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FOCK-GONCHAROV COORDINATES FOR RANK TWO LIE GROUPS

CHRISTIAN K. ZICKERT

ABSTRACT. Let G be a simply connected, simple, complex Lie group of rank 2. We give explicit
Fock-Goncharov coordinates for configurations of triples and quadruples of affine flags in G. We
show that the action on triples by orientation preserving permutations corresponds to explicit
quiver mutations, and that the same holds for the flip (changing the diagonal in a quadrilateral).
This gives explicit coordinates on higher Teichmiiller space, and also coordinates for boundary-
unipotent representations of 3-manifold groups. As an application, we compute the (generic)
boundary-unipotent representations in Sp(4,C)/(—1I) for the figure-eight knot complement.

1. INTRODUCTION

Let G be a simply connected, semisimple, complex Lie group with adjoint group G’. For a
punctured surface S with negative Euler characteristic, Fock and Goncharov [7] define a pair
(Ag,s, X g) of moduli spaces, which can be viewed as an “algebraic-geometric avatar of Higher
Teichmiiller theory” |7, p. 5|. We shall here only consider the space Ag s. The space Ag s has
a birational atlas with a chart Ag 7 for each ideal triangulation 7 together with an ordering of
the vertices of each triangle compatible with the orientation of S. Each chart is a complex torus,
and is constructed by gluing together copies of a configuration space of triples of affine flags in
general position via a gluing pattern determined by the triangulation. Fock and Goncharov show
that the atlas is positive, i.e. that the transition functions are subtraction free rational functions.
This allows one to define the space of positive points of Ag s. When G = SL(2,C) this space
is Penner’s decorated Teichmiiller space [20], and the positive coordinates coming from an ideal
triangulation are Penner’s A-coordinates.

Our main result is that when G is simple of rank 2, the transition functions are given by
explicit quiver mutations. For this it is enough to consider a rotation (a cyclic change of the
vertex ordering of a triangle) and a flip (change of the diagonal in a quadrilateral). We also give
explicit algorithms for the transition functions in higher rank, and we conjecture that they are
always given by quiver mutations. When G = SL(n, C) explicit quiver mutations were given by
Fock and Goncharov |7, Sec. 10].

Garoufalidis, Thurston and Zickert [12] (see also [2, 4]) used the work of Fock and Goncharov to
define coordinates (called Ptolemy coordinates) for boundary-unipotent SL(n, C)-representations
of 3-manifold groups. The relations between these coordinates (called Ptolemy relations) are
exactly the mutation relations found by Fock and Goncharov. The coordinates seem to be very
efficient for concrete computations (see 6, 5] for a database). Our main results provide similar
coordinates for all simply connected, simple, complex Lie groups of rank 2.
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2. STATEMENT OF RESULTS

Let G be a simply connected, simple, complex Lie group of rank 2, i.e., G is either Ay =
SL(3,C), By = Spin(5,C) = Sp(4,C) = Cy or Ga. There is a canonical central element sg € G,
which is either trivial or of order 2 (see Section 4.2). It is trivial for Ay and G2, and non-trivial
for B2 and 02.

Fix a maximal unipotent subgroup N and let A = Ag = G/N denote the affine flag variety of
N-cosets in G. The diagonal left G' action on A* does not have a geometric quotient, but if we
restrict to tuples that are sufficiently generic (see Definition 5.1), there is a geometric quotient
Conf}(A). Tt is a sub-variety of the algebro-geometric quotient .A*//G.

To each of the groups Ag, By, Co and G2 we associate a weighted quiver Q¢ (see Definition 3.1)
of weight 1, 2, 2, and 3, respectively. We think of the graphs as being immersed in the plane
(in fact, in a triangle), but the immersion only serves as a visual representation, providing a
convenient labeling scheme, and is not formally part of the data.

FIGURE FIGURE FIGURE FIGURE
L. QA2' 2. QBz' 3. QCQ' 4. QGQ‘

Every quiver () has an associated seed torus Tg (see Definition 3.7), which is a complex torus
with a coordinate for each vertex. Mutation (see Definition 3.6) in a vertex vy of Q¢ gives rise
to another quiver p,, (Q¢) together with a birational map of seed tori pu,, : To, — TlJmk (Qc)- For
a sequence (i1,...,1x) of vertex indices define

(2.1) Hig,.. i) = Mgy oy e oy
2.1. Rotations. Let

rot

(2.2) pi, =id, gy = pd = nag), MG, = HO23142):
The following is a simple verification, which is illustrated in Figure 5 for G = Bs.

Lemma 2.1. The quiver p{$*(Q¢) is isomorphic to Q¢ via an isomorphism which corresponds

to a clockwise rotation by 120 degrees.

Theorem 2.2. There is a canonical birational equivalence
(2.3) M: Conf3(Ag) — Tg,
such that the map (goIN, g1 N, gaN) — (92N, goIN, g1 N) corresponds to the mutation sequence pg

under the isomorphism Turc?t(QG) = To. mduced by Lemma 2.1.

Remark 2.3. The map M is the composition of a birational equivalence A: Conf3(Ag) = T,
given by minor coordinates (see Proposition 5.9) and a monomial map m: Tg, — Ty, (see
Section 8.1).
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F1GURE 5. The mutation umt corresponds to a rotation by 120 degrees (after
rearranging the position of v and v2).

2.2. The flip. The generic configurations form an incomplete simplicial set with face maps
(2.4) & Conff(A) — Conf]_,(A), (goN, ..., gk—1N) = (goN,...,g:N,...,gk—1N).

Fori=0,...,k, let ; denote the map Conf}(A) — Conf}(.A) which replaces the coset g;N by
gisgIN leaving all other cosets fixed.

2.2.1. Gluing configurations. We now consider configuration spaces Confj(A) x5 Conf3(.A) and
Conf3(A) x5 Conf;(A) obtained by gluing together copies of Conf3(.A) together along Conf5(.A).
Each is birationally equivalent to Conf}(A) and is defined by the pushout diagram

Conf3(A)

(2.5) Conf’(A) - %'~ Conf}(A) %56 Conf(A) - — = Confj(A),

Conf}(A)
where (1, 7, k, 1) is either (0,2,1,3) or (1,3,0,2). The map ¥y, is illustrated in Figure 6.

@N ¢N
BN g N g3 N QIA
g1saN
g()SGN gON ggN

FIGURE 6. Element in Conf}(A) and its image in Confj3(A) x;$ Conf3(A) and
Conf(A) x7§ Conf3(A).

2.2.2. Gluing quivers. Similar to the gluing of configurations, we can glue together copies of Qg
to form quivers Qg Up2 Q¢ and Qg Uis Qg. The formal construction is described in Section 3.2.
We denote the (non-frozen) vertices of the “right copy” of Qg in Qg Up2 Qa by v;, and those
of the “left copy” by v;. Similarly, we use v; for the “top copy” of Q¢ in Qg Uiz Q¢ and v; for
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the bottom copy. The two vertices on the common edge are indexed by 0 and oo (see Figures 7
and 8). Let

flip B flip _  flip . _
Ha, = H(0,00,1,1) Hp, = Hey = H(0,00,1,2,1,2,0,1,1)
flip o o o
MGy = H(0,00,3,2,1,3,4,2,3,4,2,0,3,1,4,1,3,4,0,3,1,4,3,1)"

(2.6)

The following is a simple verification, which is illustrated in Figure 9 for G = Cs.

Lemma 2.4. There is a canonical isomorphism between ,ugip(QG Uo2 Qg) and Qg Uiz Qg-.

We may thus identify the seed tori TﬂﬂGjp(QGUOQQG) and T9,u1504-

Remark 2.5. For verification of Lemmas 2.4 and 2.1, the java applet [14] by Mark Keller is
very useful.

FIGURE 7. The quiver Q¢, Up2 Qc,- FIGURE 8. The quiver Q¢, U1z Qc,-

Theorem 2.6. We have a commutative diagram
Conf3(A) xg5 Conf3(A) — TQ6u02Qc
(27) vt | |t
Conf3(A) x1§ Conf3(A) — Toauisqe,
where the vertical maps are induced by the map M in Theorem 2.2.
Conjecture 2.7. For any semisimple, simply connected, complex Lie group G, there exists a

quiver Q¢ and quiver mutations urc?t and ugip such that Theorems 2.2 and 2.6 hold. The map
M should be a composition of minor coordinates and a monomial map (see Remark 2.3).

Remark 2.8. The minor coordinates depend on a choice of reduced word for the longest element
in the Weyl group. Hence, the quiver in Conjecture 2.7 should as well. In rank 2 there are only
two reduced words, and we have selected the one starting with 1.
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FIGURE 9. First and last two mutations in ugjf(QCQ). The final configuration
corresponds to Qg U1z Q¢ after rearranging the vertices inside the dotted square.

2.3. An atlas on Agg. Let S be an oriented punctured surface with negative Euler character-
istic. The universal cover of .S is an open oriented disk D, and the lift of the punctures define
a countable, cyclically ordered 71(S)-set Fio(S) of points on D, the Farey set |7, Sec. 1.3].
Let Foo(S) be the double cover of Fiy(S) induced by the double cover of D, and let o denote
the non-trivial automorphism. The fundamental group of the punctured tangent bundle is a Z-
extension of 7 (5), and the quotient by 27Z is a central Z/2Z-extension 71 (S) (see |7, Sec. 2.4]).
Let o denote the generator.

The space Ag,s is the moduli space of decorated twisted G-local systems on S ([7, Def 2.4]).
When s¢ is trivial we may regard it as the quotient stack of pairs (p, D) by the G-action
g(p, D) = (gpg~!, gD), where p: m1(S) — G is boundary-unipotent (loops encircling punctures
map to conjugates of N), and D: F(S) — A is a p-equivariant map. When s¢ is non-trivial, it
is the quotient stack of pairs (p, D), where p: 71 (S) — G is a boundary-unipotent representation
taking & to sg, and D: F(S) — A is p-equivariant (see |7, Sec. 8.6]).

Given a topological ideal triangulation 7 of S we get an atlas on Ag g as in [7, Sec. 8]. The
process is illustrated in Figures 10 and 11 in the case when S is a twice punctured torus and
G = By. Pick a fundamental polyhedron P for 7 in D. The triangulation of S induces a
triangulation of P. Pick an ordering O of the vertices of P agreeing with the cyclic ordering on
F(S). This associates a copy of the quiver Q¢ to each triangle, and by gluing these together,
we obtain a quiver whose seed torus embeds in Ag g. Note that if two edges in P are identified,
the corresponding coordinates are identified as well. By [7, Thm. 8.2] this provides a positive
atlas with a chart for each triple (7, P,O). Our main results give explicit formulas for how the
coordinates change when changing the triple. The pair (p, D), or (p, D), corresponding to a
collection of coordinates can be explicitly computed using a natural cocycle (see Section 6).

2.4. 3-manifold groups and Ptolemy varieties. Let M be a compact 3-manifold with a
topological ideal triangulation 7. A representation 71 (M) — G is boundary-unipotent if periph-
eral subgroups map to conjugates of IV, and a decoration of a boundary-unipotent representation
is a p-equivariant assignment of an N-coset to each ideal point in the universal cover of M. In
Section 9.2 we define a variety Pg(7) by gluing together configurations spaces Conf(.A) using
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0 1
2
1& E
Q
O
Q
IS 3
FicUure 10. Fundamental polyhe- Ficure 11. Coordi-
dron for the twice punctured torus S. nates on Ap, g.

a gluing pattern determined by the triangulation. Most of the results in [12] on Ptolemy vari-
eties for SL(n, C) have natural analogues for G. As in [12, (9.26)] there is a natural one-to-one
correspondence

(2.8) {Pomts m} 1:1 {Generlcally decorated, boundary—umpotent} / a
Pa(T) m(M) = G

and our main results yield an explicit formula for this map.

By a result of Kostant [17] there is a canonical homomorphism SL(2,C) — G, which preserves
unipotent elements and takes sgpo,c) to sg. If M = H3/T is a cusped hyperbolic 3-manifold,
there is thus a canonical boundary-unipotent representation pg: m (M) — G/(s¢). As explained
e.g. in |21, 12], pc need not have a boundary-unipotent lift to G, and the obstruction to the
existence of such a lift is a class in H?(M,0M;Z/2Z). For each o € H*(M,0M;Z/2Z) there is
variety P&(T), and the analogue of (2.8) is (c.f. [12, (9.31)])

(2.9) {Points in} 21 Generically decorated, boundary-unipotent / G
PZ(T) m1(M) = G/(sg) with obstruction class o ’

where 2 is the order of the group Z1(M, OM; Z/27) of Z/2Z valued 1-cocycles (with cell structure
induced by T).

As in [12, Sec. 4.1], there is a natural action of H® on Pg(T) and Pg&(T), where H is the
maximal torus in G and ¢ is the number of boundary components of M. The action is monomial
and the quotients are denoted by Pg (T )red and PZ(T )red. The maps (2.8) and (2.9) induce maps

Boundary-unipotent
(2.10)  Po(T) — {Boundary—unlpotent} /G Pa(T) — 71'1(]\4},) - IC);, /G

(M obstruction class o
which are generically 1: 1 and |H'(M,0M;Z/27)| : 1, respectively.

2.5. Computations for the figure-eight knot complement. Let G = Sp(4,C), and let M
be the figure-eight knot complement with the standard ideal triangulation 7 with 2 simplices.
The fundamental group of M has a presentation

(2.11) m (M) = (x1,x2 ’ T1W = WT, W = $2$I1I51$1>.
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In Section 9.5 we show that Pg(7) is empty and that PZ(7) consists of two zero-dimensional
components of degree 2 and 6, respectively. The component of degree 2 is defined over Q(v/—3),

and the corresponding representation in Sp(4,C)/(—1I) takes z; and z3 to
(2.12)

1 _9(1+§/j3) 3(—1'ZVT3) 1+v-3 0 0 3(—1-2\/—73) 0
16 1y
0 1 “1-v=3 -3 0 0 I N )|
0 0 1 0 D1y _30ved) 8 16 ’
= 3 3 2 3
0 0 o(1+v=5) 1 0" S(+v-3) -9 4
respectively. The component of degree 6 is defined over Q(w), where
(2.13) w® — w® + 3wt — Bw® + 8w? — 6w + 8 = 0,
and the corresponding representation is given by
1 ay b1 b 0 0 b 0
0 1 b3 by 0 0 b5 )
(2.14) 7o 0 1 o) TG & 4 &y
0 0 c3 1 0 ¢ dy d
where
(2.15)
Wb Tw? bw? w3 Wowd w? 3w
az = —C3 = —— - 5 bh=—F+—-+—-——F -1
16 16 8 8 2 8 8 4 4
Wwoowt 3w w? w3 by
bp=-b3=——4+—4+—+——-———-, byg=2—-
PTTBT TR T T 2 "6 16 4 T Tw
, 1 3wd 3wt Tw? 11w? 1lw 1
o=-b " =— -+ 55— +
! 32 16 32 16 16 4
5 4 3 5 4 3
, w w 3w 9 oW , —1 w w Sw 5  OW
Cy 1 5 1 + 9 +9, ¢ 9 1 + 5 1 +w 5 + 93,
, 3w Wt 3w 3w? w1 , bl
by=— -5+t 5t 5 W=y
8 2 8 2 4 2 bl ch
5 4 3 2 /gl ! gl
A . S p _ bady — bsdy
dy = 3 + 1 3 + 1 1 +7, dy= o ,
3w Tw? Wb 3wt 3w 3w? Tw
di=—-P 4+t - "t — —6w—-1, df=—— - = 4~ 3
L T e R R B R

These representations all lift to representations in Sp(4, C), but no lift is boundary-unipotent.

Remark 2.9. We stress that the notion of genericity depends on the triangulation. There may
be more representations than those detected by the Ptolemy variety. A triangulation independent
Ptolemy variety detecting all irreducible representations is defined for G = SL(2, C) in [23].

3. QUIVERS, SEED TORI, AND MUTATIONS

The following definition of a (weighted) quiver serves our needs. The definition is a special
case of the notion of a seed as defined by Fock and Goncharov [8]; see Remark 3.5. For closely
related notions see e.g. [19, 15].

Definition 3.1. Let m > 1 be an integer. A quiver (of weight m) is a directed graph without
2-cycles together with a partition of the vertices and edges into two types; fat vertices (of weight



8 CHRISTIAN K. ZICKERT

m) or not, and half-edges or not, respectively. In the case when m = 1 we do not distinguish
between vertices. All edges joining two vertices are required to have the same type, and the
multiplicity of a half-edge must be odd. An isomorphism of quivers is an isomorphism of graphs
preserving the types of edges and vertices.

Example 3.2. The graphs in Figures 1, 2, 3, and 4 define quivers Q4,, @B,, @c, and Qg,, and
we declare the weights to be 1, 2, 2, and 3, respectively.

For a quiver @ let Vg denote the set of vertices. When Vg = {v;}icr, we shall denote a vertex
either by v; or simply by 4. For vertices 4, and j, let o;; denote the number of directed edges
from i to j counting a half-edge as 1/2, and counting an edge from j to ¢ negative. A quiver
determines a pair of functions

1
dQ: VQ — {1,m}, 1 — dj, Q- VQ X VQ — EZ’ (Z,]) = Eij
(3.1) L fm it fat d;
_ 7 - —
’ 1  otherwise Y ged(d;, dj) Y
The ¢;; are illustrated in Figure 12.
J ] J J J
Sj=T e EpTT @ =T e gy=5 0 g;=5,@
% /7“/ / LA LA
E.i = —1T E:i = —T .= —Mr ,,’ R —mr /’8"22
Ju . Ju . Ju . € . Jt
i i® @ o 2 ;@ 2

FIGURE 12. Definition of €;; when ¢ and j are joined by an edge of multiplicity r.

Lemma 3.3. For any set V and functions d: V' — {1,m} and e: V x V — %Z such that
€ij/d; = —eji/d; € Q for all (i,j) € V x V, there is a unique quiver ) with vertex set V
satisfying that dg = d and g = €.

Proof. By (3.1), d determines which vertices are fat, and £ determines the multiplicity of an
edge. An edge is a half-edge if and only if either €;; or €j; is a half-integer. (]

Definition 3.4. A vertex of a quiver is frozen if it lies on a half-edge. The set of frozen vertices
is denoted by ch .

For the quivers Q¢ we index the six frozen vertices by pairs ij as shown in Figure 14.
Remark 3.5. The tuple (Vyp, Vg,sQ,dQ) is a seed in the sense of [8, Def. 1.6].

3.1. Quiver mutations and seed tori. A process called mutation transforms one quiver to
another. We follow Fock and Goncharov [8].

Definition 3.6. Let @ be a quiver and k a non-frozen vertex. Let ux(Q) be the unique quiver
with V,, ) = Vg, du, (@) = dg, and
—€ij if ke {i,j}
(3.2) Eun(@) (1, 7) = < €ij if eper; <0, k€& {i,5}
ij + leicler; if eiper; >0, k¢ {i, 5}
We say that pg(Q) is obtained from @ by a mutation at k.
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Note that mutation is an involution, i.e., ux(ur(@)) = Q. The formula (3.2) implies that a
mutation transforms the graph as shown in Figure 13. We refer to the Figures 5, 9, and 14 for
examples.

di t z _ s d; dj d;i t+ 27"304,Jk

d;

KNS NN

FIGURE 13. Mutation of the graph. The integer oy is m if d; = d; # dj, and 1
otherwise.

Definition 3.7. The seed torus associated to a quiver @ is the complex torus
(3.3) Tg = Homg(Ag,C"),

where Ag is the free abelian group generated by Vg. The natural identification of Ty with
(C*)IVel endows Tg with a coordinate system {ai}ievy-

A mutation induces a birational map of seed tori

(3.4) T = Ty
* / _ ]' 5k] 5k] * N i .
(3.5) py(ay,) = ;( H + H pi(a;) = a;, for i #k
Jlex;>0 J|5k]<0

Since mutations are only allowed at non-frozen vertices, the coordinates of the frozen vertices
always stay fixed.

Example 3.8. For the mutation shown in Figure 14 we have

1
/ Ui / 2 2 /
aij = aij = aij, al = a(a01a02a12 + a20a2), CL2 = a
(3.6) 2 2
"o "o 3, ;1\ Q01072010012 + 1005020 1+ G01@0201G21
ay = ay, ay = J(alalo + apahyapy) = a1as .
2

a1 @ » 72 “og o 13
//1/111 ) \ /-'Ll}2 ) \
= z \J AL A \
s a X S et a
v I' [ \‘\ I' | - ©® ‘\
. /O% \ \ ./ //< ;. a//
21 Aoy a1 Qo X 21
! N "
!/ !/ i
01 @---<---eday (g @ --->---e 0y Ay @--->--= ® Ay

FIGURE 14. Coordinates on T, , 1., (Qpy) and T}, 1, (Qp,)"
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3.2. Gluing quivers along frozen vertices. For a subset S of V(, let ()5 denote the largest
subgraph of @) with vertex set S. It inherits a quiver structure from Q.

Definition 3.9. Let Q and Q' be quivers and let W C VQO and W' C VQO, be subsets of frozen
vertices, and ¢: Qw — Qu an isomorphism. The quiver @ Uy @’ is the quiver obtained by
gluing together Q and Q' via ¢, eliminating 1 and 2-cycles, and declaring that the gluing of two
half-edges is a full edge (not a half-edge).

Note that the vertices in QU, Q" corresponding to W and W' are no longer frozen, and are thus
open for mutation. Also note that the seed torus for @ Ug Q' is the fiber product Ty XToy Ty

3.2.1. The quivers Qg Up2 Qg and Qg Uiz Q. We now give a formal definition of the quivers
Qac U2 Q¢ and Qg Uiz Q¢ introduced in Section 2. Recall that the frozen vertices of Qg are
indexed by pairs ij with i, 7 € {0,1,2}. Let oG € Sa be the trivial permutation when G = Ay and
the non-trivial permutation otherwise (this is the permutation of the fundamental weights given
by the longest element in the Weyl group, see Section 4.1.3). Denote the non-frozen vertices of
one copy of Qg by v; and let

(3.7) ®o02: {vo1,vo1} — {Vo2, D20}, é13: {vo2,v20} — {012,021},

be such that ¢ga takes the pair (vo1,vo1) to oG(Uo2, D20) and @13 takes (vo2, v20) to oG (T12,D21).
We can now define QU Qc to be QaUy,, Q. We denote the images of vg1 and vig in QgUp2Qa
by vs and vy, respectively. Similarly, we denote the images vps and veg in Qg Uiz Qg by Vs
and vg. The frozen vertices of Q¢ Uy Q¢ are indexed according to the edges of a quadrilateral
(see Figures 7 and 8).

3.3. Explicit formulas for mutations. An isomorphism of quivers induces an isomorphism of
seed tori. In particular, by Lemma 2.1, we may identify 7)ot (q,,) with T, and the identification
is such that agj = a;—1,—1 (indices modulo 3).

3.3.1. Formulas for pfS*. Following Example 3.8 the explicit formulas for the non-frozen coordi-
nates for By and C5 are given by

2 2
1 / ap1a(9a10a12 + A1005020 + G1Q0201021

. ! _ 2 2 _
Bs : ay; = —(a01a02a12 + CZQUCIQ), Ay =
al a1a2
(3.8) 2, 2 2
Cod 01002012 + a2020 o aio(ao1ao2a12 + a2a20)” + aj;ao2aia21
92 = = .
! al ’ 2 adag

For (G2 the closed formula is rather lengthy so we instead introduce a “dummy variable” for each
intermediate mutation.
. — _ 3 2 3 / _
Go: z1a1 = agago + 0140203, 2202 = Ay Ajras + 27, @1a3 = A2004 + A1221,

(3.9)
/ 13 / 2 / ! 3 / 13
A9y = a10a7” + A2122, a321 = Qp1ap201 + 22, Qyu22 = Gy1G0209 + G10G3 -

3.3.2. Formulas for ,ugip . As for ,ug“;“ we express the formulas for the non-frozen coordinates via
dummy variables z;. For Ay the relations are Ptolemy relations, i.e. of the form ef = ab + cd.

. —/ _ — ! _ —
(3.10) Ay : ajag = aprar + agzdl, 1000 = a1ag1 + a1G23,
: ! ! -/ !/ = ! —/
apa1 = azpa; + a3y, ag,a1 = a1pa] + a120ay.
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By : 2100 = a2a2 + a1a32, C_Lllaoo = ag1a1 + a1azg, 2901 = CL(2)3C_L1&23 —+ a%c_tll,
(3.11) asas = agzz1 + 22, 2301 = 21 + a1229, ayas = a10a12a32 + 2171,
a2 = dhihy + arozs,  apze = agzdy + djz3, a)zz = apaf + aypaszal’.
Cy:  z1a0 = aga2 + C_L%a32, alase = ap1ai + a1asp, 2201 = ap3diazs + a2aj,
(3.12) ahas = ag3z + 23, 2301 = 21 + 1222, ahls = ajoaiyazz + a2,
agozl = a'zd’Q + alozg, a6z2 = a23&'2 + d’1Z3, a/123 = af)a’Q + algaggago.
Ga: z100 = a32@§ + a4@s,  @jaco = ag1a1 + azoas, 2203 = 2023 + a104,
2309 = aogai + Zg, 2401 = ap3a230a3 + dll,ZQ, 2522 = Q323 + Q424,
2604 = 2123 + Z?, hzs = 23 + o326, z7a3 = 21 + @125,
(3.13) 2804 = C_L‘I)CL32 + a2, ayas = alOG?QCLSZ + ag128, 2921 = Z;’ + 2628,

. 21025 = 26 + 2427, 6_1524 = a23&’2 + 6_1,1210, (_1212’6 = Zi))o + 6_1,229,
21161 = a1227 + 23, 21227 = 210211 + 29, 21378 = a102}] + @29,
ah,z9 = a102y + Gj213, (210 = a2y + 3212, 714711 = ay212 + a12213,
a'zzlg = afago + 2?4, CLI1Z12 = a12a23ago + a6214, agz14 = a23a'2 + a'lagt.

4. PRELIMINARIES ON LIE GROUPS

Let G be a simply connected, semisimple, complex Lie group of rank r with Lie algebra g. It
is well known that G is the C points of a linear algebraic group over Z, and is thus an affine
variety.

4.1. Basic notions. Fix a Cartan subalgebra b of g, and a set Il = {a;,...,a,} C h* of simple
roots. This gives rise to a root space decomposition

(4'1) g:n_@h@n, n_ = @ Gas ny = @ Ja,

aEA_ CVGA+

where A_ and A, denote the sets of negative, respectively, positive roots, and g, denotes the
root space for a root a. Let N_, H, and N denote the Lie subgroups of G with Lie algebras n_,
b, and n, respectively. Fix Serre generators e; € gq,, fi € 9—q,, and h; € h of g, and let

(4.2) x;(t) = exp(te;) € N, yi(t) = exp(tf;) € N_, t e C.

4.1.1. Fundamental weights and the Cartan matriz. Let (,) denote the symmetric bilinear form
on h* dual to the Killing form B on h. For each root «, let H, € b be the unique element
satisfying that a(H) = B(H, H, ), and let

2 2

(4.3) a’ = ——a, ho =

(@, a) -

(o, q)

The element hg, is the Serre generator h;. The set of v € h* with y(h;) € Z for all i form a
lattice P generated by the fundamental weights, which are the elements wy,...,w, € h* satisfying
that wi(ha;) = dij, or equivalently, that (w;, a]V> = 0;5. The Cartan matriz is the matrix A with
entries A;; = (o, o).



12 CHRISTIAN K. ZICKERT

4.1.2. Coordinates on H. For every weight w, there is a character x,: H — C*, and for every
root « there is a cocharacter xt: C* — H. These are defined by

(4.4) Xo(exp(h)) = ™, i (e") = exp(hat),
and satisfy
(4.5) Yoo XG(l) = 19 e

It follows that we have an isomorphism
(4.6) H = (C")", h= (Xwi (h), -+ s Xeor (R)), Xey (h1) ==+ X4, (hr) <= (h1,... hy)
We may thus identify H with (C*)". We sometimes denote x7 () by hl.

4.1.3. The Weyl group and reduced words. The Weyl group W is the group generated by the
simple root reflections s; given by
(47) 81(’7) =7 <77O‘z\‘/>aia v E h*
The Weyl group is isomorphic to Ng(H)/H, and there is a section (see [9, Sec. 1.4])
W — Nqg(H), w = w
(@5) o W,
Siv " Sip 7 SiSiys 5 = (= Dyi()zi(=1).

The Weyl group is a Coxeter group and there is a unique longest element wy. The Weyl group
acts on h* and permutes the simple roots and fundamental weights. It also acts on H via (4.8),

i.e. w(h) = whw '. The action by wy is such that wo(w;) = —Wg(i) for a permutation o € 5.
In particular, if h = (hy,..., h,) € H we have
(4.9) wo(h) = (he 2y hio):

Using the explicit root data given in Section 8 one checks that og € S5 is trivial for B, Co and
G9 and non-trivial for As.

A reduced word for w € W is a tuple i = (i1, ...,%y), with m minimal, such that
(4.10) Wo = Sj; *** Sipy-
In all of the following we shall fix a reduced word i = (ig, ..., 4y,) for wy. The length m is equal

to the number of positive roots.

4.2. The element sg. Consider the element

(4.11) sa =[] xa(-1) € H.

aEA L
As shown in [7, Sec. 2.3|, s¢ is central in G and has order dividing 2, and wg ! = Wgsg. Clearly,
all coordinates of s are either 1 or —1.

4.3. Chamber weights and generalized minors. References for this section include [1, 9, 7.
We adopt the notation of [1, 9], and warn the reader that the symbols w and w look very similar.

Let G be the Zariski open subset of elements g € G admitting a (necessarily unique) factor-
ization

(4.12) 9=19]-lglolg+],  [9]-€N-, [glo€H, g+ €N.

When writing g = yhz, we shall often implicitly assume that y € N_, h € H, and x € N. The
factors y, h, and x are regular functions of g € Gy.

Definition 4.1. A chamber weight is an element v € h* in the Weyl orbit of a fundamental
weight, i.e. v = ww; for some i € {1,...,r} and w € W.
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Definition 4.2. For a chamber weight v = ww;, the (generalized) minor associated to + is the
regular function A7: G — C whose restriction to WG is given by

(4.13) A7(g) = xw; ([W " glo) € C.

Remark 4.3. For G = A,, W = S, and the Chamber weight for cw; is the i x i minor with
rows o(1),...,0(i) and columns 1,... 1.

Recall that we have fixed a reduced word i = (i1, ... ,) for wp.
Definition 4.4. An i-chamber weight is a chamber weight of the form
(4.14) WEWi, Wk = Sip, Sipn_1 " Sigs ied{l,....r}, ke{l,...,m+1}.
The corresponding minor is called an i-minor.

Proposition 4.5 (|1, Prop. 2.9]). There are m + r distinct i-chamber weights, the fundamental
weights w; and the weights

(4.15) Ve = WEWip, = Sip, Sipp_1 " Sip Wiy, ke {1,...,m}.
Moreover, all chamber weights wqw; are i-chamber weights.

Definition 4.6. We call the minors A% and A%t edge minors and the m—r remaining i-minors
face minors.

Note that the edge minors A" are the coordinates on H given in (4.6).

4.4. Some biregular isomorphisms. The transpose map (see e.g. |9, 1]) is the unique biregular
antiautomorphism ¥: G — G satisfying

(4.16) U(zit) =wi(t),  W(h)=h,  W(y(t)) =), teCheH.
One has (see |7, p. 55])
(4.17) U(wp) =wo " = Wosa-

The varieties N NGowgy and N_NwoGyo will be of special significance. One easily checks that ¥
restricts to a biregular isomorphism between them. Fomin and Zelevinsky [9] define a biregular
isomorphism

(4.18) 7_: NN Gowg — N_ NwoG, x— Wy awy Y] wo, [Woy 1 < v.
Similarly, one has a biregular isomorphism (also considered in [18, 7])

(4.19) d: NN Gowg — N_ NwgG, z — [2Tg)_, Wolwo Ly]_wo .
Note that ® is determined by the (equivalent) properties

(4.20) xwoN = ®(x)[zwooN, xN_ = &(x)[zwp|owosgN—, =z € NN Gowy,

which allow one to write a coset zwohN as ykN and vice versa (and similarly for N_ cosets).
Each of the isomorphisms respects conjugation by elements h € H, i.e., we have

(4.21)  U(hzh ™Y =h 1 W(x)h,  ®(hxh™') = h®(zx)h', 7w (hzh™') = ha_(z)h L.
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4.5. Factorization coordinates. Consider the map
(4.22) Ti: cm —>N, (tl,...,tm) Hxil(tl)“’xim(tm)'
Theorem 4.7 below summarizes [9, Thm 2.19] and [1, Thms. 1.4, 4.3].

Theorem 4.7. Let x = zi(t1,...,tm) € NN Gowy, and let y = n_(x). The t; and the i-minors
of y are related by the monomml ETPTESSLONS

74 ’y b a
(423) t = Awkwik( )Awaflw'”k H Awkwg Aj, k, A'WC Htl k l ,
J#% 1>k

where ad = w1 ().

Remark 4.8. Every minor occurring is equal to either A¥, or some AY. This can be seen
using that s;w; = w; for ¢ # j (see e.g. [1, (2.5)]). For example, if i = (1,2,1,2,1,2), then
W32 = §2515281W2 = $25152W2 = V4.

Corollary 4.9. The variety z;((C*)™) N Gowy is isomorphic to the Zariski open subset of N_ N
woGo of points where the i-minors are non-zero. O

Corollary 4.10. The map N_ — C™ taking y to (A" (y),..., A" (y)) is a birational equiva-
lence. g

5. CONFIGURATION SPACES OF TUPLES

Let G be as in Section 4, i.e. semisimple of rank r. Most of the results of this section can be
found in Fock-Goncharov |7, Sec. 8]. Since our notation differs slightly from that of Fock and
Goncharov, we give complete proofs.

Definition 5.1. A tuple (goN, ..., gx_1N) € A is sufficiently generic if

(5.1) g;'g; €woGo,  i£je{0,... . k—1},
a condition, which is open, and independent of the choice of coset representatives. The subvariety

of AF of sufficiently generic tuples is denoted by A**, and the quotient of .A¥* by the diagonal
left G action is denoted by Confj (.A).

It is convenient to view a tuple (goNV, ..., gx—1N) as an ordered (k — 1)-simplex A¥~! together
with a labeling of the ith vertex by g;IN

5.1. The variety structure on Conf}(A). For k > 2, let Wy, be the Zariski open subset of
(B_ NwGo)*~2 consisting of points (as,...,ax_1) with ai_laj € woGy for i # j. Let Ws be a
singleton.

Proposition 5.2. For k£ > 1 we have an isomorphism of varieties

(5.2) G x H x Wy, — AF*, (9,h,az,...,a;) = g(N,WghN,azN, ... a5 1N)

Proof. Let a = (goN, ..., gx_1N) € A" with g; € G fixed coset representatives. Since g; 'g; €
woGo, we have factorizations g, Lg; = woyihixi. Let

(5.3) a; = %yflyihi[ﬁoyflyihi]ll € B_ NGy, i=2,...,k—1.

The a; and h; are independent of the coset representatives g; and are regular functions of .
Letting g = gowoy1Wo *, one has a = g(N,woh1 N, asN,...,ap_1N). This proves the result. [

Corollary 5.3. The quotient Conf}(A) = A¥*/G is a variety isomorphic to H x Wj. O
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Example 5.4. For £k = 2 and 3, we have
H = Conf3(A), H x B_ NwpGp = Confj(A).
h+— (N,wohN), (h,a) — (N,wghN,aN).

Note that (goN, g1 N) € Conf3(A) corresponds to [Wg_lgalgl]o € H.

(5.4)

Definition 5.5. The representative of o € Confy(.A) of the form (N,wohN,a1N, ..., ax_oN) is
called the canonical representative.

5.2. Edge coordinates. We have regular maps

(5.5) mij: Confi(A) = H,  (9oN,...,g61N) = [0 'g; 'gjlo, @7 J.

Note that under the isomorphism H = Conf5(A), m;; takes (goN,...,gk—1N) to (g:N,g;N).

Since H = (C*)", a configuration thus gives rise to r coordinates for each edge (see Figure 15)

given by the edge minors A"Y:. The following simple, but important, result illustrates the signif-

icance of the element sq.

Lemma 5.6. Let a € Confy(A). If m;(a) = h then 7j;(a) = wo(h™1)sq.

Proof. If (¢;N,g;N) = (N,wohN), then (g;N, g;N) = (wohN,N) = (N,wokN), where k € H

equals [wy ! (woh) o = wo(h~!)sg. This proves the result. O
By (4.9) this shows that when changing the orientation of an edge, the edge coordinates are

permuted and multiplied by a sign (see Figure 16).

Lemma 5.7. Let o € Confz(A) and let hy = mp1(a), he = mi2(a), and hs = ma(a). The

canonical representative of o equals

(5.6) (N, woh1 N, uwo (h1)h2saN),

where v is an element in N_ satisfying that [wg~'u]o = (wo(hghi)ha) .

Proof. The canonical representative has the form (N,wghN,ukN) for some h,k € H, u €

N_. By (5.5), we have hy = [wg ‘woh]o = h and hy = [wo *(woh) ‘uk]o = wo(h™)ksq,

which together imply that & = wgy(h1)hasg, proving the first statement. For the second state-

ment, Lemma 5.6 implies that wo(hs')sq = mo2(a) = [Wo tuwo(h1)hasclo, and it follows that

[wo~tu)o = (wo(hshi)ha) ™! as desired. n
TGN aN  aN
Awr (hl Awl (h2
; A" (hy)  Log(1)
sz(hl) \ . \'IIUG(Q)
Avi(hy) A" (hy) /1\:62 .
N ]\?hQN | ) |
N
90N . P GoN gosaN
N Awr'(h?))' o 'AU/';(hg)w_oth
F1cURE 15. Edge coordinates. FicURE 16. Changing the

orientation of an edge.
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5.3. Face coordinates. Consider the maps
(57) H? = H, (hl, hs, hg) — (wg(hghl)hg)fl, N_NwyGy — H, uw> [wioilu]g.
The following is a restatement of Lemma 5.7.

Lemma 5.8. We have an isomorphism of varieties

(5.8) CODf3(.A) — H3 xg N_ NwyGy, o — (71'01(0(),7T12(Oz),7T20<O¢),7TN7(Oé)),

where 7y _ is the map Conf3(A) — N_ NwyGy induced by the projection B = N_H — N_,
and x g denotes the fiber product with respect to the maps (5.7). ([l

By Proposition 4.5 there exist j; < -+ < jm—r € {1,...,m} such that the face minors are
AV, ., AVm—r We let A7 denote the face minor A%k,

Proposition 5.9. The edge and face minors define a birational equivalence
A: Confi(A) = H? xy N_ NwgGy — (C*)3 x (CH™",

5.9 .
> (P, ho, hg,w) = ({A" (ha) Yoy, {A" (ho) Fioy, {A™ (hs) iy, { A (w) }2).

Proof. By definition, the edge minors A%o%i of v are the coordinates of [wg ‘u]y, which by

Lemma 5.7 are rational functions of hy, ho and hg. The result now follows from Corollary 4.10.
O

By Lemma 5.6, A also defines a birational equivalence (also denoted by A)
(5.10) A: Confj(A) x5¢ Conf}(A) — (C*)5 x (C*)2m=),
In Section 8 we shall identify the codomains with seed tori when G is Ay, Bs, Cy or Gs.
5.4. Comparison with the Ptolemy coordinates. Using the standard root datum (as in [16])
for G = SL(n, C), the group H is the diagonal matrices, and N is the upper triangular matrices
with 1 on the diagonal. The map x,,: H — C* takes diag(ai,...,a,) to ajaz -+~ a;, and the
element 1wy is the counter diagonal matrix whose (n + 1 —14,i) entry is (1)1,

Given a triple (goN, 92N, gsN) of N-cosets in SL(n,C), there is a Ptolemy coordinate ¢; for
each triple t = (to,1,t2) of non-negative integers summing to n defined by

(5'11) Ct = det({QO}toa {gl}tw {92}152)’

where {g}1 denotes the first k£ column vectors of a matrix g (see [12, 10]). The Ptolemy coordinate
¢ of (N, wgh1 N, uwy(hi)hasgN) is up to a sign equal to the product (undefined terms are 1) of
Xwr, (h1), Xowr, (wo(h1)he) and the (t3 X t2) minor of u given by the rows to+1,...,to+¢; and the
columns 1,...,t;. Using the “standard” word i = ¢,,_1 - - - tot1, where t; = s159---s;, it follows
from Remark 4.3 that these minors are the i-minors. To summarize, the Ptolemy coordinates
are up to a sign and a monomial transformation equal to the minor coordinates for i.

5.5. The action on Conf3(A) by rotations.

Proposition 5.10. The rotation map rot: Conf5(A) — Conf3(.A) taking (goN, g1 N, g2N) to
(92N, goN, g1 N) corresponds to the map

(5.12) (h1, ho, hs, u) — (hg, hi, hs, h;lwo(hl)il(q) o ‘11)2(u)w0(h1)h2) .
under the isomorphism (5.8).
The proof uses the following technical lemmas.

Lemma 5.11. For any u € N_ NwoGy, we have [¥(u)wglo = [wo~ uo.
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Proof. Let wo 'u = yhz. We then have [wo tu]op = h, and ¥(u) = ¥(z)h¥(y)¥(wp), from
which it follows that [¥(u)wglo = h = [wo 'ulo. O

Lemma 5.12. For any u € N_ NwsGo, we have [w & (u)]p = [wo uly '

Proof. Let W (u)wy = ®¥(u)hx for h € H, x € N. Then [wy'u]o = [¥(u)wplo = h and

(5.13) wy 'OV (u) = (wo ' (wwg)e thTh = (wo ' (w)wg)h (haThTY).

Hence, [wy~'®W¥(u)]o = h~!, and the result follows. O

Lemma 5.13. For any u € N_ NwyGyp, we have

(5.14) u N = VoW (u) Hwg tuly tsgwoN.

Proof. Suppose ¥(u)N_ = yhwyN_. We then have,

(5.15) wIN = (U(U(u)N_)) " = (W(yhwoN-)) " = W(y) " 'hwN.

By (4.20), y = ®¥(u) and h = [¥(u)wWp)osg = [Wo *u]ose. This proves the result. O

Proof of Proposition 5.10. Let o = (N, woh1 N, uwo(hl)hgsGN) € Confs(A). One has
o= (N woh1 N, uwo(hl)hgsGN)
“IN, wgth wo(hl)hgsGN)

= (u
(5 16) (\I/ 7_ ]a ngN,Woth,wO(hl)hQSGN)
. ([ 1 0 SGwQN \I’CI)\I/( )woth,wo(hl)h28gN)
(h2 wo 1u]0 ng, h;le(hl)_l((I)\I/)Q(u)[W@W(u)%]ohlsgN, N)

= (wgth, h2 Lwg(h1) ~H(@)? (w)wo (h1) hawo (hs)hisgN, N).

The third equality follows from Lemma 5.13, the fifth from (4.20), and the last from Lemma 5.7,
which together with Lemmas 5.11 and 5.12 imply that

(5.17) [T (u)wolo = [wo @Y (u)]o = [wo ‘uly' = wo(hshi)hs.
This concludes the proof. O

5.6. Conf}(A) and the flip. For a = (goN, 1N, g2 N, g3N) € Conf}(A) let

aoi2 = (gosagN, 91N, g2N), ag23 = (goN, g2 N, g3N),

5.18
(5.18) a123 = (91N, g2V, g3N ), 013 = (9o, g15aN, g2 N ),

so that Wpe(a) = (12, ap23) and ¥i3(a) = (@123, ap13). We wish to relate the canonical rep-
resentatives of Woa(ar) to those of Wy3(a). Let a1a9 = rot~!(api2) and ai3p = rot~!(agi3). We
then have

(5.19) \I/()Q(Oé) = (I‘Ot(algo),aogg), \1'13(04) = (04123,1‘0‘6(0(130)).

Hence, by Proposition 5.10 it is enough to relate the canonical representatives of a0 and agog
to those of a193 and aq3g.

Each o € Conf}(A) has a unique representative of the form (N, yki N, wokoN, ®~1(v)ksN).
Letting hi; = m;;(«) € H it follows from Lemma 5.7 that this representative is given by

(520) o= (N, wg(hog)wo(hlg)_lu_lN, wohoo N, ¢_1(v)%h03N).
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In particular, we have
120 = (wo(ho2)wo(hi2) u™ N, Wohoe N, sgN) = (N, Woh12N, uwo(hi2)wo(hoy )seN)
apas = (N, Woho2 N, @1 (v)Wohos N) = (N, Wohoa N, vwo(ho2) haszseN).

Each element in G also admits a factorization xyh with x € Ny, y € N_and h € H. In
other words, the identity induces an isomorphism

(5.22) t: N xHxN— N xN_xH.

Proposition 5.14. Let k = wo(hi2)wo(ho2) ™! € H, and let ¢,d € N_, and [ € H be elements
satisfying that ¢(u, k,®*(v)) = (7 (¢),d,1). Then I = h3;'h3o, and we have

(5.23) o123 = (N, Woh12 N, cwo(hi2)hassaN), aiz0 = (N, wWowo(hsy )N, dhy haosgN).
Proof. By left multiplication by ®~!(c)"tuk = dI®~!(v)~!, we have
o= (N, wo(hog)wo(hlg)_lu_lN, wohoo N, ¢_1(v)%h03N)

= (dIN, N, @ (¢) "woh12 N, Wowo (1) hosN) .

This shows that his = wg(l)hos, yielding the formula for . The formulas for aj23 and ;39 now
follow from their definition. O

(5.21)

(5.24)

For the groups As, By, C5 and Go, Theorem 2.6 states that after a monomial transformation,
the minor coordinates of agi2 and agog are related to those of a103 and 13 by quiver mutations.
The example below shows the much simpler case A; = SL(2,C). The case of SL(n,C) is treated
in [7, Sec. 10].

Example 5.15. For G = SL(2,C), s¢ = —I. There are no face coordinates, and the edge
coordinates m;; are the Ptolemy coordinates ¢;; = det(g; (§),9;(¢)). Figure 17 shows the
corresponding coordinates in Confj(A) x;¢ Confj(A). The Ptolemy coordinates satisfy the
Ptolemy relation co3ci12+co1ca3 = coaci3, which is equivalent to coa(—c13) = cag(—co1)+ci2(—co3),
the mutation relation arising from a mutation at the middle vertex of the quiver shown on the
left in Figure 17.

g2 N G N g2N g2V
C12 C23 c12 c23 ,’/E\\
N 9N 9N ,%\; A
<’ . >
—c gisaIN 95N \\n/:\o',
01 —C03 —Cp1 —Co3 ‘\ ' /,
gosaN 90N 92N ‘

FIGURE 17. Ptolemy coordinates of a tuple and edge coordinates of its images
in Conf3(A) xg§ Conf3(A) and Conf3(A) x7§ Conf3(A).

6. THE NATURAL COCYCLE

We now show that there is an explicit one-to-one correspondence between Confy(A) and
certain G-valued 1-cocycles on a truncated simplex labeling long edges by elements in wgH and
short edges by elements in N N Gowg. This result allows us to explicitly recover a representation
from its coordinates.
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For a CW complex X let V(X)) denote the set of vertices of X and E(X) the set of oriented
edges. A G-cocycle on X is a function 7: E(X) — G such that 7(e1)7(e2) ... 7(g;) = 1, whenever
€1 €9 -€; is a contractible loop. The coboundary of a 0-cochain n: V(X) — G is the G-cocycle
taking an edge from vertex v to vertex w to n(v)~!n(w).

Let A™ denote a standard n-simplex, and let A" denote the corresponding truncated simplex.
Let v;; denote the vertex of A" near vertex i of A" on the edge between i and j of A”. Each
edge of A" is either long (from wv;; to vj;) or short (from v;; to vjy).

Definition 6.1. A G-cocycle 7 on A" is a natural cocycle if 7(g) € N NGowy when € is a short
edge, and 7(g) € woH, when ¢ is a long edge.

Convention 6.2. Given a natural cocycle on A", we denote the labeling of the short edge from
vij to vk by By, and the labeling of the long edge from v;; to v;; by v (see Figures 18 and 19).

Definition 6.3. Let a = (goV,...,gx—1N) € Conf}.(A). The natural cocycle associated to « is
the coboundary of the O-cochain 7, taking v;; to g if (¢;N, g;N) = g(N,wohN) with h € H.

Note that the set of natural cocycles is a variety, and that the map taking a configuration to
its natural cocycle is an isomorphism. We wish to give an explicit formula for the edges.

Ficure 18. Natural cocycle FiGure 19. Natural cocycle
on a 3-simplex. on a 2-simplex.

Lemma 6.4. Let h,k € H. The natural cocycle for (N, wghN,uksgN) has
(6.1) B, = k10U (u)k.

Proof. We have B2, = n(va0) 1n(v21), where n is the 0-cochain from Definition 6.3. Let y =
k~'uk. By Lemma 5.13, we have y 'k ~'sgN = WO(y) ! [woy], ‘wok ' N. Hence,

(6.2) (uksgN, N) = uksg(N,y 'k 1sgN) = uksg 0O (y) (N, [woy], ‘wok ' N),

from which it follows that 7(vqo) = uksg¥®¥(y)~!. Similarly,

(6.3) (uksgN,wohN) = uksq (N, wohwy(k)saN),

so n(va1) = uksg. It follows that 83 = n(vao) " 1n(va1) = VO (y) = k= 1V (u)k. O

Proposition 6.5. Let a = (hy, he, hs,u) € H® xi N_ NwyGy = Conf}(A), and let
(64) ug =u, Uy = h;lwo(hl)_l(<I>\11)2(u0)w0(h1)h2, U2 = h;lwo(hg)_l(@@)2(U1)w0(h3)h1.
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The natural cocycle for « is given by
(65) B1 = hy two(hn) W OW (ug)wo(h1)ha, Bao = hi 'wo(ha) WOV (ur )wo(hz)h
7 By = hy wo(he) TMRRW (ug)w (ho)hs, o1 = Woh1, a1z =Woha, a2 = Wohs.

Proof. The formula for the long edges «;; is an immediate consequence of the definition, and the
formula for the short edges B;k follow from Lemma 6.4 and Proposition 5.10. O

7. DERIVING EXPLICIT FORMULAS

We now derive formulas for the rotation (Proposition 5.10) and the flip (Proposition 5.14)
in terms of the minor coordinates. Explicit computations are given for the rank two groups in
Section 8. Let N7 denote the open subset of N_ NwyGy with non-vanishing i-minors, and let

(7.1) N = 5((C)™) N Gowg,  NE = 5((C*)™) NwgGo,

where y;(s1,. -, Sm) = Yi,, (S1)Yi,,_1 - - - Uiy (Sm). Note that the factorization of elements in Ni s
with respect to the opposite word i = s; - - iy Siy- The factorization coordinates on N N and
the i-minors on N7 define canonical birational equivalences of each of these spaces with (c*)m.

7.1. Rotations. By Proposition 5.10 we need a formula for (®¥)? and a formula for how the
minor coordinates change under conjugation. We begin with the latter.

Lemma 7.1. For any w € W, A"i(k~tuk) = xu, (w1 (k~1)k) A% (u).

Proof. For u € WGy, one easily checks that for [k luk]g = w=!(k~1)k[w 'u]o. This proves
the result. g

To obtain a formula for (®W)? first observe that
(7.2) (PT)" = (TPV) ! o (TD)" 0 TPV, n € Z.
The basic observation below allows us to apply Theorem 4.7 to explictly compute WO W,
Lemma 7.2. For any u € N_ NwyGo, we have 7_(VO¥(u)) = u.

Proof. Let Wy 'u = yhx. Then x = 7~ '(u), and v = Woyhx. Hence, ¥(u) = ¥(z)h¥(y)wosa,
so ®U(u) = ¥(x). This proves the result. O

Corollary 7.3. The map VOV extends to a biregular isomorphism N7 — Ni given explicitly
by (4.23). .

Remark 7.4. By Proposition 6.5, this provides an explicit formula for the natural cocycle of
a € Conf3(A) whenever the minor coordinates of «, rot(a) and rot?(a) are non-zero. For
G = SL(n,C) and the “standard word” (see Section 5.4) this formula agrees with the one given
in [12] via diamond coordinates.

7.2. The flip. For all u € N_ NwgGy, we have
(7.3) u=U(U®) 1 WdU(u), P (u)= (D) 2TDU(u).
This motivates the definition of birational equivalences

Ii: N 5 N, Ty: N7 - N

(7.4) . L
wes U(UD) WU (u),  u— (VD) 20U (u).
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Let f(a,) denote the composition

I'y,id,T z . . < r;irtid
(75) N* s i x N*—TH2) N N N NT g 2 ) N NE

where ¢ is the map (5.22). Note that if u, v, k, ¢, d, and [ are as in Proposition 5.14, then
(e,d,l) = fie.ap(u,k,v). In particular, the flip is given explicitly in terms of ¢ and the maps

UOW, Ud and their inverses.

7.3. Formulas for V® and :. The maps WY& and ¢ can be computed explicitly using the
following elementary properties (see e.g. [18]):

(7.6) zi(8)y;(t) = yj(t)zi(s), i#j
t s t = s
: i(8)yi(t) = yi(———=)h; " ai(—— i(s)xi(t) = hi ™" i
(A7) mml) = we (), )l = ),
(7.8) hiy;(t) = yj(ts~Y)hs,  hix;(t) = zj(ts™)hs
(7.9) zj(t)s;wB = y;(1/t)wB, w=Ssj S, sjwreduced.

Example 7.5. We compute ¥® for the group As using the word i = (1,2,1). The Cartan

matrix is (31 _21) and we have

z1(a)xe(b)z1(c)s15251B = x1(a)x2(b)y1(1/c)s251B
= z1(a)y1(1/c)ya(1/b)s1B

1 ac
7.10 _ 1+a/c _ac _
(7.10) y1(a+c)h1 $1(a+c)yz(1/b)813

)?ﬂ(%(l +a/0))y1(m

)B
a—+c

proving that ¥®(a,b,c) = (ﬁ, ete a%_c)

Example 7.6. This toy example illustrates how to compute ¢. Assume that Ao = —1.
c = b
h1+bc
1—|—bc) ! yl(l—i—bc
¢ JEuT:
= w1(7 e (@) z2(d(l + be))ya (b(1 + be))hy

(7.11) c d(1+ bc)
B 551(1 + bc)xz(l + ad(1 + be)

b(1 + bc)
1+ ad(1 + be)

y2(a)y1(b)z1(c)z2(d) = ya(a)wi( )z2(d)

Yy2(a(1l 4 ad(1 + be)))

1 1
1+bc 1, 1+ad(1+bc)
yi( )hy ™" hy .

8. GROUPS OF RANK 2

We now compute the functions in Section 7 explicitly for the groups Ao, Ba, Co and Go.
There are two reduced words: (1,2,1) and (2,1,2) for Ag, (1,2,1,2) and (2,1,2,1) for By, and
(1,2,1,2,1,2) and (2,1,2,1,2,1) for G5. We shall always use the word starting with 1.

We use the root data from Knapp [16, Appendix C|. We identify b* with R? for By and Oy,
and with {v € R3|(v,e; + ez + e3) = 0} for Ay and Ga. The e; are the standard basis vectors,
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and (,) is the standard inner product.

Az o1 =e1 —e2, az=ey—e3, w1 = e1, we = e1 + e,
1
By: ap=e1—e3, ay=ey, wi = e, wy = —(e1 + e2),
(8.1) 2
Cy: a1 =e; —e, a=2es, w1 = ey, wo = e1 + e,
Go: ap=e —ey, ag=—2e1+ e+ ez, w1 = —eg + e3, wy = —e1 — eg + 2es,
Using this one easily verifies that wo(w;) = —w; for By, Co and Ga, and that wo(w;) = —ws_;

for Ao, proving that o¢ is trivial for B, Co and G4, and non-trivial for As. The Cartan matrices
are Ay = (31 _21), By = (32 _21), Cy = (31 _22), and G = (31 _23), and one has

(8.2) sa, = (1,1), s, = (1,-1), so, = (—1,1), sa, = (1,1)

under the identification (4.6) of H with (C*)2.

8.0.1. The map Y®W. Using (4.7) and Remark 4.8 we obtain formulas for U@V and its inverse.
Displayed below are WO (u1, ..., uy) and (PWO)~L(ty, ... ty).

(5 us 1 1 1 1
A2:( y v )y 7,7,*)
ujus U U3 tito tats t3
B, . u3  ug ui 1 1 1 11 )
2 U1’LL3’ U2U4, U3, Uy ’ tlt%t;g? t2t3t4’ tgt?l’ t4
(8:3) u ui ouy 1 1 1 1 1
Co: ( 2 Y3 Y4 - — )
uyug’ ugus ug ug’ titats’ totdty tats ty
CLug o oud o oug oud w1 1 1 1 1 11
GQ‘(u ’ ’ ’ Tus ug ttt%t’tt3t2t3t’ttt%’ttf”t?’tt’?)
1U3 U2U4 U3U5 U4UE U5 Ue 102030415 12l3lylsle 13l4lyle lalglg Usle U6

8.0.2. Formula for U®. Using the algorithm in Section 7.1 we obtain (the displayed formulas
are U (ty,... ty,) and (VO)"(s1,...,8m))

Ay - ( t3 t1 + 13 1 1 S1 + 83 S1
2+ tits’ toty Tti+t3” s1+s3  si1s2  s183+ 83
. BRI T R R
tian tatstson’ on’ o’ B1’ Ba’ s153s381  safB2”’
(8.4) o =tgt] +ti(ta +ta)%, aa=tot+ts, Bi1=s1+83, PBo=s150+ (s1+53)s4
t3t4 Oz% a9 1 1 ﬁ% 62 8%82
Cy: - —= (

B’ B2 s1828301 s4B2"

a) =t3tg +ti(ta+ts), ae=to+ts, P1=s51+83 [a= 8%82 + (s1+ 83)2847

tiay’ t2t§t4a27 ar’ o’
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for Ag, By and Cy, while for Ga, we have

t3t4t§t6 Oé“i’ a9 a% [67) 1
\IJ(I)(t) = ) 232943 ) ) ’ ) )
t10q tolstitsteae a1y ooy 3" oy
1 8 B B3 B4 ss3s5s4
—1 1 3 1°2°3
(W) 1 (s) = (+ )

B B2 BB’ Bafa’ s15252s4s583 s6ba
o) = t4(t1t2t§ + t1t§t6 + t3t§t6) + titats(ts + t5)27
(8.5) g = ta(tatity + 2totits + Stotitste + tota) + tota(tz + t5)°,
as = t1lo + T1tg + taty + t1te + t3te + tstg, u =12+ 14+ tg,
Bi=s1+s3+s5 Pa=s6(s1+s3+55)°+su(s1+83)° + sisa,
B3 = s1sa(s3 + s5) + (51 + 53)% 5354,
B4 = 5%5254(518283 + 351535356 + 38%8%86 + 2313236 + 3535%86)—1—
s35256(s3 + 55)° + s2s5s6(s1 + s3)°.
8.0.3. Formula for k™ uk. For u € Nf let u; = A% (u) be the ith coordinate, and let k; and ko
denote the coordinates of & € H. Note that A" and A are always edge minors, so we shall

only need formulas for (k~'uk); for 2 < i < m. These can be computed using Lemma 7.1 using
the fact that wy(H)w ! = Xo(a) (t). We obtain

Ay (K Yuk)s = k¥ /kous
By : (k7luk)s = k3us, (K7 uk)y = k3 /kyuy
(8.6) Cy: (K 'uk)s = kous, (K7 uk)y = k3 /K3uy
Go: (k7 'uk)s = kaus, (k7 uk)y = k3 /K3 uy,
(k™Yuk)s = ky/kius, (k™ Yuk) = k3 /K3 ug.

8.1. A monomial transformation. Define a monomial transformation mg: Ty, — Tg, as
follows:

ap1a12
mg(ai;) = aij, my,(a1) = a1———
a10
2
a21 as1a,
(8.7) mp,(a1) = a1a12, mp,(az) = az—, me,(ar) = ajaz, me,(az) = ag—2L
ai10 a10
3 3
ag1qQ, ag1a,
mg,(a1) = arara, mg,(a2) = GQTOM, mg, (a3) = azapraiz, meg,(as) = a4?001

We identify the codomain of the map A in Proposition 5.9 with the seed torus of Q¢ by
identifying the edge coordinates with the frozen coordinates and the face coordinates with the
non-frozen coordinates. We can now define the map M: Conf3(A) — T, in Theorem 2.2 to
be the composition of A with mg. This is illustrated in Figure 20 for G = G45. Similarly, one
identifies the codomain of A: Conf}(A) x5 Conf}(A) — (C*)° x (C*)2(m=2) with the seed torus
TQquwQe for kl = 02 or 13.

8.2. Proof of Theorem 2.2. We wish to prove that
(8.8) 1 M(hot, hiz, hoo, ) = M (hao, hot, hiz, (wo(ho1)h12) ™ (@) (w)wo(ho1)hi2)

for all & = (hoi, hi12, hoo,u) € N_ NwpGy = Confj(A). This is simply a matter of applying
the explicit formulas above and comparing with the formula for £{9* in Section 3.3. Clearly the
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g N

= U3ap1012

a21a81
aio

golN

frozen coordinates correspond, so we only need to check the non-frozen coordinates. We do this

for 3 and leave the other groups to the reader. Let a;; and a;; denote the coordinates of h;;.

These are the frozen coordinates. By (3.8) the non-frozen coordinates of ug M(«) are given by

2 2 2
; _ @ap1ap2a12 + az2a29 ,aio(apiao2aiz + agaz)” + ag apeaiaz
(89) al = B 02 == .

a1 a%a2

By Lemma 5.7 we have

__ — a200a01 2410
(8.10) (u1,u2) = [y 'ulo = (wo(haoho1)hi2) ' = (——, ——)
a12 ag1
2
and by (8.7), a1 = uzai2 and ag = m%ﬁ)‘”. Plugging these into (8.9) and using (8.10) we obtain
(8.11) o = aprazy (ug + u1u4)7 al, = a21(u§ + u%ui —;u2(u§ + 2U1u4))‘
aipus UzU4

We now compare this to the coordinates of M(rot(«)). Using (8.3) and (8.4) we obtain

2, 2 2 2
2
(8.12) (U2 (us, s, s, 1) = <U1, g, 2 + urts uz(u3 + ujug —2|— Zz(ug + U1U4))>‘
us u1u3U4

Hence, by (8.6) and (8.7), the non-frozen coordinates of M(rot(«)) are

2 2 2,2 2 2
) i U9 + UL Ug k5 ug(us + ujuy + ug(us + 2uiuq)) aroasy
(8.13) o—————ap1, 79 2.9 ’
us kl UTUZU4 ap2

where k1 = aallalg and ko = al_olagl are the coordinates of k = wg(ho1)h12. Using (8.10) it
follows that these equal a} and a), respectively. This proves the result.

8.3. Proof of Theorem 2.6. Let o), be as in Section 5.6. By Theorem 2.2 and (5.19) we must
prove that

(8.14) pe (159 M(a20), M(aas)) = (M(auas), ui5 M(azo)).
As in Section 5.6 we may assume that
120 = (N, Woh12 N, uwo(hi2)wo(hgy )saN), aoes = (N, Wohoa N, vwo(hoz)hassgN)

(8.15) o o _ ~
a123 = (N, Woh12 N, cwo(hi2)hazsaN), o130 = (N, Wowo (hay' )N, dhsithaosaN),

where (c,d,l) = fi.ap)(u,k,v). As in the proof of Theorem 2.2 this is simply a matter of
computing both sides of (8.14) using the explicit formulas for W®, WO and their inverses,
and the algorithm for computing (. We give a detailed proof only for G = (5. Clearly, the
frozen coordinates agree, so we only need to consider the non-frozen coordinates. Let a;;, a;,
@i, ag and aoy denote the coordinates in Tqq, Ug,Qc, of (/J,g«);(./\/l(au())),aogg). Note that the
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coordinates of the elements hia, ho2, and hog involved in (8.15) are (aj2,a21), (@eo,ap) and
(ag2s,asz), respectively. As in Section 8.2 we have

2 2,2 2
_aizag(uz + ujuy) ., ao(ugy + ujug + uz(uz 4 2uruyg))
ap = ) ag = a‘2 - 2
a1u3 U3U4

(8.16) 5

aggaoo

a1 = v3a23, a2 =V4——,
ao

and as in (8.10) we have

17 _ v1a23 02032 | UlGeo _ ugag
(8.17) 30 =~ ——, Go3=—_—, Qo1 ==, Q0=
o 0 12 21

Using (3.12) we obtain that the face coordinates of ugp (1S  M(a120), M(w23)) are

2 2 2 2
’ a21v3 aoal2U4(’U2 + U3 + 2111)4) ’ aA719a32U4 210320,,V4
ay = ag3|uz + + 5 ) Ay = + 2 )
ap a21A5,V304 asy ao
- apa12a23(ug + u1ug)vy Q23103
1 — )
S 18 ag1a? us ars
( . ) 2 2 2 9 2,,2
i —a (aoa12(u2 + ujug) ve N (u2(ug + u3) + 2ujuguyg + ujug)ve N
2 a3 a2 uivy apuius
2 2 2
(a21a5,u1uzv3vs + apaty(ug + urug)(v2 + v104))
2 2 2 22 ;
a0 A5, U3V3V4

and the non-frozen edge coordinates al, and a, are given by

(8.19)
2 2
, vo  agras,(ug +uz)ve  2us(vy + v1vs) U9
Ooo = a32| — + 55 + + —+
ag apa1oU4 apvs asy
2 2 2,2
asyus(ve(ve 4+ v5) + 2v V904 + v1v4))
2 bl
azaZ v3vy
2 2 2 2
d—a (aooul + ajon n azi(ug + uz + ujug)vs N apai2(uz + urug)(va + v5 + v1v4)>
0 — @23 .
ai2aZ, apa12u3Us a21a2,u3v304

We need to prove the following.

(i) The non-frozen coordinates of M(a23) are a} and df.
(ii) The non-frozen coordinates of je*(M(au30)) are @) and ab.
(iii) The coordinates of h3y = hgol ™! are (af),al).

To compute (c,d,l) we need a formula for ¢. Letting ¢y = «(—,I,—), we have t(u, k,v) =
v1(u, kvk~1)k, so we only need a formula for ¢; (here I € H is the identity). Applying the
algorithm in Section 7.3 we obtain that if (z/,y',h’) = ¢;(y, z), then

2 2 2.2

3.20 ;T X0y T3 X400 ;Y104 Y2003 Y3gQy Yaois o 1 1

( . ) x _(77 ) ) )7 Yy _( ) ) 2 ) _(777)7
a1 a9 13 0y (0% Q406 a5a3 406 a3 Oy
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where the «; are given by
ar=1+4a1(y2+us), 2 =1+z2(ys(1+z194)* + 11(1 + 21 (y2 + y4))?),
az =1+ z3(y2 + T2y2y3 + Ya) + 21(y2 + ya + T2T3Y2y3Y4),
(8.21) s =1+z4(ys(1+ (w1 +3)ya)” + 11 (1 + (21 + 3) (y2 + v4))°) + 22 (y3(1 + z192) >+
y1(1 + 232ay3ys + 221 (Y2 + ya) + 27 (y2 + 1a)?))
as =14 zay3(1 + 2194)” + zays(1 + (21 + 23)y4)?, ag =1+ (21 + 73)ya.

Using this, together with the explicit formulas for W®W, WP and their inverses given in (8.3)
and (8.4), we obtain that ¢, d and [ are given by

(8.22)
2ouy + af + u3 + uyuy) + uruy)(v2 4 v3 + v1v4)
-1 asu + ajyvr n 21000 (U2 + ug + ujug)vs n apai2(uz + uiug)(ve + v5 + v1vg
=
(1200001 apa12U3U4LV] (21 AooU3V1 V3V
2 2 2 2 2 2,2
-1 a2 N agia, (ug + uz)vy n 2us(vy + v1v4) n aous N apaisus(vs + vavs + 201v9v4 + V{V])
2 = 2 2 ;
ao apas,usvs VU3 a91v9 ag1a2 vav3vs
2 2 2 2
a12v1 a21v2 azvz  apaijyua(ve + v3 + v1V4) 51 05,V4
€1 = ; C2 = ; C3=uz+ + 5 ;o G4 = Ut T,
(Iooll aolz ag a2105,V3V4 a0a12
2 2 2
Qoo apu2 a0, (u2 + uz)vs  agua(va + v5 + vivy)
dy = ———, dg=—F+, dg=wus+ 3 + )
a2l an1ly apaiytyvy a2101V304
2 2 2\,,2 2 2 2 2
d l5 (2U3’03 N agias, (uz + uz)vs N ap(as uz(ve + v5) + alQU4vlv4))
4= 7" 2 2 2 :
by a3y Usv7 ag1aZ vivy

By (8.7) the non-frozen coordinates of M(aa3) are cgass = a) and 04% = a), proving (i).
Also, by (8.17),

— aszo ao3 v1a23 V2432
823 h, — h l 1 =(—,—) = — / / ,
( ) 31 30 ( ll lQ ) (llaoo7 CZOZQ ) (CLO?aoo)
proving (ii). To prove (iii), let b; denote the coordinates of M(a130), we have (since hjz =
wo(l)hgo)

1 —1
bor = Iy “azo, bio =15 ap3, bi2 =azg, b2 = aops,

(8.24) bo1 b3
bao = ao1, bo2 = aio, b1 =dzbia, b2 = d4%-
10
rot

Plugging this into the formula (3.8) for 15, We obtain expressions for b} and bl that equal those
of @} and @, in (8.18). This concludes the proof.

Remark 8.1. Given coordinates on Ag g as described in Section 2.3 we get a natural cocycle
on each triangle of P. When sg is trivial, these glue together to form a natural cocycle on S,
hence a pair (p, D). When s is non-trivial, the labelings of identified edges differ by sg (see

Figure 16), and we instead get a pair (p, D).

9. REPRESENTATIONS OF 3-MANIFOLD GROUPS

Let M be a compact, oriented 3-manifold with boundary. Recall that p: 71 (M) — G is
boundary-unipotent if peripheral subgroups of G map to conjugates of N, and that a decoration
of such p is a p-equivariant assignment of a coset gN € A to each ideal point (boundary-
component) of the universal cover of M. A decorated representation is a pair (p, D), where p
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is a boundary-unipotent and D is a decoration of p. Note that G acts on the set of decorated
representations by g(p, D) = (gpg~—',gD). For more details on decorations, we refer to [12].
Unless otherwise stated G denotes one of the groups As, By, Cs or Gbs.

9.1. Generic configurations. We shall consider a notion of genericity for configurations, which
is slightly finer than that of sufficiently generic (Definition 5.1).

Definition 9.1. An element o € Conf3(.A) is generic if the minor coordinates of a, rot(«), and
rot?(a) are all non-zero.

The set Conf§™ of generic configurations in Conf%(.A) is isomorphic to a Zariski open subset
of Tg,,. Note that p{S" is an isomorphism (not just a birational equivalence) on this subset.

Definition 9.2. The set Conf§*"(A) of generic configurations in Conf}(.A) is the largest Zariski
open subset U of Conf}(A) such that Uy (U) € Conf§™(A) X Conf§™(A) for kIl = 02 or 13,

and such that ,ugip defines an isomorphism from W (U) to Wy3(U).

The formulas in Section 3.3 provide explicit defining equations for the variety Conf§""(.A), and

Proposition 6.5 provides an explicit formula for the natural cocycle.

Example 9.3. Let G = Cy. Given o € Conf}(A), the simplicial boundary map ¢; in (2.4)
induces configurations on each of the faces with coordinates given by the map M. We denote
the coordinates on the ith face by fi; and fo;, and the coordinates on the edges by a;; (see
Figure 21). It now follows from (3.12) that the coordinates satisfy

(9.1)
2
ag0z1 = az2fis+ forfos, avefiz =aoifin —asofiz,  frize = —fa1fi2 + aosazsfas,
P 2
f2,1f2.2 = ap3z1 + 23, f1,323 = 21 + a1222, f2,0f2,3 = aipaisasz + azi 2,
P
a1321 = faofo2 + a1023, as1z2 = a3 fo2 — f1,223, f1,023 = a12a13a23 + f20a31

The ideal generated by these relations defines the Zariski closure of Conf§™(A) for Cs.

gQN ’.‘.E".‘ 0,21..‘“’.. as3
A1 o . a3 e e
a1z, T02g a0 . ass o froe [t
) g e ey e S 013 G3ie
"d‘m. .f1,3§f1,1 "dgo . £ (l13.' ..
7020, @002 .- aiis., 9[22 T30
apr® 1 @03 agr® f~‘d‘03

FIiGURE 21. Coordinates on the faces of a simplex.

9.2. Generic decorations and the Ptolemy variety. Let 7 be a topological ideal triangu-
lation of M. We assume for simplicity that the triangulation is ordered, i.e. that we have fixed
a vertex ordering of each simplex, which is respected by the face pairings. For more on ordered
triangulations, see e.g. [10].

A decorated representation (p, D) associates a quadruple of affine flags to each 3-simplex of
T. We refer to the collection of such as the associated configurations.
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Definition 9.4. A decoration of a boundary-unipotent representation p is generic if the associ-
ated configurations are in Conf§™ (A).

Remark 9.5. Note that this notion depends on 7.

The triangulation T defines a category J with an object for each k-simplex and a morphism
for each inclusion of a k-simplex in an [-simplex. For k = 1,2, let Conff™"(A) = Conf}(A).

Definition 9.6. The Ptolemy variety Pg(T) is the limit of the functor from J to affine varieties
taking a k-cell to Conff"(A), and an inclusion onto the ith face to the face map &; in (2.4).

Informally, the Ptolemy variety is the variety built from copies of Conf§™(A) by gluing them
together using the gluing pattern determined by the triangulation, i.e. if two faces are identified,
the corresponding configuration spaces are identified as well. Tautologically, we have a one-to-
one correspondence between points in the Ptolemy variety and generically decorated boundary-
unipotent representations, i.e. (2.8) holds. The natural cocycle provides an explicit formula for
this correspondence.

Remark 9.7. One could also consider a Ptolemy variety by gluing together copies of Conf}(.A).
However, we don’t have explicit defining equations for this variety.

9.3. Obstruction classes. As mentioned earlier, there are interesting boundary-unipotent rep-
resentations in G/(sq) that don’t have boundary-unipotent lifts to G. The obstruction is a class
in H>(M,0M;7/27) = HQ(J/W\; Z/27), where M is the space obtained from M by collapsing
each boundary component to a point. The theory of obstruction classes developed in [12]| for
SL(n,C) (see [11] for a summary when n = 2) has a natural analogue for G. The theory is an
elementary generalization of the SL(n,C) case, so we only sketch it.

Fix an ordered triangulation 7. This determines a A-complex structure (as in Hatcher [13])
on M. Let C*(M\ ; Z/2Z) be the simplicial complex of Z/2Z-valued cochains, and let o €
02(]\/4\; 7./27) be a cocycle. The restriction os of o to a 3-simplex Ag of T is a coboundary,
so we may represent o by a collection 1, € C'(Ay;Z/27) such that §(ns) = os. Note that if a
face f of Ay is identified with a face f’ of Ay, then 74 p = 778‘]0(778/‘]1'/)_1 is a cocycle on A2, a
standard simplex canonically identified with f and f’. Since every such is a coboundary, it is
either trivial, or there exists a unique j = j¢ ¢ € {0,1,2} such that 77 ¢ is the coboundary of
the O-cochain on A? taking the jth vertex to —1 € Z/27Z (see Figure 22). We can now define
the Ptolemy variety P?(7) to be the variety obtained by gluing together copies of Conf§™(A)
in such a way that if two faces f and f are identified, the corresponding copies of Conf§™ (A)
are identified, not by the identity, but via the map x; = &; 14 replacing g; N by gjsgN (see
Figure 22). Note that the effect of x; on the natural cocycle is to leave all three short edges and
the long edge opposite j fixed, and to multiply the two long edges extending to j by sg.

One now checks that up to a canonical isomorphism PZ(7) only depends on the cohomology

class of o, and that the set Z!(M;Z /27) of 1-cocycles acts on Pg(T) with orbits corresponding
to decorated boundary-unipotent G/(s)-representations. This proves (2.9).

9.4. The reduced Ptolemy variety. If M has a single boundary component, the action of H
on Conf%en(A) where h € H acts by replacing each coset g;N by g;hIN descends to an action on
Pg(T). More generally, if M has ¢ boundary-components, we get an action by H¢. This action
is also defined for PZ(T). We refer to the quotients as reduced Ptolemy varieties, and we denote
the quotients by Pg(7T )rea and P&(T )red, respectively.
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FIGURE 22. ng, ng and 7]s|f(7ls’\f’)_l- FicURE 23. Effect of kg on
the coordinates.

9.5. Explicit computations for the figure eight not complement. Let M be the figure
eight knot complement, and let 7 be the standard ideal triangulation of M with two ideal
simplices. Figure 24 shows this triangulation together with the edge coordinates for G = C5 (the
face coordinates are not shown).

FIGURE 24. Ordered triangulation of M.

Using the explicit relations in (9.1) we obtain that the Zariski closure of Pc, (7)) is given by

forfos+ figw =210y, frow— f11z — f132, 22011+ forfro — frswe,
250 — fa1fa2 + 210w, 20— 230f13 + 2202, frofos — wia? — 210y,
(9.2) foofo2 + 250w — 210y, 230f12 — 2200 — f222,  230f10 + foor — 2yz,
foafes —zaw+ fLay,  afin+ fise — fioz, o1 fis+ frofes — fiey,
Z1 — foofos + 2119, 21— 231 fi1 + 2212, farfao — ziaw —y222,
foofos —z1aw+ 231y, z31fio — faox — 2212, 231fi2 + fanz — waz.

A computation using Magma [3] shows that there are no solutions where all coordinates are
non-zero, and where all rotations of all faces are well defined. Hence, Pc, (7)) is empty.

A simple computations shows that HQ(]\/Z; 7.)27) = Z/2Z, and that the generator o is rep-
resented by the cocycle taking the faces paired by b and ¢ to —1. The Zariski closure of the
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Ptolemy variety PZ(T) is given by

foafos + fiaw — 2100,
250 — fofaz + 210w,
fo0f2.2 + 25 0w — 21,09,
Jaafo3 — 211w + f12,1?/,
251 — foof2s + 2119,

2
J2.0f22 — 211w + 23 1,

(9.3)
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fi2x — fi12 — f132,
21,0 — 23,0/1,3 + 22,07,
230f1,2 — 22,0 + fo2%,
rfi1+ fi37 — f1,0%,
211 + 231 /1,1 + 22,172,

23.1f1,0 + f2,0T + 22,12,

220f1,1 + fo1fi2 + fizwz,
fa0fos — w?a® — 210y,
z3,0/1,0 + f2,07 + Tyz,
221f13 — fiof2s + fiamy,
Jeafoo — 211w — y2z2,

231 f12 + fa20 —wxz.

One easily checks that the action by an element (k1, k2) € H multiplies the coordinates f;; and
f2. by k2ko and k?k3, respectively, so we may add the additional relations fio=1and fop =1
to obtain the reduced Ptolemy variety P&(T )red- A Magma computation shows that there are
two zero-dimensional components in PZ(7 )yed. One is defined over Q(y/—3) and given by

(9.4)

fio=foo=fip=—fo3=1, fi1= %(—1 +v=3), for1=—fie=—fi3=

x:%(1+\/?3), y:g(—H\/?s), z:—é(ux/fg), w =

The other component is defined over Q(w), with w defined in (2.13), and is given by

3w 3wt 7w Tw? 15w 3

(1++v-3),

»-lk.\ww“_‘

= :1 = —— —_—— — JSSSE— J—
fio=rfeo=1, fia T + S 16 + 3 3 +27
wt oWl 2 3w wt W 3w? 3w 3
=7 -5 w243, iz 6 8 16T s 8§ o
4 3 5 4 3 2
Sw w Sw 1
9.5 _ Y Y 249 -3 A T A T
(9:5) fo2 PRI AT B v v
_ 3w 3wt Tw? 11w2+117w r &5+ﬁ EL"?’JF?ﬁ 5wy
T3 16 "32 16 "16 1 YT T4y 8 o 4
Wb N 3wt 3w N 3w? 15w N 9 5w® N wt o 11w? 9w? 15w N 3
z2=—t—= -+ == "=+, w=——+—=- —_— —— -
64 ' 32 64 ' 32 32 '8 16 2 16 8 g 2

Remark 9.8. The reduced Ptolemy variety Pg (T )rea also has two components of degree 2 and

6 defined over Q(v/—3) and Q(w), respectively. This is, of course, not surprising since By and
C5 are isomorphic. We have not been able to explicitly compute the Ptolemy variety for G.

9.6. Recovering the representations. One can explicitly recover the representation corre-
sponding to a point in the Ptolemy variety using the natural cocycle. As described in [22,
Sec. 4.1] the fundamental group of the figure eight knot complement has a presentation of the
form

(9.6) (a,b,c ‘ ca”tbe ta, ab e D),

where a, b, and ¢ are the face pairings in Figure 24. This presentation is isomorphic to the
presentation (2.11) via the map taking z; to ¢ and x2 to ab™1. Let ;s and B;k,s denote the
labelings of the natural cocycle associated to simplex s. As in [22, Sec. 3.5.1], the representation
is given by

(9.7) a = (5%1,0023,05%2,0)_1’ b= (,6’8170)_1(53%071)_1@3,1, c= ﬁig’zoﬁ%z,l'
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The formulas differ slightly from those of [22] due to the fact that we are using an ordered
triangulation. Using the Serre generators for sp(4,C) given in Knapp [16], we obtain

1t 0 0 1000
01 0 0 010t
(0.8) nh=19 0 1 of> W=1{g 0 1 of
00 —t 1 0001

and that b = diag(¢,¢71,¢71,¢) and kb = diag(1,¢,1,¢71). Also, s¢, = —I, and wg = ( % ).
Using this, we can now recover the natural cocycle explicitly from the coordinates, and we obtain
the formulas in Section 2.4.

Acknowledgment. The author wishes to thank Matthias Goerner, Stavros Garoufalidis, and
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