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Abstract

This paper concerns the homogenization problem of a parabolic equation with large, time-
dependent, random potentials in high dimensions d > 3. Depending on the competition between
temporal and spatial mixing of the randomness, the homogenization procedure turns to be differ-
ent. We characterize the difference by proving the corresponding weak convergence of Brownian
motion in random scenery. When the potential depends on the spatial variable macroscopically,
we prove a convergence to SPDE.

1 Introduction

Small scales abound in equations of physical importance, where homogenization has become pop-
ular to analyze the asymptotics and reduce the complexity. For parabolic equation with random
coefficients, when the solution can be expressed as the average with respect to certain diffusion
process, homogenization may be recast as a problem of weak convergence of random motion in
random environment, see a good introduction in [12].

The equation we consider in this paper is of the form Qyuc(t,z) = Au(t,z) + iVz(t, z)uc(t, x).
The size of V. is chosen large enough to produce some non-trivial effects on the asymptotic limit.
The imaginary unit brings stability, and saves the effort of controlling the unbounded exponential
function. Similar types of equations, including the ones with time-independent or real potentials,
are analyzed in [1, 2, 3, 14, 15, 8, 6], using analytic and probabilistic methods, see a review in [4].
The method we use here is probabilistic, i.e., a Feynman-Kac representation and weak convergence
approach.

By a Feynman-Kac formula, a key object to analyze is the so-called Brownian motion in random
scenery, i.e., the random process of the form fg V(s, Bs)ds, which corresponds to Kesten’s model of
random walk in random scenery in the discrete setting [10]. If V.(¢,z) ~ V(t/e%, z/e), by a simple
change of variables, we observe a threshold of o = 2, which separates the effects of the random
mixings generated by temporal and spatial variables. In other words, depending on whether o > 2
or a < 2, the averaging of f(f V-(s, Bs)ds is induced by the temporal or spatial mixing of V,
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respectively. As a result, the ways we prove weak convergence of f(f V(s, Bs)ds are forced to be
different correspondingly. When « > 2, it is a standard proof of central limit theorem for functions
of mixing processes [5, Chapter 4] after freezing the Brownian motion. When a < 2, the spatial
mixing dominates. We make use of the Brownian motion by the Kipnis-Varadhan’s method [11],
i.e., constructing the corrector function and applying martingale decomposition. When a = 2, an
ergodicity suffices to pass to the limit; when a < 2, a quantitative martingale central limit theorem
[13] is applied. As a — oo, the spatial mixing tends to zero, so heuristically the Brownian motion
remains in the weak convergence limit of fot V(s, Bs)ds, leading to a stochastic equation.

The rest of the paper is organized as follows. In Section 2, we introduce the problem setup and
present the main results. Section 3, 4 and 5 are devoted to the cases a € (2,00), a € [0,2] and
« = 00, respectively. Technical lemmas are left in the Appendix.

Here are notations used thoughout the paper. Since we have two independent random sources,
i.e., the random potential from the equation and the Brownian motion induced by the Feynman-Kac
formula, we are in the product probability space. E is used to denote the expectation with respect
to the random environment, and Ep the expectation with respect to the Brownian motion. Joint
expectation is denoted by EEg. We use a A b = min(a,b) and a V b = max(a,b). N(u,o?) denotes
the normal distribution with mean p and variance o2, and g;() is the density of N(0,¢). We use
I; to denote the d x d identity matrix. a < b stands for a < Cb for some constant C' independent
of €.

2 Problem setup and main results
We are interested in equations of the form

Orus(t,z) = %Aue(t,x) + iE%V(E%, g)ua(t, x), (2.1)
where «,d > 0, the dimension d > 3, and V(t,z) is a mean-zero, time-dependent, stationary
random potential. The initial condition u.(0,z) = f(z) € Cy(R?). Without loss of generality, we
assume f taking values in R. For fixed «, ¢ is chosen so that the large, highly oscillatory, random
potential generates non-trivial effects on u. as € — 0. It turns out that for different values of «,
the asymptotic effects may be different, and the ways we prove convergence are different as well.

Before presenting the main result, we make some assumptions on V (¢, x).

Let (2, F,P) be a random medium associated with a group of measure-preserving, ergodic
transformations {7 ,),t € R,z € R} Let V € L(2) with [, V(w)P(dw) = 0. Define V (¢, z,w) =
V(7(44)w). The inner product and norm of L*(2) are denoted by (.,.) and ||.|, respectively.

By defining T, .y on L3() as Tit,2)f(w) = f(T(t,2)w) and assuming it is strongly continuous in
L?(€2), we obtain the spectral resolution

Tie) = /R €U (dgo, dg), (22)

where £ = (£1,...,&g) and U(d&p,d§) is the associated projection valued measure. Let {Dy, k =
0,...,d} be the L?(Q) generator of T{; ;).



Let R(ﬁo, €) be the power spectrum associated with V. i.e., R(fo, €)déode = (2m) (U (d&o, dE)V, V),

we obtain

1

R(t,2) = B{V(6:0)V (0,00} = (T V. V) = 55

L o odcds. (23)

For any set S C R¥! define the o—algebras: Fg = o(V(s,z) : (s,z) € S), and we assume a
finite range of dependence of V.

Assumption 2.1. V is uniformly bounded, and there exists M > 0 such that Fg, and Fgs, are in-
dependent for any two sets satisfying dist(S1, S2) > M, where dist(S1,S2) is the Euclidean distance
between S1,S9.

Clearly the finite range of dependence implies that the following ¢p—mixing coefficient

o(r) == sup IP(A|B) — P(A)] (2.4)
A€Fs,,BEFs,,P(B)>0,dist(S1,52)>r

is compactly supported on [0, 00). Since ¢ is bounded, we have ¢(r) < 1A r~" for any n > 0. We
also have the p—mixing property by [5, Page 170, Lemma 1]:

(XY}~ E{X}E{Y}| < 2% (r) (B{X*}E{Y?}), (2.5)

if X is Fg, —measurable and Y is Fg, —measurable with dist(S1,S2) > r.

Remark 2.2. Retracing the proof, one can see that instead of the finite range dependence, we only
need p—mixing in ¢ and p—mixing in (¢, ), with the corresponding mixing coefficients decaying
sufficiently fast.

In the following, we denote
o(V(s,x):s <tz eRY)=F, (2.6)
o(V(s,x):s>t,xeRY) =F.

The following is the main result.

Theorem 2.3 (a € [0,00): homogenization). Under Assumption 2.1, let

1 1 t

Opuc(t,z) = iAug(t,x)+i€%ﬁV(€—a,§)ua(t,x), (2.8)
1

8tU,0(t,I') = iAUO(t7x)_p<a)u0(taw)7 (29)

with initial condition u:(0,z) = up(0,z) = f(x) and

Jo° R(t,0)dt a € (2,00),
pla) =< [, Ep{R(t,B)}dt a=2, (2.10)
Jo EB{R(0, By)}dt o€ 0,2).

Then ug(t,z) = uo(t,z) in probability as € — 0.



t =z

When a > 2, by a change of parameter £* — &, we have 6L%V(€a, Z) ﬁV(é, gié)’ SO @ = 00

corresponds to the case when V has no micro-structure in the spatial variable, and the potential
is of the form %V(é, x). We obtain a transition from homogenization to convergence to SPDE in
the following theorem.

Theorem 2.4 (a = co: convergence to SPDE). Under Assumption 2.1, let

duc(t,z) — ;Aua(t,x)+i\}gV(z,x)ug(t,x), (2.11)
Doty x) — %Auo(t,a:)—i—z’W(t,a;)ouo(t,a:), (2.12)

with initial condition u.(0,x) = uo(0,x) = f(x) and Gaussian noise W (t,z) of covariance structure
E{W (t,2)W (s,y)} = 0(t — s) [z R(t,x — y)dt. Then uc(t,xz) = uo(t,x) in distribution as e — 0.

Remark 2.5. The product o in the limiting SPDE is in the Stratonovich’s sense.

The solution to (2.1) is written by Feynman-Kac formula as

t t—s x+ By

et ) :EB{f(HBt)exp(i;/o )] (2.13)

Since Theorem 2.3 and 2.4 are both results for fixed (¢, z), by stationarity of V', u.(¢,z) has the
same distribution as

_ 1 [t —s x+ By
ilt2) ~En{f (o + Bexslis [ V(S
0

)ds)}

2.14
s x4+ Bs ( )

g’ g

~Es{fla+ B explizs [ V1 )ds)},

where V(s,z) := V(—s,z). Since V and V has the same covariance function and mixing property

we need, from now on we will write our solution to (2.1) for simplicity as

1t s x4+ Bs
ue(t, ) :IEB{f(x—I—Bt)exp(zgé/o V(E—a,

)ds)}. (2.15)

2.1 Remarks on low dimensional cases

The case d = 1 with a real potential is addressed in [15, 8] using probabilistic and analytic ap-
proaches respectively. Their result shows that « € (0, 00) leads to homogenization while a = 0, 00
leads to SPDE. When « > 2, our proof is similar to that in [15]. When « € [0, 2], we follow the
approach in [6], which relies on the fact d > 3.

For d = 2, while the case of @ > 2 can be analyzed in the same way, our approach for o €
[0, 2] does not necessarily work. For the time-independent potential, weak convergence results are
obtained in [16, 7].



3 «a € (2,00): temporal mixing and homogenization

When a > 2, § = §. By Feynman-Kac formula, the solution is written as
t
ue(t, ) = Eg{f(x + By) exp(ic~*/? / V(s/e“, (x + Bs)/e)ds)}. (3.1)
0

By the scaling property of Brownian motion, stationarity of V', and a change of parameter € — &2,
we have

t/e?
us(t,x) = Ep{f(x +eBy).2) exp(ie/o V(s,e’B,)ds)}, (3.2)

with 8 =1 —% € (0,1). Since 8 > 0, the spatial mixing from V for the process € fg/EQ V(s,?By)ds
is small.

Let 0 = 4/2 [;° R(t,0)dt. The goal in this section is to prove that wu(t,z) — u(t,z) in
probability with ug satisfying

oot ) %Auo(t,x) - %a%o(t, 2). (3.3)

The result comes from the following two propositions.
Proposition 3.1.
t/e?
(6Bt/52,€/ V(s,e° By)ds) = (N}, o N?),
0

where N} ~ N(0,tl,), independent from N7 ~ N(0,t). The weak convergence = is in the annealed
sense.

Proposition 3.2. For independent Brownian motions B}, B,

t/e? t/e?

V(s,e?Blyds — £/ V(s,e? B?)ds) = (N}, N2,V20N}),

(83151/52783152/32,8/
0 0

where N}, N? ~ N(0,t1;), N} ~ N(0,t), and they are independent. The weak convergence = is in
the annealed sense.

By Proposition 3.1, we have E{u. (¢, )} — uo(t, x); by Proposition 3.2, we have E{|uc (¢, 2)|*} —
luo(t, )% So ue(t, ) — up(t,z) in L*(Q).
We only prove Proposition 3.2. The proof of Proposition 3.1 is similar with some simplifications.

Proof of Proposition 3.2. The goal is to show that for any a,b € R*, c € R, as ¢ — 0

2 2
ia-aBtl/E2+ib-£Bt2/E2+ic(a fot/s V(s,e? Bl)ds—e fot/s V(s,aﬁBg)ds)} N e—%\a|2t—%\b\2t—c2a2t (3.4)

HEHE};{EB

We first consider the average with respect to the random environment. Let
t/e? t/e?
X (t) = 6/ V(s,e’Bl)ds — s/ V(s,e’B%)ds,
0 0

5



At = M 4e772,0 < 32 <71 < 2 to be determined, and N = [55] ~ t£7 2. Define the intervals
I =[(k—1)At, (k= 1)At + e and J, = [(k — 1)At + e kAt] for k =1,..., N, we have

N

X.(t) :Z/ e(V(s,e’BY) — V(s,e’ B%))ds
=11k
N
3 / c(V(s,£" BY) — V(s,£° BY))ds (35)
k=1"k

+/t/€ e(V(s,e’BY) — V(s,e’B%))ds := (I) + (II) + (I1I).
NAt

We show that for every realization of B}, B2, E{|(I1)|?} + E{|(II1)]*} — 0. Take (II) for
example, we have

E{|(I1)]*} < €2 Z Z/ / sup |R(s — u,z)|dsdu. (3.6)

m=1n=1 z€R?

Since [, sup,epa |R(t,z)|dt < oo, for those terms when m = n, we have an order of e2Ne 72 ~
eN=72 — 0 as e — 0. For the terms when m # n, we have |s —u| > e " if s € Jy,,u € Jyp, S0
SUp,eprd |[R(s —u, z)| S goé (e7), and we can use the following crude bound

g? Z / / sup |R(s — u,z)|dsdu < e*N?e 2'7290%(5*71) < em=PtmA=2 (3.7)
m#n Jn z€R4

if goé(r) < r~*. Since A can be sufficiently large(e.g. A > 2/71), we have

£? Z / / sup |R(s — u, z)|dsdu — 0
m#n Jn zER
as € — 0. Therefore, E{|(IT)|?} — 0. Similar discussion holds for (I11). Now we have
E{]eX=(®) — gD} — 0, (3.8)

SO

ia-thl/EQ +ib-th2/62 +icXc(t) ia-thl/EQ +ib-th2/82 +ic(I) } ’

lim |EEg{e } —EEg{e =0. (3.9)
e—0

Next, we consider (I) = SN flk e(V(s,e? BY) — V(s,e? B2))ds = S0, El_%Ykg, with
Ve = / eF(V(s, " BY) — V (s, B2))ds, (3.10)
Iy

Let tp = (k— 1)At+e ", k=1,...,N, then

4 . LT , TR
E{ezc(l)} _ E{ewZ/JLl ) Yk} — E{E{ewzfv\;l el Y |]:tN—1}}’ (3‘11)



and
. _m 4 1am Cm
E{e“sz:l ) Y]5|ft1\1_1} — ezczlls\]:1l el=3 YkEE{ewel 2 Y§|Ft1\7—1}' (3‘12)
When freezing the Brownian motions, Yy is F (N=1)Al_measurable. Since (N — 1)At —ty_; =& 2

y _771 € . .
and e 2 YR i uniformly bounded by 1, we have by Lemma A.1 that

m am
[E{e= P YR Fyy ) - E{e'™ 7 YR} < 20(772) — 0. (3.13)
Therefore we obtain
hII(l) <E{6iczfc\]—1 slf’yTlYkg} - E{eiczg:_ll 5177711’,5 }E{eical’gYﬁ}> —0. (314)
e—

Iterating the above procedure, in the end we have

N
. . .
lim (E{e“foﬁl RN I DR }) = 0. (3.15)
k=1
Cm . .
Now we consider IEI{eZC‘El 2 Y}, By Taylor expansion, we have [e®® — 1 — iz + %x2| < Clz]?, so

1

e 1
I[-Z{ewa1 T =1- 50252_71JE{(Y,§)2} + 2O 2| 5771(V(s, e#BY) —V(s,e’B2))ds|®).

I,

(3.16)

Since V is uniformly bounded, we have

-2 u Bl B2 3 -1 3 1-2
e 2| | e2(V(s,e!By) —V(s,e’B:))ds|° Se " 2e 2 = 1 50, (3.17)
Iy,
if 1 < % Then we obtain
BT 1

E{eml Y =1- 50252*71E{(Y,§)2} + o). (3.18)

Now we have

N N
11 Efeie T Y} = 11 (1 — %(3252*711@{(1/;)2} - 0(82%)> = Xk log(1- 52 ME{(Y) (2 7))
k=1 k=1

(3.19)
and we claim that
N
icslf%Ye —c202t
H E{e K} —e (3.20)
k=1
in probability. If this is true, we have
. ia-eBl ,+ibeB? ,+icXc(t) . ia-eBl ,+ibeB? , Al ice' = Fye
hr% E]EB{B t/e t/e } — hH(l) EB{G t/e t/e H E{e k }}
E—r E—r hel ( )
. ia-eBY  +ib-eB? 2.2 3.21
:gg%EB{ew /27" t/e2 = C0 t}
:efé|a|2t7%|b|2tfc202t

)



and the proof is complete.

To prove (3.20), we consider

log (1 - ;c%?—%E{(Ym+o<52—71>> =log< LN E((Y)?) + o1 >>),

where o(1) is uniformly bounded, independent of k&, and o(1) — 0 as ¢ — 0. In addition

E{(YE)?*} <em / sup |R(s — u, z)|dsdu (3.22)
I? zeRd
is uniformly bounded. By Taylor expansion, we have

élog (1 e (0P} + o) i( 3% () + ol1) )

N 2
+3.0 ((; E() +ol1) ) ) .
k=1

Clearly S0, O((3c2e> M (E{(Y¥)*} + o(1 )))2) — 0 in probability, and we only need to consider

(3.23)

N
) =Y TE{(Y))),
k=1

(3.24)
and prove (x) — 202t in probability. Actually, we have
N
(#) = 20°t = > 2 (B{(Y§)?} — 20°) + 207 (N> ™ — 1), (3.25)
k=1
The second part goes to zero as € — 0. For the first part, we note that
E{(Y¢)?} =n / R(s —u,e” (B! — Bl))dsdu
I
+eM | R(s —u,e?(B? — B2))dsdu (3.26)
I

—2e" [ R(s —u,?(B} — B?))dsdu.

I
By Lemma A.2, we have Eg{(e™ fl}f R(s—u,e?(B. - B!))dsdu—0?)%} — 0 for i = 1,2, and clearly
it is independent of k. Now we only have to consider

t/e? t/a
262 MM \R(s—u e#(B} — B?))|dsdu < 2 / / R(s —u,e? (B! — B%))|dsdu. (3.27)

Again by Lemma A.2, ¢ ft/a ft/€2 |R(s — u, e’ (B!

— B2))|dsdu — 0 in probability. The proof is
complete. []



4 «€][0,2]: spatial mixing and homogenization

4.1 Kipnis-Varadhan’s method

When «a < 2, we use a different approach, which makes use of the mixing from Brownian motions.
By Feynman-Kac formula, the solution is written as
t
us(t,x) = Eg{f(x + B;) exp(ic ! / V(s/e®, (x + Bs)/e)ds)}. (4.1)
0

By the scaling property of the Brownian motion and stationarity of V', we only need to consider
t/e?
us(t,z) = Ep{f(v +eBy/e2) exp(is/ V(e2~%s, By)ds)}. (4.2)
0

Recall that V (¢, z) = V(7 ;)w), define the environmental process y; = 7(2-a 4 p,)w taking values
in 2. By Lemma A.3, for fixed € > 0, it is a stationary Markov process, ergodic with respect to the
invariant measure P. By a straightforward calculation, the generator is L = 2~*Dy + % Zizl D,%.

2
Now the Brownian motion in random scenery can be rewritten as X.(t) := ¢ 5/5 V(yS)ds, i.e.,
an additive functional of a stationary, ergodic Markov process. The Kipnis-Varadhan’s method
involves constructing a corrector function ®, and applying a martingale decomposition as follows.

Define the corrector function ® with A = ¢? as
(A=L)®),=V. (4.3)

By Ito’s formula, X (t) = ¢ 5/82 V(y5)ds = Rf + M; with

t/e?
Ri = e[ ARA()ds — s@a(uf) + <Ra(o5) (4.4)
0
d t/e?
M = Yo [ Duau)aBt (4.5)
k=1 70

To show the distribution of X.(¢) is close to a normal distribution, the idea is to prove Rj is
small and the martingale My is close to a Brownian motion. We first have the following lemma.

Lemma 4.1.
)\<(I>,\, (I))\> —0 (4.6)

as A — 0.

Proof. By spectral representation, ®, is written as

1
0= o T g 47 @)
SO
_ 1 AR(&. )

9



AR(£0,£) < R(%.9)
(A+3€12)2+et-20¢3 S €2
the origin when d > 3, by the dominated convergence theorem, the proof is complete. [J

Clearly . Since R is bounded and integrable, and ﬁ is integrable around

By Lemma 4.1, we have
EEB{|R{|*} S M@, @) = 0 (4.9)

as ¢ — 0.

To deal with the martingale M7, we distinguish between a =2 and o < 2.
4.2 « = 2: ergodicity
Let n = [gas ﬁwd&],d@v € L2(Q), k=1,...,d, we have
Lemma 4.2. Dy®y — n, in L2(Q), k=1,...,d.

Proof. Since

i€k
Dyp®y = Bk y(dey, dE)V, 4.10
REX /Rd+1 )\—i-%’ﬂz—ifo (dzo, d€) ( )
we have b s
1 A€ R0, €)
Dy®y —n / d&opdg
PR =0 =y t51 Jos (O3 TP + ) T = ) )
N [€1° R6o, €) '
S =2 dEpdé — 0
/Rw (A+ 31e)? + & Tl + el
by the dominated convergence theorem. [
Let M; =S4 left/e k(y5)dBY and
2 |5|2R(50, ) >
Zl\nkll o) d+1 /Rd AT 5d§—2 Ep{R(t, B;)}dt,
and since ug solves dyug(t,z) = Aug(t, z) — $02u(t,z), ie.,
1
uo(t,z) = Ep{f(z +eBy/.2) exp(—502t)}, (4.12)
we have the decomposition of the error
ue(t,x) —uo(t, ) =Ep{f(x + eBy)e2) exp(iXc(t))} — Ep{f(x + eBye2) exp(iMy)}
+E3{f(:L‘ + EBt/EQ) exp(iMf)} — EB{f((E + EBt/Ez) exp(th)}
| | (4.13)
VEB(f(x + eByyea) exp(iMy)} — En{f(x + Byyex) expl(— 500}
=)+ (II)+ (II1).

10



Clearly E{|(I)|} S EEB{|R;|} < VA (®),P)) — 0, and

d
E{(I1)]} < \/EEB{|M; — Mif2} = | S [ Dy — mi2 — 0. (4.14)
k=1

For (III), we note that M; = Zzzlefot/EQ nk(yS)dB% is a square-integrable martingale for
almost every w € ), and when o = 2, y; = 7, p,)w is ergodic. By martingale central limit
theorem, ergodicity of 32, and the fact that E{nx} = 0,k = 1,...,d, we obtain that for almost
every w

(eByjez, My) = (Wi, o W7), (4.15)
with W1, W? independent Brownian motions. Thus (III) — 0 almost surely. By the dominated
convergence theorem we have E{|(III)|} — 0 as ¢ — 0.

To summarize, E{|u(t,z) — uo(t,x)|} — 0 as ¢ — 0. The proof of the case o = 2 is complete.

Remark 4.3. It is worth noting that for the case o = 2, the mixing property in Assumption 2.1 is
not used. All we need is the ergodicity and certain integrability condition of R(&p,&).

4.3 «a€[0,2): quantitative martingale central limit theorem

In this regime, y5 = 7(.2-a, p,)w is e—dependent, so an ergodicity does not seem to establish (4.15).
We apply a quantitative martingale central limit theorem instead. A fourth moment estimation
appears in the proof, for which we use the mixing property of V.

We define 03 = Sf_, [ Dx®, %, and

4 R(&o, ¢ >
o= (2m)dHL Jpan (|§(y)2 )dgodf = 2/0 Ep{R(0, By)}dt, (4.16)

the following lemma holds.

Lemma 4.4. af\ — o2 as \— 0.

Proof. Since

&,
e = Uld&o, d€)V, 4.17
kP /Rd+1 \ + %|§y2 —igge2—a (déo, d€) ( )

we have

1 / €[> R (0, €) dode. (4.18)
Rd+1

Qﬂ)cHl (>\+ %’5‘2)2 +§g€4—2a

Since « < 2, by the dominated convergence theorem, the proof is complete. []

2
O'/\:(

Now we decompose the error as
us(t, x) —uo(t,z) =Ep{f(z + eByje2) exp(iXc(t))} — Ep{f(x + eBy/e2) exp(iMy)}

VEB{f(z + Byyex) expliM;)) — En{f (s + Byyex) expl—53))
(4.19)

VEB{f(z + <Byp2) exp(- 3000} ~ Ep{(f(x +<Byy) exp(~ 500}
=(I) + (IT) + (II1).

11



By the same discussion as before, we have E{|(I)|} < EEp{|R;|} < VA (P, ®)) — 0, and
E{|(IID)[} < |0} — o?] = 0.

For (II), we rewrite it in Fourier domain as
. 1
(IT) =Ep{f(z + eBy/e2) exp(iM;)} — Ep{f(x + £Byc2) exp(—03t)}

1 A iéx i§-eB, ,_2+iM; ,l(|§‘2+gz)t (420)
=y fo, JO T Ep (et — Tl e,

§-eByj2+ My = Zzzl € fg/EQ (&x + Dyp®(y%))dBY is a continuous and square-integrable martingale
for almost every w € €2, so the estimation of (1) boils down to a control of the Wasserstein distance
between the martingale and a Brownian motion. By quantitative martingale central limit theorem
[13, Theorem 3.2], we obtain for some constant C' that

. e d t/e?
Ep{e’ Py tMi =240ty < CER{| Y €2 / (& + Di®a(y5))2ds — (€2 +03)t]}. (4.21)
k=1 70

Let S0, &2 [175° (&, + Dy (y2))?ds — (|2 + o)t = (i) + (id) with

d t/e?
(i) = 2> &e ) Dy ®x(y5)ds, (4.22)
k=1
t/e? d
(i) = & / (Z(Dk%(yi))Q—Gi) ds. (4.23)
0 k=1

We will show that EEp{|e? [{/% Dy®,(y2)ds|} — 0 and EE{|(ii)|} — 0 as ¢ — 0 in Lemma 4.5
and 4.6 below, which implies E{|({])|} — 0 by the dominated convergence theorem if we assume
|£()]€] € Lt Therefore E{|u.(t,z) — ug(t,x)|} — 0, and the proof of the case a < 2 is complete.

Lemma 4.5. EEp{|e? [/ Dy®,(y5)ds[} — 0, k=1,...,d.

Proof. We recall that

ik
e Uld&o, d€)V, 4.24
kP /Rd+1 )\ + %|§y2 —igge2—a (déo, d€) ( )

SO

(T(t,0)Di®r, Dy @) = déode. (4.25)

1 / ei50'teif‘x£2}?(§o,§)
(QW)d—H ra+1 (A + %|£‘2)2 +€§84—2a

This leads to

EEp{Dr®x(y5) De®x(yy)} = dod€.  (4.26)

1/ eiﬁofg_a(s—“)e_%‘ﬂz\s_u‘gl%f%(go’5)
@ Jpar (At LEP)2 4 et
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Therefore,

t/e? t/e2 [ t/e
(EEg{|? Dy®(y5)ds|})? <EEp{e* / Dy @ (y5) D ®x(yy)dsdu}
0

tje?  rtfe? e~ 3l€Pls— “R(&,€)
< 4.27
<e / / /]Rd+1 i d€&odEdsdu ( )

B — ez l€P]s— up R(&, €)
_/0 /0 /Rd+1 e déodédsdu — 0

by the dominated convergence theorem. [

Lemma 4.6. EEg{|(i7)|} — 0.

Proof. Define Z)(t,x) = Zzzl(Dkq))\(T(€27at7$)w))2 — 0%, which is zero-mean and stationary. Then
(ii) = &2 5/82 Z(s, Bs)ds. Denote the covariance function of Zy by Ry(t,x), Lemma A.4 implies

Ra(t
EEB{K“)‘Q} 5 62/ Supt‘ >\_( ’x”d.%', (4.28)

R |[4—2

so we only need to estimate sup, |Rx(t, z)|.
Clearly,
d
Ra(t, ) = > E{(Dn®x(7(c2-015)w))* (Dn®a(7(0,0)w))*} — 04 (4.29)
m,n=1

Let G\(t,x) be the Green’s function of A — 2=%9; — %A, it is straightforward to check that
G)\(tv .%') = sa_QeaatQ—tsa*2 (x)1t<07 (430)
50 D@ (T(1p)w) = [pat1 O, GaA(t — 5,2 — y)V (s, y)dsdy, and we obtain

E{(Dm (I)A( T(ez-ar,0)w))*(Du®a(1(0,00))?}

. 4 4 (4.31)
/ H 00, GA(E7 = 51,0 — i) [ [ 00, G (=0, —y) E{] [ V (51, 1) Ydsdly.
R4d+4 =3 =1
By Lemma A.5, we have
4
IB{] ]V (si, i)} — R(s1 — s2,y1 — y2)R(s3 — 54,53 — ya)|
=1 (4.32)

<U(s1—s3,y1 —y3)V(s2 — 54,92 — ya) + V(51 — 84,91 — ya) V(52 — 83,92 — ¥3)
<g(y1 — y3)9(y2 — ya) + 9(y1 — y4)g(y2 — y3)

for g(z) = supt U(t, ) In addition, we have [; [0,, GA(s, |ds =y e*/\tqt(x)@dt = |0z, 9x()],
where G (x fo e x)dt is the Green’s function of A — A. Therefore, by the fact that

4
= Z Ha GA(e*t=si,2—yi) | [ 0o Ga(—s5i, —yi) R(s1=52, y1—y2) R(s3—54, y3—ya) }sdly
R4‘i+4 i—3
(4.33)
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and

2
/R4d+4 [110:,.9x( — v)] H 102,97 (=) (91 — y3)g(y2 — ya) + 9(v1 — ya)g(y2 — y3)) dy
=1

=3

2
< ([, 0nn 006G lata — v~ 21z )
(4.34)

‘ ( )‘ < G_Cﬁly‘ 6—6\/X|Z| ( 2 ( 35)
sup [Ra(t, )| S x—y—z)dydz | , 4.

we obtain

where we have also used the fact [0, Gx(y)| < Ce_c‘m“”x]l_d for some ¢,C > 0. Since g(z) <
Cs(1 A |z|=7) for any B > 0, by [6, estimation of (3.40)]

e—eVAlzl 1

d
< \2-1_—cVAlz] c -
s&p [RA(t, )] S A2 e +1A = +1A PE (4.36)

for some constant ¢ > 0 and 8 > 0 sufficiently large. By direct calculation, we have
Rt
EE5{|(i1)|%} < 52/ MM@ 0. (4.37)
R ||
The proof is complete. [

Remark 4.7. By a similar discussion as in [6], we can actually establish an error estimate for the
case « € [0,2), which we do not present here.

5 «a = oo: temporal mixing and convergence to SPDE

In this regime, V.(t,x) = %V(é,x), so heuristically it approaches a white noise in the temporal

direction. We define a formally written random variable fg W(t — s,z + Bys)ds, i.e., a Brownian
motion in Gaussian noise, by standard mollification argument.

Let R(z) = [g R(t, z)dt and define the Gaussian noise W (dt, dz) on  with a formal covariance
structure

E{W (1, 2)W (s,5)} = 8(t — 5)R(z — ). (5.1)
Let B; be an independent Brownian motion.
We pick a mollifier ¢.(t)g.(z) and define the stationary random field
Weltr) = [ 6u(t = s)aulo — o) Wids.dy) (52

where ¢.(t) = %1[_570] (t) and g-(z) is the heat kernel with variance . W.(t,z) is a well-defined
Wiener integral and clearly

BVt )W)} = =y e o [ € RO 63)

Since E{W.(t,7)?} < oo, fot W.(t — s,z + Bs)ds is well-defined for every realization of Bs.

14



Proposition 5.1. For almost every realization of Bs, fg We(t — s,z + Bs)ds is a Cauchy sequence
in L*(Q), whose limit is denoted as fg W (t — s, + Bs)ds ~ N(0,R(0)t).

Proof. We will show that for almost every realization of Bs,

t
lim E{ ng (t—s,z+ Bs)ds/ We,(t — s,z + Bs)ds} = R(0)t, (5.4)
0

51,82—>0

SO fg We(t — s,z + By)ds is a Cauchy sequence in L?(€2).

By direct calculation, we have
t t
IE{/ We, (t —s,x+ BS)dS/ W, (t — s,z + Bg)ds}
0 0
t ot
:/ / dsdu/m+1 Gey (t — 5 —1)qey (T + Bs — y)Pey (t — u — 1)gey (v + By — 2)R(y — 2)drdydz

R

/ st [ el =600 = s IR =+ Bres — Broirdyd:
R

:(27r)d /Rd 3lEP(erten) (// / e, (8 — 1) ey (u — 1)t (Bros—Bi- “)dsdudr> dg.

For fixed ¢ € RY, we consider

// / ey (8 — 1)y (u —1)e i€ (Bt—s=Bi—w) g s dydr

// / r— €1<s<r r— sg<u<r€ & (Be—s—Bi— u)deUdT (56)
6162

t+(81V€2 B B
:/ (8182/ / r— €1<S<T1’r’ sg<u<r€l£( fme TP u)deu> dr.
0

For almost every realization, B, is continuous in [0,#], so we have as 1,9 — 0, & (Bi—s=Bi—u) 5 ]
almost surely. Thus for fixed r € (0, ), % fot fg Loy cscrlp_cycucr€® Bims=Bi—w)dsdy — 1 almost
surely, which implies [ fOt fg Bey (5 — ) ey (u — 1)e& Bims=Bi-u) dsdudr — t almost surely. By the
dominated convergence theorem, we have

(5.5)

E{/Ot W, (t —s,x + Bs)ds /Ot We,(t — s,z + Bs)ds} — R(0)t. (5.7)

Therefore, for almost every realization of Bs, we can define a random variable fg W(t —s,x+ Bg)ds
by fg . sx—i—B)ds—limE_,ofg — s,z + Bg)ds. For fixed Bg, fg —s,x+ Bs)ds is a
zero-mean Gaussian, and by the above ealculatlon we obtain E{( fo (t—s, x+B )ds)?} — R(0)t.
So fo — s,z + Bs)ds ~ N(0,R(0)t) for almost every realization of Bs.

The proof is complete. [J
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Remark 5.2. By the same proof as in Proposition 5.1, we can define fot Wi(t—s,z+ fs)ds, f(f W(t -
s, + gs)ds for any two continuous paths fs, gs, and obtain that

E{/O W(t—s,z+ fs)ds/o W(t—s,x+gs)ds} = /0 R(fs — gs)ds. (5.8)

In particular, we can choose f; = Bs and gs = W, for independent Brownian motions B, W.

The solution to the SPDE with multiplicative noise in the Stratonovich’s sense
1 .
Oyug = §AU[) + W o uyg, (59)

and initial condition ug = f is then defined by Feynman-Kac formula as
wo(t, ) = En{ f(z + By) expli /Ot W(t—s,2 + By)ds)}. (5.10)
(5.9) is written in the Itd’s form as
Byuo(t, ) = %Auo(t,x) - %R(O)uo(t,x) A 2)uo(t, ). (5.11)

By [9, Theorem 3.1], the solution given by (5.10) is a mild solution to (5.11).
Our goal is to show that for fixed (¢,z), u:(t,z) = Ep{f(z + B:) exp(i% fg V(Z,x + Bs)ds)}
converges in distribution to wuo(¢,x). Since u.(t,x),uo(t,z) are both bounded, it suffices to prove

the convergence of moments.

Proposition 5.3. For any N1,No € N, ase — 0,

E{uc(t, z) N (t, 2)N2} — Efug(t, )M ug(t, z)N2}. (5.12)

Proof. The proof is similar with Proposition 3.2. Wherever the argument can be directly copied
here, we do not present the details.

First, by the scaling property of Brownian motion, a change of parameter /¢ — ¢, and the
stationarity of V', we have

E{ue(t, l')Nlue(t» m)NQ}

N1+N2 ) N1 t/e? ) N1+N2 t/e? ) (513)
=EEp{ H flz+ sBi/62) exp(1 Zs/ V(s,eBl)ds —1i Z 5/ V(s,eBl)ds)},
j=1 j=1 70 j=N1+1 70

where BJ,j = 1,...,N; + Ny are independent Brownian motions. On the other hand, by the
Feynman-Kac representation of ug, we have

E{UO(t’ x)N1u0(t7 x)N2}
N1+N» N1 Ni+N2

_EE5] 1:[1 f(x+Bg)exp(z§_:l/o W(t—s,o+B)ds—i 3 /OW(t—s,x+Bg)ds)}.

j=Ni1+1
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Therefore, it boils down to show in the annealed sense that

t/e t/e
(SBtl/Ez,... Bt]\/gjl\m’g/ V(sstsl)dS,...,s/ V(57535V1+N2)d5)
’ ° (5.14)
(Bt,.. BNH'NQ/Wt—s:c—{—B /Wt_5$+BN1+N2)d3)

By Proposition 5.1 and Remark 5.2, we have for any a; € R? ,bj €eR,j7=1,...,N; + Ny that
N1+N2 N1+N2

EEg{exp(i Z aj; - Bl +i Z b; / W(t — s,z + Bl)ds)}
7= = (5.15)
N1+N» N1+N2
=Ep{exp(i Z a; - By) exp(— Z bhbp/ R(BI' — B)ds)}.
J1 J2=1
Let X.(t) := Z;-V:lf]\b aj - aBt/EQ N1+N2 bje ft/e (s,eB)ds, and we prove EEg{e*<()} con-

verges to the RHS of (5.15).

Let At =& 7 +e772,0 <72 <71 < 2 to be determined, and N =[] ~ t£7 2. Define the
intervals Iy, = [(k — 1)At, (k—1At+e M and J, =[(k— 1)At +e™n k:At] fork=1,...,N. By

the same discussion, we have

Ni+No N1+Na
lim EEp{e™")} —EEp{exp(i Y aj- Bl .+i Y baz / V(s,eBl)ds)} | = 0.
Jj=1 j=1

Then we consider E{egp(i ZN1+N2 bje SN w1 /1. V . Vs, eBJ)ds)}. By the same discussion, we have
for every realization of B that

Ni1+No N1+N2

hm E{exp(i Z b, 52/ (s,eBl)ds)} — HE{eXp Z b; z-:/ (s,eBY)ds)} | =o.
Since
N1+Na N1+N2 '
HE{exp Z b; 5/ (s,eB7)ds)} = exp( ZlogE{exp Z b 5/ (s,eBl)ds)}),
k=1

by the same dlscussmn, we have

N1+N> N1+N2
log E{exp(i Z b 5/ (s,eBl)ds)} Z bmbne? R(s—u, eB™ —eBM)dsdu+o(* ),
m,n=1
where (22_71 ) is independent of k, uniformly bounded and goes to zero as ¢ — 0. Thus we obtain
N1+N2 ‘
HE{exp Z b; 5/ (s,eB’)ds)}
N1+N2 (5.16)
_ - o mo n 2 'y1
=exp( mglb mbn Z /2 s—u,eB" —eB,, dsdu—i—z
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Since Y1, 0(e2771) = 0 as & — 0, we have

ZN1+N2 eBl , —Ls NNy b, SN €2 [15 R(s—u,e B —eB1)dsdu
k

t/E m,n=1

hm <IEJIEIB{eZX6 } —Ep{e }) =0.
(5.17)
We claim that in (5.17), S0 €2 flg R(s—u,eB™—¢B!")dsdu can be replaced by & f[o 1/e22 R(s5—

u,eBY" — eB)})dsdu. If this is true, we have

N1+N J N1+N. m n
hm (EEB{GZXE t)} E {6 EBt/a2 ) zmln 12b bne f[O,t/52]2 R(S—u,EBS _aBu)deu}) — O

By the scaling property of Brownian motion and a change of variables, we have

R
EB{esz:ll 535/62 -5 ENlJrN binbne? f[o t/e2 gR(s uaBm—aB")dsdu}

m,n=1

(5.18)

i Ny+Ng s— . .
_]EB{elz 1+ >a; B} 6_% Zmln 1 bmbne™ f[o,t]2 R(Tzu»Bs”—BJ)deu}

For almost every realization of BJ, we decompose e 2 [ [ R(*=*, By — Byy)dsdu = (i) + (i1) with

t s/e2
(i) = / ds R(u,B]" — B!, .2)du, (5.19)
0 0

u/e?

t
(i) = /0 du | R(s, B = BiL)ds. (5.20)

By the dominated convergence theorem, we have

—>/ds/ R(u, BI* — B2")d /RBm BY)ds.

The same limit holds for (i7). So

// — B”)dsdu%/RBm B™)ds (5.21)

for almost every realization of Bg, which implies

N. j N1+N m n
EB{ezZ 1+ 2a;-B] 6_% > it bmbne f[o 42 R(**,B{*-B}, )dsdu}
(5.22)

+N. N{+N
SEp{e’ =1 P DA EbmbanR(Bé"*B?)dS}

and completes the proof.

What remains is to show that

N
| 262/ R(s — u,eB" — eB]})dsdu — 62/ R(s — u,eBl* — eB;))dsdu| — 0. (5.23)
I? [0,t/€2]
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By direct calculation, we have

LHSSJZ / sup |R(s — u, z)|dsdu + Z / sup |R(s — u, z)|dsdu
Im

min xIn CEERd m,n= 1 m X Jn xGRd
(5.24)
/ sup |R(s — u, z)|dsdu + £* / sup |R(s — u, z)|dsdu
w2y I R [0,¢/e2]x [NAt,t/2] zeRd

=(I) + (II) + (I11) + (IV).

We first assume goé(r) < r~A For (I), when m # n and s € I, u € I,,, we have |s —u| > 772
hence sup,cpa |R(s — u, )| < cp%(e*”?), so (I) < N2525*2'Ylg0%(5*72) < 272 If we choose A
sufficiently large (e.g., A > 2/742), (I) — 0 as ¢ — 0. The discussion for (II) is contained in the
proof of Proposition 3.2. For (I11), if |[m —n| < 1, we have a bound of order Ne2e™72 ~ 71772 — (;

if |m —n| > 2, by similar discussion, we have a bound of order 52N25*”/1*72g0% (7)) < M2 0.
For (IV), we have (IV) <277 — 0 as e — 0. The proof is complete. [J

Let us(t,x) = ue 1 + iue 2 and ug(t, x) = uo 1 + tup 2, then Proposition 5.3 implies that for any
N1, Ny € N, we have IE{u8 iué\g} — E{u 1 2} Since both u.; and ug; are bounded for i = 1,2,
we obtain for any 61, 69 that

oo
) ) 1
E{€z61Us,1+zGQUs,2} — E EE{('L.HIUE,I + i92u6’2)k}
k=0

o (5.25)
=+ (01001 + i2u02)"} = E{e fruo,1tifzuo2y
k=0

which completes the proof of the case a = oo.
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A Technical Lemmas

Lemma A.1. Assume |X| < C is F**" measurable, then

|E{X|Fr} — E{X}| <2Cp(n). (A.1)

Proof. First, we show (A.1) holds with F}, replaced by any A € Fj with P(A) > 0, i.e.,

E{X|4} - E{X}| < 2C¢(n). (A2)
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This can be done by approximation. Let X = )", ¢;14, with |c;| uniformly bounded by C and
A;NAj =0 when i # j, then |E{X|A} —E{X}| < C), [P(Ax|A) — P(Ax)|. Let A} be the union
of Ay, such that P(Ax|A) > P(Ay) and A_ the union of the rest. Then we have

E{X|A} — E{X}| < C (B(A4]A) — B(A.) + B(A_) — B(A_|A)) < 2Cp(n).  (A3)

Next we assume ||E{X|F;} — E{X}||cc > 2Cp(n) + ¢ for some £ > 0, so there exists a set

A € Fi, such that P(A) > 0 and [(E{X|Fr} — E{X})1a(w)| > (2Cp(n) + )1a(w). Without loss

of generality, assume (E{X|F;} — E{X})14(w) > (2Cp(n) + €)14(w), possibly for some other A.
Integrating on both sides, we obtain E{X14} — E{X}P(A) > (2Cp(n) + )P(A), so

E{X|A} —E{X} > 2Cp(n) +¢, (A.4)

which is a contradiction. The proof is complete. [

Lemma A.2. For independent Brownian motions By, Wy and any v > 0,5 € (0,1), we have

e~y pe? 0
67/ / R(s —u,&”(Bs — By,))dsdu — 2/ R(t,0)dt (A.5)
0 0 0
in L? and
t/e t/e
5/ / |R(s — u,?(By — W,,))|dsdu — 0 (A.6)
0
in probability.
Proof. Let R(t,€) = [pa R(t,z)e ¢ %dx. For 7 fo o " R(s — u,e®(By — By))dsdu, by direct

calculation, we have

Ep{e” / o / " R(s — (B, — By))dsdu)

—67/ / ; e —3l€17e?P|s— uldedsdu
]Rd

R(u,&)e —31¢%e udedu (A.7)

__257

]Rd
s/sW 25
R(u, €)e 2167 ugeay

=2 ds

]Rd

—>2/0 ds/o /Rdwfz(u,g)dgdu=2/ow R(u,0)du,
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and
e~ e~ 2
Ep{ <87/ / R(s —u,e” (B, — Bu))dsdu) }
0 0
4 /[O T B R - wr, % (By, — Bu,))R(s3 — uz, % (Bs, — Bu,))}dsdu
_

_4627/ 181>u1182>U2EB{R(ul> ﬁ(le - B817u1))R(u2756(382 - BSzfuz))}deu
0,e—

tls
s1e” Y S0 Y
—4/ d81/ dU1/ dSQ/

e / R(ul, &R (u2, {2)EB{6151 e? 5157"/7B515777u1)ei£2'€ﬁ(BS2sf’Y *BSQE*‘qug)}d&d&.
R2

(27r )
(A.8)
For fixed s;,u;, &1 €%(By e~ — Bgje-v—u,) + €2 - €% (Bgye—v — Bgye—v—u,) — 0 in probability, so we
_ 2
have IEB{(eS7 = o "R(s — u,e?(By — Bu))dsdu) F= (2 )57 R(u,O)du)2.

2
Now we consider ¢ [ t/e? t/ “|R(s — u,?(Bs — W,,))|dsdu. Without loss of generality, we can
assume R is positive, so

t/e t/e
]EB{s/ / |R(s — u, e’ (B, — W,,))|dsdu}

t/e?  pt)e? 1 -
= / / / JR(s —u, &)e 3P dedsdu
R4 (27T

t
:252//6 / du P \5l2€25(2s—U)d5 (A.9)
0 0 ]Rd
<o [ as [ au R(u, €)e 216" s g¢
0 0 ]Rd

—Z/ds/ du/ u§ —3lePe s g d¢ — 0
]Rd 27T

by the dominated convergence theorem since 8 € (0,1). The proof is complete. [

Lemma A.3. For fitede > 0, y5 = T(:2-a4 p,)w s a stationary Markov process, ergodic with respect
to the invariant measure P.

Proof. First, since y5 = T(c2-a(s—u),B,—B,)Ys fOr any u < s, it is a Markov process. Next, for any
A € F, we have

EEp{1a())} = | [ 1a(ricrasmw)as(@)daP(dw)
Q JRA

(A.10)
= [ [ 14l ey Bld)a. () = B(A),
R4 JQ
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so PP is an invariant measure and y is stationary. Now if for some A € F, we have
Ea{La)} = [ Ll enm)as(z)de = La(w) (A1)

R
for all s > 0. Since gs(x) > 0 for all s > 0,2 € R%, we obtain that LA(T(e2-ag z)w)

s> 0,z € R% Let s — 0, by the strongly continuity of 7}, we obtain La(toz)w) =
z € R%. Hence,

14(w) for all
14(w) for all

1A(T(s,z)w) = 1A(w) (A12)

for all s > 0,2 € RY Let w = T(—s,z)W, We have (A.12) holds for all (s,z) € R9*1. Therefore, by
the ergodicity of 7, we conclude that P(A) = 0 or 1 and y¢ is ergodic with respect to P. The proof
is complete. [J

Lemma A.4. If V is a mean zero, stationary random field with covariance function R(t,x), and
B is Brownian motion independent from V, then

t/e? ? su T
IEIEB{<5/O V(s, By)d > }<t/Rd wfm. (A.13)

Proof. By direct calculation, we have

t/e? 2
EEs{ / V(s Bs)ds | }
t/e?
<e? / / / sup |R(t, ) -5 dmduds
Rd (27ru)2

1 _lo? (A.14)
<5/ du u)l, z/ sup |R(t, e 2u dx ‘
[ dul =y, [ IR
t o |xf? d_o _ 1
<e? | dM—= — =) A2 [ sup|R(t d
Ng/o (82 2A) # % € Rd7'(‘2 Sup’ ( x)"x‘d_g €T
R |z]

Lemma A.5. Let X; = (t;,z;) € RATL i =1,... 4, then under Assumption 2.1,

[E{V(X1)V(X2)V(X3)V(X4)} — R(X1 — X2)R(X5 — X4)|

(A.15)
<U(X] — X3)U(Xo — Xg) + V(X — Xy)U(Xy — X3),

where 0 < W(t,z) < Cgl A (2 + |2]?)=? for any B > 0 and some constant Cs.

Proof. See [8, Lemma 2.3], where the mixing property is required. [J
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