The Schrodinger equation with spatial white noise: the
average wave function
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Abstract

We prove a representation for the average wave function of the Schréodinger equation
with a white noise potential in d = 1, 2, in terms of the renormalized self-intersection
local time of a Brownian motion.

1 Introduction

We consider the Schrodinger equation with a large, highly oscillatory random potential

0. + %A% CV(a)h = 0, .(0,2) = do(x), T €RY (1.1)

and the initial condition ¢(z) that is a compactly supported C* function. The random
potential is a microscopically smoothed version of a spatial white noise:

1 T

Vo(r) = mv(g)-

Here, V is a stationary, zero-mean and isotropic Gaussian random field over a probability
space (€2, A, P) with the expectation denoted by E. If the two-point correlation function

R(z) =E[V(z +y)V(y)] = p(z|), =yeR" (1.2)

decays sufficiently fast, then V.(x) converges to a spatial white noise W (x).
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In d = 2, this problem was analyzed on a torus T? in [6] and the whole space R? in [5].
The solution of (1.1) acquires a large phase by ¢t ~ O(1), and the main result of [6] is that
the adjusted solution

¢5(t, l‘) - @Zje(t, x)e_icety
that satisfies

10,6, + %A@ L (V@) + ) = 0, 6.(0,2) = do(x), z € RY, (1.3)

with C. ~ loge™!

written as

, converges to the solution of the stochastic PDE that can be formally

: 1 :
Zatgbspde + §A¢Spde - W(ZE) ) ¢Spde = 0. (14)

The approach is based on a change of variable used in [9], together with the mass and
energy conservations, and also applies to nonlinear equations. By analyzing the Anderson
Hamiltonian

1
—§A + Vo(z) + C.

with the paracontrolled calculus, a spectral theory has been established in [1], which also
gives a meaning to the solution to (1.4) on T2

When d = 1, no renormalization is needed and C. = 0. It has been proved in [18] that the
solution ¢, of (1.3) converges to a solution to (1.4), defined as an infinite series of iterated
Stratonovich integrals.

Unfortunately, the information on the limit from the above considerations is rather implicit.
Our goal here is to understand some of the properties of the solution to (1.3), in a more direct
way. In particular, we establish a representation of lim. o E[¢.] in d = 1,2, see Theorem 1.1
below. Here, and in what follows f denotes the Fourier transform of a function f:

o~

f&) = [ fla)e*"du.
Rd

The self-intersection local time of Brownian motion

The representation for E[ag] we are pursuing relies on the self-intersection local time of
Brownian motion. For the convenience of the reader, we provide a brief introduction here.
Let {B;,t > 0} be a standard d—dimensional Brownian motion starting from the origin,
defined on a probability space ¥, with the respective expectation Eg.

In d = 1, one can show [4] that for any f € L'(R) with [, f(z)dz = 1 and ¢ > 0, the
following limit exists and represents the intersection time of the Brownian motion:

e—0 ¢ 2

B([0,t]2) :== lim1 Otds /Osf (@) du = 1/}RZQ(t, r)dr, a.s. and in L}(X), (1.5)



where [(t,x) is the local time of {B;,t > 0}. Here, given a subset A C [0, 400), we denote
by A% :={(s,t) € A%?: s < t}. On the formal level, we can think of 3([0,¢]2) as

s(o.2) = | t [ o5, Boauss,

The direct analogue of the self-intersection time in dimensions d > 2 becomes infinite,
and a suitable renormalization is needed to recover a non-trivial object. The renormalized
self-intersection local time of a planar Brownian motion ([0, ¢]2) formally corresponds to

(0,42 = /O /O (0(B. — By) — Eg[d(B. — B,)))duds. (1.6)

To make sense of (1.6) in d = 2, one defines the renormalized self-intersection local time as

s =t [ [ fam— 8 - Balam— 8] dus (1.7

e—0

The limit exists for any ¢ > 0 [11, 15, 17]. Here, we denote

1 o
qg(l'> = W€ l=l*/(2 ), e > 0. (18)

We refer to [11, Section VIIL.4] for a detailed construction.
In d =1, we simply let

3/2
(00.02) = 0. 12) - Balp(0.02)] = 5 { [ Peoin - M= )

The main result

We will assume that the covariance function of the Gaussian random field V(z) has the
form (1.2), with a function p(y) of the Schoenberg class [14]:

+oo
p(y) :/0 exp {—(\y)*/2} u(dN), y€eR, (1.10)

for some finite Borel measure p on [0, +00). To ensure that V.(x) scales to a spatial white
noise with a finite variance, we assume that

_ oo u(dX
Ry := / R(z)dzx = (27r)d/2/ Ld) < +o00. (1.11)
R4 0 A
To simplify some considerations, we further require that
1 log A
/ | & (@) < +oo, (1.12)
0



and define

_ T Jog A
R, :27r/ E 2 (). (1.13)
0

The constraint (1.12) on u(d\) near the origin can be relaxed, as discussed at the end of the

proof of Lemma 4.1 below but we are not striving for the sharpest assumptions here.

Define the deterministic function

pa(t) = | (1.14)

and the renormalization constant

=4 (1.15)
&10g5*1, d=2.
m

The following result is the main objective of this paper.

Theorem 1.1. Suppose that d = 1,2 and ¢. is the solution to (1.3) with C. given by (1.15).
Then, there exists ty € (0, +00) such that fort € [0,ty], & € RY, we have

liir(l] E[&Ea(t,g)] = qgo(f)epd(t)EB [exp {i3/2§ - By — z'Sd/QRdv([O,t]i)}] : (1.16)

Without the random potential, the solution to the free Schrodinger equation can be
written in the Fourier domain as

Bo(©) exp { — SIelt} = Go(©)Balexn(s¥% - B,

so Theorem 1.1 shows that the effect of the white noise potential is manifested by the
term Ryy([0,¢]2) in (1.16).

We briefly comment on our choice of the covariance function to be in the Schoenberg
class. First, since we are interested in the limiting SPDE, the way by which the noise is
regularized essentially does not affect the expression in (1.16). Secondly, most of the existing
results on singular SPDEs considered random fields that decorrelate sufficiently fast or even
with a finite range of correlation. In our case, with appropriate choices of p(d\) in (1.10),
the covariance function R(x) can be merely integrable, which is necessary to guarantee the
finiteness of Ry. Lastly, the Schoenberg class also helps avoid several technical issues, e.g. in
the proof of Propositions 2.1 and 3.1.



The stochastic and homogenization regimes

Equation (1.1) is written in terms of the macroscopic variables. If we start from the microscopic
dynamics — the Schrodinger equation with a potential of a size § > 0 and a low frequency
initial condition, varying on a spatial scale Iy, ~ e~ > 1,

10,6+ %m _ V(@) =0, 6(0,x) = do(cx) (1.17)

then ¢.(t,x) := ¢(t/e?, x/¢) solves (1.1) provided ¢ = §¥/(2=%/2) In particular, in d = 2,
we need to choose ¢ = ¢ to be in the “white-noise” scaling of (1.1). In other words, the
white-noise scaling in d = 2 is equivalent to the weak coupling scaling with a low frequency
initial condition.

It has been shown in [3, 19] that in d > 3, for the low frequency initial data ¢(0, z) = ¢g(ex),
the diffusively rescaled wave function ¢.(t, ) = ¢(e~2t, e 'z) converges to a homogenized
limit: the solution has a deterministic limit, and we only observe a phase shift of the wave
function in the limit, by a factor proportional to

R(p)dp
VefEZ/ Pz (1.18)
Rd |P

The integral in (1.18) blows up in d = 2 due to the singularity at the origin, and the role
of the large constant C. appearing in (1.3) is to compensate for this divergence, so that we
can obtain a non-trivial limit, which is now random, unlike in d > 3. One may ask if there
is a shorter time scale T;, on which the solution of (1.17) is affected in a non-trivial way
but is still deterministic in d = 2. The answer is given by the following theorem: T, = 72,

with § = ¢|loge|~1/2.

Theorem 1.2. Consider

00+ 306 — ———V(D)o. =0, 6.(0.0) = ula), z€B:  (L19)
2 ellogelz €
and _
10t Phom + %Agbhom + %gbhom =0, ¢nom(0,7) = ¢o(x), = €R? (1.20)
with ¢g € L*(R?). Then, for any t > 0, we have
lim RQEH&(@&) — Ghom(t, €)[?]dE = 0. (1.21)

The non-diagrammatic approach

The standard approach to the random Schrédinger equation in the weak coupling regime is
through a diagram expansion: the solution to (1.17) is written in the mild formulation

~

~ ~ i)e)2 t i¢|2 dp) ~
6t £) = 6(0,§)e™ 1 46 /O e 2™ ( /R ) Z.Vé?f;%(s,f —p)) ds. (1.22)

5



Then (1.22) is iterated to produce an infinite series expansion of a(t, €). Evaluating the average
wave function E[a(t, €)], or the energy E[]gg(t, €)]?] leads to the Feynman diagrams arising
from computing the high order moments of the form E[V (dp,) ...V (dpy)] for arbitrarily
large N. To pass to the limit requires either delicate oscillatory phase estimates or some
specific structure of the power spectrum so that explicit calculations can be carried out.
It is unclear whether the diagram expansion can be applied in d = 2 when we need the

renormalization.

We use a different approach in this paper, similar to the one applied to the parabolic
setting in [7]. For the heat equation with a random potential

1
atua - §AU5 + (Vs - Ce)“m u5(0,$) = Uo(l‘), (123)

the Feynman-Kac formula implies
t
Elus(t, )] = BB [ug(z + B exp { / Vi(a + Bo)ds — Cut ] (1.24)
0

=Ep [uo(x + By)exp { /Ot /05 R.(Bs — By)duds — CEtH .

with R. the covariance function of V.(z). Using (1.7) one can easily show — see (3.3) below,
that, for d = 2 and the Schoenberg class covariance function R(-) satisfying condition (1.11),
we have

lim/o /OS(RE(BS — B,) — Eg[R.(B, — By)))duds = Rgy([0,42), in L2 (1.25)

e—0

In this case, the average intersection time in d = 2 is

t s D, t
/ / En[R.(B, — By)lduds ~ Cut — 72 1og 1. (1.26)
0o Jo T

In d = 1, the mean on the left side converges and no renormalization is needed, so C. = 0. It
was proved in [13] for d = 1 and in [9] for d = 2 that u. converges to the solution to a limiting
SPDE. By passing to the limit on both sides of (1.24), a representation for the moments
of u. can be obtained, see [7].

The idea of the proof of Theorem 1.1 is similar: (1.17) is rewritten as
0 = 500 — i6V ()9,

and the Feynman-Kac formula can be used to formally express ¢ as an average with respect
to the Brownian motion with an “imaginary diffusivity”, written as ViB;. Thus, we need
to design a Feynman-Kac type formula for E[¢. (¢, )] similar to (1.24), and prove a parallel
version of (1.25) with R. replaced by a corresponding complex function in the case of the
Schrodinger equation.



It is natural to ask what happens in dimensions d > 3. The approach used here breaks
down — in d > 3, the renormalized self-intersection local time of Brownian motion does not
exist [2, 16] since the variance also blows up. For the parabolic setting in d = 3, the mean of

t s
/ / R.(Bs — B,)duds
0o Jo

1 1

diverges as €7 and its variance diverges as loge™", so two renormalization constants are

needed — it has been proved in [8] that with
C.=cre ' +eloge™,

and appropriate 1, ¢, the solution u. converges to a non-trivial random limit. However, E[u.]
blows up in the limit [7].

The rest of the paper is organized as follows. In Section 2, we present a Feynman-Kac
representation for the average wave function which corresponds to (1.24) in the parabolic
setting. In Section 3, we prove the convergence to the renormalized self-intersection local
time in (1.25), where the Schoenberg class R. is replaced by the respective “mixture” of
free Schrodinger kernels. The proof relies on an application of the Clark-Ocone formula
which is recalled in the appendix. In Section 4, we pass to the limit in the Feynman-Kac
representation. The homogenization result is shown in Section 5.

Throughout the paper, we define vi = (1 +1i)/v/2, and we use a < b to denote a < Cb
for some constant C' > 0 independent of ¢, and the constants denoted by C' may differ from
line to line.

Acknowledgment. We would like to thank the anonymous referees for a very careful
reading of the manuscript and many helpful suggestions and comments, in particular for
pointing out that the small time constraint we had in the original version of Theorem 1.2 can
be removed. YG is partially supported by the NSF grant DMS-1613301, T.K by the NCN
grant 2016/21/B/ST1/00033 and LR by the NSF grants DMS-1311903 and DMS-1613603.
TK wishes to express his gratitude to Prof. A. Talarczyk-Noble for valuable discussions
during the course of preparation of the article.

2 A Feynman-Kac formula for the average wave func-
tion

In this section, we prove the Feynmann-Kac representation for the average wave function.
We understand the solution of the Schrodinger equation

06+ 500~ V()6 =0, 6(0,2) = bof), (2.1)

in terms of the corresponding Duhamel series expansion [3]. A standard argument, as, for
instance, in [3, Proposition 2.2 part (iii)], shows that, even though the potential V' (z) is

7



unbounded, (2.1) preserves the L?(R?) norm of the solution:
Ello(t, ')H%?(Rd) = ||¢O||%2(Rd)a
and the function ¢(t,¢) := E[gg(t, €)] belongs to L*(R?) for each t > 0.

Proposition 2.1. The solution of (2.1) satisfies, point-wise in (t,§):

1

Ef3(, 6] = ul€)En |exp {ivie - B - | /[ RV, - Bduds] . 22

To make sense of (2.2), we may extend the function R(x) to the domain D C C%, where
D:={zzx: 2R 2eDy}, Dy:={z€C:Re2*>0},

by setting R(zx) = p(z|z|), with p(r) given by (1.10). Then, R(\i(B, — B,,)) is uniformly
bounded for all s,u > 0 and the r.h.s. of (2.2) is well-defined.

We note that another expression for ]E[(E(t, €)e2 1”1 was obtained in [3, Proposition 2.1]
but it is less suitable for our analysis.

Proof of Proposition 2.1

We fix (t,€) and define the function

1

Fi(2) = Eg [exp {iz§ Bi—3 /W R(z(B, — Bu))duds}],

as well as the corresponding Taylor expansion

with

7Bt H ¢i#Pj(Bs;=Buj) dpdsdu.

st |
Fyn(z) =
2 (Z) 2n (27T ”dn' [, t]2” Rnd HR p]

It is straightforward to check that both F} and F, are analytic on Dy and continuous on D).
Note that v/i € 9D,. The goal is to show that

E[6(t, €)] = do(&) L (V). (2.3)



Since (2, s,u) — R(z(Bs — B,)) is bounded on Dy x R2, we have

Aiz) :i (2—nln)!’“bﬂ,3B :eizg.Bt ( A . R(=(B, — Bu))dsdu) n}

n=0
_ i (—1)HEB %€ Bt ﬁR(Z(Bs- _ Bu.))dsdu
2””' 2n 7, ! !
n=0 | [0,1] 7=1

(2.4)
For z = x € R, we can apply the Fubini theorem to see that Fi(x) = Fy(z). Due to the
analyticity and continuity of F; and Fy, we therefore have Fi(z) = Fy(z) for all z € D.
Hence, (2.3) is equivalent to

and this is what we will show. For a fixed n, we rewrite
., = . .
> (\/_) 27r "dn' /Otzn /RanH (P2j-1)0(p2j1 + P2j)
x Eg [ez\ﬂg'Bte—Z?;H i\ﬁijSj] dep

Let o denote a permutation of {1,...,2n}. After a suitable relabeling of the p-variables we
can write

n - R o(2j— 0 o(2j— o(27
]2, (\/;) 2n<2ﬂ.)ndn! EU: 0,920 Jran jl |1 (p (25 1)) (p (2j-1) TP (21))

< E, [eiﬂs-ste— zizliﬂijs]-] dsdp,

(2.6)

where [0,¢]2" := {(s1,...,52,) : 0 < 89, < ... <53 < t}. Let F denote the pairings formed
over {1,...,2n}. It is straightforward to check that

E ., = R
27 <\/_ 2277, 27T nd Z/[Ot]Qn /RQnd H pk (pk +pl)

(k)eF (2.7)
x Ep [ei‘ﬂé'Bte_ YLy iip;Bs, dsdp.

The pre-factors in (2.6) and (2.7) differ by a factor of 2"n! since i 2" = (—1)", and this comes
from the mapping between the sets of permutations and pairings. Briefly speaking, for a

given pairing with n pairs, we have n! ways of permutating the pairs, and inside each pair,

9



we have 2 options which leads to the additional factor of 2". This is explained in detail in
the proof of [3, Proposition 2.1]

The phase factor inside the integral in (2.7) can be computed explicitly:
Eg [eiﬂg-BtB—Z?Liﬁmst} — o 5l6P(t=s1) =511 *(s1—52) —. = |6 —..—pan[*s2n (2.8)

On the other hand, using the Duhamel expansion, we can write the solution gg(t, €) as an
infinite series

"~ V(dp
t =516 (t=s1)= 5161 (s1-52) .= 5|E . mpn|sn
o= [ [ 55

-~

X ¢o(§ —p1 — ... — pn)ds.

Evaluating the expectation E[gg(t, €)] in (2.9), using the pairing formula for computing the
Gaussian moment

(2.9)

E[V(dp1) ...V (dp,)],
and the fact that

A~

E[V (dp:)V (dp;)] = (27)* R(p:)S(p; + p;)dpidp;,
and comparing the result to (2.7)-(2.8), we conclude that (2.5) holds, completing the proof. [J

3 Convergence to the renormalized self-intersection lo-
cal time

By Proposition 2.1, the average of the solution to (1.3) is written as

E[o.(t,€)] = do(&) exp {—iC.t} Ep |exp {z\/gg - By — /[Oﬂ2 R.(Vi(B, — Bu))dsdu}] :

with
_ d
R.(x) := EdR<€>, z € R%. (3.1)

Compared with (2.2), we do not have the 1/2 factor in the above probabilistic representation
since the integration domain of s, u is changed to [0,¢]2. We define

1 [T ix2
X.(t) = / R.(Vi(Bs — B,))dsdu = —; (d)) / e~ 22 1B Bal gg gy,
0,412 € 0,412

The goal of this section is to prove the L? convergence of X_(t) +iC.t, as € — 0. Let ¢(z)
be the Gaussian kernel given by (1.8). We denote by
1 ||

@) = alv) = Gomame = ek

10



the free Schrodinger kernel, the solution of
1
105 + §Ast =0, so(z) =d(z),

and also set
X,(t) = / 5.(B, — B.)dsdu. (3.2)
[0,6]2

It is straightforward to check that

pdA)

B (3.3)

+o00
X(t) = (-2mi) [ Xaa(t)
0
The expectation of the solution to (1.3) can be written as

E[5: ()] = do(€) exp {—iC.t} By [exp {ivi€ - B~ X.(0)}] (3.4
O (@}

“+oo

= 50(5) exp{—iC.t} Ep {exp {Z\/;f - By — (—2mi)¥?

0

which, in turn, can be split as

E[-(£,€)] = ol&) exp {~iC.t} exp { — (—2mi)"" / BN @) 65)

x B | exp {ivi€ - B, — (~2mi)"? / [Xler2(t) = B[ X2 (O] u(dn) } |

0

We will show that the terms in the first line in (3.5) compensate each other, and the term in
the second line has a limit. We begin with the latter.

Proposition 3.1. Ind=1,2,

i {26, (1) — EalX, ()]} = 2(10,62), for any ¢ > 0, (36)
T—
in L*(X), with ([0,]2) defined in (1.7). In addition, we have
sup Eg|X, () — Ep[&,(1)]|* < 400, for anyt > 0. (3.7)
7>0

If the free Schrodinger kernel in (3.2) is replaced by the heat kernel, Proposition 3.1 is
classical and reduces to the convergence expressed in (1.7). Although, on the formal level,
¢-(z) and s.(z) both converge to the Dirac function as 7 — 0, it is surprising that the
oscillation in s, does not change the asymptotic behavior of X, — Eg[X,].

For the analysis of the intersection local time of the Brownian motion (and more generally,
the fractional Brownian motion), the Clark-Ocone formula turns out to be a convenient tool,
see [10]. For a fixed 7 > 0, and t > 0, we let

t r
X-(t,7) = / {/ Viris—r(Br — By)du| ds, 0<r <t (3.8)
r 0

11



The process (x-(t,7)), 0 < r <t, is adapted with respect to the natural filtration F, of the
Brownian motion. As we show in the appendix, see (A.1), we have

X,(0) = Bal (0] = [ xrlt.r)aB, (3.9)

with the stochastic integral understood in the It6 sense. The renormalized self-intersection
local time has the stochastic integral representation (see e.g. [10, Theorem 2] for a more
general result on the fractional Brownian motions):

v@ﬂ@zlmﬁﬂwp (3.10)

Formally, the convergence of X, (t) — Eg[X,(t)] towards v([0,t]2), as 7 — 0 follows from the
fact that lim, o x,(¢,7) = xo(t, 7).

Proof of Proposition 3.1

Let Y, (t) := X, (t) — Eg[X,(t)] and consider the covariance

¢
Eg[V- ()Y, ()] = / </ / Eg[Vir,+51-r(Br — Buy) - V@it gy (Br — BuQ)]duds) dr.
0 [r,t]2J]0,r]2

We write the expectation inside the integral in the Fourier domain

Ep [tiTl""sl—T(BT - Bul) ' Vq:Terszfr(BT - Bu2)]

— (2 1)2d / IEB [€i§1~(Br—Bu1)€_i§2~(Br—Bu2)](51 . 52)6—%|fl|2(i7'1+sl—r)e—%‘£2|2(_i7-2+82_r)d€’
™ R2d

and claim that the non-negative function
F(&,u,s,1) = Epler(Br=Bu) g€ (Br=Bu,)| |€1||£2’6_%‘fl|2(81—7‘)6—%|§2|2(52—T)

satisfies

t
Z(t) ::/ dr/ / duds/ F(& u,s,r)dE < +00. (3.11)
0 (r,4]2 J 0,72 R2d

Then, by the dominated convergence theorem, we deduce that Eg[V; (t)V},(t)] converges
as 71,72 — 0, hence ), (t) is a Cauchy sequence and converges in L?*(2). The same argument
also implies that

lim Bx|V- (1) — 7([0, 1]2)* =0,

because of (3.10).
We turn to the proof of (3.11). Fix ¢ > 0 and note that

[ ane 0
0

14+ A

12



for any A > 0 with

Using this estimate, we first integrate in s, and then take the expectation, to obtain, with
the constant in the ”<” inequality dependent on ¢:

t
A &l
H ’S/ / / Bl 5 B ) ] drdude
OZ J, Soe Jana ™! T aparep

! : : Ly <ur} |€1]162]
0 Jo)2 Jr2d (14 [&]2) (1 + |&?)

t
— 2/ / / 6_%|§1—§2|2(T‘—u1)6—%‘§2|2(U1—u2) 1{“2<“1}‘£1||£2’ d?“dudf
0 Jio]2 Jrea (1+1&2) (1 + &%)

We further integrate in u and r and see that

1€1]162]d€1dEs
T 3 /R2d (T4 16 = &P)A + &P (1 + [&?)

as d < 2, which is (3.11). To conclude that (3.7) holds, it suffices to observe that by virtue of
(3.12) we have

5 < +oo, (3.12)

sup E[|V: (1) "] S Z(t) < +oo,
>0

finishing the proof of Proposition 3.1.

Re-centering as the compensating constant

Going back to (3.5), we now show that the recentering of the intersection local time Eg[X; ()]
coincides with the renormalization of the random PDE by the addition of the term C,, so
that the two terms in the first line of (3.5) cancel up to a O(1) constant.

Lemma 3.2. We have, for each t > 0 fized,

= +o(1), when d =1,
Ep[X: ()] =

i log (i) _u +o(1), whend=2,

as T — 0. In addition, we have sup,-; |Eg[X;(t)]| < 1.

Proof. By a direct calculation, we have

1 t s du
Eg[X.(t)] = /[O’t]2< Epls;(Bs — By)lduds = W/o ds/o i —i(s — )2’

13
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so it is clear that sup,., |[Eg[X-(t)]| < 1.
Next, when d = 1, we have
at>
3V 21

Eg[X,(t)] = ——du+o(1) = +o(1).

ds
\/ 211 / / v —iu
When d = 2, we have

1 t 5 1du 1 [t 5 udu
Eg[X.(t)] =— d _— d _
B[ (1)] 27rz'/ 5/ T2+u2+27r/0 S/o 242
1 [t SIT wudu

— d . 3.14

27m/ / 1—i-u2 27r/0 5/0 14 u? ( )

The first integral is uniformly bounded in 7 > 0 and converges as 7 — 0. For the second

integral, we have
1 t S/T d 1 t 2 2
—/ds/ M:—/logT +Sds.
T Jo o l+wu? Arm ), 72

Passing to the limit 7 — 0 in the integral on the right side completes the proof. [J

4 Uniform integrability and passing to the limit

We now pass to the limit in (3.5) that we write as

E[5-(1,€)] = do(€) exp { — (—2mi)"? / " Bl (DA () —iCut }BalZ(0,), (41)

where

Z.(,6) :=exp{Ms-Bt (~2miy [ (A a0) — B 5*2A—2(t)]}/\_dﬂ(d)\)}- (42)

0

We first prove the convergence of the constant factor.

Lemma 4.1. With the C. given in (1.15) and py(t) given in (1.14), we have
+o0
_ (= 2mi)i? / B[ X% ()N u(dN) — iC-t = palt). (4.3)
0

Proof. We fix t > 0 and apply Lemma 3.2. In d = 1, using the fact that

. (23 <
lim Ep[ ;] = NG and STgIO>|EB[XT]I S L
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we send € — 0 in (4.3) to obtain the result.

In d = 2, we write

/O+OOEB[X5*2A 2(5)]A " u(dX) (/ /+Oo) Eg[X%, > ()]A ™ u(dN).

For the integral over the interval (0,¢), we have e2A™2 > 1. As

sup [Eg[&7]| S 1,

T>1

we conclude the integral goes to zero in the limit. For the integral over [e,+00), we have the

estimate \2
t it
Ealo(0)] - 5-log (5 ) - 7| S1

~Y

™ ec

uniformly in A > ¢, and the left side above goes to zero as ¢ — 0 for each such fixed A\. Now
we only need to note that

o /:oo (%1 og (”2) Z) A9(dN) — iC-t — p(t) (4.4)

ec?

to complete the proof. [J

Assumption (1.12) is used in (4.4) to pass to the limit. For the above integral in A to be
finite, we only need

“+o0
/ A (log N p(dN) < +o0.
1
If X
/ A log A|p(d)) = +o0,
0

we only need to change C. to remove also the divergent integral

/ - A (log M) pu(dN).

The uniform integrability of Z.(¢,¢)
By Proposition 3.1, we have
Z.(t,€) = Zo(t,€) = exp {ms "B, — ﬁ}‘m([o,t]z)} , ase 0, (4.5)

in probability. To pass to the limit of Eg[Z.(¢, )] in (4.1), it suffices to show the uniform
integrability of the random variables Z.(¢, ). For a fixed ¢t > 0, define the processes

M7 (s;t) ::/ X-(t,r)dB,, T>0,
0

oo e dA\
Ne(s;t) = i MEA (s;t)u()\d), e>0, 0<s<t,

15



where x,(t,7) is given by (3.8). Then, Z.(t,£) can be rewritten as
ZA@&)::@quwﬁﬁ-Bt—(—2w®WQUVﬂ*@ﬂ)}. (4.6)

Note that for fixed ¢, 7,e > 0, the processes (M7 (s;1)) (o and (N°(s;t)) e, are continu-
ous trajectory, square integrable, complex-valued martingales. Their respective quadratic
variations are

MW@ﬂlen%@mﬁm >0, (4.7)

(NS(- 1)), :/Os /O+ xezAz(t,T)N()\C{l)\) ’

dr, >0, 0<s<t.
In other words, |M7(s;t)|> — (M7(-;t)), and |N¢(s;t)|> — (N¢(-;t)), are local martingales.
Using the Cauchy-Schwarz inequality and (1.11), followed by Jensen’s inequality, we conclude
that

Eg [exp {6(N°(-;1))s}] < Ez {exp {e}zd(zw)d/2 /;OO(MEQA‘Q(.J»SN%\) H

i / g, fexp {oR32m 100 (). )] (48)

2\
for any 8 > 0. We have the following result:

Proposition 4.2. For any 6 > 0, there exists to > 0 such that

sup sup Eg [exp {0(N°(-;t)):}] < +o0. (4.9)

t€[0,t0] £>0

Proof. Thanks to (4.8), the estimate (4.9) is a result of the following claim: for any 6§ > 0
there exists ¢y > 0 such that

sup sup Eg [exp {0(M7(-;t)):}] < +o0. (4.10)

te[0,t0] >0

Let us recall (3.8):

1 " B, — B, _ip—pp
X-(t,r) = d/ du / ———e¢ T ds b (4.11)
(2m)2 Jo o (it+s)z™!

The case d =1

We shall need the following.

16



Lemma 4.3. There exists a constant C' > 0 such that for all t,\,7 > 0, we have

‘ 1 A
/ ————e isds
o (it+s9)2

<
_ﬁ'

Proof. We have

t ¢
1 1 s
/ Sefﬁds S/ —36 7'2);‘»52d8
o (it+s)2 0 (724 s?)1

T t 1 )\
(] +])——expd—2 Vds=1 + L.
N(/o /T>(T+s)2€xp{ s+72/8}8 L

When s € (0,7), we have s +7%/s < 272/s, so

Tt : 1t .2 1
[1 S/ —36_2)-\1—2 dS = —/ —36_;\7d8 S i(l _ 6_%> S .
0o (7+s)2 VT Jo (1+5)2 A A

When s € (7,t), we have s + 72/s < 2s, so

t 1 A <1, 1
P §/ ———e 2ds S/ —e nds < —.
r (T+s)2 0o Ss2 VA

The proof is complete. [

Using the above lemma we conclude that there exists a constant C' > 0 such that

t=r B, — B |Br—Bu|?
/ T—ZG_ 2(iT+s) ds
0

<C
(it +s)2

for all r € (0,t), which, in light of (4.7) and (4.11), implies

3

t
(M7(1 1)), 5/ 2dr = L
0 3

Thus, (4.9) holds for all ty > 0 in d = 1, and we can remove the small time constraint in
Theorem 1.1 in d = 1.

The case d = 2

Integrating out the s variable gives

" (B, — By) ( _1Br—By|? _|BTBu|2>
T t, = — _ 2(it+t—r) — it d ,
xr{t) /0 7B, — Bu2\ ‘ "
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which, together with (4.7), implies that there exists C' > 0 such that

<M%m»soAKAW&—amWQaw

Therefore, by the above and Jensen’s inequality, we conclude that
t T 2
Eglexp {§(M7 (- 1));}] <Eg [exp {90/ / B, — Bu|_1du> drH (4.12)

<2 [ oo {oct( [ 18— murau) Y]

Note that, for a fixed r > 0, we have

/\Br—Bulldulgv/ R, du,
0 0

where Z,, := |B,|, u > 0 is a Bessel process of dimension 2. An application of the It6 formula
shows that (%), satisfies

/ R, du = 2(%, —b,), r>0.
0

Here, (b,),>0 is a standard one dimensional Brownian motion. Having this in mind, we
estimate the utmost right hand side of (4.12) using the Cauchy-Schwarz inequality and obtain

Ealewp (0000} < 1 [ {Ba[esw {ocem} ]} [ {scu} ]} P 019

It is clear that when t is sufficiently small, the last expression is bounded independent of T,
which completes the proof of (4.10), and thus that of Proposition 4.2. [J

Proof of Theorem 1.1

Now we can finish the proof of the main result. By (4.1), (4.3) and (4.5), it remains to prove
the uniform integrability of random variables Z.(t, &) given in (4.6). To do so, we bound their
second moments. Using the Cauchy-Schwarz inequality we get

d
2

Egl|Z (¢, )] =Ep [ /%5 exp { - 2(2m)"2Re[(=i)# (N°)"(t;1)] }|

g@%k%@&HW@%pm{—«%wﬁmu>%Nﬂ<>ﬁﬂ

We wish to show that there exists ¢ty > 0 such that the right side of the above estimate is
uniformly bounded in ¢ > 0 for t € (0, ). This will obviously imply the uniform integrability

1/2
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of Z.(t,&) and complete the proof of Theorem 1.1 after passing to the limit in (4.1). To
obtain the desired bound we consider the following martingale for a fixed ¢ > 0:

d
2

Ne(s;t) == —4(21)Y?Re[(—i)2 (N®)*(s;t)], 0<s <t
We have
(N°(-51))e < 16(2m)"(N°(-51)):,
for any @ > 0. By Proposition 4.2, there exists ty > 0 depending on € such that

sup SUPEB[GWNE(';”%] < sup supEB[em(%)d@(Ns('?t»t]

te[0,to] e>0 te[0,to] e>0

< +00.

For 6 = 2, we adjust the respective t;y as in the statement of Proposition 4.2. We have then

sup sup Eg[e™ ] = sup supEp [exp {Na(t;t) - <N8(-;t)>t}€<NE('§t)>t}

te[0,t0] €>0 te[0,to] €>0
1/2 o 1/2
< sup sup {EB[exp {2N5(t;t) - 2<N5(-;t)>tH} {EB [e2<N <‘vt)>t]}
te[0,to] e>0

. 1/2
= sup sup {EB [62<N ("t»t}} < +o00.
te[0,t0] e>0

In the last line of the above display, we used the fact that exp{2N¢(¢;¢) — 2(IN°(-;¢));} is a
martingale for fixed ¢ > 0, which comes from the Novikov’s condition and the boundedness
of (N¢(+;t));. The proof of Theorem 1.1 is complete.

5 Proof of the homogenization result

We now prove Theorem 1.2. Assume without loss of generality that the initial condition
bo(&) for (1.19) is compactly supported. For an arbitrary ¢y € L*(R?), we can argue by an
approximation, since both (1.19) and (1.20) preserve the L?(R?) norm.

By Proposition 2.1 and (3.4), we have for any (¢, ¢),

El¢.(t,€)] =¢o(€)Es

- 1 :
exp {zﬁg B, — g /W< R.(Vi(B, — Bu))dsdu}] -
omi [T '

~u(©8n [exp {ivie Bt o [T non v

By Lemma 4.1 and (1.15), we have

1t Ry

™

m 2T [ R e (2 —
al—rf(l)logg_l 0 B[ 52)\*2( )] ,LL( )_
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Combining with Proposition 3.1, we further derive

o2mi [T '
lim —2" L2 = 2 ).

e—0loge~t J, T

We claim that for any t,6 > 0, there exists 5 > 0 such that

sup Eg {exp{@(l\ﬁ(-;t»t}} < foo. (5.2)

€€(0,e0)

This comes from the same proof of Proposition 4.2 — we only need to replace 6 — /] log e|?
and note that the r.h.s. of (4.13) is uniformly bounded in ¢ € (0, ¢) for some small £y. Thus,
by following the proof of Theorem 1.1, we have

tim B{5.(¢,9)] = ol€)Ba [ exp {ivVie - B+ 22 )] = Gu(e)exp { —it(EL - L)}
= Ghom (£, €),

for any t > 0, € R?.

In addition, by applying the Cauchy-Schwarz inequality to (5.1) and using (5.2), we have
the simple estimate

160,01 S 1O B |fosplivie - B

2} S [90()le”eF.

As Q/g() has compact support, we have

E[6e (t, )] Pom (t, )| S 100(6)2eC1E7 € LY(R?),

thus, by the dominated convergence theorem and the mass conversation

E|¢e(t, M Z2@e) = 160llZ2ma),

we have

/ E[|.(t,€) — Guom(t, ©)F)dE = 2 / 1B0(€)PdE — 2Re [ / E[g.(t, )3t (t,E)de | =0,
R2 R2 R2

as € — 0. The proof of Theorem 1.2 is complete.

A The Clark-Ocone formula

We recall some facts from the Malliavin calculus for a standard d-dimensional Brownian
motion B, = (B}, ..., BY),r > 0 on (X, F,Pg) that are used in our argument. We refer to [12)]

20



for a more detailed presentation. Let H = L?([0, 00), RY) be the Hilbert space corresponding
to the standard inner product (-, ). We define a mapping B : H — L*(X, F,Pg) by letting

QL

B(h):/o dB—Z/ W (r)dB), h=(h',...,h%) € H,

so that
EB[B<h1)B(h2)] = <h1, h2>H for hl, hg € H.

For a random variable of the form F' = f(B(hy),..., B(hy,)), where f : R® — R is a smooth
function of polynomial growth and hy, € H, k = 1,...,n, the derivative operator is defined as

DIF =) 04 f(B(h1),..., B(ha)h(r), j=1,....d

and we write D, = (D}, ..., D%). The derivative is a closeable operator on L*(X) with values
in L?(X; H). Denote by D'? the Hilbert space defined as the completion of the random
variables [’ with respect to the product

<F, G>1’2 = EB[FG] + EB

> [ wipvicyn

The Clark-Ocone formula, see [12, Proposition 1.3.14 p. 46], says that if ' € D2, then

oo d oo
0 i 0

with (F,) the natural filtration corresponding the Brownian. In our case, with F' = X, (¢) for
fixed t, 7 > 0, we have

xszmmwﬁﬂmm&Wﬂwa

t s
t):/ / $.(Bs — B,)duds,
0o Jo
therefore,

D, X, (t) / / Vs (Bs — By)lp,q(r)duds = 10 4(r / / Vs, (Bs — By)duds.

This implies

Recall that

En[D, X, (1) F,] = Lo (r) / / "B[Vs, (B, — B,)|F]duds

= lpg(r / / Vs; % Qo—r(By — By)duds = 1y (7 / / Virss—r (B, — B,)duds.
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Here, we have used the fact that s, = ¢;; and ¢;; x ¢s_» = Gir4s—r. Thus, we have

X,(t) — By, (1)] = /O t ( / t /0 Vairss (B — Bu)duds> dB,, (A1)

which is (3.9).
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