
PTOLEMY COORDINATES, DEHN INVARIANT AND THE
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CHRISTIAN K. ZICKERT

Abstract. We define Ptolemy coordinates for representations that are not necessarily
boundary-unipotent. This gives rise to a new algorithm for computing the SL(2,C) A-
polynomial, and more generally the SL(n,C) A-varieties. We also give a formula for the
Dehn invariant of an SL(n,C)-representation.

1. Introduction

The Ptolemy variety of a triangulated compact 3-manifold M gives coordinates for
boundary-unipotent representations of π1(M) in SL(n,C). In this paper we define an
enhanced Ptolemy variety, which gives coordinates for representations that are not nec-
essarily boundary-unipotent. To do this, we assume that all boundary components of M
are tori (this is not strictly needed; c.f. Remarks 1.14 and 3.4), and that we have fixed a
meridian and a longitude for each boundary component. The enhanced Ptolemy variety
is defined via the usual Ptolemy relations, but involve additional variables mi,j and li,j,
where j = 1, . . . , n − 1, and i is an integer indexing the boundary components. As we
shall see, the additional variables are exactly the eigenvalues of the images of the merid-
ians and longitudes under the corresponding representation. In particular, when n = 2,
and M has a single boundary torus, there are two additional variables m and l, and by
eliminating the remaining variables (e.g. using Magma [2]), we obtain (a divisor of) the
SL(2,C) A-polynomial. In a similar fashion one can compute (some components of) the
SL(n,C) “A-varieties”.

1.1. The Ptolemy variety. The Ptolemy variety Pn(T ) of a 3-manifoldM with a trian-
gulation T was defined in [10] inspired by coordinates on higher Teichmüller spaces due
to Fock and Goncharov [7]. It is given by an ideal In (the ideal generated by the Ptolemy
relations) of a polynomial ring Qn over Q, and is defined as the subset of the vanishing
set of In consisting of points where all coordinates are non-zero.

The Ptolemy variety parametrizes generically decorated boundary-unipotent SL(n,C)-
representations, where a decoration of a boundary-unipotent representation ρ : π1(M)→
SL(n,C) is a ρ-equivariant map

(1.1) ̂̃
M

(0)

→ SL(n,C)/N,
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i.e. an equivariant assignment of N -cosets (affine flags) to the vertices of each simplex of
T (N is the group of unipotent upper triangular matrices). A decoration is generic if for
each simplex, the four cosets assigned to the vertices are in general position. We have
explicit maps

(1.2) Pn(T )
1:1←→

Generically decorated,
boundary-unipotent
π1(M)→ SL(n,C)

/Conj→
{
Boundary-unipotent
π1(M)→ SL(n,C)

}/
Conj .

The Ptolemy coordinates are such that the Cheeger-Chern-Simons invariant (complex
volume) and Bloch invariant of a representation can be readily obtained from its Ptolemy
coordinates. Explicit computations of Ptolemy varieties for the SnapPy census manifolds
can be found at [12].

Remark 1.1. Whether or not a representation has a generic decoration depends on
the triangulation T . Hence, the right map in (1.2) is generally not surjective. It is
surjective if T is sufficiently fine (see [10]), but subdividing a triangulation creates non-
ideal vertices, which increases the dimension of the preimage. If M is hyperbolic and T
has only essential edges, the geometric representation (and its image under the canonical
irreducible representation SL(2,C) → SL(n,C)) is always detected (when n is even this
requires obstruction classes [10]).

1.2. The A-polynomial and its higher rank analogues. Let M be a compact 3-
manifold with boundary a torus, and let µ and λ be a meridian and longitude. The
A-polynomial [4] is (roughly) the set of eigenvalues of the images µ and λ under the set
of SL(2,C)-representations of π1(M). For a precise definition, consider the diagram

(1.3)

XSL(2,C)(M)

r

��
XSL(2,C)(∂M) ∆

t∆oo p

∼=
// C∗ × C∗,

where XSL(2,C) is the character variety, ∆ the set of diagonal representations of π1(∂M), r
the restriction map, t∆ the map sending a representation to its character, and p the map
taking ρ to (m, l) if ρ(µ) = (m m−1 ) and ρ(λ) =

(
l
l−1

)
.

Definition 1.2. The A-polynomial of (M,µ, λ) is the defining polynomial of the Zariski
closure in C∗ × C∗ ∼= ∆ of the union of preimages under t∆ of the components Y in
XSL(2,C)(∂M) such that Y is 1-dimensional and of the form r(X) for some component X
of XSL(2,C)(M).

One can also define a higher rank analogue using the diagram

(1.4)

XSL(n,C)(M)

r

��
XSL(n,C)(∂M) ∆

t∆oo p

∼=
// (C∗)n−1 × (C∗)n−1.
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Here p is the map taking ρ to (m1, . . . ,mn−1, l1, . . . , ln−1) if ρ(µ) = diag(m1, . . . ,mn)
and ρ(λ) = diag(l1, . . . , ln). Since every character of ∂M is the character of a diagonal
representation, t∆ is surjective, and is generically n! : 1.

Definition 1.3. The A-variety of (M,µ, λ) is the Zariski closure in (C∗)n−1 × (C∗)n−1

of the union of preimages of t∆ of the components Y in XSL(n,C)(∂M) such that Y is
(n− 1)-dimensional and of the form r(X) for some component X of XSL(2,C)(M).

Remark 1.4. If M has multiple torus boundary components, c say, one can similarly
define A-varieties by picking meridians and longitudes for each boundary component.
The dimension of the A-variety is then c(n− 1).

1.3. The Dehn invariant. The Dehn invariant was defined by Dehn [5] in his solution
to Hilbert’s 3rd problem. In modern language (see e.g. [14] for a historical overview) it
can be viewed as a map
(1.5) ν : P(C)→ ∧2

Z(C∗), z 7→ z ∧ (1− z),

where P(C) is the so-called pre-Bloch group, defined as the free abelian group on C\{0, 1}
subject to the five term relation

(1.6) [x]− [y] +
[y
x

]
−
[

1− x−1

1− y−1

]
+

[
1− x
1− y

]
= 0 ∈ P(C).

The kernel of the Dehn invariant is called the Bloch group B(C).

1.4. Statement of results. Let M be an oriented, compact 3-manifold with boundary
a union of c ≥ 1 tori together with a choice of meridian µi and longitude λi of each
boundary component. Let T be a topological ideal triangulation of M . Recall that the
Ptolemy variety is defined via an ideal In generated by Ptolemy relations in a polynomial
ring Qn. The enhanced Ptolemy variety EPn(T ), defined in Section 3 below, is given by
an ideal EIn in a polynomial ring EQn, where
(1.7) EQn = Q[C,M,L], C = {ct,k} M = {mi,j}, L = {li,j}.
Here, ct,k, mi,j and li,j are free variables, i.e. generators of EQn. The index i runs through
the boundary components, and the index j runs from 1 to n − 1. The variables ct,k
are indexed like the standard Ptolemy coordinates. When convenient, we shall also re-
gard these as regular functions on EPn(T ). We shall occasionally need the functions
mi,n = (mi,1 · · ·mi,n−1)−1 and li,n = (li,1 · · · li,n−1)−1. The standard Ptolemy variety Pn(T )
embeds in EPn(T ) as the set of points where all mi,j’s and li,j’s are 1.

There is an action of Hc, where H is the group of diagonal matrices, on Pn(T ), which
naturally extends to an action on EPn(T ). The quotient is denoted by EPn(T )red. A rep-
resentation is boundary-Borel if the image of each peripheral subgroup lies in a conjugate
of the Borel subgroup B ⊂ SL(n,C) of upper triangular matrices.

Theorem 1.5. We have a diagram

(1.8) EPn(T )red
oo 1:1 //

Generically decorated,
boundary-Borel

π1(M)→ SL(n,C)

 //

{
Boundary-Borel
π1(M)→ SL(n,C)

}
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of explicit maps, which commute with (1.2) under the natural maps.

For a manifold N let RB(N) denote the set of representations of π1(N) in B up to
conjugation (in B). A decorated representation has a well defined peripheral holonomy
(see Section 4.2.2), and we thus have restriction maps

(1.9) ri : EPn(T )→ RB(∂iM),

which are given explicitly in terms of the Ptolemy coordinates. Consider the maps

(1.10) pM,i : RB(∂iM)→ (C∗)n−1, pL,i : RB(∂iM)→ (C∗)n−1,

defined by taking ρ ∈ RB(∂iM) to (mi,1, . . . ,mi,n−1), respectively (li,1, . . . , li,n−1) if

(1.11) ρi(µi) =


mi,1 ∗ . . . ∗

mi,2 ∗ ...
. . . ∗

mi,n

 , ρi(λi) =


li,1 ∗ . . . ∗

li,2 ∗ ...
. . . ∗

li,n

 .

Theorem 1.6. We have a commutative diagram

(1.12)

EPn(T )
ΠM,L

**
r

��
RB(∂1M)× · · · ×RB(∂hM)

p // (C∗)2h(n−1)

where r = (r1, . . . , rc), p = (p1,M, . . . , pc,M, p1,L, . . . , pc,L), and ΠM,L is projection onto
theM and L coordinates. �

Corollary 1.7. If M has a single torus boundary, each 1-dimensional component of
the Zariski closure of the image of EP2(T ) in C∗ × C∗ is a component of the SL(2,C)
A-polynomial. �

Remark 1.8. It follows from [10, Theorem 1.8] that if M is hyperbolic, the geometric
component of the A-polynomial is always detected.

Remark 1.9. The components of the image of EPn(T ) in (C∗)2c(n−1) contain slightly
finer information than the corresponding component of the A-variety. The A-variety is
by definition symmetric under the Weil group action, but this need not be the case here.
For example, there may exist a decorated representation ρ whose image ρi in RB(∂iM)
satisfies

(1.13) ρi(µi)

m 1
m 1

m

 , ρi(λi) =

l1 l2
l3

 ,

but there may not exist a representation τ with τi(λi) = diag(l3, l2, l1).
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1.4.1. Formula for the Dehn invariant. In [10] we defined a map

(1.14) Pn(T )→ B(C).

assigning a Bloch group element to a decorated representation.

Theorem 1.10. There is a map

(1.15) λ : EPn(T )→ P(C)

extending the map (1.14). For each x ∈ EPn(T ), we have

(1.16) ν ◦ λ(x) = −
c∑
i=1

n−1∑
j,k=1

A−1
jkmi,j(x) ∧ li,k(x) ∈ ∧2(C∗),

where A is the Cartan matrix of SL(n,C), mi,j = mi,j/mi,j+1, and li,j = li,j/li,j+1. In
particular, the Dehn invariant of a decorated representation depends only on the restriction
to the boundary.

Remark 1.11. The formula is well defined since ∧2
Z(C∗) is a Q-vector space. The jk’th

entry of A−1 is j(n− k)/n when j ≤ k.

Remark 1.12. An analogue of (1.16) was proved for n = 3 in [1], and the general formula
was stated without proof in [6, (3.50)]. The proof is an elementary consequence of the
symplectic properties of the gluing equations proved in [11], and also [13].

Remark 1.13. Much of this theory could also be stated for PGL(n,C)-representations
using the gluing equation varieties Vn(T ) defined in [8]. This would generalize the re-
lationship between Thurston’s gluing equations and the PSL(2,C) A-polynomial (see
e.g. [3]). The enhanced Ptolemy variety further illustrates the duality between shapes
and Ptolemy coordinates discussed in [8]; boundary-unipotent PGL(n,C)-representations
are parametrized by introducing more equations (cusp equations), whereas non-boundary-
unipotent SL(n,C)-representations are parametrized by introducing more variables.

Remark 1.14. The condition that all boundary components be tori is not strictly needed.
We have restricted to this case for ease of exposition, and because this is the case of most
general interest. See Remark 3.4 for a description of how the theory is modified in the
general case.

1.5. Acknowledgements. The author wishes to thank Stavros Garoufalidis, Matthias
Goerner and Dylan Thurston for useful conversations, and Fabrice Rouillier for assistance
with some of the computations.

2. The (standard) Ptolemy variety

To set up our notation, we first recall the definition of the standard Ptolemy variety
Pn(T ) [10, 8]. We refer to [8] for conventions regarding triangulations.
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2.1. Preliminaries. Let M be a compact, oriented 3-manifold, and let T be a topo-
logical ideal triangulation, i.e. a triangulation where the 0-cells correspond to boundary
components (if ∂M = ∅, a triangulation of M may be regarded as an ideal triangulation
of a manifold with boundary a union of spheres).

Identify each simplex of T with a standard simplex

(2.1) ∆3
n =

{
(x0, x1, x2, x3) ⊂ R4

∣∣ 0 ≤ xi ≤ n, x0 + x1 + x2 + x3 = n
}
.

Let ∆3
n(Z) be the integral points of ∆3

n, and let ∆̇3
n(Z) be the integral points with the 4

vertex points removed. An integral point of M is an equivalence class under face pairings
of the (non-vertex) integral points of the simplices of M .

2.2. The Ptolemy relations. Assign to each integral point t ∈ ∆̇3
n(Z) of each simplex

∆k of T a Ptolemy coordinate ct,k. We shall regard the ct,k’s as generators of a polynomial
ring Qn over Q.

Definition 2.1. The Ptolemy relations are the relations

(2.2) cs+1001,kcs+0110,k − cs+1010,kcs+0101,k + cs+1100,kcs+0011,k = 0, s ∈ ∆3
n−2, ∆k ∈ T .

Remark 2.2. When n = 2, we denote the Ptolemy coordinates by cij,k instead of ct,k
(e.g. c02,k instead of c1010,k) to simplify the notation.

2.3. The identification relations. Recall that M is obtained by pairing faces of the
simplices of T . Each face pairing may be encoded by a permutation σ ∈ S4. The natural
identification of S4 with the symmetry group of an ordered simplex induces an action of
S4 on ∆3

n(Z).
For t = (t0, . . . , t3) ∈ ∆3

n(Z) we can write the n×n identity matrix I as a concatenation
I = [I t0|I t1|I t2|I t3] of four (possibly empty) matrices I ti of respective size n× ti. For σ ∈ S4

define

(2.3) Iσ,t = [I tσ(0)|I tσ(1)|I tσ(2)|I tσ(3)].

Clearly, the determinant of Iσ,t is either 1 or −1.

Definition 2.3. An identification relation is a relation of the form

(2.4) ctj ,j = det(Iσ,tk)ctk,k

defined whenever two integral points tj and tk of ∆j and ∆k, respectively, are identified
in M via a face pairing with permutation σ ∈ S4. The determinant det(Iσ,tk) is called a
sign multiplier.

The sign multipliers are illustrated in Figures 1 and 2. For n = 2, the sign multiplier
is positive and the relation is cij,k = ci′j′,k′ , if and only if i − j and i′ − j′ have the same
sign. The sign multipliers are always positive (for any n) for an ordered triangulation.

Definition 2.4. The Ptolemy relations (2.2) and the identification relations (2.4) define
an ideal In in a polynomial ring Qn. The Ptolemy variety is the Zariski open subset of the
vanishing set of In consisting of the points where all Ptolemy coordinates are non-zero.
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Figure 1. Identification relations
for n = 3, e.g. c1011,0 = −c0111,1.

Figure 2. Identification relations for
n = 4, e.g. c0031,0 = −c0103,1.

Remark 2.5. By selecting once and for all a representative for each integral point of M ,
one can eliminate the identification relations. The Ptolemy variety is thus given by an
ideal generated by Ptolemy relations in a polynomial ring with a variable for each integral
point of M .

2.4. The diagonal action. Let H denote the set of diagonal matrices in SL(n,C) and
let c denote the number of boundary components ofM . It follows from (1.1) that Hc acts
on the set of decorations of a boundary-unipotent representation ρ by right multiplication.
Hence, by (1.2), Hc also acts on Pn(T ). The action is given by

(2.5) ct,k 7→ det
(
{Dk,0}t0 ∪ {Dk,1}t1 ∪ {Dk,2}t2 ∪ {Dk,3}t3

)
ct,k,

where Dk,i denotes the diagonal matrix of the ith vertex of ∆k, and {A}k is the ordered
set consisting of the first k column vectors of A. The action is illustrated in Figure 3.

a

g1N

g0N

b

c d e

f g
g2N

diag(x1, x2, x3)

diag(y1, y2, y3)

diag(z1, z2, z3)

D0 =

D1 =

D2 =

ax1y1y2

g0D0N

g1D1N

g2D2N

cx1x2y1

by1y2z1

dx1y1z1 ey1z1z2

fx1x2z1 gx1z1z2

Figure 3. The diagonal action on decorations and Ptolemy coordinates.

The quotient Pn(T )red is called the reduced Ptolemy variety. It is shown in [9] that
Pn(T )red is given by an ideal obtained from In by adding c(n − 1) relations of the form
ct,k = 1 for suitably chosen Ptolemy coordinates. Since we usually only care about the
representation and not the decoration, this simplifies the computations.

2.5. Example, m004. For the triangulation of m004 (the figure 8 knot) given in Figure 8
and n = 3, there are 8 integral points (4 edge points and 4 face points). The identification
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relations are

(2.6)

c2100,1 = c1002,0 = c2010,1 = c1020,0 = c0102,1 = c0120,0, c1101,1 = c1011,0

c1200,1 = c2001,0 = c1020,1 = c2010,0 = c0201,1 = c0210,0, c1011,1 = c1101,0

c0120,1 = c2100,0 = c0021,1 = c0012,0 = c2001,1 = c0102,0, c1110,1 = −c1110,0

c0210,1 = c1200,0 = c0012,1 = c0021,0 = c1002,1 = c0201,0, c0111,1 = −c0111,0

and the Ptolemy relations are

(2.7)

c2001,kc1110,k − c2010,kc1101,k + c2100,kc1011,k = 0

c1101,kc0210,k − c1110,kc0201,k + c1200,kc0111,k = 0

c1011,kc0120,k − c1020,kc1011,k + c1110,kc0021,k = 0

c1002,kc0111,k − c1011,kc0102,k + c1101,kc0012,k = 0

Eliminating the identification relations, we obtain a system of 8 equations in 8 variables
(one for each integral point ofM). The reduced Ptolemy variety P3(T )red (see Section 2.4)
is obtained by adding two additional relations (e.g. c0012,0 = 1 and c0111,0 = 1). It
is zero dimensional and has 3 components defined over Q(

√
−7), Q(

√
−7) and Q(

√
−3),

respectively. The components can be computed in SnapPy (with Sage of Magma installed)
or retrieved from the data base in [12]. We shall not display them here.

3. The enhanced Ptolemy variety

We now assume that each boundary component ∂iM of M is a torus, and that we have
fixed once and for all meridians µi and longitudes λi of ∂iM . Assign Ptolemy coordinates
ct,i to the integral points of the simplices of T as in section 2, and let

(3.1) EQn = Q[C,M,L] = Qn ⊗Q[M,L]

with C, M and L as in (1.7). The Ptolemy relations are defined as in (2.2), but the
identification relations now involve the additional variables mi,j and li,j.

Choose a fundamental rectangle Ri in M̂ of each boundary component. The triangula-
tion of M by truncated simplices induces a triangulation of each Ri (see Figures 4 and 5).
It will later become apparent that a change of fundamental rectangles changes the variety
by a canonical isomorphism.

The sides µ′i and λ′i of the rectangles Ri map to generators of H1(∂iM), so there exist
unique integers ai, bi, ci and di so that

(3.2) µ′i = µaii λ
bi
i , λ′i = µcii λ

di
i , det

(
ai bi
ci di

)
= ±1.

Define auxilary variables m′i,j and l′i,j by

(3.3) m′i,j = mai
i,jl

bi
i,j, l′i,j = mai

i,jl
ci
i,j.

They are rational functions in mi,j and li,j. Also, let

(3.4) Dµ′i
= diag(m′i,1, . . . ,m

′
i,n), Dλ′i

= diag(l′i,1, . . . , l
′
i,n)

Each face pairing α pairs a face fj of a simplex ∆j with a face fi of a simplex ∆i

(possibly i = j). We shall assign to α a tuple Mα = (Mα0,Mα1,Mα2,Mα3) of n × n
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λ′l
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0
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1

3
3 b

a b
a

b
a

Figure 4. Face pairings. Figure 5. Fundamental
rectangles.

matrices, which will determine how the Ptolemy coordinates on fj and fi are identified.
We define Mαi as follows: If v is the vertex, not in fj, let Mαv = I. For example, for a
and b in Figure we have Ma3 = Mb2 = I. Each vertex in fj corresponds to a triangle in
one of the Ri’s, and the face pairing pairs this triangle with an adjacent triangle. If for
a vertex v in fj, the face pairing is inside Rk, let Mαv = I. Otherwise let Mαv be either
Dµ′k

or Dλ′k
, or their respective inverses according to whether the face pairing is via µ′k,

λ′k, or their inverses. For example, we have
(3.5) Ma = (I,Dµ′k

, I, I), Mb = (I, I, I,Dλ′l
).

3.1. Orientation conventions. We orient each boundary component with the counter-
clockwise orientation as viewed from the ideal point, and orient the fundamental rectangles
accordingly. In particular, we have 〈µ′i, λ′i〉 = 1, where 〈, 〉 is the intersection form. For
knot complements it is more common to orient the boundary with the counter-clockwise
orientation as viewed from within the manifold, so in this case 〈µ, λ〉 = −1 for the standard
meridian and longitude. Unless otherwise specified, we assume that µi and λi are chosen
such that 〈µi, λi〉 = 1, so that the determinants in (3.2) are 1.

3.2. Identification relations. For a matrix g and a non-negative integer i, let {g}i be
the ordered set consisting of the first i column vectors of g.

Definition 3.1. The peripheral multiplier of a face pairing α is the map
(3.6) c(Mα) : ∆3

n(Z)→ EQn, t = (t0, t1, t2, t3) 7→ c(Mα)t,

where
(3.7) c(Mα)t = det

(
{Mα0}t0 ∪ {Mα1}t1 ∪ {Mα2}t2 ∪ {Mα3}t3

)
The peripheral multiplier is illustrated in Figures 6 and 7. It is simply the Ptolemy

assignment (see (4.6) c.f. [10, 8]) associated to the tuple Mα.
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Definition 3.2. An identification relation is a relation of the form

(3.8) cti,i = det(Iσ,tj)c(Mα)tjctj ,j

defined whenever two integral points ti and tj of ∆i and ∆j, respectively, are identified
in M via a face pairing α with face pairing permutation σ ∈ S4.

0

2
1

3

0

21

3∆0

∆1

0123
1302

σ=

D−1
λ′

Dµ′

Dλ′

(l′)−1m′

m′l′

1

0

2
1

3

0

21

3∆0

∆1

0123
1302

σ=

Dµ′

I

Dλ′

m′
1m

′
2m′

1m
′
2l

′
1

m′
1l

′
1l

′
2

l′1l′1l
′
2

m′
1l

′
1

m′
1

Figure 6. Peripheral multiplier
for n = 2.

Figure 7. Peripheral multiplier for
n = 3.

Definition 3.3. The enhanced Ptolemy ideal is the ideal EIn generated by the Ptolemy
relations (2.2) and the identification relations (3.8). The Ptolemy variety is the subset of
the vanishing set of EIn consisting of points where all coordinates are non-zero.

Remark 3.4. If the ith boundary components has genus gi, one can still define the
enhanced Ptolemy variety after picking generators µi,1, . . . , µi,gi and λi,1, . . . , λi,gi for
H1(∂iM), and fundamental domains for ∂̃Mi (if gi=0, no choice is necessary). The tuples
Ma used to define the identification relations can still be defined purely from the combina-
torics of the triangulated fundamental domains. We restrict to the case of torus boundary
components to avoid excessive indexing, and because this case is the most interesting.

3.3. The diagonal action. The diagonal action (2.5) of Hc on Pn(T ) extends to an
action on EPn(T ) given by the same formula. A comparison of (2.5) and (3.7) shows that
the action respects the identification relations, and is thus well defined.

3.4. Dehn invariant and gluing equations. In [8] we defined a variety Vn(T ) gener-
alizing Thurston’s gluing equation variety, and a monomial map

(3.9) µ : Pn(T )→ Vn(T ), µ(c)1100
s =

cs+1001cs+0110

cs+1010cs+0101

,

given by assigning a shape to each subsimplex (see Section 5.1 for a review). By the same
formula, we obtain a map µ : EPn(T )→ Vn(T ). The fact that the shape assignment µ(c)
satisfies the generalized gluing equations (5.3) follows from the same cancelation argument
as in [8]. There is a map

(3.10) λ : Vn(T )→ P(C), z 7→
∑

z1100
s,∆ ,
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taking a shape assignment to the formal sum of the shapes of the subsimplices. A shape
assignment thus has an associated element in P(C), and by composing with µ, the same
holds for a Ptolemy assignment.

Definition 3.5. The Dehn invariant of a shape assignment z ∈ Vn(T ) is the Dehn
invariant of its associated element in P(C). The Dehn invariant of a Ptolemy assignment
c ∈ EPn(T ) is defined similarly.

3.5. Extended Ptolemy variety of the figure 8 knot, n = 2. Consider the triangu-
lation of m004 given in Figure 8 and the fundamental rectangle given in Figure 9. The
knot meridian µ and longitude λ are given, respectively, by µ′ = µ, and λ′ = µ2λ−1.

0 2

31

0
2

31
0123
3012

0123
0132

0123
2103

a

d

c

0123
3201

b µ′

λ′

a d b d

c a a c

c
b bd

1

1

3

2

0

3

2

0

Figure 8. Triangulation of m004. Figure 9. Fundamental
rectangle.

We have

(3.11) Ma = (Dµ′ , D
−1
λ′ , I,Dµ′), Mb = Md = (I, I, I, I), Mc = (I,Dµ′ , Dµ′ , I).

The identification relations for the integral point corresponding to the single arrow are

(3.12)
c12,0

d
= c13,1, c13,1

a
= (m′)−1l′c02,0, c02,0

c
= −m′c02,1,

c02,1
b
= −c03,0, c03,0

a
= −m′(l′)−1c01,1, c01,1

c
= −(m′)−1c12,0

and for the double arrow they are

(3.13)
c13,0

b
= −c03,1, c03,1

a
= −(m′)−2c23,0, c23,0

d
= −c23,1

c23,1
b
= c01,0, c01,0

c
= −(m′)2c12,1, c12,1

d
= c13,0.

Here α
= indicates identification via α. Letting x = c01,1 and y = c12,1, the Ptolemy

coordinates are shown in Figure 10.
The Ptolemy relations

(3.14) c03,kc12,k − c02,kc13,k + c01,kc23,k, k = 0, 1

become

(3.15) m′2(l′)−1x2 +m′2(l′)−1yx−m′4y2 = 0, −y2 +m′2(l′)−1x2 −m′2xy
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0 2

31

0 2

31

−m′2yy−yx

m′l′−1x

−m′xy

−m′x

−m′l′−1x

−m′2y

−m′2l′−1x

m′2y

Figure 10. Ptolemy coordinates, n = 2.

or equivalently (using that m′ = m, l′ = m2l−1)

(3.16) m4lx2 +m4lyx−m4y2 = 0, −y2 +m4lx2 −m2xy = 0

Plugging into magma, we obtain that the enhanced Ptolemy variety EPn(T ) is given by

(3.17)
x/y =

m8 −m6 −m4l − 2m4 + 1

m6 −m2

m8l −m6l −m4 − 2m4l −m4l2 −m2l + l = 0.

We thus recover the known formula for the SL(2,C) A-polynomial. The reduced Ptolemy
variety EPn(T ) is obtained by setting y = 1.

3.5.1. Recovering the representation. One can explicitly compute the representation cor-
responding to a point in the Ptolemy variety using the face pairing presentation (see
Section 4.1), but sometimes other presentations are more convenient. The fundamental
group of the figure 8 knot complement also has a two-bridge presentation

(3.18) 〈x1, x2

∣∣ x1w = wx2, w = x2x
−1
1 x−1

2 x1〉,

and one easily checks that this presentation is isomorphic to the face pairing presenta-
tion 4.1 via the isomorphism

(3.19)
a 7→ x2x1x

−1
2 , b 7→ x1x

−1
2 , c 7→ x1

c 7→ x1, ab−1 ←[ x2.

Using this, one obtains that the representation corresponding to a point in the enhanced
Ptolemy variety is given by

(3.20) x1 7→
(
m−1 m4l−m2l−m2−l

m4−1

0 m

)
, x2 7→

(
0 m2l+m2

m4−1
−m8+m6+2m4+m2l−1

m6−m2
m2+1
m

)
.

The explicit computations are unenlightening and have been omitted.

3.5.2. The Dehn invariant. Letting z1 and z2 denote the associated shapes, we have

(3.21) z1 =
x

y
, 1− z1 = −m′2l′ y

x
, z2 =

l′

m′2
y2

x2
, 1− z2 = l′

y

x
.
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The Dehn invariant α is thus given by

(3.22)
α =z1 ∧ (1− z1) + z2 ∧ (1− z2) =

x

y
∧
(
−m′2l′ y

x

)
+
( l′

m′2
y2

x2

)
∧ l′ y

x

=− 2m′ ∧ l′ ∈ ∧2(C∗).

Since m = m/m−1 = m2 and l = l/l−1 = l2 this agrees with Theorem 1.10.

3.6. Extended Ptolemy variety of the figure 8 knot, n = 3. For n = 3, the Ptolemy
coordinates are shown in Figure 11. The Ptolemy variety is thus given by
(3.23)
−m1m2l2x1f3 − l2m2

2x1f1 +m2
1y0f2 = 0, y0f3m

3
1m2l1x0f2 + x0f1 = 0,

f1m2x1 +m1f3y1 −m1m2y1f0 = 0, f2y1 −m1m2x1f3 + f0x1 = 0,

m1l1f2x0 +m2l1x0f0 −m2y1f3 = 0, f1y0 −m3
1m

2
2l1l2x1f0 +m2

1m2y0f3 = 0,

−m2m1l1x0f0 −m2
1l1f2y0 +m2y0f1 = 0, y1f0 − f1m1x0 +m2

1m2y1f2 = 0,

0 2

3
1

0 2

3
1

m3
1m

2
2l1l2x1

m3
1m2l1x0

m4
1l1f2

y1
y0

m2
1m2y1

m2
1m2y0

m4
1m

3
2l1l2x1 m4

1m2l1x0

f1

m1m2x1

m2
1m2y0

m2
1m2y1m1x0

−m2
1f3

−f0

y0

y1

f1

m1m2x1
m1x0

x1

x0

m3
1m2l1x0 m3

1m
2
2l1l2x1

f2 y1

y0f3

f0

m2
1m2y1

m2
1m2y0

Figure 11. Ptolemy coordinates, n = 3.

The variety seems to be very difficult to compute. Using the fact that the geometric
representation is the unique representation which is defined over Q(

√
−3) and satisfies

that m1 = m2 = l1 = l2 = 1, one can use deformation techniques developed by Fabrice
Rouillier (unpublished) to show that the geometric component is an algebraic covering
with two leaves over the surface determined by

(3.24) f 2
3m

2
1m2 − f3m

2
1m

2
2 − f3m1 + f3m2 +m1m2 = 0.

The full description is rather large, so we shall not display it here. The computation was
done by Fabrice Rouillier.

4. Proof of Theorem 1.5 and Theorem 1.6

The proof of Theorems 1.5 and 1.6 follows the same strategy as the proof of the one-one
correspondences (1.2) given in [10]. The idea is to prove that a point in EPn(T ) naturally
determines a cocycle on M . The cocycle labels peripheral edges by elements in B and
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thus determines a decorated (by B-cosets) representation. Conversely, a decorated repre-
sentation determines a point in EPn(T ). The diagonal action on EPn(T ) corresponds to
a coboundary action on cocycles, but does not change the decorated representation. The
maps pi : EPn(T )→ RB(∂M) are defined via the cocycle in such a way that Theorem 1.6
is immediate from the construction.

4.1. The face pairing presentation. Given a fundamental polyhedron for T in ̂̃M , one
has a presentation of π1(M) with a generator for each face pairing, and a relation for each
1-cell (see Figures 12 and 13). Note that the loop corresponding to a face pairing is the
loop passing the face in the opposite direction.

a
b

c
d

e

gB

ρ(d)gB

Figure 12. Face pairing
presentation, generator.

Figure 13. Face pairing
presentation, edcba = 1.

Example 4.1. For the triangulation of the figure 8 knot in Figure 8, one obtains a
fundamental polyhedron, e.g. by gluing together the faces corresponding to the face pairing
d. By inspecting Figure 9 one sees that the corresponding presentation is given by

(4.1) π1(M) =
〈
a, b, c

∣∣ ca−1bc−1a, ab−1c−1b
〉
.

4.2. Decorations. We recall the basic properties of decorations and refer to [10] for more

details. Let ρ : π1(M)→ SL(n,C) be boundary-Borel, and let L =
̂̃
M . The triangulation

T of M induces a triangulation of L.

Definition 4.2. A decoration of ρ is a ρ-equivariant map D : L(0) → SL(n,C)/B, i.e. a
ρ-equivariant assignment of B-cosets to the vertices of L.

Note that if v is paired to w via a face pairing α, we must have D(w) = ρ(α)gB (see
Figure 13). The following is elementary.

Lemma 4.3. Let D be a decoration of ρ. If for some vertex v, D(v) = gB, we have

(4.2) g−1ρ(Stab(v))g ⊂ B,

where Stab(v) ⊂ π1(M) is the stabilizer of v. �
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4.2.1. Freedom in the choice of decoration. The following is an elementary Corollary of
Lemma 4.3. We shall not need it, so we leave its proof to the reader.

Corollary 4.4. If ρ maps each peripheral subgroup to a conjugate of D, and if each such
contains an element with distinct eigenvalues, the set of decorations of ρ is a torsor for
W c. Here D is the group of diagonal matrices, W is the Weyl group, and c is the number
of boundary components. �

Remark 4.5. Generally, there is more degree of freedom in the choice of decoration.
If, for example, ρ collapses the boundary component corresponding to v, then (4.2) is
satisfied for any g.

4.2.2. Peripheral holonomy. For each lift vi ∈ L(0) of a boundary component ∂iM of M ,
we have a canonical isomorphism π1(∂iM) ∼= Stab(vi).

Definition 4.6. The ith peripheral holonomy of a decorated SL(n,C)-representation ρ is
the map

(4.3) π1(∂iM) ∼= Stab(vi)
ρ // ρ(Stab(vi)) // B

where the right map is conjugation by D(vi) (see (4.2)), and D is the decoration. It is
defined up to conjugation by elements in B.

Clearly, the peripheral holonomy only depends on i and not on the choice of lift vi. We
thus have a restriction map

(4.4) r :

{
Decorated, boundary-Borel

π1(M)→ SL(n,C)

}
→ RB(∂1M)× · · · ×RB(∂hM),

where the ith component of r takes a decorated representation to its ith peripheral holo-
nomy.

4.3. From Ptolemy coordinates to cocycles. The construction of the cocycle hinges
on the result below.

Proposition 4.7 (Garoufalidis–Thurston–Zickert [10]).

(4.5)
{
Ptolemy assign-
ments on ∆3

n

}
oo //

 Generic tuples
(g0N, g1N, g2N, g3N)

up to left action

 oo //

{
Natural cocycles

on ∆
3

n

}

The Ptolemy assignment of a generic tuple (g0N, . . . , g3N) is given by

(4.6) ∆3
n(Z)→ C∗, ct = det

(
{g0}t0 ∪ {g1}t1 ∪ {g2}t2 ∪ {g3}t3

)
,

and the natural cocycle labels long edges by counter diagonal elements αij, and short edges
by elements βijk in N (see Figure 14). It is constructed using the fact that for (generic)
giN, gjN , there exist unique representatives gixi, gjxj such that x−1

i g−1
i gjxj is counter

diagonal. We refer to [10, 8] for explicit formulas in terms of the Ptolemy coordinates.
The following is elementary.
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Lemma 4.8. Let αij and βijk be the natural cocycle for the tuple (g0N, . . . , g3N). For
diagonal matrices d0, . . . , d3, let α′ij and β′ijk be the cocycle of (g0d0N, . . . , g3d3N). We
then have

�(4.7) α′ij = d−1
i αijdj, β′ijk = d−1

i βijkd
−1
i

An element in EPn(T ) also determines a Ptolemy assignment on each simplex, but
the corresponding cocycles no longer agree under the face pairings. To fix this, we shall
consider a “fattened” decomposition of M , which mitigates this.

4.3.1. The fattened decomposition. Consider the polyhedral decomposition ofM obtained
by thickening each hexagonal face, i.e. replacing it with a hexagonal prism. An edge cycle
(1-cell) of length k is then replaced by a prism over a polygon with k sides, so the
decomposition consists of truncated simplices (one per simplex), hexagonal prisms (one
per face), and polygonal prisms (one per edge). The top view of an edge link (as in
Figure 13) now looks like in Figure 15. The triangulation has 3 types of edges: long
edges, short edges, and face-pairing-edges.

Definition 4.9. The natural cocycle associated to an element in EPn(T ) is the cocycle
labeling the long and short edges using Proposition 4.7, and the face-pairing-edges as
follows: If a face pairing α takes a vertex v in T to w, the two face-pairing-edges near v
corresponding to α are both labeled by Mαv (see Figure 14).

1
1

0
0

2
2

β102,0

α01,0

α01,1

β102,1

Ma0

a
Ma0

Ma1

Ma1

Figure 14. Hegagonal prism
and corresponding cocycle.

Figure 15. Fattened ver-
sion of Figure 13.

Lemma 4.10. The natural cocycle is indeed a cocycle, i.e. the product of labelings around
each face is 1.

Proof. For the truncated simplices, this is immediate from Proposition 4.7. We thus only
need to check the following 3 types of faces: polygons of face-pairing edges (as in the
center of Figure 15), squares consisting of two long edges and two face-pairing-edges, and
squares consisting of two short edges and two face-pairing edges (see Figure 14). For the
polygons, this is obvious since each Mα is either I or appears with its inverse. For the
two types of squares, this follows from Lemma 4.8. �
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Corollary 4.11. A point in EPn(T ) determines a decorated (by B-cosets) representation,
which is invariant under the diagonal action on EPn(T ). �

Proof. By construction, the diagonal action on EPn(T ) corresponds to the action by
coboundaries on natural cocycles. This neither changes the representation, nor the B-
cosets of the decoration. �

4.4. From decorated representations to Ptolemy coordinates. Let ρ be a deco-
rated boundary-Borel representation. Pick fundamental rectangles Ri, and let µ′i and
λ′i be the corresponding peripheral curves (see Section 3). Define diagonal matrices
Dµ′i

= diag(m′i,1, . . . ,m
′
h,1) and Dλ′i

= diag(l′i,1, . . . , l
′
h,1) to be the diagonal part of the

ith boundary homology of µ′i and λ′i, respectively. The decoration assigns to each triangle
t in each Ri a B-coset D(t). The following is clear from the definitions.

Lemma 4.12. There exists a lift

(4.8) D̃ : L(0) → SL(n,C)/N,

of D satisfying that when triangles t and t′ are paired via a face pairing α, we have

(4.9) ρ(α)D̃(t)Mαvt = D̃(t′)

where vt is the vertex index corresponding to t, and Mα is defined as in Section 3. More-
over, any two such lifts differ by the action of Hc by right multiplication. �

We thus obtain a decoration by N -cosets, hence a Ptolemy assignment, on each simplex,
and (4.9) implies that the Ptolemy coordinates satisfy the identification relations. We thus
have.

Corollary 4.13. A decorated boundary-Borel representation determines an element in
EPn(T )red. �

It is clear from the constructions that the maps in Corollaries 4.11 and 4.13 are inverses.
Also note that if we use a different choice {R′i} of fundamental rectangles, the map

(4.10) EPn(T )
{Ri}
red → EPn(T )

{R′i}
red

induced by Corollaries 4.11 and 4.13 is a regular bijection. Hence, the choice of funda-
mental rectangles is inessential.

5. Proof of Theorem 1.10

Theorem 1.10 is a corollary of the symplectic properties of the generalized gluing equa-
tions proved in [11] (see also [13]) and elementary properties of shape assignments devel-
oped in [8].

5.1. Shape assignments.

Definition 5.1. A subsimplex of ∆3
n is a translate of ∆3

2 ⊂ R4 by an element s ∈ ∆n−2(Z).
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Definition 5.2. A shape assignment on ∆3
n is a map

(5.1) ∆3
n(Z)× ∆̇3

2(Z)→ C \ {0, 1}, (s, e) 7→ zes

satisfying the relations

(5.2) z1100
s = z0011

s =
1

1− z0101
s

, z0110
s = z1001

s =
1

1− z0011
s

, z1010
s = z0101

s =
1

1− z0110
s

.

A shape assignment on T is a shape assignment {zes,∆} on each simplex such that for each
integral point p = {(t,∆) | t ∈ ∆n(Z),∆ ∈ T }, the shape parameters zes,∆ satisfy the
generalized gluing equation

(5.3)
∏

(t,∆)∈p

∏
t=s+e

zes,∆ = 1.

The variety of shape assignments on T is denoted by Vn(T ).

Remark 5.3. The set ∆̇3
2(Z) parametrizes the (unoriented) edges of an ordered simplex,

so one can think of a shape assignment on ∆3
n as an assignment of a shape parameter to

each edge of each subsimplex of ∆3
n.

5.2. The generalized Neumann chain complex. For an ordered simplex ∆, let J∆

be the free abelian group on the (unoriented) edges εij of ∆ subject to the relations

(5.4) ε01 = ε23, ε12 = ε03, ε02 = ε13, ε01 + ε12 + ε02 = 0.

We endow J∆ with the non-degenerate skew symmetric bilinear form Ω defined by

(5.5) Ω(ε01, ε12) = Ω(ε12, ε02) = Ω(ε02, ε01) = 1.

Note that in the basis {ε01, ε12} for J∆, Ω is the standard symplectic form given by ( 0 1
−1 0 ).

In [11] we defined a chain complex J n given by

(5.6) 0 // Cn
0 (T )

α // Cn
1 (T )

β // Jn(T )
β∗ // Cn

1 (T )
α∗ // Cn

0 (T ) // 0 .

Here Cn
1 (T ) is the free abelian group on integral points and Jn(T ) = ⊕∆∈T J∆ with Ω

extended orthogonally. The map β encodes the gluing equations and β∗ encodes the
Ptolemy relations. We shall not need the precise definitions. The form Ω descends to a
form on H3(J n), which is non-degenerate modulo torsion.

Theorem 5.4 (Garoufalidis–Zickert [11]). We have an isomorphism

(5.7) δ′ : H1(∂M ;Z[1/n]n−1) ∼= H3(J n)⊗ Z[1/n],

such that the form Ω corresponds to the form ωA on H1(∂M ;Z[1/n]n−1) given by

(5.8) ωA(α⊗ v, β ⊗ v) = ι(α, β)〈v, Aw〉.

Here, A is the Cartan matrix for SL(n,C), ι is the intersection form on H1(∂M), and
〈−,−〉 is the standard inner product on Zn−1. �

Let µ ⊂ C∗ be the roots of unity. The following is an elementary corollary of Theo-
rem 5.4.
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Corollary 5.5. Under the dual isomorphism

(5.9) δ′∗ : H3(J n)⊗ C∗/µ ∼= H1(∂M ; (C∗/µ)n−1),

the form Ω∗ corresponds to the form ω∗A given by

�(5.10) ω∗A(α⊗ x, β ⊗ y) = α ∪ β([∂M ])〈x,A−1y〉.

5.3. The proof. The idea is that a shape assignment z ∈ Vn(T ) determines two elements

(5.11) J(z) ∈ H3(J ;C∗/µ), C(z) ∈ H1(∂M ;C∗/µ),

which agree under the isomorphism (5.9). The result is then an elementary computation
using (5.10) and some basic properties of bilinear forms and exterior powers.

5.3.1. Definition of J(z). A shape assignment assigns a shape parameter in C∗ to each
edge of each subsimplex, and can thus be viewed as an element J(z) in Hom(Jn(T ),C∗/±
1); the sign is due to the fact that z1100

s z0110
s z1010

s = −1 (see (5.2)) and not 1. Since the
shape parameters satisfy the gluing equations, J(z) a cocycle, so determines a cohomology
class in H3(J ,C∗/± 1).

5.3.2. Definition of C(z). By the main result of [8], a shape assignment z determines a
generically decorated PGL(n,C)-representation (and vice versa), which is given explicitly
by a cocycle onM . The cocycle labels peripheral edges by elements in B ⊂ PGL(n,C), so
every edge path in ∂M has a well defined holonomy in B (the peripheral holonomy; Sec-
tion 4.2.2). Composing with the map B → (C∗)n−1 taking ratios of consecutive diagonal
entries, we obtain a cohomology class

(5.12) C(z) ∈ H1(∂M, (C∗)n−1).

By construction, this class is trivial if and only if the corresponding representation is
boundary-unipotent.

Theorem 5.6 (Garoufalidis–Zickert [11]). The elements J(z) and C(z) agree under the
the isomorphism (5.9), i.e. δ′∗(J(z)) = C(z) (in fact, this holds in H∗(∂M ; (C∗/± 1)n−1)
as well). �

5.3.3. Bilinear forms and exterior powers. Let A be an abelian group with a bilinear form
ω : A×A→ Z. As noted in [1], we have for each abelian group B (we shall only consider
B = C∗/µ) a bilinear map

(5.13) ∧ω : (A⊗Z B)× (A⊗Z B)→ ∧2
Z(B), (a⊗ v, b⊗ w) 7→ ω(a, b)v ∧ w.

Lemma 5.7. We have

(5.14) J(z) ∧Ω∗ J(z) = C(z) ∧ω∗A C(z) ∈ ∧2
Z(C∗/µ).

Proof. This follows from Theorem 5.6 and (5.10) using basic functoriality properties. �
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5.3.4. Basic computations. We now compute the left and right hand side of (5.14). Let-
ting µ∗i and λ∗i in H1(∂M) denote the duals of µi and λi, respectively, we can write C(z)
in the form

(5.15) C(z) =
∑
i

(µi ⊗ (mi,1(z), . . . ,mi,n−1(z)) + λi ⊗ (li,1(z), . . . , li,n−1(z)),

where mi,j(z) = mi,j(z)/mi,j+1(z), and mi,j(z) is the jth diagonal entry in the boundary
holonomy of µi (li,j(z) is defined similarly).

Lemma 5.8. We have

(5.16) C(z) ∧ω∗A C(z) = 2
h∑
i=1

∑
j,k

A−1
jkmi,j(z) ∧ li,k(z) ∈ ∧2

Z(C∗/µ)

Proof. Using (5.15) this follows immediately from the formula (5.10). �

The following is shown for n = 3 in [1] (the missing minus sign there is due to a different
cross-ratio convention).

Lemma 5.9. The element J(z) ∧Ω∗ J(z) is minus 2 times the Dehn invariant of z.

Proof. Since J is a direct sum of J∆’s, it is enough to prove this for a shape assignment
on ∆3

2. We denote z1100 and z0110 by z and z′, respectively (z denotes both the shape
assignment and the shape). Using the basis {ε01, ε12} for J∆, and the corresponding dual
basis {ε∗01, ε

∗
12} for J∗∆, one has

(5.17) J(z) = ε∗01 ⊗ z + ε∗12 ⊗ z′.

Since the Ω-duals of ε01 and ε12 are −ε12 and ε01, respectively, we have

(5.18) J(z)∧Ω∗J(z) = Ω(ε01⊗z′−ε12⊗z, ε01⊗z′−ε12⊗z) = −z′∧z+z∧z′ = −2z∧(1−z),

where the last equation follows from (5.2). This proves the result. �

Since ∧2
Z(C∗) = ∧2

Z(C∗/µ), we have proved.

Theorem 5.10. The Dehn invariant of a shape assignment z ∈ Vn(T ) is given by

�(5.19) ν ◦ λ(z) = −
h∑
i=1

∑
j,k

A−1
jkmi,j(z) ∧ li,k(z) ∈ ∧2

Z(C∗).

Theorem 1.10 is an immediate consequence.

Remark 5.11. When working over other fields one needs to be more careful since ∧2(k∗)
is not n-divisible in general. There are also torsion issues due to vertex orderings. We
shall not discuss these issues here.
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