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Abstract

This paper concerns the kinetic limit of the Dirac equation with a random electro-
magnetic field. We give a detailed mathematical analysis of the radiative transport limit
for the phase space energy density of solutions to the Dirac equation. Our derivation is
based on a martingale method and a perturbed test function expansion. This requires
the electromagnetic field to be a Markovian space-time random field.

The main mathematical tool in the derivation of the kinetic limit is the matrix-valued
Wigner transform of the vector-valued Dirac solution. The major novelty compared to
the scalar (Schrodinger) case is the proof of the weak convergence of cross-modes to
zero. The propagating modes are shown to converge in an appropriate probabilistic
sense to their deterministic limit.

1 Introduction

The Dirac equation is the relativistic version of the Schrédinger equation and describes
very fast electrons propagating in an electromagnetic field. In this paper, we consider
the semiclassical limit of the Dirac equation when the electromagnetic field is random and
time-dependent.

The problem falls into the category of high frequency wave propagating in highly het-
erogeneous media, which has been modeled by radiative transfer equation in many areas,
e.g., quantum waves in semiconductors, electromagnetic waves in turbulent atmosphere and
plasma, underwater acoustic waves, elastic waves in the Earth’s crust. Such kinetic models
account for the multiple interactions of wave fields with the fluctuations of the underly-
ing media. In the so-called weak-coupling limit we consider here, waves propagate over
distances that are large compared to the typical wavelength in the system, and the fluctua-
tions of the underlying media have a weak amplitude with a correlation length comparable
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to the wavelength. Many derivations of radiative transfer equations are based on formal
expansions, e.g., a systematic method to derive kinetic equations from symmetric first-order
hyperbolic systems, including systems of acoustic and elastic equations, has been presented
in [27] in the weak-coupling limit and extended in various forms in [1, 3, 18, 26].

Mathematically rigorous derivations are notoriously difficult in the setting of spatially
varying randomness. Most proofs have been obtained for the Schrodinger equation with
a time-independent Gaussian potential, see [10, 14, 28], with an extension to (discrete)
wave equations in [22]. They are based on the Neumann series expansion of the solution
to the Schrodinger equation and appropriate estimates that allow passage to the limit.
Such techniques were also used in [5] to obtain the random mixing of the phase of the
Schrodinger solution and in [2, 20, 29, 30] to analyze limits of solutions with low-frequency
initial conditions and large, high-frequency, random potentials.

The derivation of kinetic limits is much simplified in the setting of time-dependent ran-
dom coefficients and does not require the aforementioned infinite Neumann series expansion.
Assuming a Markovian structure of the random potential enables us to use a martingale
method and a suitable perturbed test functions expansion. A limit theorem for one di-
mensional waves where such methods are used is given in [23], and more general ones in
[8]. The same approach has been applied to Schrédinger equation in different settings, see
[6, 7, 15, 17, 24].

The Markovianity of the random coeflicients simplifies derivations but is not necessary
as shown in [15]. In [9], a geometric approach is applied to more general initial data than in
[14]. A renewal of the random field is used to get the appropriate mixing properties during
the evolution. In [25], the authors consider random potentials that are correlated in time
with finite range. They proved the semiclassical limit of Schrédinger equation by pure PDE
techniques.

In the setting of the Dirac equation, the energy matrix has to be decomposed into
different propagating and non-propagating modes, which behave quite differently in the
high-frequency limit. This is the main difference from the scalar case of the Schrodinger
equation. As a result, we will see that the limiting Wigner transform satisfies a system of
coupled radiative transfer equations.

The rest of the paper is organized as follows. We describe the setting of the problem and
state our main results in Section 2. Next, we sketch the outline of the proof and discuss in
details the construction of the perturbed test functions in Section 3. In Section 4, we prove
the convergence of the different modes. The case of slower fluctuations in time, which allow
us to recover limiting kinetic models with elastic scattering, is briefly discussed in Section
5. Conclusions and some further discussions are presented in Section 6.

2 Main results

In this section, we first describe our setting, then introduce the Wigner transform as our
main tool, and present our construction of the random electromagnetic field. We finally
state the main results of the paper.



The Dirac equation in three dimensions of space reads
€0y U° + P(x,eD,)V° =0, z€R? teR, (2.1)

with the differential operator P(z, D) defined as:
3
P(z,§) =i (Z V(& — eAr(@)) +mocy” — er(x)I4> :
k=1

Here W€ = We(t, ) € C? is the wave function, € = A is our small parameter and stands for
the Planck constant, e is the unit charge, mg is the electron’s rest mass, c is the velocity
of light, and Ag(z) € R, k =0, 1,2,3 are the components of the prescribed electromagnetic
field. In particular, Ag is the electric potential and (Aj, Aa, A3) is the magnetic potential
vector.

The matrices v* € C***, k = 0,1,2,3 are the 4 x 4 Dirac matrices, which are closely
related to the 2 x 2 Pauli matrices. They consist of entries 0, 1,7, and satisfy

* *
P =0 = =Rk =1,2,3,(4%") =%,
2
YA 4 A = 0,m # 1,y = I = Lk = 1,2,3.
In our proofs, the explicit form of the Dirac matrices does not play any special role.
The relativistic current density J¢ is a 4 dimensional vector with elements .J;, given by
J]i — \I/E*’}/O’)/k\:[/a,
and the relativistic position density n(t,x) is

n®(t,x) = J5(t,x) = U (¢, 2)U° (¢, z).

We investigate the limiting behavior of the solution to (2.1) as ¢ — 0. Given the
conservation of [p,n®(t,z)dz and the fact that n°(t,z) does not admit a closed-formed
equation, the interested quantity here is the Wigner transform of W€, which we introduce
next. For more results on the Wigner transform, see [16].

2.1 Wigner transform and pseudo-differential calculus

We introduce the Wigner transform and some pseudo-differential calculus that is to be used.

The matrix-valued Wigner transform of two spatially-dependent d dimensional vector
fields u(z) and v(x) is defined as

Wlu,v)(x, &) = /Rd (2;)dei€'yu (ac - %) v* (x + %) dy,

where v* is the transposition and possible complex conjugate of v. It may be seen as the
inverse Fourier transform of the two point correlation function of u(x) and v(x), where we




define Fourier transform using the convention f(¢) = Jga €77 f(z)dz. We will also use the
notation F depending on which one is most convenient. We check that

(W, u)(z,£))* = Wy, u)(z,€),
as well as

/ Wlu, v](t, x, &)dE = (uwv*)(t, z).
Rd

This allows us to interpret the Wigner transform as an energy density in phase space,
although the Wigner transform is positive only in the limit € — 0 [16].

We recall from [1] some simple results about pseudo-differential calculus that are needed
in this paper.

Proposition 2.1. Let P(eD) be a matriz-valued pseudo-differential operator defined by

DT . ~ dp
P(eD)u(z) = /Rd e * P(iep)i(p) o)l

Then, we have

WI[P(eD)u,v|(x,&) = P <i§ + 65) Wlu,v|(z, ),

and
Wiu, P(eD)ol(x, €) = Wu, o] (z, €) P <i§ - Ef) |

Above, Wu,v|(x,&)P*(i§ —eD/2) is defined as the inverse Fourier transform fzj_lm of the
matriz Wu, v](p, €) P*(i€ — iep/2).

Proposition 2.2. Let V(z) be a real matriz-valued function. Then we have

T etxp/e P
w [V (g) U,’U] (ZL‘,&) — /Rd Wv(p)w[uv U] <.’L‘,£ - 5) dpv
and op/
x _ 6zxp £ p At
Wl (£)o]@o = [ Gy Wl (264 5) V@),
where V is the Fourier transform of V. component by component.

Remark 2.3. Throughout the paper, we assume that the spatial dimension d is equal to 3
although we occasionally use “d” for expressions that hold independently of dimension.

2.2 The random field

The Ay, appearing in (2.1) are the components of a random electromagnetic field, which
we assume to be time-dependent and of mean zero.

We follow the same construction of the random field as in [21, Section 2.2]. We do not
give here all the details that can be found in [21] and only present the most important points.



The Ag(t,x) are independent Ornstein-Uhlenbeck processes, i.e. stationary Gauss-Markov
processes with correlation function

Ri(t,x) .= E{Ar(t + s,z +y)Ar(s,y)}, k=0,1,2,3. (2.2)

Above, Ry is assumed to have the form
1 iz
Ry(t,z) = (2m)d /Rd e Pe mk(p):uk(p)dpa

where v, and py, are positive even functions in S(R?), with v.(p) > 7. > 0 for all p €
R?. These regularity assumptions are for technical convenience and could be considerably
weakened.

The process {Ag(t),t > 0} is Markovian with a unique invariant measure denoted by
7. For each t > 0 and 7y a.s., Ag(t) belongs to a Hilbert space £ that can be chosen as
the weighted Sobolev space H? , with norm

6, = [ OOIFGO-)ORE  0u(o) = (1+[af)"

for p > d and any s > 0 (this holds since u € S(R?)). Above, we recall that F denotes
Fourier transform. We will work with s = d 4+ 1 and p = d + 1 for instance, and in that
case, when d = 3, the space H? , is continuously embedded into the space of C! functions
that we denote by C!(RY). It can also be shown that the trajectories of Ay are continuous
in time with values in H? ). This shows in particular that, for any 7" > 0,

sup sup |0_,(z)V3Ag(x)| < C, a=0,1, T @.S. (2.3)
tel0,T] xeR4

We will denote by A(t, p) the Fourier transform of Aj with respect to x only. Since
Ag(t) € € for each t > 0, Ag(t) is an element of H~?(R9), the usual Sobolev space. Besides,
as Ay, is real, we have A} (t,p) = Ag(t, —p).

The process Ay satisfies a stochastic differential equation of the form
dAy = CpApdt + R 2 AWy, (2.4)

where Wj is a standard cylindrical Wiener process and Rj an appropriate nonnegative
trace class self-adjoint operator. Above, the operator Cj is the infinitesimal generator of
the strongly continuous semigroup Si(t) : &€ — &,

1 . _
et A) = —— [ ewretn® A(p)dp.
{0A@) = g [ ere D Ay
We assume that the initial condition for (2.4) Ay (¢ = 0) is drawn according to the invariant
measure 7. The generator of {Ax(t),t > 0} is denoted by Q. According to [11], section
4, its spectral gap is the same as C}, that is .. Hence, for any g € L?(£,m;) with Exg =0
(Ex denotes expectation with respect to ), we have

tQp

1" gl Lo mp) < gl 2(e mpe 2. (2.5)
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Given (2.5), the Fredholm alternative holds for the Poisson equation

Qkf =9,
provided that Erg = 0. It has a unique solution f € L%(&,7;) with E;f = 0 that is given
explicitely by
o0
== [T are%g),  Ace
0

and the integral converges absolutely in L?(€, 7)) thanks to (2.5). The latter relation will
be used in the construction of the perturbed test functions. Moreover, given the definition
of the generator Qj for the first equality below, and (2.4) together with the Markovian
property of {Ag(t),t > 0} for the second, we have

!9k Ap(s) = Ep{Ap(t + )| An(s)} = Si(t) Ap(s).

The action of exp(tQy) on Ay, is therefore represented by the multiplication operator (with
a slight abuse of notation):

€' Ay (s,p) = F 1 ("9 Ag(s)) = e P Ay (s, p). (2.6)

In the same way, one can show that

1% (A (s,p) x5, ) — B {Ai(s,p) x5, )} ) =
e—t(yk(p)+vk(q))121k(87p)jlk(s’ q) — (27r)d5(p + q)e—2tvk(p)uk(p), (2.7)

We will use the relation below to control fourth order moments of A, in the estimation
of the perturbed test functions. It is a consequence of the gaussianity of A;. We have

(2m) " B { Ag(t1, p1) Ap(ta, p2) Ar(ts, p3) Ar(ts, pa)} =
8(p1 + p2) R(t1 — ta,p1)8(ps + pa) R(ts — ta, p3)
+0(p1 + pa)R(t1 — ta,p1)3(p2 + ps) R(t2 — t3,p2)
+0(p1 + p3)R(ty — t3,p1)0(p2 + pa)R(ta — ta,p2), (2.8)

where Ry, is the Fourier transform of Ry, w.r.t. 2. More generally, we have

2n
Ewk{HAk@i,pi)}:(zw)"dZ [I 6utp)Bita—tap)  (29)
i=1

P (a,B)eP

where the sum runs over the pairings P of {1,...,2n}. A pairing over vertices of {1,...,2n}
is a partition of this set made of n pairs of couples («, 3), for which @ < 8 and such that
all the elements of {1,...,2n} appear in only one of the pairs. We will use (2.9) for n = 3.

In the sequel, we will work with vector processes A(t) = (Ao(t), Ai(t), Aa(t), As(t)),
where the components are independent and are Ornstein-Uhlenbeck processes as just de-
scribed. The generator of A is denoted by Q = Zizo O and E; will denote expectation
with respect to m = ®2:07rk.



2.3 Main theorem

Before stating the main results, we first derive the equation satisfied by the Wigner trans-
form.

Recall the equation
ey U° + P(z,eD,)¥° = 0.

We replace Ag(t,z) with \/A,(L, %) in the weak coupling limit, so the equation for ¢
becomes

3
t t
e W +i ( E AR l:é“Dk — VeeAy, (, :c)} + moey’? — Veedy (, :c) I4> U =0, (2.10)
— e e e e

equipped with a deterministic initial condition W§. As usual with Wigner transform, we
will work with mixed states: suppose ¥¢ depends on some ( € S, i.e., V¢ = \IIE, and define

We(t,z,€) = /S WIWE(E, ), WE(t, )] (2, €)m(C)dC,

for some positive integrable function m. By Propositions 2.1 and 2.2, we derive the following
equation satisfied by W,

3 3
eD eD
e W+ Z CVO’ykPk €+ — | W+ Z W.P; | i§ — — c*yo’yl‘C + imoC2(’)/0W5 — ngyo)
k=1 2 k=1 2
3 3
—ievE Y AV KWL +ieVE Y KEWyF =0,

k=0 k=0
(2.11)

where the symbol Py (€) = &, and the operators KF, lélg are defined by

dpAi(L,p) ;. p
k _ B ix-p/e Y
R = e (PN )

8 dpAL(t,
KEA(taxvé):/Rd p(;?f)s p) lzp/z—:)\(’ 7€+g)

If we divide both sides of (2.11) by € and compare with the scalar case when the dynamics
is given by the random Schrodinger equation, we see that the structures of the equations
are similar except for the term

3
iz <07 Ak P, (i€ We + WP} (i€)eyOy )

Weak solutions to the Wigner equation. We define the L? inner product for matrix
valued functions as follows,

(F(),G()) = » Te(F*G)(y)dy,
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with the same notation for the usual inner product for scalar functions. With an abuse of
notation, the corresponding L? norm will be denoted by ||-|| r2(rey for both matrix-valued and
scalar functions. We will in particular use the same notation for inner products involving W,
defined on (L2(R%))'® and W, ® W. defined on (L2(R'2))6* since there is no possible con-
fusion. We consider matrix-valued test functions A(z, &) in the space Sy := (S(R24))(d+1)?*,
We will construct weak solutions to (2.11), for an initial condition that is the Wigner trans-
form of some mixed state wavefunction, in the following sense: given an Ornstein-Uhlenbeck
process {A(t), t > 0} and T > 0 arbitrary, find W, € (C°([0, T], L?(R)))*® such that, for
any test function A € Sz,

vt € [0,T7, e(Wo(t),\) — (W2, ) = /t ds{(Ze + K )N\, We(s))ds, 7 a.s. (2.12)

0
where
3 eD\"™ 3 eD
A = =) P (i§ + 2) A=A) P <i§ — 2) 0N +imo? (0N — \0),
k=1 k=1
3 3
K.\ = —ieye Z YONRKEN 4 ier/e Z KA,

k=0 k=0

Above, W20 is the Wigner transform of the initial condition UG- We use (2.3) together
with the following relation to make sense of the last term in (2.12):

X
(J:QICI;)\mn)(x7y) = Ak (7 - g) —FQ)\mn(w,y)a

€
where F5 denotes the Fourier transform with respect to the second variable. We sketch a
proof of the existence of weak solutions by a fairly standard argument: consider a smooth
cut-off function y, with support in the ball of radius n centered at zero. According to
(2.3), A" := xn A, where A = (A, A1, Az, A3), is a bounded function in C°([0,77),C(R%)).
Owing to this regularity, and with ¥§ . € (H'(R%))* uniformly bounded in ¢ for instance,
it is direct to construct a unique solution in C°([0, T, (H'(R%))*) nC([0, T], (L*(R%))*) to
the Dirac equation with potential A™. This can be done e.g. by using the properties of
the free Dirac semigroup stated in [12], Chapter 15, §5, and a fixed point procedure. One
can then show that the corresponding Wigner transform W, , satisfies (2.11) pointwise in
t, a.e. in (z,€), and 7 a.s. Direct algebra then shows that, as usual, the Wigner equation
preserves the L? norm, that is

IWen Ol 220y = W2l 220y, VE € [0,T].

This allows us to obtain by weak-+ compactness a limit in L>°((0,T), L?>(R?%)) denoted
by W.. Moreover, it can be shown from (2.3) and (2.12) with A replaced by A", that
(Wen(t), A) is equicontinuous on [0, 7). This is enough to pass to the limit and obtain that
W, satisfies (2.12) with

IWe ()]l L2reay < [IW2 12 (e2a), vt € [0,T]. (2.13)



We will suppose that W2(z, &) is uniformly bounded in ¢ in L?(R2?) and converges
weakly as ¢ — 0 to W0(z, &) € L?(R??) without restriction to a subsequence. This holds for
instance if UZ has the form ©*e™¢/e with ¢ € (S(R%))* uniformly bounded and ¢ € R%. In

such a case, W0(z, €) reads

WO, = [ (o= ) o+ Drnta)ds

When t € L2(R?), it follows that
W2 2 g2ay < 165174 gy 10| 2 ey < C.

The entire sequence converges provided that, for some f;; € L?(R?%),
ey ey

S)@5) (@ + )mly) = fij(z,y)  weakly in  L*(R*).

o5 (v — 5 5

Mode decomposition. We need to decompose the Wigner function into various prop-
agating modes in order to state the main theorem. For this, we write first the formal
expansion W, = Wy + /eW; . +eWs . +.... Dividing then (2.11) by ¢ and expanding in ¢,
we obtain, by setting the 1/¢ order term to be zero,

3 3
Z " y* PL(i§)Wo + Wy Z Py (i€)ey*F + imoc® (7' Wo — W) =0,
k=1 k=1
where we recall that Py(€) = &. This enables us to define the dispersion matrix

3

Q) =D "7 & + mocr”, (2.14)

k=1
and we expect the limit to satisfy that
QW (t,z,8) = Wo(t,z,6)Q(E)- (2.15)
By the properties of 797*, we find that @ is Hermitian, as well as Q% = (m2c? +|¢|?)14. Let

A (€) = Ey/mie? + [€]2

be the eigenvalues of @ corresponding to the energy levels of electrons and positrons, re-
spectively. The orthonormal eigenvectors are

0 At —&s
____™moc ; 2)\'2
22+ (A 4—€3) __ _&iH182
@)= Yati& |, x(o) = -6 |,
224 (A —8€3) %
A—& +(Ar—€3)
22+ 0
____mwoc _ Li—i&
22+ (A+—€3) 22+ (A —&3)
0 A&
yi1(§) = P , y2(§) = 221 7
N 0
__Lti& _ mge
224+ =) 22+ (A+—E3)



where x1, z9 correspond to Ai, and yi,y2 correspond to A_. Because {x1,%2,y1,y2} is a
basis in C*, we can decompose W, as

_ E E ok § : E % § : E ok § : € ok
ij=1,2 ij=1,2 ij=1,2 ij=1,2
On the one hand, we have W} = W, so
€ s g _ €
a; €R, 1=1,2, ajy = a5,
£ . s __ 1E
b; €R, 1=1,2, bjy=105.

n the other hand, since W, € AR , we have that all the coeflicients
On the other hand, since W, € (C([0,T], L2(R24)))(@+1D)° we have that all the coeffici

ag;, b3, ¢i;y di; belong to C ([0, 7], L?(R??)). We will see later that the dispersion relation
(2.15) implies that ¢, d5. converge to zero as € — 0. Thus, we write the limit in the form

50 g
of
* *
Wy = E Qi T + E bijyiyj.
ij=1,2 ij=1,2

We denote by I1+ the orthogonal projection of C* on the eigenspace associated to A4, and
they admit the expressions

* *
Iy = z12] + 2275 =

N |
~
N
+
o
N—

1
- = yiyf +yoys = B <I4 - Q) .

Define of = Tr(ILL We) = af; + a3, and of = Tr(II_W;) = b, + b5,. We check that

/ (af +a)(t,x,8)dE = n°(t, x).
Rd

Therefore, we can interpret o and o as energy densities in the phase space corresponding
to electrons and positrons, respectively. They are the physical quantities we are interested
in.

Define L2, (R??) = {f : | f1l L2 (r2ay < M}. The functional space we use for (a5 (t), a2 ())
is

Hy = Ly (R*) @ L3 (R*) = {X = (X1, X2), X1, Xy € L3, (R*)},

endowed with the metric

u(xy) = 3 (1 Tl | 10— Yol

n=1

where {e,} is an orthonormal basis of L2,(R??). Tt is straightforward to check that dy
induces the weak topology on L3,(R??) D L%,(R??), and that (Hy, dpr) is a complete sep-
arable metric space.

Now we can state our main theorem.

10



Theorem 2.4. Suppose W, is a weak solution to (2.11) with a deterministic initial condition
W.(0,z,€) that is the Wigner transform of some mized states wave function. Suppose that
W.(0,z,€) is uniformly bounded in L?>(R%*?) and converges weakly in L*(R??) as e — 0 to
Wo(0,2,&) € L2(R??). We decompose W as

W - CLZJJZ‘ZQZ‘ + szyly] cijxiyj dzjyl
ij=1,2 ij=1,2 i,j=1,2 ij=1,2

Then, for the cross modes i dij, we have, with w = ¢;,di;, 0,5 = 1,2,

u(t,x,f)f(t,x,f)dazdfdt‘ < C’f,T\@

R2d

for any function f € C*([0,T],S(R??)). For the propagating modes, define o = a5, +
A5, @ = b]; + 59, and suppose P, is the family of probability measures induced by (o, o)
on C([0,T),Hp). Then, as ¢ — 0, P. converges weakly to the probability measure P =
Oy .y, where (ay,a_) is the unique deterministic weak solution in C°([0,T], L?(R%%))2 to
the following system of transport equations:

c€ - Vyoy

Oy + N ©) =T(ag,a),
o Voo (2.16)
ata_ + T(f) = T(Oé_, O[_|_).

The initial conditions are given by ax(0,z,£) = Tr(IILWy(0,z,£)), and the scattering op-
erator T is defined as

(&

2 3 .
Tlaras) =g [ (@)= as(€) 6.0 Rler (o) — A+(€)a — )i
3

62

+W/Rd<a )= (6 2 Gl DBu(es(a) + oA (€)=

where wi(&,q) +0k(§,9) =1 and

_ A (A48 + &1q1 + &2g2 + E393 + m%c2
it 2 @0 ’
A (@A (©) +&a — bage — E3q3 — mpe®
w1 (57 q) - 2)\+(q))\+(§) ,
(€,q) = A (A4 (§) — &1q1 + Eago — E3q3 — me?
T 20 (0 (€) ’
= A (@A) — Sia1 — Sage + G303 — mpe?

Above, Ry, denotes the Fourier transform of the correlation function Ry in both t and x.

11



Remark 2.5. The existence and uniqueness of a weak solution to (2.16) can be established
in a straightforward manner since the scattering operator 7 is a bounded operator on
(L2(R9))2, see for instance the results and methods of [13], Chapter 21, §2.

Remark 2.6. We assumed here that the components or the random electromagnetic field A
were independent. Our results could be generalized to coupled components with a given,
smooth, correlation function.

Remark 2.7. We see from the structure of the scattering operator that due to the temporal
regularization, the energy \/m%CQ + |¢J? is no longer conserved. We also observe a coupling
between the propagating modes oy and a._.

3 Outline of the proof of Theorem 2.4

The proof of the convergence of the cross modes to zero is adressed in section 4.1 and is
a direct consequence of the Wigner equation itself and the a priori L? bound of W,. For
the propagating modes a5, we use martingale techniques and the classical perturbed test
functions method, see e.g. [6, 7, 8, 15]. The basic idea is to use the Markovian property of
A(t) and to construct appropriate test functions on which expansions will be performed. In
order to illustrate the method, let us define first the operator L as

3 oo
Lo(x,€) = ( ;;d kzo /0 /R [ dadr (L = Lo) (r,q, 2, €) (3.1)
where
Ly (7, q,2,8) = 1°v* Ry (r, g)e "1~ 579) [Ao(ﬁ — 7% — 09 N (g) | e 426 Em9)
Loy(r,q,z,&) = e (6750 [Ao(ﬁ)vovk —9* X0 (€ - Q)} e A2 2D 0k Ry ().

We introduce as well

3

1 0_k 1 0.k
Ao = 3 ; (CV 7 Dido + 5 Dprocy™™ | + Lo, (3:2)

with .

0 kpx [ Zp . 2 0
A& p) =) " R (zs+ 2) — imoc*y’,

k=1

3 i

Az(&,p) = ZPk <i£ — 2> ev9F + imoc?AP.

k=1
Above, e "1 for instance, is the exponential of the matrix rA;, and we recall that Dy, is

the derivative w.r.t. the variable z;. The operator L is related to the scattering operator
T after appropriate projection onto the propagating modes. We claim that for Wy the

12



limiting Wigner function and for any test function Ag such that QA g = M@, we have that
Wy satisfies the equation

t

o, o) (£) — (o, Wo)(0) = /0 ds((Dy + A)Xo, Wo) (s).

This motivates us to define the first approximate functional Qio : CO([0, 7], L?(R?%)) —
C([0,T)) as

GLIW(t) = (ho, W)(t) — /0 ds((0r + Ao, W) (s).

Assume P, is the probability measure induced by W on (C°([0, T], L2(R2)))(@+1D*  We will
show that, for all ¢ € [0, 77,

E* (G}, WI(D)} — (o, WD) < CVE, (3.4)

where we recall that W0 is the Wigner transform of the initial data. Supposing then
that (a5, o) converges in law to (aq,a—) in C°([0,T], Hy) and choosing appropriate test
functions Ap in (3.4) (that are defined further in section 4.2 and are related to projectors on
a5 and o ; for these test functions, the measure P, reduces to the measure P, generated by
(a5,a%)), we obtain from the above relation that (E{a}, E{a_}) satisfies the transport
equation system (2.16) by sending € to zero. The proof of tightness of (af , % ) is addressed
in section 4.4.

functional. For any test function Fy and Gy satisfying the dispersion relation, i.e., QFy =
@, and QGog = GoQ, let pg = Fy ® Gg. The second approximate functional gﬁo :

Co([0, T, L2(R4))(@+D* _5 ¢0([0, T]) is defined by

In order to show that the limit of (a5, ) is deterministic, we introduce a second

G2 W](t) = (Fo@Go, W @W)(t) —/Ot ds(Fy®[(0r + A)Go| + (0 + A)Fol @ Go, W @ W)(s).

Above, we have used the notation (W ® W)(t,x1,x2,£1,82) = W(t,x1,£1) @ W(t, x2,&2).
We will show that, for all ¢ € [0,T],

EP{G2 [W](t)} — (Fo ® Go, W2 @ W2)| < CVE. (3.5)
Letting ¢ — 0, we will obtain that E{a} ® ay} = E{ay} ® E{ay} and E{la_ ® a_} =

E{a_} ®E{«a_}, which implies that (a4, a_) is deterministic and the solution to the trans-
port equation system (2.16).

We next go through the construction of test functions.

3.1 Construction of A\, \;.

Denote by P the probability measure induced by the jointly Markov process (W.(t), A(t/e))
on the space CO([0,T], (L2(R24))(@+1D)?* » £4) Here, A = (Ao, A1, A, A3) is the random

13



electromagnetic field constructed in section 2.2. Given V € &4 W ¢ (LQ(RQd))(d“)ZaHd a
smooth function F', the conditional expectation is defined as

EFe y AF(A(T), W (7))} = EP{F(A(r), W(r)|A(t) = V,W(t) = W}, 7>t

The only functions we will be interested in are those of the form F'(V, W) = (A(V), W). The
weak form of the infinitesimal generator of the Markov process induced by (Wc(t), A(t/¢))
is then

d o, 1

ah By v {Q(A(E + 1)), W(t + Rh))} =0 = (EQ + 0+ A)A(H), W ). (3.6)

Above, Q is the generator of A introduced in section 2.2 and ¢ A, := Z. + K., the latter
operators being defined below (2.12). Let A = Ao + vEA1 ¢ + eXa e with Ao € C1([0,T], Sy)
satisfying QAo = \oQ. Plugging this expressions into (%Q + 0y + Ac) e and equating like
powers of &, we find that the term of order 1/¢ is equal to zero.

Considering the term of order 1/4/¢, we introduce the fast variable z = /¢ and define
Me=M(A t,z,2/e,§), where A\ (A, t,z, 2,£) solves

Qj\l — Alj\l — 5\1A2 = F. (37)
Above, A\ = FoospAi, Ai, Ay are defined in (3.3), and
Fi =ieGy(p) o (f — g) — e ({ + ) G(p),
5 _ [t
=Y 1"F A4 (87p> -
k=0

Since E {F1} = 0, (3.7) can be solved as explained in section 2.2, and its solution is given
by

zzp
/ erQ / e "M Fre” 4 dpdr. (3.8)
Rd

Above, and in the sequel, "€ is a scalar operator acting on each entries of the matrix that
follows it, here the Fourier integral of e~ "41 Fie~"42. We will show in section 4.2 that the
entries of \; are well defined as elements of L2(R?? x £%).

Similarly, we can define Ao . = Aa(A, ¢, x,x/¢,§) with Aa(A, ¢, z, z,§) solving
Qg — A1dg — Aady = Fo + Lo (2m)%5(p), (3.9)
where 6(p) is the Dirac measure and

e

Py = % /Rd Gelg)(p—a.& - %)dq ~ @y /Rd Mp—q. &+ g)Gt(Q)dq‘

The solvability comes from the fact that E {Fy} + Lo (27)%3(p) = 0, and the solution is
given by

zzp
/ er / e A (Fy + LAo(2m) 8(p))e "2 dpdr-. (3.10)
Rd

14



Again, we will show in section 4.2 that A2 is well defined.

Now that we have the test functions A\ . and Ay ., we know by (3.6) that

Gy [W](t) = (A, W)(t) — /0 ds <(iQ + 0+ Ac) A, W> (s)
is a P.-martingale, so that
EP={GV [W](t)} = EF{G,*[W](0)} = EP= {(\., WD)} (3.11)

With A\; = Ao + Ve + ela,, it follows that

GEWN(E) = G, [W](1) + (Co, W) (8) + /0 t ds(Cy + Cs + Cy, W) (s), (3.12)

where the correctors C; are given by

Cl = \/g)\l,s + 6)\2,87
Co = =0 (Ve s +eXag),
3 3
C3 = +/eie Z vovle’;)\z,g — \zie Z /6];)\2,5’707]67
k=0 k=0
3

3
! = 1 eD,
Cy = - Z cvofykPk (2> (VEX e +eXae) + Z Z(ﬁALE + &) Py <_ ) ey Ok,

2
k=1 k=1

Remark 3.1. In Cy, the derivative D, is with respect to the slow variable x.

In order to prove (3.4), we will show in section 4.2 that the correctors are small:
||C7‘(t)HL§5.,r SC}\Q,T\/E; ’L:L ’4’

uniformly in ¢ € [0,T]. Above, we have used the notation, for both matrix-valued and scalar
functions f defined on R% x R4 x £*:

HfH%zéﬂ = EW||f”i2(]R2d)-

3.2 Construction of (., o,

First of all, we derive the equation satisfied by W, ® W.(t, x1, x2,&1,&2). Define the 16 x 16
matrices

Mile vals Ysls Vi Y0 0 0
Tk 7%114 7%’:2]4 7%':314 7%4-’4 k| O ol Ok 0
Yorla vgols v5als v5uda | 0 0 ~* 0
Yils Vipls Visls i 0 0 0 ~*
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We have

eOW. @ W, = —imoc®(T0+TO)W. ® We + imoc?We @ W, (I0 +T9)
3
D o~ D
— Z {CFOF’CPM <i£ + 2) + cIT* Py <i£ + 2)} W. @ Wk
k=1
3
D - D
W W) [cror’fp,jl <i§ — €2> + cLoTr Py, <z§ - 8)]
k=1

3
N (romcgl + fOszcg;Q) W. @ W.
k=0

3
—ieVEW. o W S (rorkié’;l + fof’f/é’;z) —0, (3.13)
k=0

where Py, P,;"l,IC’;Z,ICk are the same operators as before but acting now on the variables
(l’i, 67,)72 = ]-7 2.

Writing (3.13) as Oy(W. ® We) = Bi(W. ® We), the weak form of the infinitesimal
generator of the Markov process (u, W. @ W) is

d s, 1

B A+ 1) W+ 1) mo = (2@ + 0+ B W W)

Define pe = po + ep1,c + €p2,.. Then

GLEW(t) = (ue, W @ W)(t) /0 ds <(iQ+8t + B pe, W @ W> (s)

is a P.-martingale. Consider (%Q + 0 + B:) e, and after expanding in e, the term of order
1/e is

3 3
3 e [ror’fp,;g(z'g) + fofkp,;;(z'g)} ho — %Mo S e [Forkpkl(z'g) + fofkpkg(ig)}
k=1 k=1

1
+ —imoc®(T0 + T g — —imoc? o (10 4 T9).
€ €
If we choose g = Fy ® Gy with Fy, G both satisfying the dispersion relation, i.e.,

QFy = FoQ, QGo = GoQ,

we can check that (I) = 0. For cancelling the term of order 1/4/¢, we introduce similarly
fast variables 21 = x1 /¢, 220 = x2/¢, and define

I i)
Ml,E(A7t7x17m2a§17£2) = M1 (Avta-rla ?,1‘2, ?a§17£2> 5
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with p; solving

3
D\ ~- D .
Qu—Y ¢ [For’fp,:l (zf + 2) + TOPk Py, <i£ + 2)] ji1 + imoc? (FO + FO) "
k=1
5 D Lo D .
— i1 Z c {FOF’“PM <z’g - 2) +T°T* Py, <i§ — 2)] — imoc (FO + FO) (3.14)
k=1
3 o 3 ~ o
—ie} (rork/cfl + rork/cg) Ho — ity (rorkicfl + rork/cg) .
k=0 k=0

We can check that the solution p; = F} ® Gy + Fy ® G1, where Fy, G solve (3.7) with Ag
replaced by Fpy, G respectively.
Remark 3.2. In (3.14), we replace ;/¢ by z; in the operators KX I@?Z
In the same way, we define
~ ~ x x
M?,E(Aa t? X1, T2, 517 52) = K2 (Av ta x1, ?17 €2, ?21 §17 52) )

and po solves

3
D\ o D _
Qua— Y ¢ [Forkp,jl <i£ + 2) +1°T* P, <¢§ - 2)] pi2 + imoc? (PO - FO) 142
k=1
> D . D N
S {FOF’“PM (i{ - 2> + TOT* Py, <¢5 . 2)] — imoP s (PO " FO) (3.15)
k=1

3 3
—iey (r“rk/c’;l v fOfk;c';Q) i — ey (rﬂrk;@f;l v f“f’f}é’;z) + Luo.
k=0 k=0

We define Lyg such that the r.h.s. of (3.15) has mean zero so that the equation is solvable,
ie.,

3 3
Lo = E, {_ie S (TOTRKE, + FOFRCE, ) i+ e 3 (TOTFRE, + FOTARS, ) } .
k=0 k=0

Injecting p1 = F1 ®Go+ Fy®G1, we decompose Ly into two parts, i.e., Lug = Liug+Lopo,
where

5 3
L po =ieE, {_ Y TTFKE R ®Go+ FL®Goy FOFk’@]gl}
k=0 k=0

3 3
—telE, {Zfof‘kaQFo ® G1 + Fy ® Gy Z fofk/éfz}
k=0 k=0

=(LFy) ® Gy + Fo ® (LGy),
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where L is defined in (3.1) and

3 3
Loy =ieE, {— Y TTFKE R @G+ Fo® Gy FOF’“I@’;l}
k=0 k=0
5 5 (3.16)
— ieE, {Z T K Fy @ Go+ Fi® Go Y | fof’f/@g} .
= k=0
By this decomposition, we can write ps = Fy ® Go + Fo ® G + fi2, where Fy, G9 solve (3.9)
with \g replaced by Fy, G and fio solves the following equation

3
D\ sp- D ~
Qfia— Y ¢ {FOF’“P,;‘I (ig + 2> + TOPk Py, <if + 2)] i + imoc? (FO + PO) iz

k=1
> D - D
R {FOF’“PM <i§ - 2) 4 TOTk Py (ig . 2)] — imoc2fis (FO n F0>
k=1
3
=ie <Z T *CE Ry © Gr — Fo ® Gy Z rorki%§1>
k=0

+ ie <Z FOFkK:k FiloGy— N ® GOZFOFkICk ) + Lo pup.
k=0

With e = po + Vep e + epa,e, we have

t 5
ggz)s[W](t):giO[ }( ) <01,W®W / ds <ZC >( ),
=2
and the correctors C; are
C, = \/5/“,5 + e,
02 = _8t(\/gﬂl,e + 5”2,6)7
3 3
Cy = ey (TOTRKCE + TOTFKE) ) o — iev/Epiae 3 (TOTFRE, + TOTKL, )
_ k=0
04 = _LQ/*j’Oa
3
~ . (€D, ~0mk e [ €Dz
C; = z ;C [Forkpm < 5 ) + TOT* Py, ( 5 ﬂ (Vepre +epae)

1 3 eD -0~ eD
(Ve +epae) Zc[POFkPM <— ;) +TT% Py <— ﬂ

2
k=1
Remark 3.3. In Cs, D, is with respect to the slow variable.

We will prove in section 4.3 that the correctors are small in L2.
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4 Proof of the main theorem

We first prove the convergence of the cross modes in section 4.1, and address the convergence
of the propagating modes in section 4.2 for the expectation and in section 4.3 for the second
moment. In section 4.4, we prove the tightness and finish the proof of the main theorem.

From now on, we use the notation a < b when there exists a constant C such that
a < Chb.

4.1 Cross modes

We show here that the cross modes converge weakly to zero. Rewriting the weak formulation
(2.12) for a time-dependent test function F € C*([0,T],Sy), we have, for all t € [0,T],

(B, W) (t) — e(F, W.)(0) = /0 t ds{(£8y + T + K2 F, W2 (s),

where Z. and K. are defined below (2.12). We rewrite first Z. as

3 3
I.F = (Z ePyFigg + imOCQ’y()) F—-F (Z i€rer 7" + 2'77100270)
k=1

k=1

3 3
D D (4.1)
0k p* 0.k
—52 cy VP <2>F—5FE Pk<—2>077
k=1 k=1

= QF — FQ + eRyF,

where @ is the dispersion matrix defined in (2.14). Then, using (2.2) and the regularity of
Ry, we find

H’Cgan(Sv )H%i en = /R3d dxdydy/Rk(O, (y — y/)/Z)ngmn(x, Y)(Fo2Fmn)* (s, , y/)

2
5 ”an(87 ')HLQ(RQd)’

with a similar estimate for I&f , and this implies that K./y/ is a bounded operator on L2.
Thanks to the estimate (2.13), we therefore obtain from the calculations above

E.| | L 4s(QF - FQ.W.)(5)] 5 V2.
0

Recalling that

Wom S doait S i+ Y e+ Y s

ij=12 ij=1,2 i,j=1,2 ij=1,2

with a similar decomposition for the matrix F', we have

F * F, *
QF — FQ =2)\¢ Z cij’gaziyj + 2A_ Z dijsyixj.
i,j=1,2 i,j=1,2
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If we choose cF = f/Ay for some function f € S(R??), and a = bf;-’e = df-;’e =0, we have

E, < Ve

/ " s, (9)

0

The same is true for d‘E if we choose other test functions. We can therefore conclude that

the cross modes ¢j; and d;; converge to zero weakly.

Remark 4.1. We do not necessarily have the weak convergence of ¢;;,d;; as processes in
C°([0,T), L?(R??)) here. The following is a heuristic argument: rewrite the equation (2.11)

satisfied by W, as

3 3
OWe + — Z N* P (i&) W, + Z WP} (i€) ey 'y* + imoc ("W, — WA?)
k=1 k=1
= O, W. + X (QW W.Q)+...=0.

All terms that are not reported here are those of order 1 or 1/y/e. So we have

x;atwey] (QW |44 Q)yj =0,
which leads to 9ic
5, + “35 T =0

We see that as € — 0, the cross modes ¢j; are highly oscillatory in the time variable, and

go to zero weakly in spacetime. The same happens to d;;. From this perspective, we can

only expect the weak convergence in time as a L? function rather than as a process in
([0, T, L*(R*)).

4.2 Convergence of the expectation
We have first the following lemmas concerning \; . and Aa .
Lemma 4.2. H/\I’E(t)HLi,g,ﬂ < Cyy,1 uniformly for t € [0,T7.
Proof. Recall from (3.8), we have A\ (¢, z,§) = A\i (¢, z,2/¢,§), and
Mt z,2,6)
. /O " drer® /R d C?;:fe%@% [Gep)role — B) = Moe + 2)Gulp)] 26,

where A;, Ay are defined in (3.3) and Gy(p) is defined below (3.7).

Take one of the two terms above, for example

/ drerQ/ dpAk(e’p) ’Zpiee_rAl(é’p)vofyk)\o(g—E)e_“%(ﬁ’p)
Rd (27T) 2

— —/ dre" S f(r,t,z,€).
0
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The Minkowski integral inequality together with (2.5) yields

H(I)mn”L2 S/0 drHeTQ(f(t, T?'?'))mnHLig,ﬂ S/0 dre*'Y*T/2H(f(t7r7,,,))mnHL2

z,8,7 z,§,m

Above, we used the fact that e"Sf = "2 f since f only depends on Ay. According to (2.2),

we have
R(0,p) / _ P, _

.. 2 — 2 rA1(§,p) A0,k _ Py —rAx(&p)

I, ))m””Li,s,w ¢ /]Rd /]Rd dadg /Rd (2m)d (e 77 Aol 2)6 )

X( —rA1(£p) 0 k)\o(aff——) *TAz(éyp)>;J_

Since the dispersion matrix @ is hermitian and A1 (£, p) = —icQ(E+5), A2(§,p) = icQ(£-5),
it follows that any element in e="41(6P) and e="42(&P) ig uniformly bounded, and thus

MEDN[METS

Since R € S (R x R?) and g € Sy, it follows that (I),,, is bounded in Li,g,w uniformly in
time. The proof is similar for the other terms in the definition of A;. [J

mn

e €00k ng(a,  — B erate (4.2)

2

Zj

Lemma 4.3. ||>\2’€(t)||L,2.£ < Chy,1 fort e [0,T].

Proof. The proof is a little more involved than the one for A1 .. Recall that
Qs — A1ds — MoAy = Fh — Eo{Fb},

where

e

F2 = (in)d Ad Gt(‘l)jxl(p - q7€ - g)dq - W /Rd 5\1(]) — q’.f —+ %)Gt(Q)dq,
and
M(p.€) =~ /0 drer Qe D) [ieGy(p)Ao(€ — £) — ieho(§ + D)Gulp) | 4.

According to (2.6), this can be recast as
3 oo .

Sa(p&) = —ie 3" [ dre 0 Ayt p)e D [10500(6 = B) — dafe + Dyt e o),
— /0

We can then write Fy = %(31 — By), where

3 [e.e]
- _Z/ qut(Q)/ dre” W=D Ay (¢, p — q)e M EEPm0)
k=0 /R? 0

X [vovkho(ﬁ 2) Ao(€ + — )0y | e A2(E 5 )
= Bri- B, (4.3)
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and

3 o0
- Z/ dq/ dre T P=D 4, (1, p — q)e—rA1(£+%7p—Q)
o /R4 0

[ Y Xo(€ +q - *) Xo(€+ )vovk e A28 rm0 G, (g)
= BQJ — 3272.

Hence, Ao admits the expression

rQ dpezz P —rA —e? —rA
Xo(t,w,2,€) = dre @) e " (QW)d(Bl — By —E;B; +E;By)e 2. (4.4)
R

Consider the term in By — E;Bq, that we denote by A2 1. Then, as in the proof of Lemma
4.2 , it follows that

mn

oo
[Oet)nllzz, <C [ dreer
x, &, 0

/ dpe*P (e_’"Al (B — ]EWBl)e_T’Az)
R4

2
Lac,&ﬂr

We split the last term into four terms involving B;;, and consider for example the one with
Bi 1. Recalling that Gi(q) = Zzzo 70k A (L, q), we need to estimate terms of the form

Dkk’ = quk(t, q) / dplek'(t,p - Q) (fkk’(rawagvpv q>)mn
Rd R4 L &
where
oo
fkk’ (T, x, €7 D, q) = eiZ‘p / dr,ei’yk/ (piq)r,eirAl (f,p),yo,yk
0
) AEEP 000K (g ¢ Dyemr A6 foma) ralEn) (4 5)

2

We only treat the most difficult cases corresponding to k = k" as they involve fourth order
moments of Aj. The case k # k' only involves second order moments since Ay, and Ay are
independent. Following (2.8), there are three terms to estimate in (Dgx)?, and they are all
bounded in the same way. Picking say the last one in (2.8), we find

(I) = (27r)2d /R2d dl‘d§ /R2d dQIdQ2(fkk(7”a z, ga q1+q2, QI))man(Oa 2q2)(fl:k(r7 z, 57 q+q2, Q2))man(0’ _2q1)

Proceeding as in the proof of Lemma 4.2, we find that

()\O(%’§ B g))u )

Since R € S(R x R%) and )\ € Sy, it follows that (I) is bounded uniformly in time. As
was already claimed, all other terms in Ay are treated in the same way and are therefore
uniformly bounded. This ends the proof. [

’ (fkk’ (T,IL’,f,p, Q))mn (46)

The terms Cy and C} are treated in the same way as C4 since it suffices to replace Ag by
its derivatives w.r.t. ¢ and the slow variable x. Regarding Cs, we have the following lemma.
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Lemma 4.4. ||C5(t)]| 2 g Cho,7VE for all t € [0,T].

Proof. The proof is similar to that of Lemma 4.3, with the only difference that we now need
to estimate sixth order moments of A. There are several terms that have to be estimated,
and since they are all treated in the same way, we only detail one representative calculation.
We will control IC’;)\M in L?ﬂ’&7T norm. We start with expression (4.4) for Aa ., and treat for
instance the term in By — E;Bj 1, see (4.3). As in the proof of Lemma 4.3, we select the
combination of A;, that leads to the highest order moment. This contribution to Ay, has
the form (we omit the time-dependence for simplicity)

/OO drerg/ dpdq (flk(p — q)A(q) — Ex{Ay(p — q)flk(Q)}> frr(, €,7,p,9)
0 RQd

where fix is defined in (4.5). Using (2.7) and keeping only the first term resulting from it,
the above expression becomes

R2.9):= [ | dpdadito = ) Au(@)a.&.p.0),

where

o0
g9(z,&,p,q) = / dre~ "R P=DFWD) fi) (2 € p,q).
0

We then estimate

HKI;IkH%i = Er /RM dX (A () Ae(p' — ¢)AR(d)) " Ax(u) A (p — @) Ar(@)h(X),  (4.7)
where dX = dxdédudvdpdqdp’dq’ and

h(x7 57 u,v,p, Q7p/7 q/) = (27T)72d6i$-(u7v)/c’g(x’£ - U/2,p, q)g* ("Bvé‘ - 0/2,]7/, q/)

Using A*(p) = A(—p) and (2.9), there are 5!! = 15 pairings and therefore 15 terms in the
expectation in (4.7). They are all treated in the same way, and we pick as an example the
one that is proportional to

6(u —v)R(0,u)d(p — q — p' + ¢ )R(0,p — ¢)0(q — ¢')R(0, q).

This yields a contribution of the form
|, dndedudpdafi0.0) (0.0 = RO, )lg(o. €~ 0/2p.0)F

S IR o sup [ dud€lo(apa)f
p,q JR2d

5 H/\0H%2(R2d)a

where we used (4.6) in the last line. All calculations done, we find that

||K§)‘2,£”i2 5 HAOH%?(RM),
x,§,m
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which ends the proof. [J

We are now in position to prove (3.4). We start from (3.11) and have first, since W2 is
deterministic,

EP {0, W)} = (A0, W2) + VEER{ (A1 0, W)} + eBn{ (Do, WP) .

According to Lemmas 4.2 and 4.3, the last two terms are of order /. Above, we have
used the fact that the expectation over P, reduces to the expectation over m for functions
of the potential A only. Then, using (3.12) together with Lemmas 4.2, 4.3, 4.4 and (2.13),
it follows that, for all ¢ € [0, T7,

E*={G} [W](6)} — EF={G}, W]()}| < CVE,

which then yields (3.4). Now we can prove the following proposition about convergence of
expectation.

Proposition 4.5. If (a5, a°) converges weakly to some (a4, a_) in C°([0,T], Har), then

(Eay,Ea_) is the weak solution to (2.10).

Proof. In order to simplify notation, we will denote by E both EFs and Ef¢, knowing
implicitly that EPs applies to functions of W, and EPs to functions of (a5,a%). First of
all, we examine the initial condition for (Eay,Ea_). For fy € S(R??), choosing the test
function to be Ao = fo(z12] + x223) (this is allowed since the vectors x1 and x2 are smooth
as can be seen from their definition), we have

(A0, EW)(0) = (fo, Ea5 )(0).

Then, since (Ao, EW:)(0) = (Ao, Wo)(0) = (fo, Tr(I11Wp))(0) and (fo, Ea? )(0) — (fo, Eay)(0),
we obtain Ea (0) = Tr(I11Wy(0)). The same discussion holds for Ea_(0).

Besides, according to (3.4), we have

(Ao, EWo)(t) — (Ao, EW.)(0) — /Ot ds{(0¢ + A)Xo, EW,)(s)| < CxyrVeE.

By the choice of \g, we further obtain

o, EW2)(E) — (Ao, EW.)(0) — /0 t ds(9: Mo, EW.)(s)
= (fo, EaS.)(t) — (fo, EaZ)(0) —/O ds(0; fo, Bas,)(s)

t
= {foBas)(®) = (o Bas)0) = [ ds(orfoBas)(s)
as € — 0.
For the remainding term fg ds{AXo, EW,)(s), we need to calculate i A*(EW.)x; +
x5 A" (EW,)xg. After some lengthy algebra, we get
70{ - VEas

+
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where (I) includes terms containing ¢;;»d;;. Using the convergence results on the cross

modes obtained in section 4.1, we check that E | fot ds{fo,(I))(s)| = 0 as € — 0. Thus, we
have shown that (Eay,Ea_) is the weak solution to

c€ - VzEay
A+(8)
with the initial condition given by Ea (0) = Tr(I1.+Wy(0)).
In the same way, if we choose A\g = fo(y19; + y2y5), we obtain
c€ - ViEa_
A—(£)

By uniqueness of the solutions to the above transport equations, the proof is complete. [

815E06+ =+ T(Ea+, EOd )

Ea_ + =T(Ea_,Eay).

4.3 Convergence of the second moment

We now prove (3.5). Recalling the construction of p. = po + /ep1c + €pa e, we need to
prove that the correctors C;,i = 1,...,5 are small. The only term that requires a different
treatment than the correctors C; of the previous section is Cjy, for which we have the
following lemma.

Lemma 4.6. HC'4(t)HL2(R4d) < Clore?? uniformly in t € [0,T).

Proof. There are four terms in the definition of Layg in (3.16), all of which are treated in
the same way. We only consider one term, for example

3 3
dpAp (%,
ZTOFk/Cleo 2G, = Z ’YOVk/ w zxp/sFO(Lg _ 32) ® Gy.
=0 =0 R4 (27T) 2
Since

X

t —
Gl( y L 875)

o) d 6 x-p/e
e TQ p 7TA1( 7p) y _ B _ ]2 77'A2(£’p)
/0 dre /Rd ) e [Gt(p)Go(f 2) Go(&+ Z)Gt(p)] e ,

and Gy(p) = 323 oY 'ykAk(E,p) taking one term in the sum and ignoring constant, we
have
dpAn(L.p) p
I) = 0.m g’ m-p/sF _ Y
( ) (,Y Y /Rd (27T)d € 0(3375 2) ®

o0 dpA~n(z D) - -~ D, _
rQ g’ ixwp/e —rA1(Ep) 0. n ' rAa(&,p)
(/0 dre /]Rd 7(2@5! e e Y Y"Go(z, € — 2)6 .

For any element in matrix E;{I}, we know that it is a linear combination of terms of the
following form

/ dr/Rd dpe%l gypﬁik(r p)f(z1,& — ]23) (z2,& + )T1(7” €2, p)Ta(r, &2, p),
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and f,g,T1, Ty are from Fy, G, e "41(&2P) ¢=742(82,-P) yegpectively and we can show they
are all real. So

. R ~ i(e) —29)-(p1=P2)
”(Z)H%Q(RZd) _/Rﬁd/o /o HRy(s1,p1)Ri(s2,p2)e” ¢ S dsydsadp dpadmy dadg dés,

where

H= ] fe,& - *) 11 9(952,52+%) 11 TiGs1&.00) T Tils2, €2, p2).-

i=1,2 i=1,2 i=1,2 i=1,2

By density argument, we can assume f(z1,£1)g(22, 2) = hi(z1+22)he (21 —22)hs(§1)ha(€2)
for some smooth function h;, then we have

= | (w1422)* | ha(w1—2)|* ] ha(€ 1—* ) ] ha §2+pz IT Tits &0 T Tis2, &2, p2)-

1=1,2 1=1,2 i=1,2 1=1,2
Changing variables y; = z1 + x2,y2 = 1 — T2, and integrating in y;, we have

00y =€ [ [ [ TL e =5 TT e+ 5 T Ttonsomn)

1=1,2 1=1,2 1=1,2

1 Ti(s2, &2, p2) Ric(s1, p1) Ric (52, p2) <p2
i=1,2

p1 ) d81 dSdel dp2 d§1 d§2

for some constant C' and ¥ is the Fourier transform of of |ha|?. Since T} is bounded,
integrating in £ and & yields:

l|(@ HLQ Réd) / / / 1 (51, 01) Ri (52, p2) 0 <p2 —p1> |ds1dsadpidps.
R2d €

Changing variable py = p; 4 u, then integrating in pi, s1, so, since Ry, € S(R x RY), we

have
N < L (U < -d
||(2)”L2(]R4d) N/]Rd Z/(E)‘durvg I

which ends the proof. [J

Since pu1 = Fy ® G1 + F1 ® Gg and ps = Fy ® Go + F» ® Gg + fie, and we already have

the control for Fi, Gq, Fy, G, we only need to show that E,r||u2||L2 (Rid) < C. For this, we

note that the matrices
3 o i ~
A, = Z [ror’fpkl (zf + > + 1Tk P, (i€ + 5)] — imoc®(TY +TY)
g ) ~ o~ 1 ~
Ay = {ror’fpkl (i{ - §> + TOFF P, <i§ - 5)] +imoc? (D0 + 1Y),

k=1

are both of the form iM for some hermitian matrix M, thus any element in the matrices
e ™A1 e7A2 ig hounded. The rest of the proof is similar to the one for A2¢, the details are
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omitted: the equation satisfied by jis is inverted and the r.h.s. involves quadratic quantities
the random field A that are treated in the same way as with Ay, by using fourth order
moments as in the proof of Lemma 4.3. At this point, we have therefore, for all ¢ € [0, 77,

EWHﬂl(t)H%%RM) "‘EWH[LZ(Q”%%RM) <C.

Similar bounds can be obtained for the derivatives w.r.t. ¢ and the slow variable z, which
lead to, for all ¢ € [0,T7],

Eﬂ||éi(t)||i2(R4d) < Ce, 1=1,2,5.

The control of the corrector Cy is a consequence of Lemma 4.6. The bound on C3 is obtained
by following the lines of Lemma 4.4 on the corrector C's, and using the above remark about
A and A,: Cs involves the product of three random fields with different arguments, which
leads to the estimation of sixth order moments of A. We do not provide the details since
the calculations are the same as in Lemma 4.4. Proceeding as for (3.4), we finally obtain
the estimate 3.5. We are then able to prove the following proposition.

Proposition 4.7. If (a5, a% ) converges weakly to (o, a—) in C°([0,T], Har), then (ay, o)
is the unique weak solution to (2.10).

Proof. We use the notation of Proposition 4.5 and recall that a1 (0, z, &) = Tr(IILWy(0, z,£))
since WY is deterministic. We set Fy = fo(z127+2223) and Gy = go(z127 +2223) for smooth
functions fy and go in S(R??). From (3.5), we have

’<F0 ® GOaE{Ws ® Ws}>(t) - <F0 ® G07E{W€ ® Wz—:}>(0)

- s (Fo © [(01 + A)Gol + (91 + A)F] & Go. EQW: & W.}) (5)] < V7.

By the choice of the aforementioned Fy, Gg, we have
(Fo ® Go, E{W: @ We}) = (fo ® go,E{a} ® a7 })

as well as

(Fo ® [(9¢ + A)Go] + [(0s + A)Fy] ® Go, E{W. @ W.})
= (fo ® go, E{of ® (x] A" Wy + 25 A" Wewo) + (2] A" Weay + 25 A" Wexn) ® o })
+ (fo ® Orgo + Oi fo ® go, E{a? ® a5 }).

By following similar arguments as in the proof of Proposition 4.5, we find as € — 0,
(fo® go, E{ar @ oy })(t) — (fo ® go, E{ay ® oy })(0)

t -V, 'vfl‘z
= /0 ds < <3t + %) fo®go+ fo® <8t + %) 90, E{ay ® a+}> (s)

+ /0 ds(fo ® go, E{ay ® T{as, o) + Tlag, o) ® g })(s).

Note that the term E{a+ QT (a4, a_)+T (a4, a—)@ay } can be written as a linear functional
of (E{at ® at},E{ay ® a_},E{a— ® at}). By choosing other forms of Fy, Gy, we can
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derive other equations satisfied by (E{ay ® a_},E{a— ® ay},E{a_ ® a_}). Introducing
U= (E{oyr ®ar},E{lay ® a_},E{a- ® ay},E{a— ® a_}), we then obtain a system of
transport equations of the form

C§1 . Vm + C§2 . Vm
Ay (&1) Av(&2)

where the linear operator H acts on the variables (&1,&) and is bounded on (L?(R%?))2.
As for (2.16), the existence and uniqueness of a weak solution to (4.8) can be established
without difficulty using the methods of [13] Chapter 21, §2. Then, it is directly checked
that (Eay @ Eay,Eay @ Ea_,Ea_ @ Eay, Ea_ @ Ea_) satisfies (4.8) with the same initial
condition as U. By uniqueness, this shows that (a4, «_) is deterministic and satisfies (2.16).
The proof is complete. [

U + < > U =HMU, (4.8)

4.4 Tightness

In this section, we prove that (o, af ) is tight in C°([0,T], Har). As a consequence, (a5, af)
converges in law, up to an extraction of a subsequence, to some random variable (a4, a_).
Together with Propositions 4.5 and 4.7, it follows that (a4, a_) is deterministic and the
solution to the transport equation (2.16). Since the latter admits a unique solution, it
follows that the whole sequence (a7 ,a° ) converges and concludes the proof of the main
theorem.

Proposition 4.8. (a5, a%) is tight in C°([0,T], Har).

Proof. Since the set Hj; is compact when endowed with the metric dy, we remark first
that we only have to show that the process (f,a%) € C°([0,T],R) is tight for any function
f € L?(R??), and thus by density for any smooth function f € S(R??). We choose f to be
real-valued. Take o for example and note that

(f,ad) = (f(z12] + m223), We).

Defining Ao = f(z12] 4+ 2223), we have (f,a%) = (Ao, We). Choosing then the test function
Xe = Ao + VEA1 ¢, where A . is defined in section 3.1, we have

1

Koh W) (6)+ G WD)

Qocw(0) = [ds (Rala+ vER) + -

0
- \EO\L&; W5>(t),
= xe(t) + gif[WE](t) + Re(t),

where the operator Ry is defined in (4.1), Kz in (2.12), and

R(t) = Ve /O s (Rodo, W2) () — VEOue, W20,

We will show below that supycpo ) [Re(t)| converges to zero in probability, which means we
only need to address the tightness of z(t) + g/l\’:[Wg] (t). Thanks to the uniform bound on
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W, and adapting Lemma 4.2 to Ro\1 ¢, the first term in R., denoted by R}, can easily be
shown to verify

Eﬂ%{ sup |R;<t>|} S Ve
t€[0,T

Regarding the second term, recall that A . reads, using (2.6),

3 .
. 00 dpezz-p/s 5 t 3
= _ E A O Yk (p)
)\I,E(t7 xz, g) te kzo/() dr /]R’i (zﬂ)d k <€ap> €

x e ) [70%)\0(5 - g) —Xo(§+ g)%ﬂk e A2 (En)

3
— Z Al,e,k-
k=0

Note that with our choice of A\g, the matrix Aq . is hermitian. For some smooth function ¢,
let

)= [ dpAi(t.0) elo).

Using the gaussianity of Ay, it is shown in [17], Lemma 7.1, that
2 0 1/2 2
t C
E:< sup (V1 () < / (log <2>> dr |
te[0,7) € 0 ree

=2 [ o))

It then follows that, Vo € (0,1),
t
4 ()
£

E; < sup
te[0,T]
Pag(p) = / dretPleem ) (677"41(5”’) [’Yo’YkAO(f - g) — Ao(€ + g)'YO’Yk} 64‘42(5"”)) ;
0

mn

where

2} < (Ve9)* ) Je (4.9)

Applying (4.9) with

together with (4.2), we can conclude that

Eﬁ/ < sup !/\1,5]2> dzdf Se 9, Vo € (0,1).
R2d

te[0,7

Using the uniform bound on W, and the Chebychev inequality, we can then conclude that

Ve P, { sup [(A1e, We)(t)| > 5} < e%‘a, Vo € (0,1/2),
te[0,T
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which yields the convergence of R to zero as announced.
We now show the tightness of x.(t) that we recall reads
1
NG

Following e.g. the discussion in section 2.3 of [4], we prove a Kolmogorov moment condition
in the form

wtt) = | tds<<Rvo+ ml,s,wa> (5) i= 2l (t) + 22(0).

P {|z.(t) — z=(t1)["[we(t1) — 2o(5)['} < Cpplt — ['17, (4.10)

with 0 < s <t; <t <T and v > 0, 8 > 0. Using the L? bound on W,, it is direct to show
that )
() - 2l(s)]” < Ot - 9)?, (4.11)

)

Following the lines of Lemma 4.4 (the proof here is actually a little simpler since it only
involves fourth-order moments of the random field), we can show that

so that we focus on 2. We have

3
B {[o2(t) - a2(s)|*} < C DB {
k=0
3

t _
< C(t—s)Z/ drE {(IIKDLE!

k=0

t ~
[ ar (5N gz + 1Rl ) (7)

2 wea) + IREAL oo ) ()]

EPS ||IC§)\1,€|’%2(R2d) S C,
with a similar bound for the term in lé’; . As a consequence,

B [22(t) — 22(s)|° < C(t — 5)*.

This together with (4.11) and a Cauchy-Schwarz inequality, leads to (4.10) with v = 5 = 1.
Since z-(0) = 0, we obtain the tightness of z.(t).

In remains to show that g/l\f[Wa] (t) is tight. Note that it is real valued since all matrices
in the definition of g)l\f[We](t) are hermitian. Since it is a martingale, we calculate the

increasing process, that is usually denoted by (gif[wapt. A classical calculation, see e.g.
[19], Proposition 4.7.11, shows that

(G0 = /0 ds ((QU\ @ Ae), We @ W) = 2(QAe, We) (Ae, W) (s).

With our choice of A., we find that

<g>1\f[W€] (t»t = /Ot ds (<Q(>\1,s & )\1,5)7 W.® Wa> - 2<Q)\1,g, W€><)‘1,sa W€>) (3)
According to (2.7), we have
ot <flk(t/€,p)flk(t/& Q)) = —[(p)+ (@) Ak (t/e, p) Ak(t/€, ) +2(27) "1k (p) 5 (p+4q) Ri (0, p).
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This, together with the uniform bound on W; and a similar proof as the one of Lemma 4.3
involving fourth-order moments of A, allows us to obtain

ERHQ()\LE Q@ M), We @ We)| < CEP [Q(Me ® A1e) [l L2aay < C.

It can be shown similarly that the other term in <g§f [W.](t))+ is uniformly bounded. This
implies finally that, for ¢ > s,

E*={{Gro)t — (Gro)s} < C(t — 5).

Following the discussion at the end of section 5.5 of [4], this shows that (] S[WE](t) is tight
and ends the proof of the proposition. [

5 Slow time fluctuations

In this section, we discuss briefly the case when the temporal random fluctuations are slower
than the spatial fluctuations of the potential. This leads to a kinetic regime with elastic
collisions as the random fluctuations are now too slow to affect such a scattering; see [4] for
a similar derivation in the setting of Schrodinger equations.

More precisely, we consider the Dirac equation (2.10) with A4;(£, ) replaced by A4;(%, 2)

EX €
for some a € (0,1). The proof of convergence for « sufficiently large remains almost the
same as before except that the infinitesimal generator of (W.(t), A(t/e%)) becomes

e LAV D)W+ 1o = O+ 8+ AT ).

So our test functions A1, A2 in (3.8) and (3.10) become

00 L 6iz~p
A1 = —/ e’ Q/ 7(2 ] e "M Fre 2 drdp,
0 Rd T

00 Ca 12-p
Ay = —/ ere e /d 7(€2W)de_TA1(F2 + EE)\U(ZW)dé(p))e_TA2drdp,
0 R

ISH

where L£.)\g is deﬁned by replacing Ry (r,q) in Lo by Ry(re'=®,¢q). Thus we see that e

is of order €*~! and Ao & is of order 22 To make those correctors C; small, we have to
choose a € ( 1). Note that for C1,Co, Cy, v > 3 5 is enough, but for Cj, it has to be greater
than 3.

1

In the inequalities (3.4) and (3.5), we replace A\g by the e—dependent operator

3

1 1

3 g (C’)/O"}/ka)\() + §Dk)\ocq/0’yk) + L:Xo.
k=1

The rest of the proof is the same except that when we pass to the limit, we need to calculate
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i Liz1 + x5 LExo, and this leads to some e—dependent scattering operator of the form

62 3 ~ C — C
Te(og, ) = 2nd /Rd(%r(q) — i (6)D_wi(& ) Ry, ( )\+(qil_a)\+(§)7q - 5) dq

k=0

w |

e2

7 (0= = ax(6))

Following the same type of proof as in [4] and letting ¢ — 0, we arrive at the elastic
scattering operator

e e (LA ),

k=0

3

T(os) = [ (04@) = () Y n(€0dleds o) = A (€)Ru0.g = e ()

k=0

Therefore, in the slow temporal fluctuation case, when o € (%, 1), we have the following
transport equation system of the limit (a4, a_):

c€ - Vyas
A+(§)

where 7T is the elastic scattering operator defined in (5.1).

Orag + =T(ax), (5.2)

We see that the coupling between ay and a_ appeared in (2.16) is inactive, and we
expect (5.2) to hold in the limit of no time-dependent regularization, i.e., formally for
a=0.

Remark 5.1. The condition that o > % could be relaxed somewhat. As a matter of fact, if
we construct the test function as

N
Ae = Ao + Zé—%kn,sa

n=1

and follow the same procedure, we can show that A, . is of order "™, and 5 +na—n >0
gives us o > % For the corrector

N+1
it is of the order 5Na*T+, and Na — % > 0 leads to

> ! + !
a> -4+ —.
2 2N
Therefore, by expanding in higher order, we can relax the assumption to be a € (%, 1).
Note that a = % corresponds to the regime considered in [9].

For slower time fluctuations of the media, i.e., when a < % or even o — 0, other tech-
niques than the Markovian regularization considered here presumably need to be developed,

and the use of the diagrammatic techniques as in [14, 28] is currently unavoidable.
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6 Conclusion and further discussions

In this work, we have derived the kinetic limit for the Dirac equation with a time-dependent
random electromagnetic field. We have shown that the cross modes ¢j;, d;; converged to
zero weakly in space while the limiting propagating modes ay = a11 + a2 and a_ =
b11+bog satisfy a system of transport equations. In addition, we have seen that the temporal
regularization brings in some new features (inelastic scattering) to the collision structure,

which disappear when the random fluctuations are slower in time.

The method we use relies on the fact that the random field A(t, p) is Markovian in time.
By constructing appropriate test functions, we proved some approximating inequalities, and
together with the tightness result, we were able to pass to the limit. We should mention
that our approach is restricted to the L? case, in the sense that the initial Wigner transform
should be bounded in L2.
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