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Abstract

We analyze the weak-coupling limit of the random Schrédinger equation with low frequency
initial data and a slowly decorrelating random potential. For the probing signal with a suf-
ficiently long wavelength, we prove a homogenization result, that is, the properly compen-
sated wave field admits a deterministic limit in the “very low” frequency regime. The limit is
“anomalous” in the sense that the solution behaves as exp(—Dt®) with s > 1 rather than the
“usual” exp(—Dt) homogenized behavior when the random potential is rapidly decorrelating.
Unlike in rapidly decorrelating potentials, as we decrease the wavelength of the probing signal,
stochasticity appears in the asymptotic limit — there exists a critical scale depending on the
random potential which separates the deterministic and stochastic regimes.

1 Introduction

We consider the weakly random Schrodinger equation
1
i0i¢+ 5A¢ =V (tz)¢ =0, t>0,2 € R4 (1.1)

with a low frequency initial condition ¢(0,x) = ¢o(¢x). Here, e < 1 is a small parameter measuring
the strength of the random potential V (¢, x), and £ < 1 is the ratio of the typical scale of variations
of the potential to that of the initial data. We are interested in the long time behavior of the
solution, on the scales such that the effect of the weak random potential is visible. When the
temporal and spatial correlations of the random potential are decaying rapidly, this problem was
addressed in [2] when ¢ = 1 (so that the initial condition is not slowly varying), and in [1, 7]
for ¢ < 1. We should also mention the papers [3, 14] where the kinetic limit for the case £ =1 is
obtained in the much harder case of time-independent random potentials. In the aforementioned
papers, with the rapid decay of the correlations of the random potential, the solution of (1.1) is
affected by the random potential in a non-trivial way on a universal time scale ¢t ~ 2 which
depends neither on the typical scale of variations of the initial data nor on the covariance structure
of the random potential. Moreover, the limit is deterministic for all £ <« 1 — all solutions with
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slowly varying initial data homogenize at times ¢ ~ ¢~2. Here, we are interested in what happens
when the correlations of the random potential decay slowly. As we will see, then the time scale to
observe “non-trivial” behaviors indeed depends on the correlations of the random potential and is
not universal. Moreover, the observed behavior on this time scale varies dramatically depending
on the scale of variations of the initial condition even for slowly varying initial data.

Let us now be more specific about our assumptions on the random potential V' (¢,x). It is a
stationary mean-zero Gaussian random field, with the spectral representation

vV (¢, dp)
t — p-x 7 1.2
Vi) = [ er i (12)
and the covariance function
R . d
R(t,2) =E{V(t+s,2+y)V(s,y) = | Rlp)et®teire P (1.3)
R4 (27T)d

Here, V(t, dp) is the complex spectral process, and
E{V (t,dp)V*(s,dq)} = R(p)e *PI"*I5(p — q)dpdg

with

R) = s o) = ol (1.4)

are, respectively, the spatial power spectrum of the potential and its spectral gap. The cut-off
function a(p) > 0 is bounded and compactly supported so that R(p) is integrable at infinity, and

> 0 is a constant. The role of the parameters v > 0 and 8 > 0 can be seen by setting t = 0 and
x = 0, respectively, in (1.3):

pa_ 0(p)  dp 1
R(0,z) = / e’ ~ x> 1,
Rt [p[Prram2(2m)d [z

and

_upi28e a(p) dp 1
R(t,0) = /Rd et PP+ (2m)d @ 2/C8) > 1.
One of the main results of [7] is that in the case v+ 8 < 1 (rapidly decorrelating potentials), on
the time scale ¢t ~ £~2, and after a proper phase compensation, the wave field is homogenized —
it is nearly deterministic, as long as ¢ < 1. In this paper, we consider the opposite regime: the
parameters v and (3 satisfy
0<v,B8<1, v+8>1, (1.5)

so that the correlation function decays slowly. We point out that v + 3 = 1 is the critical setting
for R(t,0) € L'(R), so the slowly decorrelating and rapidly decorrelating refers to the decorrelation
in time and depends on whether the time correlations are integrable or not. Our goal is to explore
the asymptotic behavior of the wave field, and its dependence on the the initial condition.

We mention that the case £ = 1, that is, when the the probing signal varies on a scale comparable
to that of the random potential, was investigated in [2]. It was shown that, after the phase
compensation, the wave field behaves on an anomalous time scale like a lognormal distribution.



The possible asymptotic limits

Before presenting our main results, let us give a heuristic explanation of what one may expect.
From now on we assume that ¢ = €%, and investigate different values of @ > 0. Consider a time
scale e 7" with some x > 0 to be determined. The rescaled wave function

t x
€ ta = e ol
belt ) = 9, )
satisfies the rescaled Schrodinger equation
) 1 5, s 1 t
Z8t¢g(t, ZL‘) + 55 A¢p. — 6,{7_1‘/(;7 Eia)gbs(ta l‘) =0, QSE(va) = ¢0($) (16)
The modified potential
1 x
Ve(t,z) = Vv — 1.7
(62) = Sy V(s ) (17)

has the covariance function

K/2 Ko
R.(t,z) = 1 / a(p) o—HIpI?Pt/e" Lip-x/e® dp _/ a(p‘g/ﬁ)e—MIPIQﬂtei(p~z)€25 dp
R

£2K—2 Rl |p|2'y+d72 (27T)d B |p|2fy+d72 (27T)d’
(1.8)
which is of order O(1) provided that the time scale exponent is chosen as
2B
K= —F"—. 1.9
286+y—1 (1.9)

From now on we fix x as the above value depending on 3,~. It follows from (1.5) that 1 < k < 2,
hence the time scale e~ * is much shorter than the classical central limit theorem time scale 2.

We also see that for o = a,, with

K 1

=G 3T (1.10)

Qe

the rescaled potential V.(¢, z) has the same distribution as V' (¢,z) modulo the effects from the cut-
off a(p). The self-similar structure of the power spectrum plays an important role in our analysis.

Let us ignore, for the moment, the effects of the term £2*~*A in (1.6), so that this equation
formally reduces to an ODE. If a = a, the rescaled covariance function has a limit,

_ a(0) 28t ipe dP
R.(t Rt,x)= | —otme Ml tepe T
6( 7:(}) - ( ,[E) /I‘Rd ’p‘27+d_26 e (27T)d

as ¢ — 0, which can be identified as the covariance function of a generalized Gaussian random
field W (¢, ). That is, there exists a generalized fractional Gaussian random field W (¢, x) so that

(1.11)

. . 1 a(0 _ Bt inx
E{W (t +s,2 +y)W(s,y)} = @) /R ) |p|27(+2126 PPt give g, (1.12)

Thus, when o = a., for each € R¢ we formally have

Ore(t, ) = —iW (t, ) e (t, x) (1.13)



when ¢ is small, so the solution is approximately

¢
(1, 7) ~ ¢o(x) exp{ —i/ W(s,x)ds}. (1.14)
0
Furthermore, when « € (0, c.), the limit of the covariance function is
1 aA(0) _ —piplr
R.(t,z) — ) /Rd |p|27+d_26 dp, (1.15)

so the spatial variable is “frozen” and there is only temporal mixing. Then, (1.6) becomes, formally:
Ore(t, ) = —iW (t,0)de(t, z) (1.16)

with the approximate solution

(1, 2) = ¢o(x) exp{ - i/OtW(s,O)ds}. (1.17)

Its Fourier transform .
$0(€) eXp{ —z’/ W(S,O)ds}
0

coincides with the limit in the case a = 0 [2, Theorem 1.2], i.e., the high frequency regime.

On the other hand, when a > «., the covariance (1.8) is highly oscillatory, and so is the
corresponding noise W (t,x/%~%), and it is not clear on this formal level what the limit should
be. It turns out that the oscillations will lead to a deterministic limit.

The main result

We analyze the problem in the Fourier domain, where (1.6) can be written as
N T
1019 = 5™ €6 — Vege = 0.

The initial profile ¢g is assumed to be of the Schwartz class: ¢9 € S(R?). As in [2, 7], in or-
der to eliminate the large phase coming simply from the deterministic evolution, we consider the
compensated wave function

ile®e|?t ~ T ile®e|t

Ve(t,€) = ge(t,E)e 2n - = P(— ,e%)e = . (1.18)

gk’

To consider 1., the possible large phase factor in ¢, is being removed so we can focus on interested
quantities such as the wave energy. Let us emphasize that £ ~ O(1) in the argument of the function
Ye(t, &) corresponds to & ~ O(e?) in the argument of the function qg(t,f) In the following, if we
refer to the order of frequencies, it is with respect to the argument of é, and it is only the spatial
frequency.

In order to formulate the main result, we define the following constants

[oe)
d
KlZQd/ e o 2p_17
0 p=Y
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where € is the surface area of the unit sphere in R%, and
-1 (28)
O e
’ R w[>r+d=2 - (2m)”
2r)iz—r)’

D(t,¢) = a(0) /[0 " |s — u|_%K2(|S — ult, §)dsdu.

(2m)4

All constants above depend on the values of 7, 8, and their expressions will become clear later when
passing to the limit through the covariance function R. We denote by N(0,0?) a random variable
with the normal distribution of mean zero and variance o2, and by W (¢, z) a generalized fractional
Gaussian mean-zero random field with covariance (1.12).

Theorem 1.1. For each fized t > 0,8 € RY, the compensated wave function 1. (t,€) converges
in distribution, as € — 0, to a limit ¥(t,§) defined as follows: (i) if « > «., then the limit is
deterministic:

9(1,6) = dole) exp { — S D2/,

(ii) for a = a the limit is random:

Dt €) = /¢0 % exp —Z/Wsa:)d}dx

(113) if 0 < a < ae and B € (0,1/2], or k —ae < a < a. and € (1/2,1), then the limit is random:

(t,€) = do(€) exp {iN (0, DE/)
(v) if « = Kk — . and B € (1/2,1), then

D(t,€) = do(€) exp {iN (0, D(t, )t¥%)}.

We point out that when a € (a, 00), the limit in Theorem 1.1 is deterministic, thus we have a
convergence in probability. This means that solutions with “sufficiently low frequency” initial data
homogenize also in the random potentials with slowly decaying correlations. The (non-standard)
time factor t2/% in the exponent reflects the slowly decorrelating nature of the random media, and
should be contrasted with the exponential decay in time exp(—Dt) of the homogenized limit in
rapidly decorrelating potentials [7]. It is also worth noting that the wave field is attenuated in the
limit and the exponential decay in time implies a loss of mass (the L? norm). The same phenomenon
occurs in the rapidly decorrelating potentials [7], where the mass lost from the low frequencies of
the order O(e®) escapes to the high frequencies of the order O(1).

A key feature of Theorem 1.1 is the existence of a critical wavelength scale O(e~%) of the
probing signal, which separates the deterministic and random regimes. This is very different from
the Schrodinger equation with rapidly decorrelating potentials, where homogenization happens for



all slowly varying initial data (any a > 0), as was proved in [7]. In addition, the random vari-
able N'(0, Dt*/%) that arises in the limit for o < . can be identified as the (one-point) distribution
of a fractional Brownian motion at time ¢, which may be written as

VDB, (t) = /0 W (s, 0)ds,

in agreement with our informal analysis. Such fractional limits are typical for additive functionals
of Gaussian random variables with slowly decaying correlations, but it is not a universal limit and
comes from the specific covariance structure of the Gaussian field [13]. A posteriori, this limit
justifies the basic assumption of the informal computation we have shown above: the effects of the
Laplacian operator are suppressed via the phase compensation, the dynamics is essentially reduced
to an ODE, and the random potential behaves as a fractional Gaussian noise in the limit. We
should mention that the restriction @ > k — a for 5 € (1/2,1) is a limitation of the technique of
the proof, and is the analog of the restriction § < 1/2 that was needed in [2] in the case o = 0
considered there.

y

A heuristic explanation of homogenization in the “very low frequency” regime (o > a.) may
be as follows. Up to the time scale e, the characteristic frequencies of the slowly decorrelating
medium are of the order O(¢%¢) — this can be seen from expression (1.8) for the rescaled covari-
ance R.(t,z). For the probing signal with a bandwidth narrower than O(¢%), of the order O(¢%)
with a > a., the interactions of the signal with the medium frequencies can only produce fre-
quencies outside of the original bandwidth, so only the ballistic component survives in the limit,
leading to the homogenization result. On the other hand, if the probing signal signal has bandwidth
wider than O(e®), that is, & < ., then the interactions with the medium frequencies can produce
frequencies inside the initial bandwidth, and the limit is stochastic.

To the best of our knowledge, the first study of wave propagation in slowly decorrelating media
was done in the one-dimensional case [6, 12], where it was shown that a pulse going through a
random medium with long-range correlation performs a fractional Brownian motion around its
mean position, as opposed to the regular Brownian motion in the rapidly decorrelating case [5]. On
the other hand, the motion of particles in such random media leading to fractional Brownian limits
was considered in [4, 10, 11]. We also mention the recent work of [8, 9] analyzing the wave energy
instead of phase evolution, where a time-separation is observed due to the long-range correlations
in the random potential. From a physical point of view, it is important to consider randomness
with different correlation properties and how they affect the large distance wave propagation is
crucial in e.g., inverse problem, imaging and uncertainty quantification. In this paper, we take the
Schrodinger equation as a prototypical example to focus on the interaction between the correlation
scale of the media and the wavelength of the probing signal.

The paper is organized as follows. In Section 2, we introduce the Duhamel expansion and
prove some basic moment estimates. Next, we prove the homogenization result in Section 3. The
discussion of the stochastic regimes is in Section 4.

Acknowledgment. This work was supported by the AFOSR NSSEFF Fellowship and NSF
grant DMS-1311903.



2 The Duhamel expansion and a moment estimate

The basic strategy in the passage to the limit ¢ — 0 is the same as for rapidly decorrelating
potentials in [7]. We consider the Duhamel expansion for the function ¥ and study its moments
using the expansion. In this section, we introduce the series and establish a uniform (in € € (0, 1))

bound on the moments of the terms in the expansion. This will allow us to pass to the limit
term-wise in the series for any moment of the compensated wave function.

The Duhamel expansion

A straightforward calculation shows that the compensated wave function . defined in (1.18) sat-
isfies the following integral equation:

006 = (@) + 5 [ /R Dt ety e Dyas, (21)

The solution of (2.1) can be written as an iterated series:

t 6) = Z fn,s(taf)v (2'2)
n=0

with the individual terms

= ‘7 mdp ) ag g(n) p(n)y/er 2 p1+...+Dn
Fuclt,€) = wﬁ / / H ol i) ien(enes /e o - PLE e H Py (o)
The phase factor in (2.3) is
" S
Gn(&, 5™, pM) = Z(’f—pl—---—m—1|2—|f—p1—---—pk|2)§k- (2.4)

k=1

We used here the convention fy.(t,£) = qgo({), and have set po = 0, p™ = (p1,...,pn), as well
as (™ = (s1,...,5,). We have also defined the time simplex

Ant)={0< s, <...<s1 <t}
As has been shown in, for instance, [2, 7], the series (2.2) converges, and one can take the

expectation of 1. and its moments term-wise, as long as € > 0 is fixed. Thus, the proof of
Theorem 1.1 boils down to the asymptotic analysis of the moments of the form

E{fmie - fmarefe - Fanet (2.5)

As V is a mean-zero Gaussian field, a non-zero contribution comes only from the terms with

M N
Z m; + an =2k (2.6)
i=1 =1



for some k£ € N.
We will denote “the random part” in (2.5) as

S S S S
IMN (277) 2I~ch( — dpl 1) V(%vdpl,ml)“ V( 241 ) V(%Wip]\/ﬂmzw)
* * N s  UWN, s UN,n
X V(S dany) VT dgu) VS dang) - V(S da ).

Here, s; and p; variables come from the terms f,,, ., — each of them involves m; temporal vari-
ables s 1,. .., Sk,m, and mj momentum variables py 1, ..., Pkm,, While the variables u; and ¢; come
from the terms f; _in (2.5). Using the rules of computing the 2k—th joint moment of mean zero
Gaussian random variables, we write

E{lyn}=)Y_ [ e ool 5(wz+wr)R(wl)dgf;ZT' (2.7)

F (v,vr)EF

The above summation ) » extends over all pairings formed over the elements in

{81’1,.. . 781,m17--'aSM,la"-aSM,vaul,h~'-7u1,n17'-- 7uN,17-- . 7uN7’le}?

and a given F corresponds to one possible way of pairing all the elements belonging to the above
set. We call (v;,v,) € F a pair with v;, v, the corresponding two vertices. In (2.7), wy, w, are the
corresponding p, g variables, that is, w; = p;; if v; = s;; and w; = —¢;; if vy = u; ;. The same
holds for w,. We will also write a pair as an edge e = (v, v,). Note that the order of v, v, does
not matter here since both g and R are even.

A uniform bound on the individual terms

As we have mentioned, in order to be able to pass to the limit term-wise in the series for the
moments of 1. we will need the following uniform bound.

Lemma 2.1. For all ¢ € (0,1], we have

< (2k — 1])\;! ok
Hz 1(mg)! Hj:l(nj)!

B fmre - fmprefug e Fay 3 <

with some constant C' depending on t,¢o, R, g, and k as in (2.6).

Proof. Since qgo is bounded, we have

|E{fm1,€ N T ;1, nN 6}| < Cre(l= H)%/ deu/ |E{IM,N}|'
m "(t) R2kd

where
Apn(t) = A () X o0 X Ap (B).



By symmetry, the r.h.s. of the above expression is bounded by

Ck€2(1—li)k
E{I
T, o T () Jy 1

k
k _ —g(w)|s—u|/e"
= MC (21:; ]\1[) < (1- “/ / ¢ - Rw )dwdsdu) ,
[LZ: (ma) TLI ( 0] /R4

with the factor (2k — 1)!! coming from the total number of pairings. We recall that g(p) = p|p|??
and

: a(p)
R(p) = W7
and change the variable
8n/25
w 7\3 — u|1/25w
to obtain
2lmr / / w)|s—ul/e" e ) dwdsdu — / / e~ Hlwl*? o /28y ) dwdsdu
0,t]2 JRd [0,t]2 Rd 27T |w|27+di2 |87U|1/2/8 ‘5—u|1777’

which is bounded since a is bounded, v < 1 and v+ 8 > 1, and the conclusion of Lemma 2.1
follows. [

The bound in Lemma 2.1 is useful, since for fixed M, N, we have — recall, once again, that k is
related to m; and n; via (2.6):

Z Z — 2/<;)—Hl)n( i (2k — 1) ”Ck()]'\4+N) ‘o, (2.9)
m1=0 ny=0 = 1

as can be seen by the binomial expansion. Thus, Lemma 2.1 implies that the individual terms in
the series for [E{v.(t, &)M?(t,€)N}| are uniformly bounded in ¢ € (0, 1] by a summable series, and
thus not only we may write

E{gpe(t, )M 2O = D 00 Y B fonre o Fnnpefrne - Frne) (2.10)

m1=0 ny=0

but we may also pass to the limit individually in each summand.

Re-writing the individual terms

We will now look at the individual term

E{fm1,6 s meﬁ ;:175 te f:;Nﬂf}’

and re-write in a form convenient for the analysis. We can write

N
* * £\ XL m 15 =11y
E{fml»s-.-f’rnM,E nlaa"'an76} = <7) < i )

el —el

M N (2.11)
X dsdu/ E{Im N e'9M g IIN P Wy s
Jo s [ B} TT A T v

i=1 j=1



where

M N
= G, (e s pM)) Je®, Gy =7 G, (76, u™), q1")) [e",
— =
2 Pil + .+ Pimiy S gj1+ .+ Qin;
hati = dol§ — =), iy = G5(6 - ),
and we recall that
A (t) = D (B) X oo X Ay (B)
By (2.7), we have
E(lunt =3 T e ol s, + wy) R(uy) Sder (2.12)
(2m)

F (v,vr)EF

where F are the pairings arising in computing the joint moments of the Gaussians V. Thus, we
can write

E{fmlz fTrL]\[,E ni,e nN,e} 72 mi,...,n (213)

with the individual terms

zf\i m; ZN:l nj
w91 = (57 (é)]

1eh —el
R dwldw
x dsd glw)lor=vel/e" 500 4w VR Gy =198 TT 1 r
/A “ s u/RM H (w; + wy) R(wy)e¥Me H MlH N oy
m,n ’Ul,'Ur)e]:
(2.14)
Our goal is, therefore to identify
i 7 s (F),

for a fixed pairing F. We integrate out the w, variables in (2.14) and obtain

S e (F) = (6)2%1W( € >Z§V=1"j
My : :

ieh —1eP
N ] (2.15)
rl/e" g g wi
AT e e TRy O
Ul,l)r EJ: 1=1 )= 1
with Gar, OGN, b, hiv,j subjected to the constraint
w; + w, =0 (2.16)

for all pairs. Once again, we recall that

a(p) = plpl*®, R(p) = |(21f$f212

10



Using these expressions, for every w;, we apply a key rescaling to extract the characteristic fre-
quencies from the underlying media up to a time scale e™" (recall the discussion that leads to

(1.10)):
wy — e%ew;.
Using the fact that a. = £/20 and k = 25/(26 + v — 1), we obtain
1 1
JTEn1, ,TL’;V (’F) = N

Zle\il my (_Z')ijl U

(o N d (2.17)
—ulw 1280 Ur al\e 'Ll)l Zg 7’g ~ 'U}l
X/ dsdu/ H plw|*F vy — |‘wl‘2v+d Selme” NHh Hh -,
7’L TL Ul,v’[‘ E‘F : :
where
M N
= Z G, (€2, (M) goep(my jer gy = Z G, (7€, u(m) g% q(ni)y /g (2.18)
i—1 j=1
and
BM,Z‘ = QZA)O(g — {-:ac*a(phl + ... —l—pi,mi)), ﬁ}k\ﬁj = QES(f - Eacia(qjﬂ + ...+ qjmj)), (2.19)

which are still subjected to the constraints (2.16) for all edges. This expression will be the starting
point for our analysis for all frequencies.

3 Homogenization of the very low frequencies

We begin with the very low frequency regime (o > «.), where the limit does not depend on
whether 5 < 1/2 or § > 1/2, and prove the homogenization result — the limit of the compensated
wave function is deterministic.

Proposition 3.1. If a > a., then, for a fited t > 0 and £ € RY, we have
n _1 /5
Ve(t,€) = do(€)e 2"
in probability as € — 0.

Proof. We will first compute the limit of E{¢-(¢,£)}, and then show that the second absolute
moment converges to the square of the limit of the first moment, which will establish the convergence
in probability.

The limit of the first moment

Let us start with E{¢.(¢,£)}. In that case, there is only one simplex of time variables, and (2.17)
simplifies to

_ _ a(gacwl) iG ag¢ o(n) ~acpy(n) K dwl
JE(F) = 7%5 ds/ pulwi 8 oy —vy | G (€5 e¥ep™)) [e 7
in Aok (1) H ’wl |2'y+d—2 (27r)d

11



with n = 2k for some k € N. By the definition (2.4) of G, and since o > a. = k/2[3, we have a
bound for the phase factor

|G (e2€, 5, g% pM) Je"| < C5 7",
with a constant C' depending on &, s, p(™ . Since < 1, the function a(p) is uniformly bounded
and the function

6—#Ipl2ﬂ\s—U\/,p|2v+d—2’

is in L'([0,¢]? x R?), we may apply the Lebesgue dominated convergence theorem. This gives

3 1~ —p|wy| 2B v —vr CL(O) dw
JQk(F) — Zgikgbo(f) AQk dS/ H pwi | Bl ||wl‘2'y—|—d 3 ( )l

vl,vr Ef—'
Therefore, we have
oo
lim E{ye(,)} = ZZ im J5,(F
k=0 F
:iz / / I ol a(0)  duw
k=0 F Aai(t (v0r)EF [ rr (2m)t

Integrating out the w; variables, and recalling the definition of

oo
d
= Qd/ e_M'DZB 2 p_17
0 p=7

we obtain

o0

lim E{y/e(t, )} = do(&) Y_(~1 [

} Z/ s I -wl 7

k=0 F B2 (vz,vr)ef

Note that -

> for =T

F (v,vr)EF
is symmetric in (sq,. .., Sok), SO

2k — ! g
1— — 1—
Z/ lop — o7 :(72” / s —u|” 7 dsdu | |
Aok (] vr) r (2k)! [0,1]2

and thus

ilg(l) E{¢€(tv 5)} = QEO(f)e_%DtQ/n ‘

12



The limit of the second absolute moment

Next, we consider E{|.(t,¢)|?}, then (2.17) becomes

1 1 -~ 281, a(EanZ) dwy;
JE (F) = dsd || plwi|*C oy —vr|
e (F) im(—i)" /Amn(t) § U/de( )e]__e |wy |27 +d=2 (27)d
’ Vi, Ur

m n

Xl B[ G Gy (¢ - oy pdi(e — %Y ),
i=1 Jj=1

with m 4+ n = 2k for some k € N. Here, the p, ¢ variables satisfy the constraint
w;+w, =0
for all edges.

The “crossing” pairings that have at least one edge e = (v;,v,) such that v; is an s-variable,
and v, is a u-variable satisfy
m n
D pi=-2 4
i=1 j=1

which is not identically zero since it contains at least one variable. Thus, such pairings give the
following factor coming from the initial condition

Po(§ — 7> pi)do(§ — ™D g;) =0
i=1 Jj=1

as € — 0, as a > a,. If we denote the set of those “crossing” pairings by P,, then it is clear that

. . B
lim > T (F)=0.
FeP.

For F ¢ P., all edges e = (v;,v,) connect the same type of variables, thus both m and n are

m n
D pi=) 4 =0
i=1 j=1

under the constraint w; + w, = 0. Then, by the same argument as for E{t.(¢,&)}, we have

even, and

1_1 . — g 128 vy — a(0)  duwy
T e (F) = ———|o|*(¢ / dsdu/ H o—Hlwi| P o=, |
) ( ) gm (—Z)n‘ 0’ ( ) A () Rkd (0100 )EF ’wl|2'\/+d—2 (27.‘.)01
1 1 " a(O)Kl k 1
=———|ool?(¢ / dsdu v —uv| B
im (—Z)”| ol ( )[ (27T)d } Aren(®) o He}_| |

Since m,n are both even, we write m = 2k, n = 2ky for k1, ko € N, and obtain

. 27 .
Um E{ye(t. )P} = Y D lim J5, 5 (F)
k1,k2=0 F¢P.
= \ a(0) K 1ki+hs i
= Z (_1)k1+k2|¢0|2(£)[ (2) dl] Z/ dsdu H o, — vr ﬁw'
(2m) Fab. ) Amat® ()T
c V1, Ur

k1,ka=0

13



As F ¢ P., we have

Z/ dsdu H \vl—vrrl%
A

Fgp, ) Bmnt) (v1,0r)EF
_1-y _ 1
Z ‘Ul _/U’I" s Z ‘Ul_v7"| E )
A2k1 (Ulvvr)efs 2k2 'Ul ,Ur)e]:u
where Fg, F,, denote the pairings formed by sy, ..., so,, and uy, ..., ug, respectively. This implies

lim E{ [ (t,€)*} = | lim E{y(t, )},

which completes the proof. [

4 The stochastic limits

In this section, we assume « € (0, .| and prove a convergence in law of the compensated wave
function . (t,&). To identify the limiting distribution, we compute the limiting moments. Recall
that by Lemma 2.1 we only need to pass to the limit in (2.17):

1 1
JE * F —
M- ’nN( ) iZfil m; (_,L')Zé'vﬂ ;
(coewy) d (4.1)
% dsdu/ —Mwl\w\vl —v,| A& "W wi 1QM —ZQN th bt
/A”“"(t (v g@r |wy[27+d=2 (27) H H N
The phase factors are
M . N
_ Z Gmi(5a§7 S(mi)7€a6p(mi))/€fi7 Gy = Z ( aé», e q(n]))/ 7
T j=1
thus for a < a,, we have . )
G| + |G| ~ e T,
We will need to consider two cases.
Case 1: § € (0,1/2]. Then a, > k, thus we have
a+a.—k >0,
which implies Gas, Gy — 0 as € — 0, so by (4.1)
1 1
J;, < (F) —
M ’nN( ) @Zi\il m; (_i)Zj‘V:K’LJ
(4.2)

w2 oy @(0) dw;
X/ dsdu/ H MI l| |l ||wl‘2,y+d 2(2 ) CY(E?p’q)?

(vi,or)EF

14



with

N
o(€,7,9) fhmHhM HE}*V (4.3)

N %
Hz 1 ¢0( Pil = -+~ Pim;) Hj:l o6& —qja— .. — Qj,nj) Q= Oe.

We recall that all p, g—variables satisfy the constraints w; + w, = 0 for all edges.
Case 2: € (1/2,1). Here, we will consider the range

_ [ oo™ <z;< & a € (0,a0),
6_

K—aa. < a<ae.

We have
a+a.—k>0forac (k—aeadl,

or
a+a.—k=0"for a=k—ac.

When a € (k — a, a.), we still have
Gr, Gy — 0 as e — 0,

so we have the same limit as (4.2):

1 1
J, < (F) —
m1,...,nN( ) zZzAil m; (_Z)Zﬁl n;
(4.4)
—M|”LU |28 |v; —vp| (1(0) dwl
m,n( (vl,m)e]:
On the other hand, when @ = Kk — «., we have
B M m; ~ N nj
G = D> D ik - Osig and Gy = > > (g - Eujk,
i=1 k=1 J=lk=1
hence
1 1 Ll 128 a(0) dw;
JE e (F)— / dsdu / ulor o =or|
TR iz s, JL w42 (2m)e
RS 2k:1<wf>“j7k<¢o<f>> Ghe)"
(4.5)
To summarize, depending on the parameters «, 3,y (k depends on 3,7), we can write
;g%‘]fvu, ,nN<]:) = Jm1,.--,n}‘\,(f)v

with Jp, nx (F) given by (4.2), (4.4) and (4.5) in the three respective cases: (i) 0 < 8 < 1/2
and0<a§ac, (ii)1/2<pf<land k —a. < a<aqand (iii) 1/2< f<1and a =k — a.
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The case o < a,

Theorem 1.1 treats two regimes in the case 0 < a < a.: (i) 8 € (0,1/2] and a € (0, ), and
(ii)) B € (1/2,1), and « € [k — ., a.). The key feature in this case is that the factor (4.3) coming
from the initial conditions in (4.1) has the limit

N A
H ()M (@56))"

H::]z

as ¢ — 0. If, in addition, we assume that either 5 € (0,1/2] (case (i) above), or § € (1/2,1)
but a # Kk — o, in case (ii), then the term J also simplifies: the phase information vanishes in the
limit, and

1 1
zZi\il m; (_1)2;\]:1 nj

—ptlawy 28 vy —vr. a(o) dw; -
o e, T s o€ Gt

(vy,vr)EF )

Making a change of variable w; — wy|v; — UT|_1/2’B and integrating out w;, we obtain

1 1
Jm1 ..k .F = i <
3oy N( ) iziil m; (_’L.)ijl n;
(I(O)Kl k . - i
o] e ieny [ asto T el

As in the proof of Proposition 3.1, we use symmetry after summing over all pairings F to get

S et P = o [0 uie G
= §2ui=1Mi (_g5)2u5=1"

k
2k — 1! _l
T ,(/ s —ul lﬁ”dsdu>,
[LZ ma TTm st \ V0412

1 a(0)Kq17k - ~
ZZ 1M () [ (2m)d }

which implies

lim E{use(t, €)M 2 (1, €)V} = Z Z

mi1= 0 nN= OZ

k
2k — 1! _1—y
X M( | J)V |</ |s — ul 1ﬁwd3du> )
Hz‘:1 m;: Hj:l nj: [0,]2

with
M N
2k = Z m; + Z n;
i=1 j=1

16



in the summand. The binomial expansion tells us that
1 1 (2k)! M N o
N M X . N i M N f . -
Mt =2k i mi (—) 5= [T2 mal T2, ny! t ¢

thus we have

iy B{ (1,020, = S - P -DF [5050] (Gol)

k=0

k
xﬁ (/[ 04 ls —u| N dsdu) - (ng(f))M(dA)S(f))N exp{ _ %(M _ N)2Dt2/’"”}

= E{ (3o(©eN 0P Y (gig)e V0L ),

which completes the proof in the cases § € (0,1/2],a € (0,a.) and f € (1/2,1),a € (k — ac, o).
In the case § € (1/2,1), = k — ., the phase does not disappear in the limit, and we have

1 1 w28 a(0) dwy
Ima,.nt (F) = v / dsdu/ plwi 2P lvp—vr|
Tyess N( ) G2ty M (_i)zyzlnj _— H |wy |27 +d=2 (27)d

’Ul,’l)r 6.7:

« eiZiJ\il Zznil(pi,k'ﬁ)sz-,ke% >N, Sl (g5 k-E)usk (¢0(§)) (qbf;(ﬁ))

(4.7)
Compared to (4.6), the only difference is the extra phase factor
M m; N nj
SN Wik Osin— D> (k- ujn.
i=1 k=1 j=1 k=1

Since the p, g—variables in the above expression satisfy the constraint
wy +wyr =0,

we can write (4.7) as

1 1 _ 28 ( ) i(wy-€)|v—vr| dwl
Iy omx (F) = / dsdu/ pilwg |28 oy —vr | &
1yesy N( ) iM m (_i)zj.\’:lnj - WHEF w242 (2m)d

X (G0(€) ™ (@5(€)"
Once again, we may change the variable w; — w;|v; — v,«lfl/ 28 and integrate out w; to obtain
1 1
J,

iy, (F) S Ly [a(0)]*(do(ED)™ (S5(ED™

x/ dsdu [] loi—vl™ 7 Ka(jor v, €).
m,n(t)

(vy,vr)EF

We recall that »
i(w-€)A—(28) dw

Kz()\af):/Rd e_mw‘we |w’2'y+d72 (27T)d' (4.8)
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By symmetry we have, after summing over all pairings

1 1 *
ZJml, 0 ) = e T [a(0)]" (do(ED)™ (95(6NY

k
2k —1 _ly
X HM(m'H) N (/[Ot]2|8_U| ﬁ K2(|5—u|,§)d5du> )
1% 115=1 ]

and as before, this implies

lim E{y(t,)" 02 (6, )"} = Y (M — N)* (=1)*a(0)]* (d0(€)™ (95(6))™

k
XQ%,{;! (/{W s —ul” 7 Ka(ls u,g)dsdu) — (G0 ()M (Gi(e))Ne 3 M-N?DEOE/

The proof in the case 5 € (1/2,1), = kK — . is now complete.

The case a = a,

When a = a., the argument in the initial condition in the expression for .J is different:

1 1 — w28 a(0) dwy
Im n¥ = dsdu/ plwi 2P lvy—vr|
s ) s Il P (2)e

(vy,vr)EF
M N
X Héf?o(f —Pil — -+~ Dim;) H o€ —qj1 — -+ — Qjm;)-
i=1 =
(4.9)
The goal is to show that
lim E{ye (1, )02 (6, = Y o Y0 Y Ty, (F) = B (690" (1,6},
m1=0 ny=0 F
where
P(t, &) = / ooz ¥ exp —z/ W(s x)ds}dw
and W (s,z) is a generalized Gaussian random field with the covariance
. . _ 23 —u a(O) jw-(r— dw
B (5, 2)W (1)} = R(5 — 1,2 — ) = /Rd e e e
Let us define
n(t, &) = ] / do(x)(—iVi(z)) e % dx (4.10)
with .
x) = / W (s, x)ds. (4.11)
0

The following lemma will help us express the moments of 7 as a series expansion.
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Lemma 4.1. We have -
=S fult.9),
n=0

and

E{(t, OMP (6, O)N = Y0 o B foy o Fenai Sy P b (4.12)

m1:0 nNZO

Proof. For every ¢t > 0 fixed, V;(z) is a mean-zero stationary spatial Gaussian random field, so
for fixed t > 0 and = € R%, we have

Z%( WVi(w)" — eV

n=0

in LP(Q2) as N — oo with the LP error independent of = for any p > 1. This implies

N
> Falt,6) = (1,6
n=0

in LP(Q)) as N — oo, which further leads to the moment representation (4.12). O

For fixed my,...,ny € N, assuming that

M N
Zmi + Z n; = 2k,
i=1 j=1

for some k € N, we write
1 1 1

E{fony - o S o Y= 4.13
{f 1 f Mf 1 f N} ZZzAilml (_.)Z;.V:lnj sz\il ml'vazl nJ' ( )

M
Zé Ty ’Lf y]E ny
% \/R(]WJfN)d dzdy @1;11 ¢0( H ¢ {Vt (371) W (yN) }

Since
Vi(z)™ = / HW (si,x)ds = m'/ HW (si,x
[0,6]™ 524 Am(t) ;
we have
B Fone B+ o) = s | dody [ do(a)e e H<z> )eE
(2i=1" () 5=1" JROMAN) ey

/A H H W (Si k1> Ti)dSik, H H W (W) ko s Yy du]kz} (4.14)

) =1 k=1 =1 ko=1
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Using the rules of computing the 2k—th joint moment of mean-zero Gaussian random variables, we
obtain

M m;
E{H H W Szk1,$l H H W uj k27yj }
i=1ki=1 ] 1ko=1
B B B —plwy) 28 vy —vr| (O) twy-(z—2r) duwy
_;( 1_{6?73(1)1 U, 2 Z/ ( qef S [y [2r+d—2° o (2m)d’
vy, U V1, Ur

where the summation extends over all pairings F formed over the vertices

{8171, e 751,m17 .. .,SM71, .. -73M,mM7u1,17 N ,ulml, N ,U,N71, e 7uN,nN}-

Here, v;, v, are the two vertices of a given pair, and z;, 2z, are the corresponding x,y variables.
Now, (4.14) becomes

_ _ — 1 1
E{fm, o i F o JE Y = dsd dzd
{f 1 f Mf 1 f N} ZZzhilm’b (—Z)Zj\;l n; ;Am,n(t) S U/R(A/I-’_N-’_k)d i y
M
—i&xy zf —p|w; |28 vy —vr| a(O) twy-(z—2r) dw
<ot H¢ e L e e 419)
1= v, Ur

Since each w; corresponds to a given pair (v, v, ), we introduce w, and write

jwy-(z1—2 LWz L iWr 2
e l(l 7‘):6 lle rZr

under the constraint
w; + wy = 0. (4.16)

We say that w; corresponds to v; and w, corresponds to v,. If a w variable corresponds to some s; j,
we denote it as p; ;; if it corresponds to some u; j, we denote it as —g; j. Therefore, we can write

M
H eiwlzleinzr — Heixi-(pi,1+~-~+pi,ml H —iy;- (g, 1+"'+qj’"j)’

(vivr)EF =1 j=1

=2

and an integration in z,y in (4.15) leads to
E{fons - frni Fry - Fons
1 1 / / — w28 a(0) dw;
=—3 dsdu plwi|*F vy —vr |
i mi (_Z')Zéy:ﬂj ; Amn(t) H w2 +d=2 (27)d

(vy,vr)EF

(4.17)

M A N A
X H¢o(§ —DPil— -~ Dim;) H o€ —qj1 — - — Qi)
pai =1

under the constraint (4.16) for all (v, v,). Comparing to (4.9), we see that the proof is complete.
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