=ty ot (7.26)
k=1 “0

in L1 (92).
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Proof. By stationarity, we can replace ys by 7p,w. To simplify the notation, we let Nj =

Zk lsft/e (& + Dy ®(ys))dBY and N5 = Zk left/e D ®(ys)dB". By martingale central limit
theorem and ergodic theorem, we obtain that for almost every w € €2,

(N, N3) = (N1, N2), (7.27)

where Ni, No are joint Gaussian Witl} mean zero and covariagce matrix ¢, and X3 = [€ \2 +
Y1 IDe®|%, £12 = Yo4_ (Di®, Dp®), and Bgp = 4, [ Di®||*. Let gx(z) = (z A K) V (—K)
be a continuous and bounded cutoff function for K > 0, and hx(x) = x — gk (z) we have

Ep{e™ N5} = Ep{e™ gi(N5)} + Ep{e™ hi(N5)} (7.28)

For the second term, we have

EE s { s (V)I} < EEs{|N5 1515k} < BEs{IN3”) S = (7.29)
Therefore,
lirgjélp E{[Ep{eM N5} — E{e'™ No}|} S lim E{[Ep{e™ gk (N5)} — E{e"™ gx(N2) }|}
+ [E{e™M Ny} — E{e™M g (No)}| + e (7.30)

K
. ‘ 1
=[E{e™ Na} — E{e"™ g (No)}| + 174

by the weak convergence and dominated convergence theorem. Now we let K — oo and calculate
E{eM Ny} = ie 2211t212t to complete the proof. [J

The above proposition implies that

d
V2,e 1 L iEx; —L(E]2402)t F
-3 [ @ e S e, Dy

€ 2 Pt
- (7.31)

d
= zuhom (t,x Z Do, Dkq)
k=1

in L'(Q). By combining (3.32), (7.13) and (7.31), we conclude that
Ue(t, ) — Upom (t, ) = V1 e + V2 + 0(€) = tUpom(t, l’)@(’i‘%w) + Upom (t, ) Cyt + o(e) (7.32)

if we define J

1 -
Cy=—3 ;wk@, Dy ®). (7.33)

The proof of Theorem 2.8 is complete.

If we assume the symmetry condition of the distribution of V' (z) = V(r,w), E{V (z1)V (22)V (z3)} =
0,Vz1, 22,23 € R? as in the Gaussian case, by a direct calculation we can obtain Cy = 0, i.e., the
bias vanishes.
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7.3 Analysis of v;.: d =4

When d = 4, by assuming the initial condition f = 1, the error from the martingale part is
negligible. From (3.30), we have
Ue(t, ) — Upom(t,2)  vie Ep{iRse!Mi} (7.34)
5|log5\% 5|10g5]% 5|10g5|é '

with the error going to zero in L'(2). We recall that R = ¢ t/a A\ (ys)ds —e@x(yy/2) +ePa(yo)
with ys = 72 p . w. The analysis is very similar with d > 5, and we present it through the following
lemmas in parallel with Lemma 7.2, 7.3, 7.4.

Lemma 7.9. |loge\_%E3{eiMf<I>,\(yo)} — e_%”2t| logel_%<1>>\(yo) — 0 in LY(Q) ase — 0.

Proof. The proof is the same as Lemma 7.2 if we note that |loge|~1{(®y, ®)) < co and EEg{|(M®);—
o3t} + 10X — 0?| S €% logel. O

Lemma 7.10. ]logd—%EB{eiMf@A(yt/gg)} — 0 in LY(Q) as e — 0.

Proof. The proof is the same as Lemma 7.3 except that we have to show as in (7.10) that

1 1 R(¢) o lef2s
|loge| Jra (2m)4 (A + 5€]2)2
for s € (0,t/£?) chosen so that £2s — 0. By Lemma A.9, we have

1 1 R() e~IEPs ge — 1 RV
[loge| Jra (2m)4 (X + $|¢[2)2 |logar re (2m)4 (1 + [¢]2)?

blngﬂEB{%(ys)}F} - -0 (7.35)

1+ |log As|
logel
(7.36)
Now we choose s = ¢ 2|loge|~!. In this way |log As| = log |loge| < |loge| and £2s = |loge|™t — 0
as € — 0. The proof is complete. [

elePAs ge <

Lemma 7.11. |loge|™ 2EB{67’M§)\ft/E Py (ys)ds} — 0 in L2(Q) as e — 0.

Proof. By an explicit calculation and Lemma A.9,

/e L e e R() e
EE{|A By (ys)ds|*} = / / / A emalel sl gedsa
sl [ P} [ o e e
/ / / ¢~ 316Pls=l ge sy (7.37)
R ( \5!
5/ /(1+log\s—u|)dsdu<oo7
0 JO

Now we can combine (3.30), Lemma 7.9, 7.10 and 7.11 to conclude that

so the proof is complete. [J

+ _ ¢ Pa(Tzw
us( ,.@) uho?( 7'7’.) — iUpom (t, l‘)L‘El) -0 (7.38)
ellogelz [ loge|2

in L1(9). The proof of Theorem 2.6 is complete.

29



7.4 Proof of Corollary 2.7: d =4

The last goal is to prove the convergence in distribution of |log 5\7%(1352 (tyw) for Gaussian and
Poissonian potentials. To keep the notation simple, we consider |log )\\7%(13 A(Tzw).

For the Gaussian case, since E{®)} = 0, we only need to show the convergence of variance, i.e.,
|log A|"Y(®y, ®)). This is given by Lemma A.10.

For the Poissonian case, we prove the weak convergence again by the characteristic function.

Lemma 7.12. IfV is Poissonian as in Assumption 2.3, then we have V0 € R:

q))\ (T;v )

R(0)6?
E{exp(i0 =)} — exp(— ). (7.39)
| log )\] (2m)?
Proof. The proof is similar to Lemma 6.3.
By statlonarlty, we can choose x = 0. For Poissonian potentlal V(x fRd o(x — y)w(dy) — cy,
then @) (Tow) fRd f’\ Jw(dx) — ¢y fRd G (x)dz, where f’\ fRd GA )go(y)dy.
Now we can write
(I)A(T ow)

, _1
E{exp(if )} = exp (/ (¢'fl1os Al QfA(:”)—l)da:—z'9|log)\|5cw/ G,\(x)da:). (7.40)
R4 R4

[log Al2

Since [ga fa(—x)dx = ¢y, [pa Ga(x)dx, after a Taylor expansion and change of variables, we have

ex M —e 1 (0] 2 k.fll'
oo 7= (/ Zk, 6l10g | % fi(x >>d>. (7.41)

First, when k = 2, we have [pq fa(z)?dz = (@), ®)), therefore by Lemma A.10,

Jpa In(@)*de 2R(0)

. 42
|log A| (2m)d (742)
For k > 3, we have
Ia(x)|Fdx F i
sl h@lde o 1 /H’ lle6) Z&
|log A|2 |10g)\| RRd 0 A+ 1]
(7.43)

ok \f{lcpl} El [FAle[H (=& — ... — &)l
|log)\| /nw 1>dH A+ gl&l? )‘+§’€1+...+§k71‘2 ‘

for some constant C. Since ¢ is continuous and compactly supported, we can assume here |F{|p|}|
to be bounded, fast-decaying, radially symmetric and decreasing. Then for the integration in &;_1,
by Lemma A.4, we obtain

2
|FL e} (€e—1)| [F{lelH (=& — - — &) F{lel}&-1)
/Rd A+ 5lG-1? A+ 3la 4.+ &l 1 = /Rd ( At S > d8k-1- (7.44)
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The r.h.s. of the above display is of the form (®y,®,) with R(£) replaced by |F{|o|}(&x_1)|?, so
by Lemma A.10, we obtain

)| k
Jealr@I"de _ / H f{!sol} DL (7.45)
|log A|2 |10g >\|* RO-2d 0 A+ 3]&] llog \| "z
for some possibly different constant C' > 0. This leads to
Cc*k|g|k
L3 qeinog i patar < 3~ (7.46)
k>3 k>3 k![log A| =

as A = 0. The proof is complete. [J
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A Technical lemmas

Lemma A.1. If hy € L', ho,hs € L' N L?, then

B0 [ o) [ na(wetdn)

— exp( / (MO~ 1)dy) ( / MO Dy (y) s (y)dy + / MOy (y)dy / eihﬂwhs(y)dy).
R4 R4 R4 Rd
(A1)

Proof. If h; are all compactly supported, it is a direct calculation. The general case can be proved
by approximation. [J

Lemma A.2.
exp(/ (eiE o “O(BS y)ds 1—1—)dy) — e*%"Qt, (A.2)
Rd 3
exp(/ (eia fOt/EQ(SO(Bs_y)_SO(WS_y))dS _ 1)dy> — €_J2t (Ag)
]Rd

in probability as € — 0.
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Proof. We first point out that (A.2) and (A.3) is related to the convergence of the annealed char-

acteristic function for random variables of the form ¢ [; t/e? V(Bs)ds and ¢ [ t/e? V(Bs) =V (Wy))ds,
respectively, when V' is Poissonian. This is discussed in detail in [15]. By [15, Proposition 3.7, 3.8],
we have that as ¢ — 0

2

/ (5 /t/e o(Bs — y)ds) dy — ot, (A.4)
R4 0

t/e? k
AQEIH<E/ |wuz—ym§ dy — 0 (A.5)

k>3

in probability, which directly leads to (A.2) if we expand e in power series and use the fact
Jpap(z)dz = cq.
For (A.3), we use the fact that |a + b¥ < 2¥=1(Ja|* + [b|¥) together with (A.5) to derive that

t/€ k
/Rd Z %l (ze/ ©(Bs —y) — p(Ws — y))d5> dy — 0

k>3

in probability. The rest is to show

t/e?  pt)e? t/e?  pt/e?
52/ / ©(Bs — y)p(Wy — y)dsdu = 52/ / R(Bs — Wy)dsdu — 0
0 0 0 0

in probability. Assuming R is positive without loss of generality, we have in Fourier domain that

t/e*  rt/e? t/e?  rt/e?
E{e? / R(B, — W,)dsdu} <e* / / R(€)e 2P () ge dsdu
RE) € e
Sédmzmﬂle R

by the dominated convergence theorem, which completes the proof. [

Lemma A.3.

t/e?  pt)e?
/ R(Bs — By)dsdu — o°t (A.6)

t/e? t/s
/ / R(By — Wy)dsdu — 0 (A7)

in probability as € — 0.

Proof. We note that &2 fOt/SQ Ot/EQ R(Bs — By)dsdu is the variance of afg/€2 V(Bs)ds. By [15,
Proposition 3.7], we obtain (A.6). The proof of (A.7) is contained in the proof of Lemma A.2. [

Lemma A.4. Assume f is positive, radially symmetric and decreasing, and integrable around the

origin, g is bounded, integrable, positive, radially symmetric and decreasing, the f % g is bounded,
radially symmetric and decreasing.
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Proof. Clearly, f * g is bounded and radially symmetric, so we only need to prove it is radially
decreasing.

By Fubini theorem and symmetry, it can be reduced to the one-dimensional case. Let F(z) =
Jz f(x + y)g(y)dy, and by approximation, we assume f is smooth and bounded. So F'(z) =

Je (@ +y)g(w)dy = [ f'(y)9(y — x)dy, which implies

0
F(x) = / £ W) — ) — gl +))dy.

When z > 0,y < 0, we have x —y = |z| + |y| > |z + vy, so g(x —y) < g(z +y), and since f'(y) > 0,
we have F'(z) < 0. The proof is complete. [J

Lemma A.5.

A
sup / Flaty) < o, (A8)
y€eRd JRE ’IB‘
A
Sup/ WTEZJ)CZIE S |logel, (A.9)
yeRd JRE ’.CE‘
A
Sup/ (1f |*’90d’z(2“y)dx < L (A.10)
y€eRd JR ‘.%"
A
sup/ Wl oD+ 9) 0 < 1oge. (A.11)
yeRd JR4 |J}’

Proof. Recall that f» = ¢ % Gx,f,i‘ = @ * 0y, Gy, and G is the Green’s function of X\ — %A, SO

|GA(z)] S e_c\f/\|x||a:|2_d, |02, G ()] < e‘cﬁ‘x||x|l_d for some constant ¢ > 0. Without loss of
generality, we assume || is bounded, radially symmetry and decreasing function with compact
support, and replace Gy, 0, G by the above bounds in the estimates.

We take [pq|f*|(z + y)|z|> ?dz for example. The proof of the other inequalities is similar.

1Az + )| / 1 / eV
WAETYN gy < | B
/Rd @72 R f TR fo, PO Ty T R g dade

|ol(z — 2) eV
< d—2 g dzdz
r2d  |z|4 | 2|4~

—cV || ’x‘Q—d)

by Lemma A.4, since |¢|* (e is a bounded, integrable, radially symmetric and decreas-
ing function again by Lemma A.4. Now we assume |p|(z) < 1A |z~ for some « > 0 sufficiently
large, and bound the integral in z by

e—C\/X|Z‘ 1 1 e_p\/xlxl
1A dz <1A +
/Rd |2d2 ( |x—z|a> M a2 T e

for some constant p > 0 [16, Lemma A.3]. The rest is a straightforward calculation. [J
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Lemma A.6. Assume f, g are bounded, integrable, positive, and radially symmetric and decreasing,
then we have

EgEw flzs — B’)g(yu — W)dsdu < sup de sup / de (A.12)
Rd

[0,t/e2] yeRd JR y€ERI
where x,y € {B,W}, and B,W € {0, By /2, Wy 2}

Proof. The proofs for all choices of xs, ¥y, B, W are similar. We take one example that contains all
the ingredients.

Let zy = By, yy = By, B = By ez, W= W,/e2, and we consider

EpEw f(Bs - Bt/EQ)g(Bu - Wt/EQ)deu = (’L) + (“)v
(0,t/e2]?
where
(7’) = EpEw f(Bs - Bt/ag)g<Bu - Wt/aQ)deua
O<s<u<t/e?
(”) = EpEw f(Bs - Bt/ag)g<Bu - Wt/62)d3du'
O<u<s<t/e?

For (i), by change of variables, we have
=B [ [ lossvnca 0000+ = Wb () 0oy
For the integrals in y, z, by Lemma A.4, we have
(i) <Ew /Ri /Rw Ly ug<tye2 f (1) 9(2) qus (2)Qus (V)G o2 —uy —up (T)dxdydzduy dus
= /R . /R o L vup<a/e £ (1)9(2)qus (2)4us (y) dydzdur dus.

|22 P

By change of variables A\ = —%ur Ao = Suy We have
(1) < sup de sup/ %dm.
yerd Jrd |7 yerd Jra ||

For (ii), by change of variables, we have
(i) = Ew /R . /R o, Yurrw <t/ F()9(2 = Wiye2)qu (9)que (v)dzdydur dus,
+

and the rest is the same. The proof is complete. [J
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Lemma A.7. Assume f, g are bounded, integrable, positive, and radially symmetric and decreasing,
then we have

9(z +y)

P dz, (A.13)

~ 1
EgEw f(zsy — Bsy)g(ysy — W)ds S — sup flo+ p )d:c sup /
[0,/22]3 € yerd Jrd |7 yerd JRA

where z,y € {B,W},W € {0, By /2, Wy )2}
Proof. The proof is similar to that of Lemma A.6. We do not present the details here. [J

Lemma A.8. Assume f, g are bounded, integrable, positive, and radially symmetric and decreasing,
then we have

1 f@+y) 9(z +y)
EgEw f(xs, — Byu,)g9(xs, — By,)dsdu < — sup ——dx sup/ ———dx,
pgee o T P = Bua)dsdu S 3 80 | o S e
(A.14)
where v € {B,W}.

Proof. The proof is similar to that of Lemma A.6. We do not present the details here. [J

Lemma A.9. Whend =4 and s > 0,

—lel2s
e
——————d¢ S 1+ |logs. (A.15
L log s )

Proof. By a change of coordinate,

2

/ e —[€]?s § / —r s 3 1 /oo e~ " sd <1 ’1 ’ (A 16)
+ r 51+ |logs|. .
re (1+5162)? T

O
Lemma A.10. When d = 4, |log A\|” (@), ®y) — 2(21)~*R(0).

Proof. First we consider the following integral

1 7 F(Var)rd

A7
llog Al Jo (1+ %7‘2)2 ( )
for some smooth and fast-decaying f. By an integration by parts, we have
A VA
dr — 2 A.18
|log)\| / 1+ 3r2)2 1) ( )

as A — 0.
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Secondly, we have

(Pr, 0n) 1 R(¢) de
[log | (2m)4|log A| Jra (A + $|¢[2)?

. (A.19)
2m)8log Al \ Jig;s1 Jigi<1 ) (A + 31€[2)?
Clearly the first part goes to zero. For the second part, by a change of variables, we obtain
1 R 1 R(VX
() SdE = 7 &df. (A.20)

(2m)9[log A| Jig<1 (A + L1€?) (2m)4|log Al Jig<1/va (14 51€)?

Since R(z) decays sufficiently fast, R(£) is smooth, so by (A.18), the proof is complete. [J

B Proof of Lemma 5.4, 5.6, 5.7, 5.9, 5.10

Proof of Lemma 5.4. For the indexes satisfying mi +ms > 1, m3+my > 1, there are the following
four cases.

1. mims 7& 0.
2. momy ;é 0.
3. mo = ms3 = 0.

4. m1 =my = 0.

If myms # 0, we first consider the expectation in W. For any permutation of {u, ..., Umytm,, 0},
denoted by S, we have

ma ma+mg
JEwdTT eV~ ) TT 1610V, = 2laal (W — 2))duda
S i=1 i=ma+1 B1
ma+ma—+1 (B.1)

:/ H Ew {[wi|(Wu, — yi) }du
0<ute Sumgtmy+1<t/6% 50
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for ; chosen as ¢, g2, and y; chosen as y, z depending on the permutation. By a standard change
of variables, we have

ma+mg+1
/ I Ewiled(Wa, - yi)}du
OSUI -~~Su'm2+'m4+l St/82 i=1
ma+mg+1
- /RT2+m4+1 /R(m2+m4+1)d Sttty zl_Il @il Zx] i)qu, (i) dzdu
mo—+mga+1
< 1 N AE T A an
N/R:Ln2+m4+l /R(mQ-Q—mZI-&-l)d Zm2+m4+l |z ‘_ SE% 7[[1 |(P7, ng 1 ’d 27 *
ma+mg+1
< VBTN g,
~ /Rilzﬂtmﬁl /]R(m2+m4+1)d 111 il Zx] vi) |d 270 v
(B.2)
First integrate in A;,i = 1,...,mo+my + 1, then in @pyqmyt1,- - ., 21, since [pq [@|(z+y)|z[> 4dx
is uniformly bounded in y, we have
m2 mo+mag _ < ‘92‘(1' + y)|
Ew{][lelWu, —v) JI lelWu, — 2)1g2/(Wa — 2)}dudii S sup llex’ (B.3)
S i1 i=mat1 yerd JRY [T
which leads to
ma ma-+my
/ EnATL1elWar —9) [ 16l (Wa, — 2)lg2l(Wa — 2)}dudi
[0,t/e2]m2Fmat i=1 i=ma+1 (B.4)
yeRd Rd ‘ZL’|

for some constant C.

Next, we consider the expectation in B. The analyze is similar except that we have to deal with
integration in y, z. Again for any permutation of {s1,..., Sm,+ms, 5}, denoted by S, we consider

mi mi+m3
/RQd /SH ’(P‘(BS’ B 3/) H ’(p‘(BSi - 5)191!(35 — y)dsdédydz
=1

i=mi+1

mi1+m3z+1
R2d J0<sy <5m1+m3+1<t/52 paiey

m1+mz+1 7
- 1 et H ; Zx — ;) Gu, () dxdudydz
/R2d /RTl-&-"L3+1 /R(ml-‘rm3+1)d 217'111 "8 uiﬁg% ’SOZK g yl)qm( ’L) ves

i=1 j=1

where ¢; is either ¢ or g1 and y; is either y or z depending on the permutation. Let i,,i. be the

smallest indexes such that y;, = y and y;, = 2. By the same change of variables \; | Z‘ for
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i # 1y, 1., we have

mi mi1+ms
/ / T16lBs —w) [ 1ol(Ba — 2)lo1](Bs — v)dsdsdyd=
R24JS 10 i=mi+1

mi+m3+1 3
S 1 . -
~ /de /erJr’ngrl /]R(mlJF""3+1)d Uiy tui, < H ’801‘(]2::1 Lj Yi) (B.6)

i=1

I (42
H W)\ZQ € A qu ('CC’Ly)QuZZ (CCZZ)dl'dud)\dydz

17é1y bz

Let %y be the second smallest index such that Y, = Y- The following is the order in which we

integrate with respect to z,u, A, y, z in (B.6). It ensures that the integral of |g;| always contains a
factor of 1/|z|42.

First integrate in \;, then integrate in y,, +m43+1,-- -, Cnax(iyin) 41"

If i, > iy, for |g0i2](2;-z:1 xj — z), we integrate in z; next, we integrate in z;_, ... )5 - Since

iy > iy, we have i, = 1,4, = 2. So we are left with |p1](z1 — y)|pa|(z1 + 22 — y)|22|>~¥qu, (z1),
integrate in y, r2,z1. In the end, we integrate in wu;,, u;, .

If i, < iy, for |<pzy|(Z;y:1 xrj — y)\gogy](zz-yzl zj — y), integrate in y,z; , then integrate in
T 55 Tisy1; for i, |(3"52, @5 — 2), integrate in z. Since i, = 1 or 2, we integrate in z1,
and in the end, integrate in u;,, u;. .

After the above integration, and using the fact that [4 |¢|(z+y)|2|*~?dz is uniformly bounded
in y, we arrive at the following estimate

mi mi+ms
Bo [ [ TLelBe—0) TT 1el(Be — 2)anl(Bs — y)dsdsdydz
R2JS i=mi+1 (B.7)
1
54max(sup/ \m\(zgy)d%wp/ (Igll*!wcl)_(;vﬂty)dx)’
€ y Jra |7 y JRd |z|
where the factor of e=% comes from integration in Wiy Wi -
Therefore,
mi mi+ms3
2a | | [T1elBe =9 TI 16l — 2)lg1l(Bs — y)dsdsdyd=
R2d J[0,t/e2]mtmatl 2 i=mi+1 (B.8)
1
§0m1+m3+1(m1+m3+1)!4max(sup/ |gl‘(ailj_2y)dx,sup/ (Igll*lwi)_(2w+y)dx)
€ y Jre 7] y JRd 2]

for some constant C.

Now we only need to combine (B.4) and (B.8) together with Lemma A.5 to complete the proof
for the case mymg # 0.

If momy # 0, the discussion is the same by symmetry.
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If mo = ms3 = 0, the discussion is similar except that when taking Ey -, Eg, we have to deal
with the integral in z,y respectively.

In the end, we deal with the case when m; = my4 =0, so mg > 1,m3 > 1.

We first look at the case when my = mg =1, i.e.,

JEBIEw/ / lo|(Bs — 2)91|(Bs — )| ol (Wu — y)|g2|( Wi — z)dsdudsdudydz
R24 J[0,¢/£2]4

=EpEw (lg1 > o)) (Bs — Wu)(lg2| * [|)(Wa — Bs)dsdudsdi
[0,t/2]4 (B.9)
1
Loy [ W20, [ el ),
€ y JRrd |z y JRd |z
2
_loge]
~ ¢

by Lemma A.8 and A.5.

Next, we look at the case when mo + m3 > 3. By symmetry, we assume mgy > 2. Consider Ep
and dz, by similar discussion as before, we obtain that

m3
EB/ / [T lel(Bs, = 2)1g11(Bs — y)|g2l(Wa — z)dsdsdidz
R4 J[0,¢/e2]m8H2 50 (B.10)

| (ol 1), [ ot
< 1)!— d = _“rdx.
~lms )s2s‘ép/w PR T

Consider Eyy and dy, we obtain that

mo 1
EW/ / oWy, —y)dudy S ma!l—. B.11
oS LD =) e (B.11)

Combining them with Lemma A.5, the proof is complete. [J

Proof of Lemma 5.6.

First, we note that f* is uniformly bounded, since F{f*}(&) = F{p}(&)(A+3|¢/*) " is bounded
in L.

Similarly, there are four cases.

If mims # 0, we use a constant to bound f*, and the rest of the discussion is similar to the
proof of Lemma 5.4; i.e., first take Eyy, then take Ep while dealing with integrals in y, z. We get
the following estimate

mi mi1-+ms3
EsEw / / ol(Bs, — ) 0(Bs, — 2 (B — )
R2d [o,t/EQ]N(minl:Il z’—E—&-l
mo mo+may
[Tl Ve =) T 161(Was — 2P0V — 2)dsdudydz (B.12)
=1 i=mo+1

1
<S(my + ma)l(me + m4)!€—4
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If mamy # 0, by symmetry, we get the same estimate as in (B.12).

If mg = ms3 = 0 or m; = my = 0, again we bound |f*| by constant, and when taking Ey, Ep,
deal with the integral in z,y respectively. In the end, we get the same estimate as in (B.12), which
completes the proof. [J

Proof of Lemma 5.7.

If Z?Zl m; = 2, we have

[, 920w (591 2™ g ()™ s ()

R i ) (B.13)

253/ FANzs — B)F My, — W)dsdu,
[0,¢/2]?

where FA(2) = [pa¢(z + y) fA(y)dy, and z,y € {B,W}, B e 10, B2}, W e {o, Wi/e2}. Note
that |F*(z) < |f % |¢|(—2) since |p| is symmetric. In the following, we will always replace |f*|

by || * (e‘cﬁm\aﬂz—d) in the estimates, so we can assume it is radially symmetric. By Lemma
A.6, we have that

N 2
2 7 +y)
EgE 53/ FMazy — B)FMyy — W)dsdu| <é&* sup/ (12 * e (@ dx
sEwl [0,t/22]2 ( A Jdsdul yerd JRd |2|d=2 (B.14)

Se

where the last inequality comes from Lemma A.5.

If Z?‘:l m; = 3 and m; # 2 for all 7, without loss of generality assume m; = 0, so we have

EpEy et /R ) /[0 o PIBs = NP = )1l (Vo =)l W, 21OV — =)y
t/e

SEsBwet [ (el * e B = W9 6l) (B W s
;t/e

/ (Al +y)
R4

o= v

1
<e* = sup

~ 2

€2 Jerd

(B.15)
where in the first inequality, we bound |f*|(W — z) by a constant, while in the second and third
inequalities, we apply Lemma A.7 and A.5.

If Z?Zl m; = 3 and m; = 2 for some ¢, there are two cases by symmetry, m; = 1,m3 = 2 or
mi = 1, my = 2.

When m; = 1, mz = 2, similarly we have
EpEye! / / 01(Bay — 0)]@l(Bay — 2)[@l(Bay — 2B — )| (W — 2)dsdydz
R24 J[0,¢/£2)3
<Epe* / (gl 5 1¢1) (Bay — Boy) (1S 5 ]} (B — B, )ds
[0,t/e2]3

1 A
<1l Sup/ (1f I*!wdlz(QxﬂLy)deE
% yerd Jrd ||

(B.16)
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by Lemma A.7.

When m; = 1, my = 2, similarly we have
EpEye! / / 01(Bay — )0l (War — )l Wy — 2)fB — )| (W — 2)dsdudydz
R2d J[0,¢/£2)3

SEBEW64/ ([l % lol) (W, = Waa) (1] % 1)) (B — By, )dsdu

[0,/2%]3

1 A
Ly [ ULl
13 yeRd R |CU‘

(B.17)
by Lemma A.7. The proof is complete. [

Proof of Lemma 5.9.
The discussion is similar as in the proof of Lemma 5.4, so we do not present all the details.

If mymg # 0, we first use constant to bound \f)‘], then take Eyy. Next we take Ep and deal
with the integral in y, z. In the end, we obtain

. mi mi+ms3
aN(minEBEw/ / 116l =y 11 Iel(Bs = 2)lgl(Bs =)
R2d [Ovt/EQ]N(miH_l =1 i=mi+1
ma—+ma

H "10|(Wu1 - y) H |Q0‘(Wu1 - Z)|f)\|(V~V - Z)deUdde (B.18)

i=mo+1
[ Gl sn,,
R 2|42

<eNMIt 24 (my 4 my)l(my + ms + 1)! sup
y€ERL

<eNmi=2|1og e|(mg 4+ ma)!(m1 +ms3 + 1)!
For other cases, the discussion is similar. The proof is complete. [J
Proof of Lemma 5.10. When Z;‘-‘Zl m; = 2, we have
], 950 002" g )™ e ) ()

1 i (B.19)
<g?ts / Ry (s, — Bs,)Ra(ys, — W)ds,
[0,t/2]3

where Ri(z) = [pa l¢l(z + y)lgl(y)dy, Ra(x) = Jgalol(@ +y)[f(y)dy, and 2,y € {B,W}, W €
{0, Wy /2 }. If we replace |g| and | f A| by the corresponding radially symmetric and decreasing bound,
then by Lemma A.7, we have

EgEw Ri(zs, — Bs,)Ro(ysy, — W)ds
[0,¢/22)3 (B.20)
<1 ] Ri(x+y) , Ro(z + ) ’
SEsw | e desuw | =,
€7 yeRrd JRE 2] yeRd JRA |z|
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so by Lemma A.5, we finally obtain

BsBw [ | an(0)™ ow ()™ 95(:) "o ()" o)y (2 g

1 s

(B.21)
243 _ -3 1
<e“"2e2|loge|- = ¢llogel,
£ 5

which completes the proof. [J

C On (4.7): duality relation in Malliavin calculus

Let H = ®?L*([0,t]) and B, a standard Brownian motion in R?. Take the isonormal Gaussian
space {W(h)} on H defined as W (h) = S¢_, fot hi(s)dBY when h = (hy, ha, ..., hg) € H, then B,
is written as

By = (W(h1), W(ha), ..., W(hq))

with h; € @?L?(]0,]), and only its i— component is non-zero and equal to Lio,g-

Let F' = f(W(h1), W(ha),...,W(hg)) for any test function f, and G = (g1(Bs), 92(Bs), - - -, ga(Bs))-

Then the Skorohod integral for G is defined as
d ot
5(6) = [ an(Bat. (C.1)
k=10

The duality relation reads

with D the Malliavin derivative operator.
We have DF = Zizl Ok f(By)hy, so

d t
(DF.G)u =Y 0uf(B) | gu(Bo)ds. (©3)
k=1 0
Therefore, (C.2) implies
d t d t
S B(f(B) [ au(BIBE) =Y BB [ gu(Bds). (C.4)
k=1 0 k=1 0
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